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THE COMPLEX MOMENT PROBLEM AND DIRECT AND INVERSE
SPECTRAL PROBLEMS FOR THE BLOCK JACOBI TYPE
BOUNDED NORMAL MATRICES

YURIJ M. BEREZANSKY AND MYKOLA E. DUDKIN

ABSTRACT. We continue to generalize the connection between the classical power mo-
ment problem and the spectral theory of selfadjoint Jacobi matrices. In this article
we propose an analog of the Jacobi matrix related to the complex moment problem
and to a system of polynomials orthogonal with respect to some probability measure
on the complex plane. Such a matrix has a block three-diagonal structure and gives
rise to a normal operator acting on a space of ly type. Using this connection we
prove existence of a one-to-one correspondence between probability measures defined
on the complex plane and block three-diagonal Jacobi type normal matrices. For
simplicity, we investigate in this article only bounded normal operators. From the
point of view of the complex moment problem, this restriction means that the mea-
sure in the moment representation (or the measure, connected with the orthonormal
polynomials) has compact support.

1. INTRODUCTION

This article consists of two parts: in the first part (Sections 2 and 3) we present some
results about one dimensional complex moment problem. These results will be used in
the second part of the article. It is necessary to note that this part is contained in our
article [9], which was devoted to the infinite dimensional complex moment problem and
was presented to Mathematische Nachrichten on September, 2004, however, without this
part it would be impossible to give a further account.

The second part of the article (Sections 4, 5 and 6) is a presentation of the direct
and the inverse spectral problems. This is a generalization of the classical problems for
Jacobi matrices and orthogonal polynomials on the real axis R to the case of block Jacobi
type normal matrices and the corresponding orthogonal polynomials on the complex
plane C. This part continues our previous article [11] in which we have investigated
unitary matrices and orthogonal polynomials on the unit circle T C C.

A few words are due about first part of the article. An investigation of the one
dimensional complex moment problem is carried out in many works, we mention here
the following [24, 1, 2, 12, 39, 13, 40, 41]. But our proof of this complex moment
representation (here and in [9, 10]) is based on the generalized eigenfunction expansion
of the corresponding normal operator and will be described in detail in Sections 2 and 3.
Here we only note that this method goes back to the old works of M. G. Krein [25, 26].

To understand the second part of this article, it is necessary to recall at first the situ-
ation with the direct and the inverse spectral problems for the classical Jacobi matrices
and orthogonal polynomials on the axis R (see, for example, [1, 4, 44]). In this classi-
cal theory one studies, on the space I3 of sequences f = (f,)52, the Hermitian Jacobi
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matrix
bo ao 0 0 0
aon bl aq 0 0
0 , bheR, a,>0, neNy={0,1,2,...}.

(1) J = 0 al b2 as

This matrix gives rise, on finite sequences f € lg, C lo, to an operator J on ls that is

Hermitian with equal defect numbers and therefore has a selfadjoint extensions on [s.
(o) ~

Under some conditions on J (for example, Y a;! = 00) the closure J of J is selfadjoint.
n=0

The direct spectral problem, i.e., the eigenfunction expansion for J (for simplicity,

we will assume that J is selfadjoint), is constructed in the following way. We introduce

VA € R a sequence of polynomials P(\) = (P,(A))52, as a solution of the equation

JP(A) = AP(\), Po(A) =1, i.e, Vn € Ny

2)  anc1Pai(A) + bpPa(A) + anPasi(N) = APo(A), Po(A) =1, P_i(\) =0.

This recurrence relation has a solution; it is only necessary to proceed step by step,
starting with Py(\). This is possible, since all a,, > 0.

The sequence P()\) of polynomials belongs VA to [ = C* (more exactly, to the real
part of [) and is a generalized eigenvector for J corresponding to the eigenvalue A (we
use a certain rigging of ls). The corresponding Fourier transform ~ in generalized
eigenfunctions of .J is

(3) Iy Dlin 3 f = (fa)plo — F(N) =D fuPu(N) € L2(R,dp(N)) = L*.
n=0

It is an unitary operator (after taking the closure) between the spaces lo and L?. The
image of J is the operator of multiplication by A on the space L. The polynomials P, (\)
are orthonormal w.r.t. dp(X).

The inverse problem in this classical case is the following. Let us have a probability
Borel measure dp(A) on R which has all its moments,

4) Sp = /)\" dp(A), n €Ny

R
(and the support of dp(\) contains an infinite set in a finite interval). The question
is whether it is possible to recover the corresponding Jacobi matrix J such that the
initial dp(A) would be equal to the spectral measure for J, and how to obtain such a
reconstruction?

The answer is very simple, — it is necessary to take the following sequence of functions
from L? (according to (4)):

(5) LA

(which are linearly independent due to the condition on the support of dp())) and apply
to it the classical Schmidt orthogonalization procedure. As a result, we get a sequence
of orthonormal polynomial basis in L?,

(6) PO()‘):]-vPl()‘)aP2()‘)7 .

Then the matrix J is reconstructed by the formulas

(7) %=/Mm»mm»mw,m:/xmm?wm,nem.
R R
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The above mentioned connections between Jacobi matrices, the classical moment prob-
lem, and orthogonal polynomials is very fruitful for studying these objects. Many math-
ematicians worked in this direction, but it is necessary to single out the corresponding
results of M. G. Krein [26, 28, 23] and N. I. Achiezer [1].

The main question treated in the second part of this articles is following: in what way
it is necessary to proceed for obtaining a generalization of the above mentioned classical
theory to orthonormal polynomials on the complex plane C (or on some subset of C,
for example, on the unit circle T C C)? Roughly speaking, it is necessary to replace
selfadjoint operators on lo with normal (or unitary) operators that act on some space
similar to Is.

More exactly, instead of the space [, = C HC @ -- -, it is necessary to take the space

(8) lb=Ho®Hi ®H2P---, where H, =C"",

and to replace the scalar matrix (1) with the following Jacobi type block matrix with the
elements a,,, b,, and ¢, that are finite dimensional operators (matrices) acting between
the corresponding spaces H,, in (8), namely,

b() Co 0 0 0

agp bl C1 o o0 -- On - Hn — Hn+17
(9) J = 0 a1 by ¢ 0 --- , b, : H,— Hnp,
. Cp Hn+1 — an n € Npy.

Such a matrix (9), on finite vectors lg, C lo, in a natural way induces an operator J
on ly. For simplicity, we will demand everywhere in the sequel that the norms of all the
matrices a,, by, and ¢, are uniformly bounded and, therefore, the operator J is bounded
on ls.

The essential conditions a,, > 0 in (1) now have the form

ap;0,0 * * ... %
0 Qps11 % ... %
a, = | : : Do n+ 2,
0 0 0 ... Gnnn
L 0 0 0 ... 0
n+1
(10) Cn;O,O Cn;O,l 0 e 0 0
* * Cnji2 ... O 0
Cn = . : . . . . n -+ 1’
Cnin—1,n 0
L * Cnin,n+1
n+2
(n;0,0,An;1,15 -+ -5 Annon > 07 Cn;0,15,Cni1,25 - -+ s Cngn,n+1 > 07 n e I\IO
(it is convenient to denote a vector x € H,, = C"*! by x = (zg,21,...,75))-

Under some simple conditions on a,, b,, and ¢,, n € N,, (see Section 6), the matrix
J is formally normal, i.e., JJ* = J¥J, where J* denotes the matrix adjoint to .J.
Therefore (due to the boundedness of J) the closure J is a bounded normal operator
on 12.

Let z € C belong to the spectrum of J and P(z) = (P,(2))3%, be the corresponding
generalized eigenvector of J. Here P, (z) € H, is a vector-valued polynomial with respect

to z,Z of degree n, i.e., its n + 1 coordinates are some linear combinations of z7z*
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0 < j+k <n. According to the generalized eigenvectors expansion theorem, it is some
solution of two equations of type (2) (but with matrix coefficients),

(11) JP(z) = zP(z), JTP(z)=ZzP(2).

The corresponding Fourier transform ~ for the operator J has the form
oo

(12) LDl 3 f=(fa)olo — f(2) = D_(fa Pul(2))n, € L*(C,dp(2)) = L?,
n=0

where dp(z) is the spectral measure of J and has compact support. Operator (12) is a
unitary operator (after taking the closure) between 1y and Ls. The polynomials P, (z)
are orthonormal with respect to dp(z) and form a basis in the space L2. Note that these
results are formulated in Theorem 6, but for us it is convenient to denote here these
polynomials by

(@ni0(2), @ni1 (2), - -+, Quin(2)) = (Pso(2), Prs1 (2), - - -, Prin(2)) = Pa(2).
So, the results described above make a direct spectral problem for J of type (9) and
(10).
The inverse spectral problem now is formulated in the following way. Let us have
a probability Borel measure dp(z) on C with a compact support; assume that all the
complex moments

(13) Smn = /zmin dp(z), m,n € Ny,
C

exist and the support of dp(z) must be such that all the functions z7/z%, j k € Ny
(belonging to L2, see (13)), are linearly independent in this space (for example, the
support contains some open subset of C). It is necessary to construct a Jacobi type
block matrix (9) satisfying (10) in such a way that for the normal operator J, its spectral
measure be equal to the initial measure.

As in the classical case, it is necessary to apply the standard Schmidt orthogonalization
procedure to the sequence of functions in L?,

(14) (zjék);’f’k:o
(instead of (5)). But the sequence (14) has two indices and, therefore, it is necessary to
choose a convenient global (linear) order for (14). We order it in the following way:

(15) ZOEO — 17 10 _0z1. 2-0 1=1 0=2. P z

2120 20zt 2220 21z 2022 .., ZnE0 nlzl .

n.
)

..7202

(see Figure 1 and (49)).!
After such a orthogonalization, we get s sequence of polynomials,

P, (z) = (Pno(2), Pr1(2), ..., Pun(2)), n €Ny,

and the matrix (9) and (10) is reconstructed by using the formulas of type (7).

The above mentioned results are presented in Sections 4 and 5; it is convenient to
start with the orthogonalization (Section 4). All necessary references connected with the
projection spectral theorem will be given in Sections 2 and 5. Note that we give now
references on some results concerning the related topics that are useful for the presented
theory, [19, 35, 14]. Note also that the theory of block Jacobi matrices that are either

LA proofreading remark. This order of orthogonalization is not new (see [45], Ch. 12, [46]). For
the case under consideration, it is necessary to take into account that, e.g., for a bounded operator
A to be normal, its parts, ReA = 1/2(A + A*) and Im A = 1/2i(A — A*), must be selfadjoint and
commuting. Note that the books [45] and [46] contain many interesting facts connected with this article.
Our Theorem 6, (82), and results in Section 6 provide answers to some questions formulated in [45],
Ch. 12, Subsection 12.3.
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Hermitian or selfadjoint operators acting on the spaces lo(H) = HE& H & - - -, where H
is a Hilbert space, was investigated for the first time in [27] for the case dimH < co and
in [3, 4] for the case dimH < oo. For a discussion of families of commuting selfadjoint
operators that act on a symmetric Fock space, see [7]. Note that the Fock space has the
form (8) with H,, that are, for n > 0, n-particle infinite-dimensional Hilbert space.

Remark 1. It is very interesting to develop the spectral theory of block Jacobi type
normal matrices J (9) and (10) on the space 1z (8) in the case where the normal operator
J is unbounded. What are the conditions on the elements of the matrix J which would
guarantee that the operator J is normal? In what terms would it be possible to describe
all normal extensions of J on ls, similarly to the classical Jacobi matrices?

Let us pass now to a comparison of the results contained in this and our previous
article [11].

Roughly speaking, it is necessary to apply the above mentioned theory to the case
where the matrix J (9) and (10) is a unitary operator. But here is an essential difference:
the spectrum of J lies in the unit circle T C C, but on this set the functions (15) are
linearly dependent, because Vn € Ny

PAnghtn — izk jkeNy, zeT.

Therefore, it is necessary to take only such functions from (15) for which j -k = 0,
i.e., the functions

2070 =1,
) 2150 =1 05— 5L
( 6) 22z = z2, 2072 = 22;
220 =m0 = E7 . zeT.

We stress that, for the classical Jacobi matrices, the situation is similar; there z = z
for z € R. The support of dp(z) on T must be an infinite set, then the functions (16) are
linearly independent in L?(T, dp(2)).

The global (linear) order for the sequence (16) must be the same as in (15) and Picture
1. But now every ”diagonal” in the place n = 1,2,... contains only 2 points (instead of
n+1, as earlier). Therefore, it is convenient to consider our operator J on some subspace
15, of the space 1, namely on

(17) 127u=H0@H1@H2€B'-', where H0:C7H1:H2:"‘:C2.

The corresponding block matrix (9) acts on the space (17), and therefore, its blocks
have the structure

ap: C— C2,

bo: C —’C,

(18) co: C?2—C,
Qp,bp,cn: C?— C?, neN={1,2,...}.
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The conditions of type a,, > 0 from (1) and (10) now have the following form:

ap = [ 80;0’0 }}2, bo = | b0y0,0 ]} 1, =] cooo coon ]} 1;
—_—
~——

1 2

(19) an = Gp;0,0 0an;0,1 27 Cn = 0 0 2;
0 0 Cn;1,0 Cnj1,1

40:0,0, C0:0,15 @n:0,0,Cns1,1 > 0, n €N

All previous results are preserved for unitary operator J that acts on the space 1o o
(17) and is given by the block Jacobi type matrix (9) and (18) with condition (19).
Namely, the direct spectral problem leads to the Fourier transform of type (12) between
the spaces lp,, and L?(T,dp(z)). The inverse problem has a solution similar to the one
described above using the orthogonalization of the sequence (16). These problems are
connected with the trigonometric moment problem.

Remark 2. It is necessary to stress that in this article we consider the Jacobi type
normal bounded matrices J in "the general case” where the functions (15) are linearly
independent in the space L?(C,dp(z)) that is constructed from the spectral measure
dp(z) of the bounded normal operator N = J. This condition in terms of the operator
N = J means that if for some coefficients ¢;; € C and n € N,
n
(20) > aNIN* =0,
4,k=0

then ¢;, =0, Vj,k € {0,1,...,n}.

It is easy to understand that the last condition is equivalent to the linear independence
of (15). So, let dE(z) be the resolution of identity of N. Then (20) can be written as

follows: Vf € 1y
n
/ > e

c ' J,k=0

2

d(E(2)f, fh, = 0.

Using boundedness of the support of E(«) we conclude that the last equality means that
Y ¢j 2’z € L3(C,dp(z)) and equals 0. By our assumption, all ¢, = 0, i.e, functions

3 k=0

(15) are linearly independent in L?(C,dp(z)). The converse assertion is also clear.

Remark 3. It follows from the last remark, that if the normal operator N satisfies a
condition of type NN* = 1, N = N* etc., then its matrix must be considered on the
corresponding subspace of 1o spanned by the respective basis (constructed from (16) or
2020 2130 2230 ... ete).

Note that a similar situation happens also for classical Jacobi matrices, — if the

n .
corresponding selfadjoint operator N on the space Iy has the property that > ¢;N? =0
j=0

with some ¢; € R, (cg,...,c,) # 0, then its matrix gives rise to an operator on a finite-
dimensional subspace of 5.

The previous article [11] is closely related to the new book [38] and numerous works on
orthogonal polynomials on the unit circle; they are cited in [38]. Especially it is related
to the articles [15, 16] where it was proposed for the first time to orthogonalize the
system (16). But in all these works, the corresponding unitary matrix was investigated
on ordinary space Iy as a 5-diagonal scalar matrix.
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This article, of course, is connected to a vast number of works devoted to orthogonal
polynomials w.r.t. some measure on the complex plane. We will not consider here these
relations and indicate only essential works that contain main results on such polynomials
and the corresponding references [22, 43, 42].

It is necessary to stress that many proofs in [11] and in this article are similar. But
we wanted to make reading of this article independent of [11].

2. PRELIMINARIES

Let H be a separable Hilbert space and N a normal operator defined on Dom(N) in
H; N* be its adjoint, Dom(N*) = Dom(N). Consider a rigging of H,

(21) H_>H>OH, DD,

such that H is a Hilbert space topologically and quasinuclearly embedded into H (topo-
logically means densely and continuously; quasinuclearly means that the inclusion oper-
ator is of the Hilbert-Schmidt type); H_ is the dual of H, with respect to the space H;
D is a linear, topological space, topologically embedded into H .

The operator N is called standardly connected with the chain (21) if D C Dom(N)
and the restrictions N|D, N*|D act from D into H. continuously. We consider just this
case.

Let us recall that a vector Q2 € D is called a strong cyclic vector of operators N and
N* if for any p, ¢ € N we have Q € Dom(N?) N Dom((N*)9), NP(N*)?Q € D and the set
of all these vectors together with 2, as p,q = Ny, is total in the space Hy (and, hence,
also in H).

Assuming that the strong cyclic vector exists we formulate a short version of the
projection spectral theorem (see [5], Ch. 3, Theorem 2.7, or [4] Ch. 5, [6], Ch. 15; [33]).

Theorem 1. For a normal operator N with a strong cyclic vector in a separable Hilbert
space 'H, there exists a nonnegative finite Borel measure dp(z) such that for p-almost
every z € C there exists a generalized joint eigenvector £, € H_, i.e

(22) (€ZaN*f)H:Z(§Z7f)H7 (£Z3Nf)7'f:2(€27f)717 2€C, feD, 5z7£0-

The corresponding Fourier transform F given by

(23) H DMy > [ (Ff)(2) = f(z) = (£.€&)n € La(C, dp(2))
is a unitary operator (after taking the closure) acting from H into L*(C,dp(z)). The

image of the operator N (N*) under F is an operator of multiplication by z (Z) in
L?(C, dp(2)).

Let us also recall that for a selfadjoint operator A defined on Dom(A) in H, a vector
€ Nney Dom(A™) is called quasianalytic [31, 32] if the class C{m,,} where, in our case
my = /|[A"f|l%, is quasianalytic (recall that this class of functions on [a,b] C R is
defined by

C{mn} ={f € C=([a,})) IK = K; >0, |f"(t)] < K"my,, t € [a,}], n € No},

or

o0
(24)
z:: V IIA"f 153
The quasianalyticity is used in the criterion of selfadjointness and commutativity [4, 31,

32, 5, 6] (see also [37]). For us it will be essential to use following two theorems from [5],
Ch. 5, §1, or [6], Ch. 13, §9, and from [30] (see also [34]).

Theorem 2. A closed Hermitian operator A on a Hilbert space 'H is selfadjoint iff there
exists a total in 'H set of quasianalytic vectors.
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Theorem 3. Let A1 and Ay be two Hermitian operators defined on Dom(A1) and
Dom(As) in a Hilbert space H, and let a dense in H linear set D be contained in the
domains of the operators Ay, As, A2, A1As, AsA1, and A3 so that Ay Asf = Ax AL f, for
all f €D.

If the restriction A2+ A3 to D is essentially selfadjoint, then Ay and Ay are selfadjoint
and commute in the strong resolvent sense.

3. THE COMPLEX MOMENT PROBLEM

The complex moment problem consists of finding a condition on the sequence {s,,.},
m,n € Ny, of complex numbers that would imply existence of a nonnegative Borel
measure dp(z) on the complex plane C such that

(25) Smon = /zméndp(z), m,n € Np.
C

Theorem 4. If a given sequence of complex numbers {Sm o n—o admits representa-
tion (25) then it is positive definite, i.e.,

(26) Z fj,kfm,n8j+n,k+m > 0

Jik,m,n=0

for all finite sequences of complex numbers, (fj,k)szo, fir €C.

For a given sequence of complex numbers{sm n oy o, Tepresentation (25) exists and
is unique if it is positive definite and

— 1

27 —— =00.
(27) > e

It is easy to see that condition (26) is necessary for the sequence to have representation
(25). It is shown in [41] that replacing (26) to a more complicated and hard to verify
condition gives a necessary and sufficient condition for representation (25) to hold but
the measure in (25) will not necessary be unique. Our result states that the conditions
(26) and (27) give the representation (25) with a unique measure, namely, condition (27)
gives this uniqueness. For a one parameter real sequence, another version of Theorem 4
is discussed also in [8].

Proof. Necessity of the condition (26) is obvious. Indeed, if the sequence {sm )5 =0
has representation (25), then for an arbitrary finite sequence f = (fin.n)ns n=0s fmn € C,
we have

2

(28) Z fj,kfm,nsj+n,k+m:/‘ Z fm,nzmzn dp(z) ZO
C

7,k,m,n=0 m,n=0

Denote by [ the linear space C* of sequences f = (fmn)pyn=0> fmn € C, and by
lsin its linear subspace consisting of finite sequences f = (fin n)py =0, i-€., the sequences
such that f,, , # 0 for only a finite number of n and m. Let d,,,, m,n € Ny, be the
d-sequence such that each f € lg, has the representation f = Z:,(,)m:O SfrmnOm.n-

Let us consider the linear operators on lgy,

(29) T (Jf)jk = Fik—1, JT (T )ik = fim1es k€ No,

where always f; -1 = f_1, = 0. The operators J and J* are the ”creation” type
operators. For the J-sequence we get

(30) IOk =0 n41, J 05k =811k
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The operator J is formally adjoint to J* with respect to the (quasi)scalar product,
consistent with (28),

(31) (f7g)5' = Z fj,kgm,nstrn,kerv f7g S lﬁn~
J.k,m,n=0
Indeed,
(Jf7 g)S = Z (Jf)j7kgm,n5j+n,k+m
7,k,m,n=0

oo oo
= E fj,k—lgm,n5j+n,k+m = E fj,kgm,nsj—i-n,k:-i-m—l-l

J.k,m,n=0 J,k,m,n=0
o 0
= E fj,k§7rL—1,7L8j+7L,k+7rL = E fj,k(‘]+g)m)n8j+7t,k+nz
J,k,m,n=0 J,k,m,n=0
= (fv J+g)S~

The operator J commutes with J* on lg,,

(JETje = fi-1k-1 =TT ).
Hence, the operator J is formally normal and its adjoint is JT.
Let S be the Hilbert space obtained as the completion of the factor space

lon = lgn/{h € lgn | (h,h)s = 0}.

The element f of S is a representative of the class f of equivalent elements of lfin. Hence,
the operators J and J* are well defined on S. This fact in case of a selfadjoint operator
is described in detail in [4], Ch. 8, §1, Subsect. 4 and [5], Ch. 5, §5, Subsect. 2. Similarly
to this case, we get

(32)  Jf=0f), feDom(J)=im; JTf=(ITf), feDom(J)=in.

In the next considerations denote by N and N the closure ~ of J and J* in S.

In the next step we use Theorem 3. For simplicity, we suppose that the given sequence
{$m.n} is nondegenerate, i.e., if (f, f)s =0 for f € lay, then f =0, and now f = f and
J = N. The investigation in the general case is more complicated, see in [4], Ch. 8, §1,
Subsect. 4 and [5], Ch. 5, §5, Subsect. 1-3. We also assume for a moment that the
operator N is normal. Later we will prove that N is normal under the condition (27). In
general, conditions for normality of extensions of a formally normal operator connected

with the complex moment problem are described in [24, 41, 40, 39] (see also [20, 21]).
Let us construct a rigging of spaces,

(33) (l2(p))-,s D S D la(p) D lfin,
where I5(p) is a weighted lp-space with the weight p = (pm.n )55 0> Pn = 1. The norm

in l5(p) is given by Hf||l22(p) = Zi,nzo | frnnl?Pmon; (I2(p))— s = H_ is a negative space
with respect to the positive space lo(p) = H4 and the zero space S = H. The space
lgn = D is provided with the coordinate-wise uniform finite convergence.

Lemma 1. If the sequence py, r, 15 sufficiently fast increasing, then there is an embedding
la(p) — S and it is quasinuclear.

Proof. The equality (26) means that the multimatrix (Kjvk§m’n)fk,m7n:0’ where K pom.n =
Sj4n,k+m is nonnegative definite and, therefore,
(34)

‘5j+n,k+m|2 = |Kj,k;m,n

2 .
< Kj,k;j,k:Km,n;m,n = Sj+k,j+kSm+n,m+n, J kamvn S NO'
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Let the weight ¢ = (¢;,k)5%=0, ¢j,& = 1, be such that Z;,ok:o sj+k7j+kq;; < o0. Then
from (31) and (34) it follows that

oo B oo Sith itk
B = S fisfrnsionkin < ( 3 J*”)nfni(q), f € lon.

Jkamon=0 jk=0 Lk

Therefore, l2(q) — S topologically. And if Z;X)k::O qj,kpj_,i < 00, then l3(p) < l2(q) quas-
inuclearly. The composition l3(p) — S of the quasinuclear and topological embeddings
is also quasinuclear. O

In the next step we use the rigging (33) to construct generalized eigenvectors. The in-
ner structure of the space (I2(p))— s is complicated, because of the complicated structure
of S. This is a reason for introducing a new auxiliary rigging,

(35) 1= (lgn) D (I2(p™)) DIz D la(p) D lfin,

where la(p™!), p~' = (p;.1,)55 =0 Is a space negative with respect to the positive space

l2(p) and the zero space l5. Chains (33) and (35) have the same positive space l3(p). The
next general Lemma [8] establishes that the space (l2(p))—, s is isometric to the space

la(p™).

Lemma 2. Suppose we have two riggings,
(36) K_-D>KDOKy, F_DOFDFi=Ks4,

with equal positive spaces. Then there exist a unitary operatorU : K_ — F_, UK_ = F_,
such that

(37) (U£7f)f = (§7f)]€7 5 S IC—a f S IC+ == f-{--

This operator can be given as follows: U = ]I}l]lzg, where Ir and I are standard two
unitaries in the corresponding chains (IxF_ = Fy, IxK_ = K4).

Instead of riggings (36), we consider (33) and (35).
Let &, € (I2(p))—,s be a generalized eigenvector of the operator N in terms of the
chain (33). So, in this case due to Theorem 3,

(38) (&N f)s =2(&, f)s, (& Nf)s =280 f)s, 2€C, f € lgn.
Denote P(z) = U, € la(p™") C 1, P(2) = (Pm.n(2))pe neo: Pmn(2) € C. Using (37) we
can rewrite (38) in the form

(39) (P(Z)vN*f)b = Z(P(Z)’f)lza (P(Z)’Nf)lz = Z(P(Z)af)lw z e (Ca f € lfin-

The corresponding Fourier transform has the form

(40) S D lan 3 f — (Ff)(2) = f(2) = (f, P(2))i, € L*(C, dp(2)).

Let us calculate P(z). The operator N* is obtained from the second formula in (29)
and, therefore, (39) gives Vf € lg,

Z ZPmn fmn = Z<P(Z),f)12 = (P(Z)7N*f)l2
m,n=0

(41)
:( ( J+f Z Pm+1n

m,n=0
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Analogously, using (29) and (39), we have Vf € lg,

S (@) fnn = 2(P(), i = (P(2), NP
m,n=0

(12) )
= (P(Z)7 Jf)lz = Z Pm,n+1(z).fm,n~

m,n=0
Hence we have
2Pmn(2) = Pmyin(2), ZPmn(2) = Ppnyi1(2), m,n € Np.
Without loss of generality, we can take Py o(z) =1, z € C. Then last two equalities give
(43) Pon(z)=2"z" m,n € Ny.
Thus the Fourier transform (40) has the form

(44) SOl 3 f— (Ff2)=Fz)= > fmne"2" € L*(C,dp(2)),
m,n=0
and
(45) (f.9)s = / F)i@dp(2), g € lin.
C

To construct the Fourier transform in (40) and verify the formulas (41)—(45), it is
still necessary to check that, for our operators N and N*, the vector 2 = dg o € lan is
strong cyclic in the sense of the chain (33). But this is evidently true, since by (30),
NP(N*)1Q = JP(J1)980,0 = Og.p-

The Parseval equality (45) immediately leads to representation (25); according to (43)
and (44), 8, = 2™2" and dg 0 = 1; by (31) we get

Smn = (Om.ny 30.0)s = Gy 00,0) Lo (C.dp(z) = /mendP(Z% m,n € Ng, z¢eC.
C

The uniqueness of representation (25) follows from normality of the operator N (com-
pare with [4], Ch.8).

So, to finish the proof of Theorem 4 it is only necessary to check that condition (27)
provides normality of N. For this reason, we introduce two closed Hermitian operators
defined on a linear set D = lg, = span{dm, n | m,n € Ny}, invariant with respect to the
action of these operators,

A 1 N + N~ A !

1= 2( +N¥), A= %

For normality of N, it is sufficient to show that the operators A; and As are selfadjoint
and commutative in the strong resolvent sense. But to do this (see Theorems 2 and 3)
we must only check that the operator A% + A2 has a total set D of quasianalytic vectors.
(Let us recall that, instead of Theorem 2 and 3, it is also possible to directly use Lemma

(N — N%).

4 from [40]).
Due to (29), the operator A = A? + A3 acts on 6, , € D as follows:
(46) Abmm = (AT + A3)6mn = NN 0 n = Omi1ntr-

Obviously, A > 0. For p > 1,
Apdm,n = 5m+p,n+p-
According to (31) we have the norm ||f|ls = /(f, f)s in S. Hence Yo,,, € D we
obtain
[ AP8m,nll% = 10mtp,n+pls = Smtnt2pmrntop.
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Since

= 1
Z RV ||«4 Om.nll z_: 2/Smtnt2pminip

p=1
we conclude that qua31analyt1c1ty of the class C{||APd,, ||} is equivalent to quasiana-
lyticity of the class C{\/5m+n+2p7m+n+2p} and, due to the quasianalyticity properties
[17, 29], it is equivalent to quasianalyticity of the class C{,/52,2,}. But this quasiana-
lyticity is equivalent to the condition (27), taking into account that sap 2, = [|AP8o ol|%-
This completes the proof of the Theorem 4. O

Remark 4. The condition (26) is only a necessary one in Theorem 4, i.e., it is not enough
to have this condition for the representation (25).To make it more clear, we give a simple
counterexample.

Let A; and As be two selfadjoint operators commuting on a linear set D dense in
a Hilbert space H, where D is invariant under the action of A; and As. Suppose A;
and Ay are essentially selfadjoint on D, i.e., A1 = (41|D)™~, A2 = (A2|D)™, but A; and
As do not commute in the strong resolvent sense. FExistence of such sort operators is
guaranteed by the Nelson’s example [30] (see also [6], Ch. 13, §9).

For the next, we put N = (A1 +iA3)|D and NT = (A; —iA43)|D. In this case, N is a
formally normal operator which has no normal extensions [18, 36].

The sequence

Sm,n = (Nmf07an0)H7 fO S DOHI(N"), n < N7

obviously satisfies the condition (26), but cannot admit the representation (25) (see
analogous situation in [4], Ch. 8). Indeed, for a finite sequence f = (fjx)3%—o, We have

Z fj,kfm,nSjJrn,ker = Z fj,k.fm,n(Nj+nanNk+mf0)H

7,k,m,n=0 7,k,m,n=0
= ( Z f] kNJ N+ an Z fmnNm(N+) fO)
7,k=0 m,n=0
=H Z fm,nNm<N+)"fo > 0.
m,n=0 H

Remark 5. Additionally to condition (26), we obtain from (46) the second necessary
condition, A > 0. This gives an additional positive definiteness condition of the form

00
(47) Z fj,kfm,n8j+n+1,k+m+1 > 0

j,k,m,n=0

on the same sequences as in (26). Note that two conditions (26) and (27) together give
(47).

4. THE ORTHOGONALIZATION PROCEDURE AND CONSTRUCTION OF A
THREE-DIAGONAL BLOCK MATRIX OF BOUNDED NORMAL OPERATORS

Let dp(z) be a probability Borel measure on C with compact support and L? =
L?(C,dp(z)) the space of square integrable complex-valued functions defined on C. We
suppose that the support of this measure is an infinite set such that the functions C >
z 1+ 2™Z", m,n € Ny, are linearly independent in L2.

In order to find an analog of the Jacobi matrix .J, there is need to choose an order for
the orthogonalization in L? applied to the following family of functions:

(48) {z9z%}, 4k € Ny.



COMPLEX MOMENT PROBLEM AND DIRECT AND INVERSE SPECTRAL PROBLEMS ... 13

Our assumption about compactness of supp(dp(z)) implies that this family is total in
L2

We use the following total (linear) order for the orthogonalization via the Schmidt
procedure:

2970 2zt 2972 2973
4150 151 152 *
/ /
22 =0 2221 * *
/
2370 * * *
27 2Izk

FI1GURE 1. The order of the orthogonalization

According to Figure 1 we get

(49) 2029 2120 20z, 2220 izt 2022 ... 2mE0 izt Ll 2VEm

Applying the Schmidt orthogonalization procedure to (49) (see, for example [6] Ch. 7)
we obtain an orthonormal system of polynomials indexed in the following way:

Poo(2);  Pio(2), Paolz2), ...5  Puo(2),
Pii(2);  Poa(2), Ppi(2),
(50) P2;2(2)3 Pn;Q(Z)v
Pn,n(z)a
where each polynomial has the form P,,.o(2) = kp,o2" " “2%+---,n € Ny, =0,1,...,n,

kn:o > 0; here + - - - denotes the preceding part of the corresponding polynomial; Py.,o(z) =
1. In such a way, P, is some linear combination of

(51) {1; 2129,20%; .5 2720, 2l L e,

b

Since the family (48) is total in the space L?, the sequence (50) gives an orthonormal
basis in this space.

Denote the subspace spanned by elements in (51) by Pp.o Vn € N={1,2,...}.

It is clear that Vn € N we have
(52)

7)0;0 C'Pho CPM CPQ;() C'PQ;l CPQ;Q C - Cpn;o C'Pn;l cC--- C'an cC--

Pria = {Poi0(2)} @ {Prio(2)} @ {P111(2)} © {Po(2)} & {P2ir(2)} @ {Paa(2)} © - -

S {Pro(2)} @ {Pnn(2)} & - & {Pusa(2)},
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where {P,.o(2)}, n € N, @ = 0,1,...n, denotes the one-dimensional space spanned by
Pn;a(z); Po;o = (C.
For the next investigation we need, instead of the usual space I3, the Hilbert space

(53) L=HoyoHi@&Ha® -+, H,=C""", neN,.
Each vector f € 13 has the form f = (f,)5%, fn € Hn, and consequently Vf, g € 15

oo

A, =D 1 fallae, <000 (Fr0)he = Y (furgn)n
n=0

n=0

For n € Ny, the coordinates of the vector f,, € H,, in some orthonormal basis {e,.0, €n:1,
€n:2, +++y €nm} in the space C" ! are denoted by (fn.0, fails fni2,- -+ fum) and, hence,
we have fr, = (fni05 fri1, frs2s - - -5 frsn ). It is clear that the space 1y is isometric to lg x ls.
Using the orthonormal system (50) one can define a mapping of 1o into L2. We put
Vn € NO and Vz € (C, Pn(Z) = (Pn;o, Pn;l(Z), Pn;Q(Z), ceey Pn;n) S Hn,
o0

(54) la 3 f = (fa)nio — f(2) = D (fas Pu(2))n, € L.

n=0

Since for n € Ny we get

(f’n,Pn(Z))Hn == fn;OPn;O(Z) + fn;lpnql(z) + fn;QPn;Q(Z) + -+ fn,npn,n(z)

and
||fH122 = ||(f0;07fl;Oaf1;17f2;07f2;1af2;27 .. ~7fn;0a ’ fn;h .. ~7fn;n7 .. )leza

we see that (54) is a mapping of the space I3 x I3 into L?, and the use of the orthonormal
system (50) shows that this mapping is isometric. The image of 1o under the mapping
(54) coincides with the space L?, because under our assumption the system (50) is an or-
thonormal basis in L2. Therefore the mapping (54) is a unitary transformation (denoted
by I) that acts from 1, onto L2.

Let A be a bounded linear operator defined on the space ly. It is possible to construct
an operator matrix (aj,k);?,ok:m where for each j,k € Ny the element a; is an operator
from Hj, into H;, so that Vf, g € 1o we have

(55) (Af); = ajife, 5€No, (Af.0, = > (ajnfr:95)m
k=0 J,k=0

To prove (55), we only need to write the usual matrix of the operator A in the space
lo x Iy using the basis

(56) (60;0; €10, €0;15 €2;05€2;1,€2:25 -+ €n:0,€nils- -5 Cniny - - .), €p,0 = 1.

Then a; 1, for each j, k € Ny is an operator H — H; that has the matrix representation
(57) j ko8 = (A€kip, €jia )l

where & = 0,1,...,7 and 8 = 0,1,...,k. We will write a;; = (aj,k;a,g)i’fcﬁzo (includ-

ing the cases ag = (ao,k;a,g)?;’;:o, ajo = (aj,o;a,ﬂ)]oj?gzo and ag,g = (ao,o;a,ﬁ)g’,oﬁzo =
0,0,0,0)-

Note that the same representation (55) is also valid for a general operator A on the
space lp with the domain Dom(A) = lg, C lo, where lg, denotes the set of finite vectors
from lp. In this case, the first formula in (55) takes place for f € lg,; in the second
formula, f € lg,, g € Lo.
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Let us consider the image A =TAI™': L? — L2 of the above bounded operator
A 1y — 15 defined by the mapping (54). Its matrix in the basis (50),

(Poso(2); Prio(2), Prii(2); Pao(2), Poi(2), Pap(2); ...
Pn;O(Z)7Pn;1(Z)7 .- aPn;n(Z)§ .- -);
is equal to the usual matrix of operator A regarded as the operator: Iy X lo — Iy X o

in the corresponding basis (56). Using (57) and the above mentioned procedure, we get
the operator matrix (ajyk);’szo of A:ly xly — Iy x ly. By the definition, this matriz is
also the operator matrix of/i iy pep—

It is clear that A can be an arbitrary linear bounded operator in L?2.
Lemma 3. For the polynomials Py.o(z) and the subspaces Pm. g, n,m € Ny, a =
0,1,...,n, 6=0,1,...,m, the following relations hold:
(58) ZP”,(X(Z) € Pn-i-l;av ZPn;oe(z) S Pn+1;a+1-
Proof. According to (50), the polynomial P,.,(2), n € Ny, is equal to some linear com-
bination of {1; 2129, 202%; ...; 220, 21z ... 2"z}, Hence, multiplying by z we
obtain a linear combination of {z; 2220, 21z1; .. ; 2nH1Z0 onzl [ prtl=ezeland
this linear combination belongs to Pp41,o. Analogously multiplying by Z we obtain a
linear combination of {z1; 2121, 2022; . .; znzl, 2n=122 ) 2n=2z9+ 1) and this linear
combination belongs t0 Pp41,a+1, since 2"~z € P11 4p1. O

Lemma 4. Let A be the normal bounded operator of multiplication by z in the space L?:
L? 3 ¢(2) — (Ap)(2) = zp(2) € L.
The operator matriz (a;k)3%—o of A (i.e. of A=T"YAI) has a three-diagonal structure,
ajr =0 for|j —k| > 1.
Proof. Using (57) for e, = I71P,.,(2), n € No; v =0,1,...,n, we have Vj, k € Ny
(59) j ks = (Akips €jia)l, = /ZPk;ﬁ(Z)mdp(Z%
C

where « =0,1,...,5, 8=0,1,...,k. From (58) we have 2Py, (%) € Pk+1:a- According
to (52), the integral in (59) is equal to zero for j > k + 1 and for each « = 0,1,...,7.
On another hand, the integral in (59) has the form

(60) aj ka8 = /zpj;a(z)Pk;B(Z) dp(2).
C

From (58) we have now that zZPj.o(2) € Pjt1:a+1. According to (52), the last integral is
equal to zero for k > j+ 1 and each 8 =0,1,... k.

As a result, the integral in (60), i.e., the coefficients a; r.a,3, j, k € Ny, are equal to
zero for |[j — k| > 1; a =0,1,...,4, 8 =0,1,...,k. (In the previous considerations it
was necessary to take into account that eg.g = I~ Ppo(2) = 1). O

In such a way, the matrix (%k)fk:o of the operator A has the three-diagonal block
structure

ap,0 ao,1 0 0 0

aio a1 arz2 0 0

(61) 0 a1 a2 azz O

3,

0 0 aszz ass asa4
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A more careful analysis of expressions (59) allows to find out which elements of the
matrices (aj,k;aﬁ)g,kﬁzo are zero and which are not in each case for [j — k| < 1. We can
also describe properties of the matrix with respect to permutation of the indexes j, k,
and «, 3.

Let us denote by ((a”);,k)5%—o the operator matrix of the operator (A)* that is adjoint
to A. Note that (A)* is an operator of multiplication by z. Taking into account the
expression (59) for j, k € Ny we have

62 (@isios= | P PralD) dole) = [ 2Pyl Prale) dole) = Wi
C C
where a =0,1,...,jand 8 =0,1,...,k.
Lemma 5. Let (a'j,k)(;'f)k:() be an operator matrix for the operator of multiplication by z

; 2 . P Jik ; o
in L=, where aji : Hi — Hj; ajr = (aﬂak?aﬁ)aﬁ:O are matrices of operators ajj in
the corresponding orthonormal basis. Then Vj € Ny

(63) Va=0,1,...5 =1 jj110,042 = G j4Laa+3 = = Gjjtlia,j+1 = 0;
V3 =0,1,...7 Aj1,4;6+1,6 = Aj+1,5;6+2,6 = = Gj+1,55+1,8 = 0.
If we choose, inside of each diagonal {2720, zn=1z1 27222 . 202"} in Figure 1, an-

other order (preserving the order of the diagonals), then Lemma 5 is not true, but it
will still be possible to describe the zeros of the matrices (a:j,k;oé7ﬁ)£’kﬁ:0. Such matri-
ces (aj’k)szo also have a three-diagonal block structure and zeros although in another
places.

Proof. According to (59) and (58), for j € Ny we have Voo = 0,1,...,j and V3 =
0,1,...,5+1,

aj,j+1;0,8 =/sz+1,5(z)Pj;a(z) dp(2) =/5Pj,a(Z)Pj+1;ﬁ(Z) dp(z),
C (®

where ZP;.o(2) € Pjt1,0+1. But according to (52), Pj+1,8(%) is orthogonal to Pji1.a+1
for § > a + 1 and, hence, the last integral is equal to zero. This gives the first equality
in (63).

Analogously from (59) and (58), for j € Ny we have Va = 0,1,...,5 + 1 and V3 =
0,1,...,7 that

At g8 = /ZPj,ﬁ(Z)PjH;a(Z) dp(z),
C
where zPj.3(2) € Pjt1,3. But according to (52), Pji1,4(2) is orthogonal to Pji1,5 if
«a > (8 and, hence, the last integral is equal to zero. This gives the second identity in
(63). |

The above shows that the ((j + 1) x (j +2)) and ((j 4+ 2) x (j + 1))-matrices in (61),
a;j+1 and a;i1;, have all their entries above the second and below the first diagonal,
respectively, zeros. Taking into account (61) we can conclude that the normal matrix of
the operator of multiplication by z is a multi-diagonal usual scalar matrix in the usual
basis of the space Iy X l5.

Lemma 6. The following elements of the matriz (aﬁk)szo from Lemma 5 are positive:

(64) @0,1:0,1,01,0;0,0;  @jj+1lic,a+1> Gj+1,j0,0; JEN, a=0,1,...,7.
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Proof. We start with a study of a1,0,0,0. Using (59) and denoting by Py,o(2) = 2—(2,1)2
the non normalized vector Pi.o(z) we get

o000 = [ Praldelz) = [1Plo(@)lt [ = D) do2)
(65) C C
= 1P o(2)lIz2 (12172 = I(z, 1) 2 ).
The last difference is positive (see below, (67)), therefore a; .0,0 > 0.

Consider ag,1;0,1. Denote, as before, by P[;(z) the non normalized vector Py;(2).
According to (49) and (50) we have

Piy(2) = 2= (2, Prjo(2)) 2 Pro(2) — (2, 1) 2.
Therefore using (59) we get

@0,1;0,1 :/zPl;l(z) dp(z) = HPI/;I(Z)”Z;/ZPII;I(Z) dp(2)

C C

(66) — IPL@IZ [ 2~ G Puole)iPro(a) - (2, Ds2) dol)
C
= 1P (272 (121172 = |(2, Pro(2)) 2l® = (2, 1) 22 ).
Also using (67) we conclude that the last expression is positive and, therefore, ag 1,0,1 >
0.
Positiveness in (65) and (66) follows from the Parseval equality applied to the decom-

position of the function z € L? with respect to the orthonormal basis (50) in the space
L?,

(67) (2, 1)r2* + (2, Puo(2))r2* + (2, Pra(2)) 2 + - = [|2]22, (1= Po(2)).
Let us now pass to the proof of positiveness of aj41 j.a,a, Where j € N, e =0,1,..., 5.
From (59) we have
(09 tis1sma = [ 2Prale) Pl dp(o).
C

According to (50) and (52),
(69) Pja(2) = kjia2"%2% + Rja(2),

where Rj.(2) is some polynomial from Pj,n—1 if & > 0, or from P;_; ;-1 if o = 0.
Therefore zR;,o(2) is some polynomial from P;1,4—1 or from Pj,;_1 (see (58) and (52)).
Multiplying (69) by z we conclude that
(70)

2Pjia(2) = ka2 7172 + 2Rjia(2); 2Rjia(2) € Pjrra—1  orto  Pjji1 C Py

On the other hand, equality (69) for Pji1,q(2) gives
(T1) Pit1a(2) = kjr1:a2’ 1702 + Rjt1:a(2); Rjt1:a(2) € Pjyrar orto Py

Find 27717222 from (71) and substitute it into (70). We get

ki.o
2Pj.a(2) = = (Pj+1:0(2) = Rjt1:0(2)) + 2Rj.a(2)

k; HeY
(72) 2;“ N
= _La Pji1a(?) — _],a Rjt1a(2) +ZRj;a(z)(Z)a
k]+1;a kj+1:,oz

where second two terms belong to P;yi1.o—1 or to Pj;; and are, in any case, orthogonal
to Pj+1;a(z).
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Therefore, after substituting the expression (72) into (68) we get that aji1 jia,a =
Hae s,
i+l
Consider at last the elements a; j41;a,a+1, Where j € N, o =0,1,...,j. From (59) we
get

(3)  ajjsroar = / 2Py 101 (2) Pra(?) dp(z) = / 2P, (=) Pryrosa (2) do(2).
C C

For P;.o(z) we have expression (69). Multiplying it by Z we get similarly to (70) that
(74) ZPjia(2) = kjia2’ 2T + ZRji0(2), ZRja(2) € Pjy1a  orto Py,

(but, at this point, it is necessary to use the second inclusion from (58) and of course

(52)).

Now the equality (69) gives
(75) Pittia41(2) = kj1,04127 72T + Rjjria41(2),  Rjttat1(2) € Pistia-

Finding 27=%z%*! from (75) and substituting it into (74) gives

B ki _
ZPja(2) = m(Pjﬁ-l;a-H(Z) — Rj+1;0+41(2)) + ZRja(2)
(76) j . a .
= 7,{ L Pj+1;a+1(2) - #Rj_‘_l;a_*_l(z) + ERj;a(Z).
j+1;a41 j+1;a+1

As before, second two terms in (76) belong to Pji1,4 or to P;; and are, in any case,
orthogonal to Pji1.q+1(2).

Therefore, substituting expression (76) into (73) gives a; j+1;0,a41 = k:f;l >0. O

In what follows we will use usual well known notations for the elements a;; of the
Jacobi matrix,

Gp = Ap41,n - Hn I HnJrla
(77) b, = Qnon : Hp, — Hay,
Cpn = Ann+1 - Hn+1 — Hop, n € Np.

All previous investigation are summarized in the following theorem.

Theorem 5. The bounded normal operator A of multiplication by z in the space L2, in
the orthonormal basis (50) of polynomials, has the form of a three-diagonal block Jacobi
type normal matriz J = (aj,k);’f’k:o that acts on the space (53),

(78) b=HodHI®Ha®---, Hn,=C""' neN,y.



COMPLEX MOMENT PROBLEM AND DIRECT AND INVERSE SPECTRAL PROBLEMS ... 19

The norms of all the operators a;;, : Hi — H; are uniformly bounded with respect to
j,k € Ng. In notations (77), this matriz has the form

[ bo Co 0 0 0
ap b1 C1 0 0
J = 0 al bQ Co 0
0 0 as b3 C3 ‘

o +| *

(79)

O O+ *x *x|*
o+ % | ¥ x|+

O OO H| % *x *|x %
O O+ ¥|¥% % *x|%x +
O+ ¥ *¥|* ¥ x|+ ©
* % % ¥ |%x % %

* % ¥ X| ¥ % 4+
* ¥ % ¥|¥x + ©
* ¥ ¥ ¥|+ oo

* % % %

* % % +

¥ % + ©

*» + oo

+ oo o

In (79) ¥n € N by, is an ((n+1) x (n+1))-matriz, by = (bn;a,6) 5—0s (bo = bo;0,0 is a
scalar); ap, is an ((n+2) x (n+1))-matriz, a,, = (an;aﬁ)gzlz’%; cn is an (n+1)x (n+2))-
matrizc, ¢, = (cn;aﬁ)g’,gié. In these matrices a,, and c,, some elements are always equal
to zero, Yn € N
(80) a0;1,0 = 0; Gn;5+1,8 = An;g+4+2,8 = *°* = Ann+1,5 = 0> B = 0; 17 cee, 1
Cnio,a4+2 = Cnsa,a43 = *° " = Cnsa,n+l = 0, a=0, ]., ..,n—1.

Some other their elements are positive, namely ¥n € Ny
(81) Unoas Cnsaatl >0, a=0,1,...,n.

Thus, it is possible to say that Vn € Ny the matrices a, (starting with the second
diagonal and below) and the matrices ¢, (starting with the third diagonal and above)
have all their elements equal zero. All positive elements in (79) are denoted by +).

So, the matriz (79), in the scalar form, has the indicated multi-diagonal structure.

The adjoint operator (/1)* in basis (50) has the form of a similar three-diagonal block
Jacobi type matriz JT.

These matrices J, JT act as follows: Vf = (fn)5, € L2
(Jf)n =an_1fn-1 +bnfn+ Cnfn+17
(JT ) =1 fac1 + 65 fn+ap fasr, neENy, fo1=0,

(here % denotes the usual matriz adjoint).

(82)

Let us indicate that the form of the coefficients in the expression for J* follows from
(62) and (77).

5. THE DIRECT AND INVERSE SPECTRAL PROBLEMS FOR THE THREE-DIAGONAL
BLOCK JACOBI TYPE BOUNDED NORMAL OPERATORS

As it was mentioned above, the main result of the previous section is, actually, solving
the inverse problem for the corresponding direct problem indicated in the title of this
section.
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We consider operators on the space 1y of the form (53). In addition to the space lg,
we consider its rigging
(83) (lﬁn)l > lg(p_l) OlhD 12(p) D gy,

where 15(p) is a weighted 13 space with the weight p = (pn)5%q, pn > 1, (p7 = (p,1)5%,)-
In our case, l3(p) is the Hilbert space of sequences f = (£,)5%, fn € Hyp, such that

(84) £y = D 1 falle, Py (Fs 9y = D (fns 9) 7, Pa-
n=0 n=0

The space l(p~1) is defined analogously; recall that lg, is the space of finite sequences
and (1g,)’ is the space conjugate to lg,. It is easy to show that the embedding 15(p) — 1y
is quasinuclear if Y np, ! < co (see, for example, [4] Ch. 7; [6] Ch. 15).
n=0
Let A be a normal operator standardly connected with the chain (83). According to
the projection spectral theorem (see [5] Ch. 3, Theorem 2.7; [4] Ch. 5; [6], Ch. 15; [33])
such an operator has the representation

(85) Af = /Z‘I)(Z) do(2)f, f€ly,
C

where ®(2) : la(p) — la(p~?) is the the generalized projection operator and do(z) is
a spectral measure. The operator adjoint to A, A*, has the same representation (85)
where 2®(2) is replaced with z2®(z). For every f € lg,, the projection ®(2)f € lo(p~1) is
a generalized eigenvector for the operators A and A* with the corresponding eigenvalues
z and z. For all f, g € lg, we have the Parseval equality

(86) (f. 9 = / () f, gnador(2);

C

and, after extending by continuity, the equality (86) takes place for Vf, g € 15.

Let us denote by 7, the operator of orthogonal projection in 1, on H,,, n € Ng. Hence
V= (fn)2, € 1o we have f, = m, f. This operator acts analogously on the spaces 12(p)
and ly(p~!) but possibly with the norm which is not equal to one.

Let us consider the operator matrix (®;x(2))3%—o, Where

(87) fIJj,k(z) = Trj‘I)(Z)ﬂ'k : 12 e Hj, ( or Hk — HJ)
The Parseval equality (86) can be rewritten as follows: Vf, g € Ly

=Y [@emsmondots) = 3 [matims, oot

J,k=0¢ J,k=0¢

Z/ 5 (2) i 95120 (2).

7,k= O¢c

(83)

Let us now pass to a study of a more special bounded operator A that acts on the
space 15. Namely, let it be given by a matrix J which has a three-diagonal block structure
of the form (79). So, this operator A is defined by the first expression in (82), the adjoint
operator defined analogously by the second expression in (82). Recall that the norms of
all elements a,, b,, and ¢, are uniformly bounded with respect to n € Nj.

For the further investigations we assume that conditions (80) and (81) are fulfilled and,
additionally, the operator A given by (79) is bounded and normal on ly. The conditions
that would imply for the operator A to be bounded and normal will be investigated in
Section 6.
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At the next step we will rewrite the Parseval equality (88) in terms of generalized
eigenvectors of the operator A. At first we prove the following lemma.

Lemma 7. Let ¢(z) = (pn(2))5%, ©n(2) € Hn, z € C, be a generalized eigenvector
from (lgn)" of the operator A with an eigenvalue z and, as we have recalled above, it is
also a generalized eigenvector of A* with the eigenvalue zZ. Multiplying p(2) by a scalar
constant (depending on z) we can obtain that po(z) = @o is independent of z. Thus o(z)
is a solution from (lgn) of the two difference equations (see (82))

(Jo(2))n = an—190n—-1(2) + bnpn(2) + cnnt1(2) = 2pn(2),
(89) (TF0(2))n = €5 _1Pn-1(2) + byn(2) + a5 Pni1(2) = Zpa(2),
n €Ny, ¢_1(2) =0,

with the initial condition pg € C.
We assert that this solution is the following: ¥n € N

(90) @n(z) = Qn(z)@o = (Qn;07 Qn;l: e 7Qn;na )‘)00

Here Qpn.o, @ =0,1,...,n, are polynomials in z and z, and these polynomials have the
form

(91) Qnia(2) = 102" %2 + gnia(2,2), a=1,...,n,

where ly.o > 0, and qn.o(2) is some linear combinations of Pk 0<j+k<n—1and
gr=(e=1ze=1 (the last expressions are present in the case a = 1,...1n).

Proof. For n = 0 the system (89) has the form

bowo + cop1 = zpo, a0:0,091;0 + G0:0191.1 = (2 — b00,0) %0,
or

92 * * -
(92) bopo + agp1 = Zepo, €0,0,091;0 + 00,1911 = (2 — boy0,0)P0-

Here and in what follows we denote Vn € N
Qon(z) - (@n;O(Z)a @n;l(z)a EE) Qon,n(z)) € Hn; Y0 = ¥o,0-
Using the assumptions (80) and (81) we rewrite the last two equalities in (92) in the form

Aop1(2) = (2 = bo,0,0)¢0, (2 — b0:0,0)¢0);

(93) Ao _ < @0;0,0 0

, 60,00 >0, co0,1 > 0.
€0:0,0 €001

Therefore,

(2 = bos0,0)p0 = Qu0(2)0,

(94) e10(2) a0;0,0

p1:1(2) = (r1(2 = bo0,0) + 72(2 — boyo,0) + r3)00 = Q1;1(2) 0,

where 1 > 0, 73 and r3 some constants. In another words, the solution ¢, (z) of (89),
for n = 1, has the form (90) and (91).

Suppose, by induction, that for n € N the coordinates ¢,_1(2) and ¢(z) of our
generalized eigenvector ¢(z) = (¢, (2))52, have the form (90) and (91), and prove that
©n+1(z) is also of the form (90) and (91).

Our eigenvector ¢(z) satisfies the system (89) of two equations. But this system is
overdetermined; it consists of 2(n + 1) scalar equations from which it is necessary to find
only n 42 unknowns ¢,41;0, Pn+1;15 - - -» Pn+t1;n+1 Using, as the initial data, the previous
n+ 1 values vn.0, ©ni1, - - - Pnin of coordinates of the vector ¢, (2).
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We act in the following manner. According to Theorem 5, especially to (80) and (81),
the ((n 4+ 1) x (n 4 2))-matrices o) and ¢, act on ¢, 1 € H,, as follows:

(n;0,0 0 0 ... 0 0
an;l,O Gn;1,1 0 0 0
. (n;2,0 Gn;2,1 Gn;2.2 . 0 0
anwn-‘rl(z) = . . . . . . d)n-l-l(z)a
an;n—l,O an;n—l,l an;n—l,Z ... 0 0
(95) L dn;n,O C_Ln;n,l C_Ln;n,2 oo OGpinn 0 ]
Cn;0,0 Cn;0,1 0 ... 0 0
Cni1,0 Cni1,1 Cni1,2 . 0 0
Cn;2,0 Cni2,1 Cni2,2 ... 0 0
enthnt1(2) = | . . . . . . VYnt1(2),
Cnin—1,0 Cnmn—-1,1 Cnn—-1,2 .- Cnim—1n 0
L Cnin,0 Cnin,1 Cn;in,2 -.- Cpinn Cnyn,n+1 |

where Y 41(2) = (Yn41;0(2)s Ynt1;1(2)s - -+ Yng1in1(2))-
Construct, similarly to (93), the following combination from the matrices (95), which

isa ((n+2) x (n+ 2))-matrix:

an;0,0 0 0 ... 0 0
Cn;0,0 Cn;0,1 0 0 0
Cn;1,0 Cn;1,1 Cn;1,2 ... 0 0
(96) Antnia(z) = | . : : . : VYnt1(2),
Cnin—1,0 Cnn—1,1 Cnmn—1,2 coo Cpin—1.n 0
L Cn;in,0 Cnin,1 Cnin,2 -oo Cpimon Cnin,n+1 ]

where 1pn+1<2") = ("/)nJrl;O(z)’ 1pn+1;1<2")? ) wn+l;n+l('z>)'
The matrix (96) is invertible because its elements on the main diagonal are positive

(see (81)). Rewrite the equalities (89) as follows:
U Pnt1(2) = Z2on(2) — cu_10n-1(2) — brn(2),
Cnpn+1(2) = 20n(2) — an—19n-1(2) = bpn(z), neN.

We see that the first n 4+ 2 scalar equations (from 2(n + 1) scalar equations (97)) have
the form

Anpnia() = (2Qui(2)=(¢h 1 Qu1(2) = (5" Qu(=)an.
(98) ZQn;O(Z)_(anlenfl(Z))n;O - (ann(z))n,07 ey
ZQn,n(Z) - (anlenfl(z))n;n - (ann(Z))n,n)SOO

The construction of the matrix A,, and the form of the vector in the right-hand side of
(98) and (90), (91) shows that

(97)

(99)
Pn+1;0(2) = Qn+1;0(2)po0 = a;o - (2Qn0(2) — (¢ 1Qn_1(2))n0) — (b5Qn(2))n:0)%0
- awlo 0 (Z(ln:02" + qn:0(2)) = (—1@n—1(2))n:0 — (b7, Qn(2))n;0) %0,

lnso

— O .
Zn+12°, so it has
70,0 n+l<

i.e., the main summand in the right-hand side of (99) is equal to
the form (91).

A similar calculation gives the same result for ¢n41,1(2), -.., @nt1.n+1(2). It is nec-
essary to take into account that the next diagonal elements cy.0.1, €n;1.2, -+, Cninnt1 Of
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the matrix A,, are positive due to (81). This completes the induction and (94) finishes
the proof. O

Remark 6. Note that we did not assert that a solution of the overdetermined system
(89) exists for arbitrary initial data ¢o € C; we have only proved that the generalized
eigenvector from (lg,)’ of the operator A is a solution of (89) and has the form (90) and
(91).

In what follows, it will be convenient to look at @, (z) with fixed z as a linear operator
that acts from Hg into H,, i.e., Ho 3 ¢o — Qn(2)po € H,. We also regard Q,(z)
as an operator-valued polynomial in 2,z € C; hence, for the adjoint operator we have
Qi(z) = (Qn(2)* : Hp, — Ho. Using these polynomials @, (z) we construct the
following representation for ®; 1 (z).

Lemma 8. The operator ®; (z), Vz € C has the following representation:
(100) O, 1(2) =Q;(2)P0,0(2)Q%(2) : Hxk — H;, Jj, k€ N,
where ®g o(z) > 0 is a scalar.

Proof. For a fixed k € No, the vector ¢ = ¢(2) = (;(2))72, where

(101) 0i(2) = ©jr(z) = m;®(2)mr € Hj, 2€C,

is a generalized solution, in (1g,)’, of the equation Jp(z) = zp(z), since ®(z) is a projec-
tor onto generalized eigenvectors of the operator A with the corresponding generalized
eigenvalues z. Therefore Vg € lg, we have (p, JTg), = z(p,g)1,. Transfering the fi-
nite difference expression J* to ¢ we get (Jp,g)1, = 2(¢,9)1,- Hence, it follows that
© = p(2) € la(p™1) exists as a usual solution of the equation Jy = zp with the initial
condition ¢g = me®(z)m, € Ho.

Since Vf € lgn, the vector ®(2)f € lo(p~!) is also a generalized eigenvector of the
operator A* with the corresponding eigenvalue zZ (because A is normal), the same ¢ =
©(z) in (101) is also a solution of the equation J*¢ = Zp with the same initial condition
Yo = 7T0@(Z)7Tk.

Using Lemma 7 and (90) we obtain

(102) Djr(2) = Qj(2)(Pok(2)), J € No.

The operator ®(2) : Io(p) — la(p~1) is formally selfadjoint on 1z, being the derivative
of the resolution of identity of the operator A on 1, with respect to the spectral measure.
Hence, according to (100) we get

(103) (P 1(2)" = (m®(2)m)" = me®(2)7m; = P j(2), J,k € No.
For a fixed j € Ny it follows from (103) and the previous discussion that the vector
Y =1(2) = (Wr(2)ilo,  Yr(2) = Opj(2) = (;1(2))"
is a usual solution of the equations Jy = 2zt and J+1 = zy with the initial condition

Yo = Po,;(2) = (®j0(2))"
Again using Lemma 7 we obtain the representation of the type (102),

(104) Dy, i(2) = Qi(2)(Po,;(2)), k€ Ny.
Taking into account (103) and (104) we get
(105) Do,r(2) = (Ph0(2))" = (Qr(2)Po,0(2))" = o0(2)(Qk(2))", ke€Ng

(here we used ®g (z) > 0; this inequality follows from (86) and (87)). Substituting (105)
into (102) we obtain (100). O
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Now it is possible to rewrite the Parseval equality (88) in a more concrete form. To
this end, we substitute the expression (100) for ®; ;(z) into (88) and get that Vf, g € la,

(106) )
ijO C/ el = 3 C/ (Q5(=)P00(2)QL(=) fir g5 1ador(2)
:j,;i:o(c/(Qk( 2) [, Q5 (2)g5 )1, dp(z C/( 2 Z)fk) (g@;‘(z)gj>dp(z),

dp(z) = @y o(z) do(z).

Introduce the Fourier transform ~ induced by the normal operator A on the space
121 Vf € 1ﬁn7
(107) I D lan 3 f = (fu)oo — f(z ZQ )fn € L*(C, dp(2)).

Hence, (106) gives the Parseval equality in a final form, Vf, g € la,

(108) (.90 = / (280 dp(2)
C

Extending (108) by continuity, it becomes valid Vf, g € lo.

Orthogonality of the polynomials Qf(z) follows from (107) and (108). Namely, it is
sufficient only to take f = (0,...,0, fx,0,...), fx € Hk, g =(0,...,0,9;,0,...), g; € H,
n (107) and (108) . Then Vk,j € Ny

(109) / Q) ) (@ (Dg) dol) = 654 F5295)m,

C

Using representation (90) for these polynomials we can rewrite the equality (109) in
a more classical scalar form. To do this, we remark that Qf(z) = Qo(z) and for n € N,
according to (90), Qn(2) = (Qn;0(2), Qn1(2),...,, Qnin(2)) : Ho — Hy,. Hence, for the
adjoint operator Q¥ (z) : H, — Ho we have Vo € Ho, v = (Yo, Y1, -+ Yn) € Hn,

(Qn(z)zv y)'Hn = ((Qn;O(Z)xa Qn;l(z)xa RS Qn,n(z)x)v (yOa Y1, 7yn))Hn
= Qn;O(z)mgO + Qn;l('z)xgl + -+ Qn,n(z)xgn
= 2(Qn0(2)y0 + Qna(2)y1 + -+ + Qnin(2)yn) = (2, Q7 (2)Y) w0,

that i 18, Q ( )y - Qn O( )yO + Qn;l(z>y1 +--- 4+ Qn,n(z)yn
Due to the last equality for n € N and f,, = (fn,0, fu1s---» fon) € Hn, z € C, we
obtain

(110) Qn(2) fn = Qnio(2) frso + Quit (2) fas1 + -+ + Qny n( Vi,  Qp(2) =
Therefore (109) has the form: Vfi.0, fis1, - -5 foik, 95:00 95515+, 955 € C, 4,k € Ny,

/(ZQ’W fka)(ZQJﬁ fm>dp —Jkamg]a

This equality is equivalent to the following orthogonality relation in the usual classical
form: Vj,k € No, Va=0,1,...,5,86=0,1,...,k,

(111) / Ty Qadp(z) = 65005 (Qoo = Qo(2)).
C
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Let us remark that due to (110) the Fourier transform (107) can be rewritten as
Vf= (fn)%o:O €lp

(112) f(z) = Z Z @nia(2) fria;  2€C.
n=0 a=0
Using the stated above results of this section, we can formulate the following spectral
theorem for our bounded normal operator A.

Theorem 6. Consider the space (53),
(113) lo = Ho @ Hy @ Ho®, -, Hn,=C""', neN,

and the linear operator A, which is defined on finite vectors lg, by a block three-diagonal
Jacobi type matriz J of the form (79) with the help of the first expression in (82). We
suppose that all its coefficients a,, b, and c,, n € Ny, are uniformly bounded, some
elements of these matrices are equal to zero or positive according to (80), (81) and the
extension of A by continuity is a bounded normal operator on this space.

The eigenfunction expansion of the operator A has the following form. According to
Lemma 7 we represent, using o € C, the solution p(z) = (vn(2))22g, ¥n(2) € Hn, of
equations (79) (which exists thanks to the projection spectral theorem) for z € C,

(Pn(Z) = Qn(z)900 = (Qn;0(2)7 Qn;l(z)7 T 7Qn;n(z))@07

where Qn.o(2), o =0,1,...,n, are polynomials in z and Z. Then the Fourier transform
has the form
(114)
b D lgn 3 f = (fa)nto — f(z) = Z Qn(2)fn = Z Z Qnia(2) fria € L*(C, dp(2)).
n=0 n=0 a=0

Here Q% (2) : Hn, — Ho is the adjoint to the operator Q,(z) : Ho — Hyp, dp(z) is the
probability spectral measure of A.
The Parseval equality has the following a form: Vf, g € la,

W5 (o= [ FRRE s (o = [ E o),
C C
Identities (114) and (115) are extended by continuity to ¥f,g € la making the operator
(114) unitary, mapping lo onto the whole L?(C,dp(z)).
The polynomials Qn.a(2), n € N, a =0,1,...,n, and Qo.0(z) = 1, form an orthonor-
mal system in L?(C,dp(z)) in the sense of (111), and it is total in this space.

Proof. It is only necessary to show that the orthogonal polynomials Q.0 (2), n € N,
a = 0,1,...,n, and Qp.o(z) = 1 form a total set in the space L?(C,dp(z)). For this
reason we remark at first that due to the compactness of the support of the measure
dp(z) on C, the elements 27 2% j, k € Ny, form a total set in L?(C, dp(z)).

Let us suppose the contrary, i.e., that our system of polynomials is not total. Then
there exists a non zero function h(z) € L?(C,dp(z)) that is orthogonal to all these
polynomials and hence, according to (91), to all 2/z*, j, k € Ny. Hence h(z) = 0. |

The last theorem solves the direct problem for the bounded normal operator A which
is generated, on the space lp, by a matrix J of the form (79).

The inverse problem consists of constructing, from a given measure dp(z) on C with
compact support, a bounded normal matrix J of the form (79) that has its spectral
measure equal to dp(z). This construction is conducted according to Theorem 5, with the
use of the Schmidt orthogonalization procedure for the system (49). For a matriz J of



26 YURIJ M. BEREZANSKY AND MYKOLA E. DUDKIN

the form (79), which is constructed from dp(z), the spectral measure of the corresponding
bounded normal operator A coincides with the starting measure.

Proof. The claim holds true, since the system of orthogonal polynomials, connected with
A, Qua(z), @« = 0,1,...,n, n € Ny, is orthonormal in L?(C,dp(z)) and, according
to Lemma 7, is constructed from #/2F, z € C, in the same way as system (50) was

constructed from 27 2*, j, k € Ng. Hence, Vn € N

(116) QO(Z) :1:PO(Z)7 Qn,a(z) :Pn;a(z)a O(:O,l,...,’n,
Since both system of polynomials form a total set in L?(C,dp(z)), (116) shows that
the spectral measure constructed from the operator and the given one coincide. O

Let us remark that the expressions (59) (as it was known in the classical theory of
Jacobi matrices) reestablish the initial matrix (79) from the spectral measure dp(z) of
the operator constructed from J on 1.

6. ON A CONDITION FOR NORMALITY OF JACOBI TYPE BLOCK MATRICES

We will find at first a condition that would guarantee the formal normality for the
matrix J of type (9). The formal adjoint matrix J* has the form (compare with (62))

D a0 | G e
(117) JT=10 ¢ by oay - |s oot Ho—Ha,
. an : Hpy1 — Hp, n €N

Multiplying matrices (9) and (117) we get
(118)

bobj + coch boag + cobi coa} 0 0

aobl + bich apag + b1b] + cicy biai + c1b5 cias 0

JIT =1 e a1 bt + boct a1af 4 boby + coch baal + cobh coal - -

The expression for JTJ is analogous to (118) if a,, b, and ¢, are replaced with ¢},
b} and a), respectively, and vice versa.

Comparing these expressions for JJ* and J*.J we conclude that the equality JJ+ =
JTJ is equivalent to fulfillment of the following equalities (we take into account that by
is a scalar, b} = by):

coCy = apao;

(1) e = Gt
bnay, + cpby 1 = bycn + anbng,

Ay, + bpy1by 1+ CngiCy g = Cpcn + 05 1bng1 +ay 1ang1, 1€ No.
Note that the necessary equalities
anby, + bng1cy, = cpbp + b5 1Gn,  GnyiCy =€ 1an, N € Ny,
follow from the third and the second equalities in (119) by taking the adjoints.

So, the conditions (119) are necessary and sufficient for the matrix equality JJ+ =
JTJ to hold. If the norms of the operators ay,, b, and ¢, are uniformly bounded w.r.t.
n € Ny, then the operator J on ly is bounded and conditions (119) gives the normality
of the operator.

Taking the initial matrices ag, bo, ¢o and step by step finding from (119) a1, b1, c1;
ag, by, co; ... etc. (in a non-unique manner) we can construct some normal matrix J.
But for such a matrix, Theorem 6 in general is not valid, because it is necessary to find
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these matrices in such way that a, and ¢, be of the form (10) (i.e. (79)). Ounly in this
case, according to Lemma 7 and (105), the functions (15) are linearly independent and
Theorem 6 is applicable (or the condition of Remark 2 is fulfilled for N = J ).

To find the matrices a,, b, and ¢,, n € Ny, which solve equations (119) and such that
ay, ¢, have the form (10) is a sufficiently complicated problem, and we here investigate
only some special cases.

Namely, we assume in the first place that all the matrices b,, are selfadjoint, b} = b,,,
n € Ny. Then the conditions (119) can be written in the following form:

* *
CoCy = GpAp;
* *
Cnlpy1 = ApCntl,
* *
b"(an - Cn) = (a’n - Cn)bn+17

* * * *
AnQy + Cn+1Cpy1 = Cpln + Ap+10n+1,

(120)

n € Np.

Further, we assume that all the matrices ay,, ¢,, n € Ny, have the form (10), where
(0,0, Ons1,1s - - > Gninyn ANA Cri01,Cni1,25 -+ -5 Cosmont1, VN € Np, are positive and all
other elements of these matrices are equal to zero. So, our matrices are the following;:
(121)

an;0,0 0 ... 0
0 " a 0 an;0,0 0 ... 0 0
n;1,1 .- 0 et 0 0
an = . . . . n —+ 2, a: = . . ] ) . n+ 1’
8 8 gn;n,n 0 0 . Gpinon 0
+1 n+2
Ocn;O,lO ... 0 (c) 8 8
00 Cni12 ... 0 n;0,1 .
Cp — . ’)’I,+17 C:L = 0 Cn;l’Q e 0 TL+2’
00 0 - Cnynyn+1 0 0 D
n+2
n+1
n e No.

Multiplying the matrices of type (121) we can rewrite the first, the second, and the
fourth equality in (120) in the form of the corresponding equalities for elements of these
matrices, co,0,1 = @0,0,0 and Vn € Ny
(122)

Cn;0,14n+1;1,1 = n;0,0Cn+1;0,1;
Cn;1,20n+41;2,2 = Un;1,1Cn41;1,2;
Cn;2,30n+1;3,3 = An;2,2Cn41;2,3,
Cnin—1,n0n+1;n,n = Anin—1,n—1Cn+1;n—1,n;

Cn;n,n+1an+1;n+l,n+1 = On;n,nCn+1;n,n+1;

2 2 _ .2
A7,0,0 T Cnt1;0,1 = @n41;0,05

2 2 2 2
an;l,l + Cn+1;1,2 - Cn;O,l + a’n—i—l;l,lﬁ

2 2 _ 2 2
a’n;2,2 + Cn+1;2,3 - Cn;1,2 + an+1;2,27

2 2 2

a’n;n,n + Cn+1;n,n+1 - Cn;nfl,n + an+1;n,n’

2 _ 2 2
Cn+1;n+1,n+2 - cn;n,n—l—l + an+1;n+1,71+1'

The system of equalities (122) is equivalent to system (120) for the case where all b,, = 0,
n € Ny. At first we wish to find the solution cy;a,8, Gn;y,y of this system step by step,
taking n € Ny.
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Let n € Ny be fixed. Introduce the following notations for elements from (122):

2 2 2 .
Cn;0,1 = L0 Cni1,2 = 21, ooy Coipntl = Tnj
2 _ 2 _ 2 _ .
(123) Apinn = €o, Apin—1,n—1 = ST 0,0 = &ns
2 _ 2 _ 2 _ .
Cn+1;0,1 = Yo, cn+1;1,2 =Y, A cn+1;n+l7n+2 - y7l+17
2 _ 2 _ 2 —
Aptin+1n+1 = M0 Apyinn = 71 cooy Apg1;0,0 = Tint -

Taking the square of the first n + 1 equalities from (122), we can rewrite (122) in the
form:

Toln = §ny0, gn + Yo = Mn+1,
T1Mn—1 = En—1Y1, En—1 + Y1 = To + My,
ToMn—2 = &n—2y2, &n—2+ Y2 =1+ Nn_1,

Tn1M = &§1Yn—1, §0 T Yn = Tn—1 + N1,

Tnno = &0Yn; Yn+1 = Tn + 1o
Conditions (124) are regarded as a system of 2n+ 3 linear equations w.r.t 2(n+2) pos-
itive unknowns 4o, Y1, - - -, Yn+1; 10, 1, - - - s M1 With coefficients depending on zg, 1, . . .,
Tnj £O7£1a s 7671'

We start with the initial data co,0,1 = a0,0,0 = 53/2, where dg > 0 is a fixed number,
i.e., for n =0 from 29 = £, = §p. Then (124) gives
zono = Soyo; &0+ Yo =m, Y1 = o+ No-
The general solution of this system is
(125) Yo =10 =01, Y1 =m =0+ 01,

where d; > 0 is an arbitrary given number.
Consider the system (124) for n = 1 taking the coefficients (z, x1; &0, &1) equal to the
solution (Yo, y1;m0,Mm1) (125) of the previous system. We get

zom = €190, d1m = (do + 01)Yo,
z1n0 = &oY1; (0 + 61)m0 = 01913
(126) &+ yo = n2, ie. (0o +d1) + yo = 12,
§o +y1 =0+ 1M, 01 +y1 = 01 + 1,
Y2 = x1 + 7o, Y2 = (do + 1) + no-

The general solution of the system (126) is
(127) Yo =10 =02, y1=1m = (60 +61)807 ", yo =1 =00+ 01+,

where 62 > 0 is arbitrary. We see that the solution is symmetric, yr = nx, kK = 0,1, 2,
and therefore the system (124), for n = 2, has a simpler form, in this system, z; = &,
k=0,1,2.

We assert that this symmetry takes place for arbitrary n = 2,3, . ...

Lemma 9. Let the coefficients of the system (124) xr = & > 0, k=0,1,...,n, n =
2,3,.... Then its arbitrary solution (Yo,Y1,--->Ynt1;70, M1, ---,Mnt1) with the initial
data yo = 1o = 6p+1 > 0 is symmetric, yp =i, k=0,1,...,n+ 1.

Proof. From the first and the last equations in the first column in (124), we conclude
that

Nn = fny0$51 = Jﬁnnofal = Yn-
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This equality, together with the first and the last equations in the second column in
(124), give

Nnt1 =& T Yo = Tn + 10 = Ynt1.

The equality n, = y, and the second and the fourth equation in the second column

in (124) give:
Cn1t =20+ N =20+ Yn =8 +Yn =Tn-1+Mm =1+ M,

from which we conclude that 71 = y;.

This equality and the second and the fourth equation in the first column in (124) give

M1 = €n19127 " = Tno1m&y " = Yno1.

This equality, the third equation in the second column in (124) and the unwritten

equation & + yn—1 = Tp—2 + 12 in the second column give
Sn—2ty2=21+Nm-1=21+Yn—1 =8 + Yn—1 = Tn—2+ N2 = &2+ 12,

from which we conclude that 7y = ys.
This equality and the third equation in the first column in (124) and the unwritten
equation z,_sn2 = &2y, —2 in this column give

Nn—2 = §n—2y2$2_1 = J?n—2772§2_1 = Yn—2-

Repeating the last two steps, we obtain 13 = y3, Nn—3 = Yn—3; M4 = Y4, ... As a
result, we have proved that ny =y, for all k =0,1,...,n+ 1. ]

Using this lemma we can, instead of system (124), consider the more simple system
Vn € N:

(128)
ToYn = TnlYo, Tn + Y0 = Yn+1,
T1Yn—1 = Tp-1Y1, Tpn—1+ Y1 = o + Yn,
T2Yn—2 = Tp—2Y2, Tn—2+Y2 =2T1+ Yn—1,
Tln/2)Y[n/2141 = Tln/2+1Y[n/2); Tin/24+1 + Yin/2) = T[nj21-1 + Yn/2142, 1 odd,
Tln/2)-1Yn/2]+1 = Z[n/2+1Y[n/2]-15  Ln/2] t Yn/2) = Tn/2)-1 + Yn/2]+1, D even.

So, we get the following procedure for finding the matrices of the form (121) which
satisfy the equality (120) where all b, = 0, n € Ny.

Consider the system (128) of n + 1 equations, where (zg,z1,...,2,) are positive co-
efficients and (yo,¥1, - .., Yn+1) are real unknowns.

For n =1 we put zy = 1, 1 = dg + 01 (do, 01 > 0 are arbitrary initial data) and find
its solution (127) with arbitrary yo = d2 > 0.

Consider the system (128) for n = 2 with the coefficients (xg,z1,22) equal to the
previous solution (Yo, y1,¥y2) and find the solution (yo, y1,¥y2,¥s3), where yo = d3 > 0 is
arbitrary.

Assume that yr > 0, &k = 0,1,2,3, and consider (128) for n = 3 with the coeffi-
cients (xo,x1,x2,x3) equal to this (yo,y1,y2,ys) and the initial data yo = 04 > 0 for a
new solution. Continue this procedure, assuming at each step that the solution is pos-
itive (such positiveness depends on the choice of dg,d1,...,> 0). As a result, we find
(Y0, Y1, - - - »Yns1) for every n € Ny.

By means of formulas (123) (where & = xy and 1, = yi) we determine elements of
matrices (121). For this matrices and b,, = 0,n € Ng, the matrix J of type (9) is formally
normal. If all y; in the found solution (yo,y1, ..., Yn+1) of (128) are uniformly bounded
w.r.t. n € Ny, then the operator A, generated by J, is bounded and normal.
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We have a similar situation in the more general case, where b, may be not equal to
zero. There it is necessary to find b,, n € Ny, step by step, starting with initial by € R
and finding by, 41 = b}, from b, = b}, using the third equality in (120).

Example. Let us use the procedure described above for finding a solution of the system
(128) in the case

(129) on=4q", q>0, neN.
It is easy to calculate that this solution, at the n-th step, has the form
(130) o =" 1 = ¢"+¢" g = ¢" "+ g = TP T

So, if 0 < ¢ < 1, the corresponding to the matrix J operator A is bounded, In this
case, A is a normal operator. If ¢ > 1, then J is unbounded and formally normal.

For the case (129), (130), it is easy to find the selfadjoint matrices b,, n € Ny, for
which the third equation in (120) is satisfied. As usual, we get a more general formally
normal (or bounded normal) matrix of the type (9).
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