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NEVANLINNA TYPE FAMILIES OF LINEAR RELATIONS AND THE
DILATION THEOREM

VADIM MOGILEVSKII

ABSTRACT. Let Hji be a subspace in a Hilbert space Ho and let C(Ho,H1) be the
set of all closed linear relations from Hp to Hi. We introduce a Nevanlinna type
class Ry (Ho,M1) of holomorphic functions with values in C(Ho, H1) and investigate
its properties. In particular we prove the existence of a dilation for every function
7+(-) € Ry(Ho,H1). In what follows these results will be used for the derivation
of the Krein type formula for generalized resolvents of a symmetric operator with
arbitrary (not necessarily equal) deficiency indices.

1. INTRODUCTION

Let H be a Hilbert space and let C(H) be the set of all closed linear relations in H.
Recall that a holomorphic function (family of linear relations) 7(-) : C4 UC_ — C(H)
belongs to the Nevanlinna class R(H), if 7(\) is a maximal dissipative linear relation
for all A € C; and 7*(A) = 7(X), A € C; UC_. It is well known that the class R(H)
possesses a number of the interesting properties. In particular, for a function 7(-) € }~2(H)
there is a Hilbert space $; and a selfadjoint linear relation § € C(H & $1) (a dilation of
the function 7(+)) such that the following equality holds [11, 6]

(1.1) Pru@—XN""TH=—=r(\)+N"" AeC,yuUC_.

Here Py is the orthoprojector in H®$); onto H. Formula (1.1) is implied by the Naimark
theorem [1, 12]. Note also that Nevanlinna families of linear relations naturally appear
in the Krein-Naimark formula for generalized resolvents of a symmetric operator with
equal defect numbers (see [8, 9, 2] and references therein).

Assume now that H; is a subspace in a Hilbert space Ho and C| (Ho,H1) is the set of
all closed linear relations from Hy to H;. In the present paper we introduce a Nevanlinna
type class R (Ho,H1) of holomorphic functions 74 (+) : Co — C(Ho, H1) and investigate
its properties. The main result of the paper is Theorem 4.6 that may be considered as
an analog of the dilation theorem in the form (1.1). Namely, we prove the existence of a
dilation 6 (in a generalized form) for a function 74 (-) € R4 (Ho, H1) and describe some
properties of § in terms of 7 (-).

In the forthcoming paper we will present the main result of our investigations, the
Krein-Naimark type formula for a symmetric operator A with arbitrary (not necessarily
equal) defect numbers. The proof of this formula is based on Theorem 4.6. Moreover
in this formula the class R (Ho,H;) plays the role similar to that of the class R(H) in
the Krein-Naimark formula. Namely, the functions 7, (-) € Ry (Ho,H1) appear in this
formula as parameters allowing to describe all generalized resolvents of A. Therefore the

class Ry (Ho, H1) may be considered as a natural generalization of the Navanlinna class
to the case Hy C Ho, H1 # Ho-
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2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: 9, H de-
note Hilbert spaces; [H1, Hz] is the set of all bounded linear operators defined on H;
with values in Ha ; C'(H1, Hz) is the set of all operators B € [Hi, Hz| with ||B|| < 1;
A | L is the restriction of an operator A onto the linear manifold L; Py, is the orthogonal
projector in $) onto the subspace L C $; C, (C_) is the upper (lower) half-plain of the
complex plain. We also let [H] := [H,H] and C(H) := C(H, H).

For a Hilbert space $ we denote by dim $ its dimension. Moreover we write dim §) <
00, if §) is finite-dimensional and dim $) = oo, if § is an infinite-dimensional not necessarily
separable Hilbert space.

Let Ho and H; be Hilbert spaces. A linear manifold 7" C Ho @ H; is called a linear
relation in Ho @ Hy (from Ho to Hi). We denote by C(Ho,H1) (C(H)) the set of all
closed linear relations(closed subspaces) in Ho @ Hy (in H @ H). For a linear relation
T C Ho ® H1 we denote by D(T), R(T), KerT and T'(0) the domain, the range, the
kernel and the multivalued part of T respectively.

If T is a relation in Ho@®H1, then the inverse 7! and adjoint T relations are defined
as

(2.1) T ={f f}:Af,fYeTy, T7'CHi®H,
(22) T ={{g. 9} eHioHo: (f,9) = (f,d), {f.f'} €T}, T €C(Hi, Ho)

A closed linear operator T' fNrom Ho to H; is identified with its graph gr T € C(Ho, H1).
For a linear relation T' € C(Hy, H1) we write 0 € p(T) if KerT = {0} and R(T) = H;,
which is equivalent to the condition 7~! € [H1, Ho]. Moreover we denote by p(T) = {\ €

C: 0€ p(T — \)} the resolvent set of a linear relation T' € C(H).

2.2. Linear relations and holomorphic functions. Let H, H, H; be Hilbert spaces
and let K = (Ko Ki)" € [H,Ho ® H1). For a (not necessary closed) linear relation
0 C Ho ® Hy1 we write § = {Ky, K1; H} if Ker K = {0} (that is Ker Ky N Ker K7 = {0})
and

0=KH = {{Koh,th} che H}

Similarly let C' = (Cy C4) € [Ho @ Ha, H]|. For a linear relation 6 € C(Ho, H1) we write
0= {(CQ,Cl);H} if R(C) = H and

0 =KerC = {{ho,hl} € Ho®Hq: Cohg+Cih1 = O}

It is clear that every linear relation 6 € C(Ho,H1) admits both representations § =
{Ky,K1;H} and 0 = {(Cy, Cy); H'}. Moreover the equalities dim H = dim 6, dim H' =
codim 6 are valid.

Lemma 2.1. 1) Let Ky € [H,Ho|, K1 € [H,Hi1] and let B € [Ho,H1] be an ope-
rator such that 0 € p(Ky; — BKy). Then Ker Ko N Ker K1 = {0} and the equality

0 = {Ko, K1; H} define a closed linear relation 8 € C(Ho, H1) such that 0 € p(6 — B).
Moreover in this case

(2.3) (0 — B)™' = Ko(K, — BKy)™".
2) Assume that 0 = {Ko, K1; H} € C(Ho, H1), 7 = {N1, No; H'} € C(H1,Ho) and

there is an operator B € [Ho, H1| such that 0 € p(K; — BKy) N p(No — B*Ny) (i.e.,
0 € p(0 — B) N p(t — B*)). Then the following equivalence holds

(2.4) =0 = N;K,=N{K].
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Proof. 1) Since Ker(K; — BKy) = {0}, it follows that Ker Ky N Ker K; = {0}. Let now
0 = {Ky, K1; H} be a linear relation in Hy @ Hy. Then

(25) Q—B:{Ko,Kl—BKQ;H}

and hence R(0 — B) = R(K; — BKy) = Hi, Ker(f — B) = Ko Ker(K; — BKy) = {0}.
Consequently 0 € p(§ — B) and therefore the relation 8 is closed. Finally the equality
(2.3) is implied by (2.5).

2) Since (0 — B)il = Ko(Kl — BKo)il and (’T — B*)il = Nl(No — B*Nl)il, the
following chain of equivalences is valid

T=0" <= (0-B) ' =(r-B")"" < KoK, - BKy) "= (Nj — NfB)"'N;
«— (N; — N{B)K, = N; (K, — BK,).
This yields the equivalence (2.4). O

Let D be an open set in C and let Ko(-) : D — [H, Ho], Ki(-) : D — [H,H4]
be a pair of holomorphic operator functions. Such a pair will be called admissible if
Ker Ko(A) NKer K1(\) = {0}, A € D.

Definition 2.2. Let {Ky(-), K1(-)} and {K{(-), K{(-)} be two admissible pairs of holo-
morphic operator functions, K; : D — [H,H,|, K} : D — [H',H,], j € {0,1}. T'wo such
pairs are said to be equivalent if K{(A) = Ko(A)p(A) and K1 (A) = K1(N)p(A) for some
operator function ¢(-) : D — [H’, H|, which is holomorphic and invertible on D.

Definition 2.3. (cf. [7]). A function 7(-), defined on an open set D C C with values in
C(Ho, H1) is called holomorphic on D if there exist a Hilbert space H and an admissible
pair of holomorphic operator functions K,(-) : D — [H,H,], j € {0,1} such that

2.6) T\ = {Ko(\), K1 (\):; HY = {Ko(\h, Ky(\h)} ch e HY, \eD.

It is clear that two pairs {Ko(-), K1(-)} and {K{(-), K1(-)} define by (2.6) the same
holomorphic function 7(-), if and only if they are equivalent. Therefore we will identify
(by means of (2.6)) a holomorphic C(Hy, H; )-valued function (-) and the corresponding
class of equivalent admissible pairs {K(-), K1(-)}.

Proposition 2.4. (cf. [7]). Let 7(-) : D — C(Ho,H1) be a C(Ho, H1)-valued function
and let N(-) : D — [Ho, H1] be a holomorphic operator function such that 0 € p(T(\) —
N()N), X € D. Then the function 7(-) is holomorphic on D if and only if so is an
operator function (7(A\) — N(\))™, A€ D.

Proof. Let 7(-) be a holomorphic function with the corresponding representation (2.6).
Then

() = NV = {{Ko(\h, (K1(\) = NV Ko(\)h} : h € H}

and the pair {Ky(A), K1(A) — N(A)Kp(M\)} is admissible because so is the pair {Ky()),
K1(N)}. Therefore 7(A) — N(A\) = {Ko(A), K1(A) = N(A)Ko(N); H}, A € D and hens
(T(A) = N(A\) ™! = Ko(A\) (K1 (A) — N(A\)Ko(\))~t. This imply that the function (7()\) —
N()\))~! is holomorphic.

Conversely assume that S(A) := (7(A\) — N(A))~! is a holomorphic operator function.
It is clear that 7(\) = {S(\), In, + N(A\)S(N\); Hi}, A € D and the pair {S(N), Iy, +
N(M)S(A)} is admissible. Hence by Definition 2.3 7(-) is a holomorphic function. O

Corollary 2.5. Suppose that 7(-) : D — C(H) is a C(H)-valued function and there is a
point p € C such that i € p(7(N\)) for every A € D. Then 7(-) is holomorphic on D if
and only if so is the operator function (7(\) —p)~1, A € D.
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3. LINEAR RELATIONS FROM A HILBERT SPACE TO ITS SUBSPACE

Let H1 be a subspace in a Hilbert space Hy and let Hy = Ho © Hi. Denote by P; the
orthoprojector in Hp onto H;, 7 € {1,2} and introduce the operators

(3.1)

P —il 0 —iP;
JOl(Z'le ZOH1>2H0@H1HH0@'H1, J10<Z.IH1 12321)27‘(1 ® Ho—H1 @ Ho,
(3.2)

P 0 I —1 P
UOl:(’I:PIQ IH1>ZH0@H1—>H1 @ Ho, U10:< 611 ]/;12>5H1 ® Ho—Ho @ Hi.

It is easily seen that Jy; and Jy are signature operators, i.e., Jo1 = (Jo1)* = (J01)_1
and Jip = (J10)* = (J10)~!. Furthermore since Uy = Ug; and UgUpr = Inpam,
Uo1U1o = Ir¢, @1, it follows that Ug; and Ujg are unitary operators and Uyg = (Upy) L.

For every linear relation 6 € C(Ho, H1) we put

(3.3) 0% = Jo1(61) = (Jo16)*t, 6% € C(Ho, Hy).
It is clear that 6% is the set of all vectors k = {ko, k1} € Ho & Hy such that
(34) (k’l, ho) - (]CQ, hl) + i(ng’o,Pgho) =0, {ho, hl} € 0.

If Hy = Ho := H, then a linear relation 6% € C(H) coincides with 6*. In the next
proposition we show that in the general case (i.e., if H; C Hp) 0% possesses a number of
properties similar that of 6*.

Proposition 3.1. 1) The linear relations 6 € C(Ho,H1) and 6* € C(H1, Ho) are
connected via 0* = Uy10™, 0% = Uqo0*;

2) %% =0;

3)91C92 = 92>< Celx,'

4) Let 0 = {K(hKl;H}, where KO = (K()l KOQ)T cH — Hl@Hg and K1 € [H,Hl}
Then 6% = {(Co,Cy); H} where

(3.5) Co=(Ki —iKg):Hi®Hy — H, Cy=—Kg €[Hi, H]
Similarly let 8 = {(Cy, Cy); H} where Co = (Co1 Coz2) : H1®H2 — H and Cy € [Hy, H].

Then 0™ = {I?O,Kl;H} where
(3.6) Ko=(-C; —iCl) " :H —Hi®Hy, Ky =Cg €[H M

If in particular B is a bounded operator from Hy to Hy and B = (By Ba) : H1 @ Ha —
H1, then B> is a linear relation defined by

(3.7) B* ={(In, —iB3)",By;Hu}.
P7“00f. 1) Let {k‘o,kl} S 60> and let {ll,lo} = UOl{k‘o,k‘l}, that is ll = Plk‘o and lo =
iPykg + k1. Then by (34)

(lo, ho) — (11, h1) = i(Pako, Poho) + (k1,ho) — (ko,h1) =0, {ho,h1} € 0.

Hence {l1,1p} € 0* and therefore Up10* C 0*.
Let now {ll,lo} € 0* and let {ko,k‘l} = Ulo{ll,lo}, so that ko = ll — iPQlo and
k’l = Pllo. Then

(k1,ho) — (ko, h1) + i(Poko, Paho) = (lo, ho) — (l1,h1) =0, {ho,h1} €6,

that is {ko, k1} € 6*. Hence Uy00* C 6%, which yields the desired statement.
2) It follows from (3.3) that

0% = Jo1[(0°)F] = Jo1(Jor0) = JZ,0 = 6.
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3) If 0, C 02, then 05 C 07 and by (3.3) 65 C 6. Conversely if 05 C 6, then
6‘1:91><>< CO;X = 0.

4) Let K = (Ko Ki)" € [H,Ho @ H1). Then § = KH and by (3.3)

0% = (JoKH)" = Ker(Jy K)* = Ker(K*Jo1) = Ker C,
where
Py —ily,
iP 0
Moreover since Ker K = {0} and R(K) = R(K)(= ), one has R(K*) = H and therefore
R(C) = H. This and (3.8) yield the first part of the statement 4).

To prove the second part consider a linear relation 0 = {KO,K 1; H}, where Ko and
K, are given by (3.6). It follows from (3.5) that 6% = {(Co,C1); H} = 6. Therefore
0 =0 = {KO,Kl,H}

Finally formula (3.7) is implied by (3.6) and the obvious relation B = {(B, — I, ); H1}.

O

(3.8) C=K*Jy = (K, K}) < > = (iKiP 4+ K&QPy —iKg).

Let H; be a subspace in a Hilbert space Hy. For a linear relation 6 € C~(H07H1) we
let

(3.9) wo(h) = 2Im(hy, ho) + || Pahol|?,  h = {ho,h1} € 6.

Definition 3.2. A linear relation 6 € C(Ho, H;) belongs to the class:
1) Diso(Ho, H1) (Aco(Ho, H1)), if wg(h) > 0 (pg(h) < 0) for all h € 0;
2) SyIn()(H()le)a if 6 C 0><;
3) Self(Ho, H1), if 0 = 6*.

It is easily seen that 6 € Symy(Ho, H1) <= wa(h) =0, h € 6.

Definition 3.3. A linear relation 6 € C(H,, Hy) belongs to one of the classes Dis(Ho, H1),
Ac(Ho, H1) or Sym(Hg,H1) if it belongs to the class Diso(Ho, H1), Aco(Ho,Hi) or
Symg(Ho, H1) respectively and there are not extensions 0 > 0, ) # 6 in the corres-
ponding class.

Note that in the case Hy = H; =: H the classes Dis(H,H), Ac(H,H), Sym(H, H)
and Self(H, H) coincide with the sets of all maximal dissipative, maximal accumulative,
maximal symmetric and selfadjoint linear relations in H respectively.

In the next proposition we describe classes Dis, Ac, Sym and Self in the form conve-
nient for applications.

Proposition 3.4. 1) Assume that 6 is a (not necessary closed) linear relation in Ho®H,
and 0 = {Ko, Ky; H}, where Ko = (Ko1 Ko2)' : H — Hy @ He, Ky € [H,H,4].
Moreover let

(3.10) Sy = 2m(KE Ky) + KiyKoa, S € [H].
Then:
i) 0 € Dis(Ho, H1) if and only if Sp > 0 and
(3.11) 0 € p(K1 + AKy) for some (equivalently for every) A€ Cy;

ii) 0 € Ac(Ho, H1) if and only if Sp <0 and
(3.12) 0 € p(K1 4+ A\Ko1) for some (equivalently for every) X € C_;
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ili) 6 € Sym(Ho,H1) (0 € Self(Ho, H1)) if and only if Se = 0 and at least one of the
condition (respectively both the conditions) (3.11), (3.12) is fulfilled. Therefore
0 € Self(Ho, H1) if and only if 6 € Dis(Ho, H1) N Ac(Ho, H1).

2) Let 0 = {(CQ,Cl);H} S C(Ho,Hl), where Co = (001 002) : H1 @Hg — H,
Ci € [H1, H] and let

Sp :=2Im(C1Cy,) — CoaCly,  So € [H.
Then:
i) 0 € Dis(Ho,H1) if and only if Se > 0 and
(3.13) 0 € p(Co1 — AC1)  for some (equivalently for every) X € Cy;
ii) 0 € Ac(Ho, H1) if and only if Sy < 0 and
(3.14) 0 € p(Co — AC1Py) for some (equivalently for every) X\ € C_;

iii) 0 € Sym(Ho, H1) (0 € Self(Ho, H1)) if and only if Sy = 0 and at least one of
the condition (respectively both the conditions) (3.13), (3.14) is fulfilled.

Proof. 1) Let h = {ho,h1} € 6, where hg = Koh, hy = K1h, h € H. Then in view
of (3.9)

(pg(ﬁ) = 2Im(K 1 h, Koh) + ||PoKoh||* = ((2Im(K, K1) + Ky Ko2)h, h) = (Sph, h)
and, therefore, the following equivalences hold
(315) 0 e DiSo(Ho,Hl) — Sy > 0, 0 € ACo(Ho,Hl) — 55 <0,
S SymO(Ho,'Hl) — Sp=0.
Let further A € C_ and let

1 AP, +V2ImA P, Iy
3.16 Yy= — - o
(3.16) A \/Tm)\< v I, Ho @& H1 — Ho ® Ha,
_ 1 Py +iv=2ImA Py —1Iy, |\ .
(3.17) A= 77; =T ( Xpl Ay, cHo®Hy — Ho D H;.

The immediate checking shows that Y \Z, = Z,Y\ = I. Hence 0 € p(Y)) and Z) =
(Y»)~!. Furthermore introduce the invertible operator Fy € [Ho] by

_ Iy, 0 .
Bx= ( 0 —A—l\/mm) Tl T = T G T

Consider the (Cayley) transform

(3.18) C(Ho,H1) 20 — 7=171(0) :=Y\0 € C(Ho,H1), Ae€C_
Clearly, 7 = {No, N1; H} where
(3.19) No = (K1 — AKo1 vV —2ImAKgy)" = F\(K1 — AKy), Ni=K; — K.

Moreover since 0 € p(Yy), the transform (3.18) bijectively maps the set C(Hg, H1) onto
itself.
It follows from (3.19) that
NNy — Ni Ny = 2Im)\ Sp.

Therefore in view of (3.15) the following assertions hold: 1) 6 € Disog(Ho, H1) iff 7 is a
closed contraction from R(Ng) to Hi; 2) 6 € Aco(Ho, H1) iff 771 is a closed contraction
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from R(N7) to Ho; 3) 0 € Symy(Ho, H1) iff 7 is an isometry from R(No)(= R(Np)) onto
R(N1). This and Definition 3.3 yield

(3.20) 0 € Dis(Ho, H1) < 7 € C(Ho,H1) < Sp >0 and R(Ny) = Ho,
(3.21) 0 € Ac(Ho, H1) <= 7 ' € C(H1, Ho) <= Sp <0 and R(N;) = Hi,
6 € Sym(Hg, H1) <= 7 is an isometry such that D(7) = Hy or (and) R(7) = H;

< Sy =0 and R(Ng) = Ho or (and) R(Ny) = H;.

Combining (3.20),(3.21) with (3.19) we arrive at the desired statements for the classes
Dis, Ac and Sym.
Next we show that

(3.22) T(0%) = (7(0))7"", 0. € C(Ho, Ha).
Letting

J = (1780 _?H > cHo® H1 — Ho @ Ha

one obtains §=1* = J'9L, 9 € C (Ho, H1). Moreover it easily seen that for every invertible
operator X € [Ho @ Hi| the equality (X60)t = X 10+ holds. This and (3.18) yield
(7(0))¥* = J(YA0)* = J'Y, 6+, On the other hand in view of (3.3) one has 7(0*) =
Y\0* = Yy Jo10+. Thus (3.22) is equivalent to the relation

YyJor 60+ = J'Y, ot

which in turn follows from the directly verified equality Y\Jo1 Yy = J'.
Now in view of (3.22) and (3.20), (3.21) one has

0=0" <= 7(0)= (7)) <= 7(0) € C(Ho,H1) and (7(0))"* € C(H1,Ho)
<= 0 € Dis(Ho, H1) N Ac(Ho, H1).

This yields the required statement for the class Self(Ho, H1).
2) It follows from (3.22) that 7(0) € C(Ho,H1) <= (7(0%))"! € C(H1,Ho).
Therefore by (3.20), (3.21) the following equivalence holds

(3.23) 0 € Dis(Ho, H1) < 6* € Ac(Ho, H1).
Let now 6 = {(Co,C1); H}. Then by Proposition 3.1,4) 6% = {Kg, K1; H}, where K
and K are defined by (3.6). Hence,
Spx = —2Im(C1Cy,) + Co2City = —Sy
and by (3.6)
~ ~ Cy — A\CT C§ — \CY ~ ~ X "
K1+)\K0: < 0_11)\0621> :q))\( 01052 1>7 K1+)\K01:COI_>\017
where @, = diag(Iy,, —iMn,) € [H1 © Ha]. Therefore
(K1 + AKo)* = (Co1 — AC1 Co2)®% = (Co — AC1P)®%, (K1 + AKo1)" = Cor — ACH,
which in view of the inclusion 0 € p(®3}) yields the equivalences
OEp(gl—F)\I}()) < OE[)(CQ—XCHPI), )\G(C_A,_,
OEP([?l“F)\I?Ol) < OEp(Cm—XCl), AeC_.
Now the desired statement is implied by (3.23) and the statement 1). O

It is known that a maximal accretive (dissipative, symmetric) linear relation 6 € C(H)
admits the orthogonal decomposition in the operator and multivalued parts. In the next
corollary we specify a similar result for the classes Ac, Dis, Sym and Self.



NEVANLINNA TYPE FAMILIES 45

Corollary 3.5. Suppose that a linear relation 0 € C(Ho, H1) belongs to one of the classes
Dis, Ac, Sym or Self and let H} := Hy © 6(0), H} := Ho © 6(0) so that Hy C Hj and
H6 @Hll = HQ(: Ho @Hl). Then

(3.24) 0=0,a0(0), 6(0)=1{0}a0(0),

where 04 is an operator from Hy to Hy with D(0s) = D(0), which belongs to the same
class (in Hiy & HY) as 6.

Proof. We prove the corollary for 8 € Ac(Ho,H1), since for other classes the proof is
similar. Put in (3.18) A = —i and consider the Cayley transform 7 = Y_;0. It follows
from (3.21) that 7 = {N, I;,; H1} where N = 771 € [H1,Ho] and ||N|| < 1. Moreover
0= (Y_;)"'r = Z_;7 where Z_; is the operator (3.17). Hence # has the representation
0 = {Ko, K1;H1} with operators Ky € [H1,Ho] and K; € [H;] given by

1 . 1
(3.25) Ko = [(Pi+i V2P)N — Iny,], K, = F(PIN + Iny,).
Let HY = {h1 € H1 : Nhy = h1}, Hy = Ho © HY and H} = H1 & H{. Since N is a

contraction, it follows that

A
N= (zg ‘]).) H oM — H D H.

This and (3.25) imply that

! !
o= (70 0)ron ~mpont. w0 ]

where K|, € [H},H{] and K| € [H}] are some operators. Letting now 6, := {K{, K{; H}} €

>:H’1®H’1’HH’1®H’1’

C(H{, H}) and taking into account Proposition 3.4, 1) one obtains the desired state-
ment. O

In the next proposition we show that a linear relation 6 € Self(Ho,H1) has the nor-
malized representation. Note that for selfadjoint relations this result is well known (see
for instance [10, 3]).

Proposition 3.6. A linear relation § € C(Hg, H1) belongs to the class Self (Ho, H1) if
and only if there is a representation § = {Ko, K1;H1} with operators Ko = (K1 Kog) ' :
H1 — H1 & He and K, € [H4] satisfying the relations

(3.26)

KoKy — K Koy +i KjyKoa =0, Ky Koo+ KT Ky + KiyKop = Iy, 2Ka Ky = Ing,,

(327) KK —KiK}, =0, KgKi +K K =1Iy, (K +iKy)Kj=0.

Proof. Let 0 € Self(Hp,H1). Put in (3.18) A = —i and consider the Cayley transform
T =Y_;0. It was shown under the proof of Proposition 3.4 that 7 = gr V = {I,,V;Ho}
where V' is a unitary operator from Hy onto H;. Hence § = Z_;(grV) where Z_; is

the operator (3.17). This implies that the linear relation 6 has a representation 6 =
{Ko, K1; H1} with

1 1
(3.28) Ko=5(Pi+ V2P, — V)V* = SV + V2PV — Iy,

(3.29) K, = 5(P1 + V)V = 5(P1V + Ing,)-
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Let V = (Vi Va)(€ [H1 @ Mo, H1]) and V* = (Vi V)T (€ [Hi, Hy ® Ha]) be block-
matrix representations of the operators V and V* respectively. Then by (3.28) and (3.29)
one has

1 i i
(3.30) Koi(= PiKo) = §(V1 —1In,), Koa(= PKy) = EVQ , Ki= §(V1 + Iy, )-

Moreover since V*V = Iy, and VV* = Iy, it follows that
ViVi=1, ViVa=1, ViVa=0, ViV; +VaVy =1.

Now the immediate calculations give the relations (3.26) and (3.27) for the operators
(3.30).

Conversely, assume that the representation § = {Ko, K1;H;} satisfies (3.26), (3.27)
and let Sp be the operator (3.10). Then by the first equality in (3.26) one has Sy = 0.
Moreover, the relations (3.26) and (3.27) yield

(K7 4@ Kqy ) (Ky — i Koi) = (Ky — i Koy ) (KT +i Kgy) = In,
so that 0 € ,O(Kl — iKOl).

Next consider the operators X := diag (I, v2Ix,) € [H1 @ Hs] and

K ) K
N :=X(Ki+iKp) = ( 1\}5;(0201) :Hi — Hi @ Ho.

Clearly, N* = (K} —i K&, V2K{,) and in view of (3.26), (3.27) one has
N*N = (K] — i K§) (K1 4+ 1 Ko1) + 2K55Ko2 = Iy,

o (K +iKo)(Kf —iK5) V2K +iKo)Kg) _ (Tn, 0 _
NN - * - * * - - IHO'
V2K (Kt — i K§y) 2Kp2 K, 0 In,
Hence 0 € p(N) and therefore 0 € p(K7+1i Kp). Now Proposition 3.4 imply the inclusion
0 € Self(Ho, Hi). O

Remark 3.7. 1) If § = {Ko, K1;H} € Dis(Ho, H1), then by (3.11) dim H = dimH,
and hence dimf = dimHy, codim 6 = dimH;. Therefore every linear relation 6 €
Dis(Ho, H1) admits the representations § = { Ko, K1; Ho} = {(Co,C1); H1}. Similarly it
follows from (3.12) that every 8 € Ac(Ho,H1) can be represented as 6 = { Ky, K1; H1} =
{(Co,C1); Ho}. Observe also that for 8 € Self(Ho, H1) the equality dimé = dimHy =
dim H; is valid. Therefore if Hy # Ho, then the set Self(Ho, H1) is not empty if and
only if dim Hy = dim H; = oo.

i) If 0 = {Ko, K1;H1} € Ac(Ho,H1), then by Proposition 3.4 0 € p(K; — i Ko1)-
Therefore for a linear relation 6 € Ac(Ho,H1) there is a unique representation 6§ =
{K{, K{; H1} such that K{ —i K{; = In,.

4. THE cLASS R(Ho,H1) AND THE DILATION THEOREM

4.1. The class E(Ho,Hl) and its properties. Let H; be a subspace in a Hilbert

space Ho, Ha = Ho © Hy and let 74(+) : C4 — C(Ho,H1), 7—(-) : C_ — C(H1, Ho) be
holomorphic functions. Then by Definition 2.3

(41) (V) = {Ko(\), K1(A); Hi} = {(Ko1(A) Koo(\) ", Ki(A); Hy}, A€ Cy,
where H is an auxiliary Hilbert space, K;(-) : C4 — [H4,H;], j € {0,1} are holomor-
phic operator functions and

(4.2)

Ko(\) = (Koi(A) Ko2(A) " (€ [Hy, Hi @ Hal),  Koj(-) : Cy — [Hy, Hjl, je{1,2}

is the block-matrix representation of the operator function Ko(-).
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Similarly the function 7_(-) admits the representation
(4.3)  7(2) ={N1(2), No(2); H-} = {N1(2), (No1(2) Noa(2))";H-}, ze€C_,

where H_ is a Hilbert space, N;(-) : C_ — [H_,H,], j € {0,1} are holomorphic operator
functions and
(4.4)

No(2) = (No1(2) Noz2(2))" (€ [H-,H1 ® Ho]), Noj(-):C- — [H_,Hj], je{1,2}

is the block-matrix representation of the operator function Ny(+).

Definition 4.1. A holomorphic C(Hg,H1)-valued function 7o (-) : Cy — C(Ho, H1)
belongs to the class Ry (Ho, H1), if —74(X) € Ac(Ho, H1) for every A € C,.

Definition 4.2. A pair of holomorphic functions 74 () : C4 — C(Ho, H1) and 7_(+) :
C_ — C(H1,Mo) belongs to the class R(Ho, H1) if 74(-) € Ry(Ho,Hy) and 7_(X) =
75 () for every A € C,. In what follows such a pair of functions 7 (-) and 7_(-) will be
denoted by 7= {7y, 7_}.

A pair of functions 7 = {7, (-),7_(-)} € R(Ho, H,) is referred to the class R°(Ho, H1)
if e (N) =74, A€ Cy; 7-(2) =7, z € C_ (1e., the functions 74 () and 7_(-) are
constant on their domains) and —7 € Self(Ho, H1).

In the case Hy = Ho := H we put Ry (H) := Ry (H,H) and R(H) := R(H, H).

Let 7 = {r,7_} € R(Ho,H1) and let (4.1), (4.3) be representations of 7, and 7_.
Then in view of Remark 3.7 dim H; = dimH;, dim H_ = dim H and, therefore, there
exist representations (4.1), (4.3) with Hy = H; and H_ = Hy. At the same time the
spaces Hy and H_ can be chosen equal if and only if dim H; = dim Hy. In particular
such a choice is possible if 7 € R*(Ho, Hy).

In the following proposition we describe classes R (Ho, H1) and R(Ho,H1) in terms
of the corresponding pairs {Ko(-), K1(-)} and {N1(-), No(+)}.

Proposition 4.3. 1) The equality (4.1) establishes a bijective correspondence between
all functions 74(-) € Ry (Ho,H1) and all pairs {Ko(-), K1(-)} of holomorphic operator
functions satisfying the relations

(4.5) 2Im(KG (M) EK1(A)) — Kga(M)Ko2(A) 20, 0€ p(Ki(A) +iKoi(N), Ae€Cy.

2) The equalities (4.1) and (4.3) establish a bijective correspondence between all pairs
T = {7r,7-} € R(Ho, H1) and all pairs {Ko(-), K1(-)}, {N1(:), No()} of holomorphic
operator functions satisfying (4.5) and the following relations

(46)  2Im(N; (z)Nou(2)) — Neo(=)Noa() 0, 0 € p(No(2) —i Ni(2)), =€ C-,

(4.7) NE(NEKo(N) — NE(VEL(A) =0, AeCy.

Moreover a pair 7 = {71, 7_} belongs to the class EO(HO, H1) if and only if it admits the
representation (4.1), (4.3) such that: i) Hy = H_; i1) K;(A\) = K;, A € C4; Nj(z) =
N;, z € C_, j € {0,1} (i.e., the functions K;(-) and N;(-) are constant on their
domains); iii) operators K; and N; satisfy (4.5)—(4.7) and the following condition

(4.8) Ny = Ko, No1 =Ky, N =—iKoy.

Proof. 1) Let a function 74 (-) belongs to the class Ry (Ho,H1). Then according to
Definition 2.3 it admits the representation (4.1), where {Ko(:), Ki(-)} is an admis-
sible pair. Consequently, Ker Ko(A\) N Ker(—K;1(A)) = {0} and therefore —74(\) =
{Ko(\), —K1(\); Hi}, A € C4. Now (4.5) is implied by the inclusion —74 (A) € Ac(Ho, H1)
and Proposition 3.4, 1).
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Conversely, let a pair {K(-), K1(-)} of holomorphic operator-functions satisfies (4.5).
Since Ker(K7(\) 41 Ko1(\)) = {0}, this pair is admissible. Moreover in view of (4.5) and
Proposition 3.4, 1) a linear relation 7/(\) := {Ky(\), —K1(\); H+} belongs to the class
Ac(Ho, H1) (for every X € C,) and ,therefore, is closed. Consequently, the equality (4.1)
defines a holomorphic C(H, Hy )-valued function 7, (A) = —7/(A) and —74 (A) = 7/(\) €
Ac(Ho, H1), A € C4. Hence 74 () € Ry (Ho, H1).

2) Assume that 7 = {r,,7_} € R(Ho, H1) and (4.1), (4.3) is the representation of
74(+) and 7_(+) respectively. The statement 1) imply that the operator functions Ko(-)
and K;(-) satisfy (4.5). Let Ujo be the operator (3.2) and let 7(z) = Ujo(—7—-(2)), so

that 7(z) € C(Ho, H1) and
(4.9) 7(2) = {(N1(2) iNo2(2))"T,—No1(2); H_}, zeC_.

It follows from Proposition 3.1 ,1) that 7(z) = Uio(—7+(2))* = (—74(%))*, z € C_.
Therefore by (3.23) 7(z) € Dis(Ho, H1). Applying now Proposition 3.4, 1) to (4.9) we
arrive at the relations (4.6). Furthermore, (4.7) immediately follows from the represen-
tations (4.1), (4.3) and the equality 7_(X) = 75 (\).

Conversely, let pairs {Ko(-), K1(-)} and {N1(-), No()} satisfy (4.5) — (4.7). It follows
from the statement 1) that (4.1) defines a function 7, (-) € Ry (Ho, H1). Let now B =
—i Py € [Ho, H1], so that B* =i Iy, € [H1,Ho]. Then by (4.5) and (4.6)

OEP(Kl()\)*BK()()\))QID(N()(Z)7B*N1(Z))7 )\EC+, ZE(C_.

This and Lemma 2.1, 1) show that for every z € C_ a linear relation 7_(z) = {N1(2),
No(z),H_} is closed. Therefore the equality (4.3) defines a holomorphic C(Hi,Ho)-
valued function 7_ (). Finally, applying Lemma 2.1, 2) to the linear relations 74 (\) =
{Ko(\), Ki(A\; Hy)} and 7 (X) = {N1(X\), No(A); H_)} and taking into account (4.7) we
arrive at the equality 7_(X) = 77 (X), A € C4. Thus a pair 7 := {74(-), 7_(-)} belongs to
the class R(Ho, Hy).

It remains to describe the class R®(Ho, H1). Let 74 € C(Ho, Hy) and 7_ € C(Hy, Ho)

be a pair of linear relations such that 7_ = 75. Then by Proposition 3.1,1) —7_ =
(—=74)* = Up1(—74)* where Up; is the operator (3.2). This implies the equivalence
(4.10) —74+ € Self(Ho, H1) <= —7— = Up1(—74).

Moreover if 7, = {(Ko1 Koz2)', K1; Hy} then by (3.2)

(4.11) Uoi(=74) = {Kor, (=K1 i Ko2) s Hy}

Now the desired statement for the class R°(Ho,H1) is implied by (4.10), (4.11) and the
description of the class R(Ho, H1)- O

Remark 4.4. 1) Tt follows from Proposition 4.3 that for every pair 7 = {7,7_} €
R(Ho, H1) there exists a unique representation (4.1), (4.3) such that H, = Hy, H_ = H,
and K1 (A) + i Ko1(A) = Iy, A€ Cp; No(z) —iNi(2) = Iy, 2€ C_.

ii) In the case Hy = Hg := H the class R(H)(= R(H,™H)) coincides with the well
known class of Nevanlinna functions with values in C| (H) [8, 3, 4, 5]. More precisely, the
equality

) = {T+()\), AeCy
T_(A), AeC_

gives a bijective correspondence between all pairs 7 = {r,(-),7_(-)} € R(H) and all
Nevanlinna functions 7(-) : C4 U C_ — C(H). Observe also that for the class R(H)
Proposition 4.3 was obtained in [3].
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In view of Proposition 4.3 we will identify a function 7, (-) € R4 (Ho,H1) and the
corresponding class of equivalent (in the sense of Definition 2.2) pairs of operator func-
tions {Ko(-), K1(-)} satisfying (4.5). Similarly a pair of functions 7 = {74(:),7—()} €
R(Ho,H;) will be identified with two classes of equivalent pairs {Ko(-), K1(-)} and
{N1(:), No(+)} which satisfy (4.5)—(4.7).

4.2. The dilation theorem. Assume that H; is a subspace in a Hilbert space Hy and
Ho = Hp © Hy. Denote by £’ a Hilbert space with dim $)’ = oo, if dimHs < oo, and
dim $’ = dim Ha, if dim Hy = co. Since dim($’ ® Hsz) = dim §’, there exists a unitary
operator V.= (V1 V) : ' @ Ha — ' from §' & Hs onto $H’. Moreover without loss of
generality one may consider that Ker(Vy — Is/) = {0}.

Let 0 be a linear relation in Hy & H; with the representation § = { Ko, K1; H}, Ko =
(Kor Ko2)" € [H,Hy @ Ha), K1 € [H, Hy]. Put H' := ' © Ho @ H; and consider the
operators

—sWVi=1) —5% 0

(4.12) K} = 0 s, —5Ko2 |9 0Ha © H— ' & Hy & Hy,
N————
0 0 Ko H
vi+1I) ﬁ% 0
(4.13) K;= 0 3, HEKe | 9 O0H @ H — S ©H2 @ H,
N—————’

0 0 K >
Denote by 6’ a linear relation in H’ given by ¢’ := { K|, K{; H'}.

Lemma 4.5. 1) A linear relation 6 belongs to one of the classes Dis(Ho, H1), Ac(Ho, H1),
Sym(Ho, H1) or Self(Ho, H1) if and only if 0 is a maximal dissipative, mazimal accu-
mulative, mazimal symmetric or selfadjoint linear relation in H' respectively.

2) If 0 € Self(Ho, H1), then 6'(0) = 6(0)(C Ha).

Proof. 1) Since V*V = Ig/gy, and VV* = Ig/, it follows that
ViVi=1, ViVa=1, VWVa=0, WV +VVy =1
Hence by the immediate calculation one obtains
2Im (K, K}) = diag(0, 0, 2Im(K, K1) + Ky Kos).
Moreover, K1 — i K{) = diag(Ig, I, K1 — i Ko1) and

Vi Vo 0
Ki+iKy=10 0 V2K H OHy ® H — 9 @ Ho ® Hy.
0 0 K;+iKy

Therefore K| +i Ky =V @ X (K, + i Ky), where X = diag(Iy,,V2In,) € [H1 ® Hal.
This and Proposition 3.4, 1) yield the desired statement.
2) If 6 € Self(Ho, H1), then by Proposition 3.4, 1)

—QIHI(KTK(H) + K82K02 =0.

Hence Ker Ky, C Ker Ky and, therefore, Ker Ky, = Ker K. This and (4.12) show that
Ker K}, = {{0,0,h} € H' : h € Ker K }. Consequently,

0'(0) = K] Ker K, = {{0,0, K1h} : h € Ker Ko} = 6(0).

Now we are ready to prove the main result of the paper — the dilation theorem.
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Theorem 4.6. Suppose that Ho and 91 are Hilbert spaces, Hl s a subspace in Ho, Ha =
HoSH1 and Ho = Hp @57,]1, Hl = Hl ®9H1 , so that H1 C Ho and Ho @H1 Hg Then
for every linear relation 0 e Self(Ho, ’H1) there exists a representation 0 = {Ko, Kl, Hl}
with the following properties:

i) the operators Ko € [Hl,'HO] and K; € [Hl] have the block-matriz representations

~ K K ~ Ny N:
(4.14) Ko = (K; Ki) tH1®9H1 — HoD$H1, Ki= (N; Nz) TH1®H1 — H1DH)

such that 0 € p(Ng — AKy), A € Cy;

i1) the equalities

(4.15) Ko(\) = =K + Ka(Ny — AK4) "1 (N3 — AK3), M€ Cy,

(4.16) Ki(\) = N; — No(Ny — AK,) Y (N3 — AK3), AeC,

define holomorphic operator functions Ko(+) : C4 — [H1,Ho] and K1(:) : CL — [H4]
such that the function 7+ (X) = {Ko(\),Ki(A\);Hi}, A € Ci belongs to the class
Ry (Ho, H1).

Conversely, assume that Hy is a subspace in a Hilbert space Ho. Then every function
7+(:) € Ry(Ho,H1) admits the representation 71 (N\) = {Ko(A), K1(A);H1}, A € Ci
with the following properties: there exist a Hilbert space $1 and operators Ky € [H1 &
91, Ho @ 91, K1 € [H1 ® H1] with the block-matriz representations (4.14) such that a

linear relation 0 := {Ky, K1;H1 & 91} belongs to the class Self(Ho ® $H1, H1 & H1) and
the operator functions Ko(-), K1(-) satisfy the equalities (4.15), (4.16).

Proof. 1) First we prove the theorem for the case Ho = H; := H. It is well known [11, 6]
that for every selfadjoint linear relation 6§ € C(H @ $1) the equality

(4.17) —(re N+ AN T=Py(0—-N)""TH, AeCy

uniquely defines a function 7, (-) € Ry (H). Conversely, for every function 7, (-) € Ry (H)
there are a Hilbert space $); and a selfadjoint linear relation 9 € C (H @ $1) such that
(4.17) holds.

Let now 6 = 6* € C(H & 91). Then by Remark 3.7, ii) there is a representation
0 = {KO, Kl, H®$H1} such that K1 —1 KO = I. Therefore the block-matrix representations
(4.14) satisfy the relations

(4.18) Ni—iKi=1I, No=iKs, N3=iKs, Nyi—iK,=1I
In view of (4.14) one has

~.~ (% *
(4.19) (K K) = (* Im (K3 Ny) +Im(Kij4)> :

Since Im(K; K1) = 0, it follows from (4.19) and the second equality in (4.18) that
Im(K3Ny) = —Im(K;Ny) = —K; Ko <0.

Moreover by (4.18) 0 € p(Ng — i K4). Consequently, 04 := {K4, Ng; 91} is a maximal

accumulative linear relation in 91, so that 0 € p(Ny — AKy), A € C,.

Let Ko(A) and K (\) be operator functions (4.15), (4.16) and let 74 (\) = {Ko(N), K1(\); H}.
We show that

(4.20) Py EKo(Ky — AKo) ™' | H = =Ko\ (K1 (M) + AKo(A\) ™', AeCy.
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Using the Frobenius formula one derives
-1
nyd . > N—1 _ Nl—AKl NQ—AKQ o Sl()\) *
(Kl )\KO) - <N3 — AKg N4 - )\K4 - SQ()\) x )
where

S1(\) = [Ny — AK] — (No — AK5)(Ng — AK4) " H(N3 — AK3)] 7! = (K1 (\) + AKo(M\) 71,
So(N) = —(Ny — AK4) " (N3 — AK3) (K1 (\) + AKo(A\)™?
Hence
PyEo(K1 — AKo) ™' [ 'H = K1S1(A) + K282())
= (K1 — Ka(Ny — AKy) " (N3 — AK3)) (K1 (A) + AKo(A) ™"
= —Ko(\)(K1(A) + AKo(\) ™,
which proves (4.20). Since (6 — A\)~! = Ko(K; — AKo)™! and —(7.(\) + X)L =
—KO()\)(Kl()\)—i—)\ISO()\))*l, it follows from (4.20) that the function 74 () satisfies (4.17).
Therefore 74 (-) € Ry (H).

Conversely assume that 7, (-) € Ry(H). Then by Remark 4.4, i) there is a unique
representation 74 (A) = {Ky(\), K1(\); H)} such that

(4 21) K](/\)+ZK0()\>:]H7 )\E(CJr

Let 91 be a Hilbert space and let 0 eC (H ®H1) be a selfadpmt linear relation such that
(4 17) holds. Assume that § = {KO, Kl, H P H} where K, —i Ky = I and the operators
Ko, K; has the block-matrix representations (4.14). Denote by Ky(\) and K;()\) the
operator functions given by (4.15) and (4.16) respectively. It follows from (4.18) that

(4.22) Ki\) +iKo(\) =TIy, AeCy.

Moreover it was shown in the first part of the proof that the function 74 (\) := {Ky()),
K1 (\); H} satisfies (4.17). Hence 74 (\) = 7 (\) and by (4.21), (4.22) K;(\) = K;(\),
A€ Cy, j €{0,1}. Thus the functions Ko(A) and K (A) satisfy (4.15), (4.16).

2) Now assume that H; C Hp, H] = H; ®H1, j € {0,1}, 0 € Sclf(Ho, Hy) and
prove the first statement of the theorem. It follows from Remark 3.7, ii) that there is a
representation

(4.23) 0= {Ko,Ki;H1}, Ko= (Ko Koo)' :Hy— Hi®@Ha, Ky € [Hi]
such that
(4.24) Ky —iKo =1Ig,.

Let (4.14) be the block-matrix representation of the operators Ky and K;. Using the
decomposition Hy = Ha @ H; one can rewrite the first equality in (4.14) as

_ K2 Ko
(4'25) Ko=|Ki1 Ko | - HieH1—>HaESH1DH1.
Kz Ky y

Hy H,
Hence the operators Ko; € [ﬁl] and Ko € [7'71,7-(2] take the form

(4.26) Ko1 = (K131 [(241) cH1BH1 — H1®H1, Koz = (K12 Ka) : H18H1 — Ho.

Moreover (4.25) and the first equality in (4.14) imply
(4.27) K= (K Kn)' :Hy —Ha@Hy, Ko= Koy Kai)' : H1 — Ho @ H,y.
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Next consider the operators (4.12) and (4.13) corresponding to the linear relation (4.23).
It follows from (4.26) and (4.14) that

—sVi-I) —3%2 | 0 0
0 51n, ‘—%Klz — 5K c

4.28) K= 2 "SHy @ H @ 51,
( ) 0 0 0 yoen o 3] 2 1 : 91 ]
0 0 K3 K, Ha
sVi+1) v | 0 0
~ 0 ir, ‘ LK1y LKy
4.29 K| = 2 V2 2 e dHs dH :
(4.29) 1 5 0 v, [ @ Ho @ﬂ]
0 0 Ny N, i
Letting H' := $ ® Hy & H; one presents (4.28) and (4.29) as
7o K{ Ké / 7o N{ N2/ /
(4.30) K} = (Kg K )€ H © ], K= NN, € [H @ 1]
where
(4.31)
—s(Vi—=1I) —5Vs 0 0
K{ = 0 %I’HQ _ﬁK12 5 Ké = \/§K22 5 Ké = (0 0 Kg),
0 0 Ky Koy
(4.32)
ftvi+I) iw 0 0
N = 0 she 5K, Ny=|(5Ka|, N,=(00 N).
0 0 N1 N2

Since 6 € Self(Ho, H1), it follows from Lemma 4.5 that
(4.33) 0 = {f((’),f(i;Hl@le}
is a selfadjoint linear relation in H’ & $;. Moreover in view of (4.24) K| —i IN((’) = I. This
and part 1) of the proof imply that 0 € p(Ny — AK4), A € C4 and the equalities
(4.34)
Kj(\) = — K]+ Ky (Na—AK2) (V= AKS),  KL() = N — Nj(Na—AKq) L (N3~ AKj)
define operator functions K(-) : C4 — [H'], j € {0, 1} such that the function 7/ (A) :=
{K}(N), K} (\); H'} belongs to the class Ry (H).

Assume now that Ky(\) and K;()\) are operator functions (4.15), (4.16), Ko(A) =

(Ko1(\) Ko2()\)) (€ [Hi, H1 @ Haz]) is the block-matrix representation of Ko(\) and
T+ (A) == {Ko(A\), K1(A); Hi}, A e Cy. It follows from (4.27) that

(4.35) Koi(\) = PLKo(\) = —K11 + Koy (Ny — AK4) " (N3 — AK3),

(4.36) Ko2(A) = PyKo(A) = =K1z + Koo (Ny — AKy) "' (N3 — AK3), A€ Cy.

Now we are ready to prove the inclusion 74 (-) € §+ (Ho,H1). The immediate calculation
with taking into account of (4.31) and (4.32) gives

—-tVi—-I) —5% 0
KW= 0 iy HEe()],
0 0 —Ko()
(4.37) , .
Ki(\) = 0 3. —5Ko2(N)

0 0 Ki(\)
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Since —7 (A) = {—K{()), K{(\); H'} is a maximal accretive linear relation in ', it fol-
lows from (4.37) and Lemma 4.5 that —7 (A\) = {—Ky(A\), K1(A\); H1} € Ac(Ho, H1), X €
C.. Hence 74 (+) € Ry (Ho, H1).

3) Let us prove the second statement of the theorem. Assume that 7, () € Ry (Ho, H1)
and

(4.38)  74(A) = {Ko(A), K1(A\);H1},  Ko(A) = (Ko1(A) Koz(N)' (€ [Hi, Hi & Ha))

is a representation of 71 (-) such that K3(\) + 4 Kp1(A) = Iy, A € C4. Let $ be a
Hilbert space with dim $’ = dim($’ ® Hz) and let V = (Vi V3) € [ @ H2,9H'] be a
unitary operator from £’ ® Hsy onto $)’ (here Ho = Ho © H1). Put H' = ' ® Ho @ H;y
and consider the operator functions K’(-) : Cy — [H'], j € {0,1} defined by (4.37). It
follows from Lemma 4.5 that the function 7/ () := {Ky(N), K1(A); H'} belongs to the

class Ry (H'). Moreover the equality
(4.39) K{(\) +iKj(\) =Ip, MeCy

is valid. Therefore according to part 1) of the proof there exist a Hilbert space $;
and operators K}, j € {0,1} with the block-matrix representations (4.30) such that
0 = {K),K|;H & 1} is a selfadjoint linear relation in H’ & $; and the operator
functions K7 (A), j € {0,1} satisfy (4.34). Moreover the following equality holds

(4.40) K| —iKy=1.

It follows from (4.30) and (4.40) that N} —i K} = 0. Therefore K| (i) = — K1, K|(i) =
N{ and by (4.37) the operators (4.30) take the form (in the decomposition H' @ 1
9 O Hy & Hy @ H1)

(4.41) _ _
Vi) —iva 0 X :Vi+) 51 0 M
~, 0 517, * * ~, 0 511, * *
Ko = 0 0 * x | K= 0 0 x  *
X X3 * * Y, Y; * *

Let U := (K| 4+ i K}) (K} — i K}))~! be a Cayley transform of . Then by (4.40) U =
K| +i K|, so that

% Vs 0 Y +1X,
0 0 * *
(4.42) U= 0 0 : :
Yo+iXs Ya+iXs *

Since V = (V4 V2) and U are unitary operators, the equality (4.42) gives Y; +iX; =
0, j € {1,2,3}. Moreover combining (4.40) and (4.41) one obtains Y; —iX; =0, j €
{1,2,3}. Hence X; =Y; =0, j € {1,2,3} and in view of (4.40) the equalities (4.41) can
be rewritten as (4.28), (4.29).

Let now Ky be the operator (4.25) with entries taken from (4.28) and let K; be the
second operator in (4.14) with entries taken from (4.29). Furthermore let K7 and K5 be
operators (4.27), so that K has the block-matrix representation (4.14). Then by Lemma
4.5 a linear relation 0 := {f(o, 1?1; Hi @ $H1} belongs to the class Self{Ho @ H1,H1 D H1}.
Moreover the same calculations as in the part 2) of the proof leads to the equalities (4.35),
(4.36) for Ko;(N), j € {1,2} and (4.16) for K;(A). Thus the given operator functions
Ko(-) and K;(-) satisfy (4.15) and (4.16). O
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One can easily verify that under the assumptions of Theorem 4.6 a linear relation 0
and a function 7, (-) are connected via

(4.43) —(r+A) +AP) P =Py (0 — AP [ Hy, AeCy
where P, € [ﬁo,ﬁl] is the orthoprojector in Ho onto H; and Py € [Ho, H1] is the
orthoprojector in Hy onto Hi;. Therefore formulas (4.15) and (4.16) define the same
function 74 () for different representations 6§ = {Ky, K1;H1} of the linear relation 6.
This allows is to introduce the following definition.
Definition 4.7. Let Hgy, $1 be Hilbert spaces and let H; be a subspace in Hy. A
linear relation 6 € Self (Ho @ $H1, H1 © H1) will be called a dilation of a CN(HO7 Hq)-valued
function 7, (-) € Ry (Ho,Hy), if there exist representations § = {Ko, K1;H1 @& $1} and
T+ (A) = {Ko(N), K1(A); H1}, A € C4 such that the block-matrix representations (4.14)
of Ky and K satisfy the equalities (4.15) and (4.16).

A function 74 (-) € Ry (Ho,H1) will be called a compression of a linear relation 6 €
Self(Ho & $1,H1 @ H1), if 0 is a dilation of 7 (-).

It is clear that 6 is a dilation of 7, (-) (or, equivalently, 7, (-) is a compression of ) if
and only if the equality (4.43) holds. Moreover in view of Theorem 4.6 for every function

7+ (") € Ry (Ho,Hy) there exists a dilation 6 € Self(Ho ® $1,H, @ H1). Note that for

Nevanlinna functions with values in C(H) this result is well known [11, 6].

Definition 4.8. A linear relation 6 € Self{Ho @ H1, H1 © H1} will be called minimal
(with respect to Hp) if there are not decompositions

(4.44) Hr=men], 0=0a0"

with §7 # {0} and linear relations 6 € Self(Ho ® 9, H1 ® ), 0" = (8")* € C(H).

It is well known that in the case Hy = H, := M a linear relation 6 = 6* € C(H & )
admits the unique representation (4.44) where § = 0* € C(H & $!) is a minimal relation

with respect to H and 8”7 = (0”)* € C(9Y). Moreover the subspace £} is defined by
9y =span{Pq, (0 —N\) "' [H: A€ C,UC_}.
In the next lemma we prove similar result for the general case H; C Hp.

Lemma 4.9. For every g Self {Ho®$H1, H1®H1} there exists the unique representation
(4.44) where 6 € Self(Hy ® 91, H1 ® ) is a minimal relation with respect to Hy and
0// — (0//)* c C(‘S,jlll)

Proof. Let (4.23) be the representation of § such that (4.24) holds. As in the proof of
Theorem 4.6 consider the operators (4.28), (4.29) and the selfadjoint linear relation 6’
defined by (4.33). It is easily seen that every decomposition

=909 0=0c0

with 8 = (8')* € C(H' @ $}) and " = (8”)* € C(H!) generates the decomposition (4.44)
of 6 with 0 € Self{H, ® 91, H1 @ 91} This and the validity of the lemma for ¢ yield
the desired statement for 6. O

Let Hy, 9} and $7 be Hilbert spaces, let H; be a subspace in Hy and let ﬁ; =
H; @ 9, 7—7;’ =H; ®9HY, j € {0,1}. Clearly, H, C H}, and H" C HJ. With a unitary
operator V' € [97, 9] we associate unitary operators U; € [ﬁ;,ﬁ;’}, j € {0,1} and
Uy € [Hy & Hy, HY & HY/] defined by

Up=Iy,®V, Ui=Uy | H =Dy, ®V, Uy=Uy®Ui.
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Definition 4.10. The dilations 6 € Self(Ho®9,, H1®$}) and 77 € Self (Ho®H, H1597)
of a function 74 () € Ry(Ho, H1) will be called unitary equivalent if there is a unitary
operator V' € [97, H] such that 7 = Uy 6.

It is known that every Nevanlinna function with values in C(H) has a minimal dilation
and every two such dilations are unitary equivalent. In the next proposition we generalize
this assertion to the class Ry (Ho, H1).

Proposition 4.11. 1) For every function 74(-) € Ry (Ho, H1) there exists a minimal
dilation 0 € Self(Ho ® H1, H1 D f)N)

2) Every two minimal dilations 6, and 0y of a function 7, (-) € Ry (Ho, H1) are unitary
equivalent.

Proof. The statement 1) directly follows from Theorem 4.6 and Lemma 4.9. The state-
ment 2) can be proved similarly Lemma 4.9 by the passage to the selfadjoint dilations 6
and 0} of the form (4.33). O

Let Ho = H; := H and let é;e C(H®H1) be a selfadjoint dilation of a function 7, (-) €
R (H). It is well known that 6(0) C $; if and only if s — hr—P iy(T4 (iy) +iy) ! = Ip.
y—-+oo

Similar result for the case H; C Hy can be found in the next proposition.

Proposition 4.12. Assume that 7, (-) € Ry (Ho, H1) and let (4.1) be a representation
of the function 7 (\). Then:
1) a function

(4.45) T14(A) = {Ko1(A), K1 (A); Hy}, A eCy
belongs to the class §+(H1) , 50 that there exists the strong limit
(4.46)
L ) . ) .1 L ) L N—
Foi=5— ykrfoozme(z Y) (Kl(z y) +iyKor (i y)) (: 5 — yginoozy(TH(z y)+iy) 1)

and 0 < Foo < Iy, .

2) if 6 € Self(Ho ® 91, H1 ® H1) is a dilation of 74(-), then the following equivalence
holds
(4.47) 0(0) C 9 = Foo =1Iyp,.

If in addition 0 is a simple dilation, then the condition Foo = I3y, is necessary and
sufficient for 6 to be an operator.

Proof. 1) It follows from (4.5) that 2Im (K (M) K1(A)) > 0and 0 € p(K1(A)+i Ko1 (M), A €
C,. Hence 114(-) € Ry (H1) B
2) Assume that (4.23) is the representation of 6, (4.14) is the block-matrix repre-

sentation of the operators K; and K;(\), j € {0,1} are the operator functions (4.15),
(4.16). Next consider the operators (4.28), (4.29), the Hilbert space H' := ' & Ha @ H;

and the operator functions K’} ()), j € {0,1} given by (4.34). Put = {K),K|;H' &
D1} 7h(A) = {K(A), K{(A); H'} and let
Floi=s— Tm_iyKi(iy)(Ki(iy) +iyKi(iy) .
y—+oo
Since 6 is a selfadjoint dilation of Th(-) € R, (H), the equivalence §'(0) C §; <=
F! = Iy is valid. Moreover in view of Lemma 4.5, 2) (0) = 6(0). This yields the
equivalence
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Thus to prove (4.47) it is sufficient to show that
(448) Féo =1y <= Fy= IH1~

Put in (4.37) S’ = £(V4—1I), T" = $(Vi+I) and consider a linear relation n = {S",7"; $'}.
Since V1 € [9'] is an isometry and Ker(Vy — I) = {0}, it follows that 7 is a maximal
symmetric operator in $’ and C_ C p(n). Therefore 0 € p(T" +iyS’), y > 0 and

(4.49) s— lirf iyS"(T' +iyS ) ' =s— lir+n iy(n+iy)~t = Ig.
y——+00 y——+00
The immediate calculation with taking into account of (4.37) gives
) iyS'(T" +iyS")~! * *
(4.50) iyKg(iy)(Ki(iy) +iyKo(iy)) = 0 Al
0 0 D(iy)
where ®(iy) = iyKoi(iy) (K1 (iy) +iyKoi (i y))fl. Since (F.))* = F/_, it follows from

(4.50) and (4.49) that F. = diag(Ig/, Ix,, Foo). This leads to (4.48) and, consequently,
to (4.47).
Finally the last statement is implied by (4.47) and Corollary 3.5. O
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