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SYSTEMS OF n SUBSPACES AND REPRESENTATIONS OF
*~ALGEBRAS GENERATED BY PROJECTIONS

YU. P. MOSKALEVA AND YU. S. SAMOILENKO

ABSTRACT. In the present work a relationship between systems of n subspaces and
representations of x-algebras generated by projections is investigated. It is proved
that irreducible nonequivalent *-representations of x-algebras P4 com generate all
nonisomorphic transitive quadruples of subspaces of a finite dimensional space.

1. INTRODUCTION

There are many articles that deal with a description of systems S =
(H;Hy,Hs,...,H,) of n subspaces H;, i = 1,n, of a Hilbert space H, which can be
infinite or finite dimensional, up to an isomorphism or the unitary equivalence.

In particular, transitive quadruples of subspaces (see Section 2) of a finite dimensional
space were described in [1], indecomposable quadruples were found in [2, 3].

For a pair of subspaces Hy, Hs of a Hilbert space H there is a structure theorem (see,
for example, [4]) that describes pairs of orthogonal projections onto these subspaces,
up to the unitary equivalence, in terms of sums or integrals of irreducible one- or two-
dimensional pairs of orthogonal projections. For three subspaces, to get such a theorem is
unrealistic, — the problem of getting a unitary description of n orthogonal projections for
n > 31is x-wild (see [6, 7]). So, if we need to get a description of collections of n orthogonal
projections up to the unitary equivalence, it is necessary to introduce additional relations.
Recent works of Ukrainian mathematicians (see [9, 11] and the bibliography therein) make
a study of irreducible systems of orthogonal projections Py, Ps,..., P, such that their
sum is a multiple of the identity operator.

In [10], the authors suspect that there is a relationship between systems of n subspaces
and representations of x-algebras generated by projections, — “There seems to be inter-
esting relations with the study of %-algebras generated by idempotents by S. Kruglyak
and Yu. Samoilenko [7] and the study on sums of projections by S. Kruglyak, V. Ra-

banovich and Yu. Samoilenko [8]. But we do not know the exact implication ...” [10].
This paper is devoted to a study of this relationship.
For an irreducible collection of orthogonal projections, Py, Ps, ..., P,, on a Hilbert

space H such that ", P, = aly, consider the system of n subspaces
S=(H;PH,PRH,...,P,H).

Let us formulate the following hypothesis: collections of orthogonal projections such
that their sum is a multiple of the identity operator, that is, irreducible nonequivalent
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s-representations of the s-algebras P, com (see Section 3), generate nonisomorphic tran-
sitive systems. In Section 4, we prove this hypothesis for n = 1 and n = 2. There,
irreducible nonequivalent *-representations of the x-algebras Pi com and Pz com gener-
ate all nonisomorphic transitive systems of one or two subspaces in an arbitrary Hilbert
space. We also prove there that, for n = 3, irreducible nonequivalent *-representations of
the x-algebra P3 com generate all nonisomorphic transitive systems of three subspaces of a
finite dimensional linear space. Let us remark that it is an unsolved problem to describe
irreducible triples of subspaces of an infinite dimensional space or even to prove their ex-
istence for n = 3 (see [5]). If n = 4, we prove in Section 4 that ireducible nonequivalent
x-representations of the x-algebras P, com generate all nonisomorphic transitive systems
for a finite dimensional space. Since irreducible nonequivalent *-representations of the -
algebra P4 com can only be finite dimensional, irreducible nonequivalent *-representations
of the x-algebra P4 com already do not generate all nonisomorphic transitive systems of
four subspaces if n = 4, see, for example, [10] and the bibliography therein.

2. SYSTEMS OF 1 SUBSPACES

2.1. Definitions and main properties. All statements of this section are regarded as
known (see, for example, [10, 11]) and given without proofs. Let H be a Hilbert space,
Hy, Hs, ..., H, be n subspaces of the space H. Denote by S = (H; Hy, Ha, ..., H,) the
system of n subspaces of the space H. Let S = (H; Hy, Ho,..., H,) be a system of n
subspaces of the Hilbert space H and S = (f], Hy, Hs, ..., ﬁn) a system of n subspaces
of the Hilbert space H.

Definition 1. A linear mapping R : H — H of the space H into the space ﬂ:is called
a homomorphism of the system S into the system S and denoted by R: S — S, if

R(H;)) C H;, i=1,n.

Definition 2. A homomorphism R: S — S of a system S into a system S is called an
isomorphism, and denoted by R : S — S, if the mapping R: H — H is a bijection and
R(H;) = H;,Vi=1,n.

Systems S and S will be called isomorphic and denoted by S = S, if there exists an
isomorphism R: S — S.

Definition 3. We say that systems S and S are unitary equivalent, or simply equivalent,
if § 2 S and the isomorphism R : .S — S can be chosen as to be a unitary operator.

For each system S = (H; Hy, Ha, ..., H,) of n subspaces of a Hilbert space H there
is a naturally connected system of orthogonal projections Pi, P, ..., P,, where P,
is the orthogonal projection operator onto the subspace H;, i = 1,n. A system of
projections P;, P, ..., P, on a Hilbert space H such that Im P; = H; for i = 1,n will
be called a system of orthogonal projections corresponding to the system of subspaces
S = (H;Hy,Hs,...,H,). And conversely, for each system of projections there is a
naturally connected system of subspaces. The system S = (H; P1H, PH, ..., P, H) will
be called a system generated by the system of the projections Py, Ps, ..., P,.

Definition 4. A system of orthogonal projections P, P, ..., P, on a Hilbert space H
is called unitary equivalent to a system Pi, P2, ..., P, on a Hilbert space H if there
exists a unitary operator R : H — H such that RP; = PR, i = 1,n.

It is clear that systems S and S are unitary equivalent if and only if the corresponding
systems of orthogonal projections are unitary equivalent.

Property 1. Let S = (H;Hl,Hg,N...,Hn), S = (f];ﬁl,ffg,...,Hn) be systems of n
subspaces of Hilbert spaces H and H. Let P; and P; be orthogonal projection operators
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onto H; and ffi, correspondingly, i = 1,n. The systems S and S are isomorphic if and
only if there exists an invertible operator T : H — H such that

P,=T"'BTP, P =TPT 'P, i=T1,n.

Remark 1. If systems S S are unitary equivalent, then S = S. The converse is not
true.

Denote by Hom(S, S ) the set of homomorphisms of the system S into the system S,
and by End(S) := Hom(S, S) the algebra of endomorphisms from S into S, that is,

End(S) = {R € B(H)|R(H;) C H;,i =T,n}.

Definition 5. A system S = (H; Hy, Ho,...,H,) of n subspaces of a space H will be
called transitive if End(S) = Cly.

Remark 2. Isomorphic systems are simultaneously either transitive or nontransitive.

Let us introduce the notion of an indecomposable system, which is equivalent to the
definition used in [2, 10]. Denote

Idem(S) = {R € B(H)|R(H;) C H;,i=1,n,R* = R}.

Definition 6. A system S = (H; Hy, Ho, ..., H,) of n subspaces of a space H will be
called indecomposable if Idem(S) = {0, Iy }.

Remark 3. Isomorphic systems are simultaneously decomposable or indecomposable.

Definition 7. A system of orthogonal projections Py, Ps, ..., P, on a Hilbert space H,
which possesses only trivial invariant subspaces, is called irreducible.

Remark 4. Systems of unitary equivalent systems of orthogonal projections are simul-
taneously reducible or irreducible.

The following proposition answers the question about a relation between the notions
of a transitive system, an indecomposable system, irreducibility of the corresponding
system of orthogonal projections.

Proposition 1. If a system of subspaces is transitive, then it is indecomposable. If
a system of subspaces is indecomposable, then the corresponding system of orthogonal
projections is irreducible.

Proof. The first statement follows from the obvious inclusion Idem(S) C End(S) and the
definitions of a transitive and an indecomposable systems. To prove the second statement,
we use the Schur’s lemma (see, for example, [11]). A system of orthogonal projections P;,
Py, ..., P, on a Hilbert space H is irreducible if and only if {R € B(H)|RP; = P,R,i =
T.n,R? = R,R* = R} = {0,Iy}. The identity {R € B(H)|RP, = P;R,i = 1,n, R? =
R,R* = R} = {R € B(H)|[R(Im P;) C Im P,;,;i = 1,n,R?> = R, R* = R}, on the one
hand, and the inclusion {R € B(H)|R(H;) C H;,i =1,n,R?> = R, R* = R} C Idem(S5),
on the other hand, finish the proof. O

Example 1. Let S = (C%C(1,0),C(cosb,sinf)), 6 € (0,7/2) and S =
(C2;C(1,0),C(0,1)). The decomposable system S, which corresponds to the irreducible
pair of orthogonal projections, is isomorphic but not unitary equivalent to the decom-
posable system S that corresponds to the reducible pair of orthogonal projections.

Definition 8. Let S = (H; H1,Hs,...,H,) be a system of n subspaces of a Hilbert
space H. By an orthogonal complement to the system S, we will call the system S+ =
(H;Hi-, Hy, ..., Hy).
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Property 2. Let S = (H; H1,Ha, ..., Hy,) be a system of n subspaces of a Hilbert space
H. Then S is transitive (indecomposable) if and only if S* is transitive (indecomposable).

Property 2 follows directly, since if R : S — S is a homomorphism of the system S
into S, then R* : St — St isa homomorphism of the system S into S, because, if
R: H — H is a linear operator such that R(H;) C H;,Vi = 1,n, then R* : H — H and
R*(H) C HVi=T,n.

Definition 9. Let S = (H; Hy, Ho, . S H,)and S = (H; Hy, Hy,. .., H,) be two systems
of n subspaces. We say that S = S up to a rearrangement of subspaces if there is a
permutation o € S, such that the systems o(S5) and S are isomorphic, where o(S) =

(H; Hy(1y, Ho(2), - - -, Ho(n)), that is, there exists and invertible operator R : H — H
such that R(H,@;)) = H;, Vi =1, n.

2.2. Transitive systems of one, two, and three subspaces. In this section we give a
description of transitive systems of one, two, and three subspaces up to an isomorphism.
A list of nonisomorphic transitive systems of n subspaces will be called complete if, for
any transitive system S = (H; Hy, Ha, ..., H,) of n subspaces of the space H, there is
in the list a system isomorphic to the system S.

Proposition 2. If a system S = (H;Hy) of a single subspace Hy of the space H is
transitive, then it is isomorphic to one of the following systems:

S1=(C;0), S2=(CC).

Proof. Let dim H > 1 and H; be an arbitrary proper subspace of the space H. Then
the algebra End(S) corresponding to the system S = (H; Hy) contains a nontrivial idem-
potent, for example, the operator of orthogonal projection onto Hi-, and, consequently,
the algebra is trivial. In the case where dim H > 1 and H; is a trivial subspace of the
space H, the algebra End(S) = B(H), that is, it coincides with the set of linear bounded
operators from H into H. O

To construct lists of transitive systems of two and three subspaces, we use the descrip-
tion of the algebra End(S) for the system S = (U; K1, Ko, K3) of 3 subspaces K1, Ks, K3
of a finite dimensional linear space U [1]. Let L be an arbitrary subspace complementary
to the subspace K1 + K5 4+ K3 in the space U, that is,

(K1 + Ky + K3)+L =1,

where + is the direct sum of vector spaces.

Denote P = K1 N Ky N K3. Let My,Ms,M3 be arbitrary subspaces complementary
to the subspaces K1 N (Ks + K3), Ko N (K1 + K3), K3 N (K7 + Ko) in K7, Ko, Ks,
correspondingly, that is,

K1 N (K + K3)+M; = K,
Ky N (K1 + K3)+Ms = Ko,
K3N (K; + K3)+M3 = K.

Denote by N1,N»,N3 arbitrary complementary subspaces to the subspace P in KoNK3,

K1 N K3, K1 N Ky, correspondingly, that is,

PN, = Ky N K,
PN, = Ky N K,
P4 N3 = K| N Ks.

Let now @3 be an arbitrary subspace complementary to the subspace KsNK;+ KsNK;
in the subspace K3 N (K7 + K3). An arbitrary element x3 of the subspace @3 is uniquely
decomposed into the sum z3 = x1 + x2, where x1 € K7 and xo € K5 are such that if x3
runs over a basis of D3, x1 runs over a system of linearly independent vectors the linear
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span of which makes a subspace complementary to the subspace K1 N Ko + K1 N K3 in
the space K7 N (K2 + K3), and o runs over a system of linearly independent vectors
that span a subspace complementary to the subspace Ko N K;j + KN K3 in the subspace
K>N (K7 + K3). Denote these complementary subspaces by @1 and Q2, correspondingly.
Thus,
(Kl NKs+ KinN Kg)—i—Ql =KiN (KQ + Kg),
(KaN Ky + KoNK3)+Qa = Ko N (K7 + K3),
(KsN Ky + K3NKs)+Qs = K3N (K7 + Ka),
and dim @1 = dim @2 = dim Q3. For the space U and the subspaces K, K3, K3, we
have
U = L+M;+Ms+M354+Q1+Q2+N1+No+ N3+ P,
(1) Ky = Mi+Not N+ Qi +P,
Ky = Ma+N1+N3+Q2+P,
K5 = M3+ N;+No+Qs+P.
Let now ¢, m;, q, n;, p, u be dimensions of L, M;, @Q;, N;, P, and U, correspond-
ingly. Then the dimension of the algebra End(S) that corresponds to the system
S = (U; K1, K3, K3), considered as a linear space, can be calculated by the formula

3 3
dim End(S) = Cu+ > +q 3 (ms +n) + 3 (m? + n?)+

(2) 3 i=1 i=1
+ E min; —|—p2.
T
Proposition 3. If a system S = (H; Hy, Hs) of two subspaces of a space H is transitive,
then it is isomorphic to one of the following system:
Sl = ((C7070)u S3 = ((C707(C)a
SQ = (C7C70)’ S4 = (C,C,C)
Proof. To make an analysis of a system of two subspaces in the case of a finite dimensional
linear space, set U = H, K1 = Hy, K1 = Hy, K3 = 0 in identities (1). We get
H = L—FMl—i-Mz—i-Ns,
Hy = Mi+N3,
Hy = Ms+Nj3.
The formula for the dimension of the algebra End(S), for K3 = 0, becomes
dim End(S) = fu +m? +m3 + n3.
Since the system S = (H; H;, Hs) is transitive, it follows that dimEnd(S) = 1 and,
correspondingly, fu + m2 + m2 +n2 = 1. This identity can hold only in the following
four cases:
1) fu=1. Hence, dimL =1, H = L, H; =0, H, = 0 and, consequently, S = S;.
2) m? = 1. Hence, dimM; = 1, H = My, Hy = My, Hy = 0 and, consequently,

S =S,

3) m3 = 1. Hence, dim My = 1, H = My, H; = 0, Hy = M, and, consequently,
S = Ss.

4) n? = 1. Hence, dim N3 = 1, H = N3, H; = N3, Hy = N3 and, consequently,
S =S,

It follows from Proposition 1 and [11] that if a pair of orthogonal projections on an infinite
dimensional Hilbert space is reducible, then there do not exist transitive systems of two
subspaces in an infinite dimensional Hilbert space. We remark that this fact can also be
obtained from decomposability of a system of two subspaces in an infinite dimensional
Hilbert space [10]. O
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Proposition 4. If a system S = (U; K1, Ko, K3) of three subspaces of a finite dimen-
sional linear space U is transitive, then it is isomorphic to one of the following systems:

51 (C;0,0,0), S5=(C;0,C,C),

= (C; C 0 ,0), S¢ = (C;C,0,0C),
( )7 S7 = ( ,(C,(C70),

5’4—( C), Ss=(C;C,C,C),
((C (C(l, 0),C(0,1),C(1,1)).

Proof. Since the system S = (U; K1, Ks, K3) is transitive, it follows that dim End(S) = 1
and, correspondingly,
3 3
éu—l—qz—l—qZ(mi—i—m)—i—Zm +n?) mej—i—p =1

i=1 i=1 i#]
i,j=1

The last identity can hold only in one of the following nine cases:
1) fu=1. Hence, dimL =1,U =L, K; =0, Ko =0, K3 =0. Thus S & 5;.
2) m? = 1. Hence, dimM; = 1, U = My, K; = My, K5 = 0, K3 = 0 and thus

3) 51%2521 Hence, dimMs = 1, U = My, K1 = 0, Ko = M>, K3 = 0, and thus

4) fz?):jgl Hence, dim M3 = 1, U = M3, K1 = 0, K5 = 0, K3 = M3, and thus

5) S%::Si: Hence, dimN; =1, U = Ny, K1 = 0, Ko = Ny, K3 = Ny, and thus

6) TS@::ST. Hence, dim Ny = 1, U = Ny, K; = Ny, Ko = 0, K3 = Na, and thus

7) %::Si: Hence, dim N3 = 1, U = N3, K1 = N3, Ko = N3, K3 = 0, and thus
S =57

8) p?> =1. Hence, dmP =1,U = P, K; = P, Ky = P, K3 = P, and thus S = Ss.

9) ¢> = 1. Hence, dim@Q; = dimQs = 1, U = Q1+Q2, K1 = Q1, K» = Qo,
Kg = Qg, and thus S & Sg.

a

We recall that the problem of even proving existence of transitive triples of subspaces
of an infinite dimensional space is an open problem (see [5]).

2.3. Transitive systems of four subspaces. Following [2] let us introduce the notion
of a defect of a system S = (U; K1, Ko, K3, K4) of four subspaces of a finite dimensional
linear space U.

Definition 10. Let S = (U; K1, K2, K3, K4) be a system of four subspaces of a finite
dimensional linear space U. By a defect of the system S, we will call the number defined
by

4
=> dimK; —2dimU.
i=1
S. Brenner in [1] gave a description of a complete list of four distinct proper subspaces
up to a rearrangement of the subspaces, and systems that have a nonnegative defect were
written down explicitly. An explicit form for systems of four proper subspaces, with a
negative defect, is given in this section by passing to orthogonal systems and choosing
suitable isomorphic systems. We adopt the following notations used in [1]:
1 is the r x r identity matrix;
0 is the r X r zero matrix;
J is the r x r Jordan cell with zero on the diagonal;
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£ is the column of r zeros;

7 is the row of r zeros;

b is the column of the first (r — 1) zeros and 1 as the last element;
d is the row with the first element equal 1 and other r — 1 zeros.

The subspace K; in the list is given by a matrix X;. Here the subspace K is set to be
the linear span of rows of the matrix X;. Introduce two more notations, — B(u, p) denotes
the system B = (U; K1, K2, K3, K4) of four subspaces of the space U of dimension u with
defect p, and B(u, p; \) denotes the system B = (U; K1, Ks, K3, K4) of four subspaces of
the spaces U of dimension u, with defect p, which depend on a parameter \.

The following is a complete list of distinct proper subspaces, up to a rearrangement:

(1) B(2,0;A\), A e C,A#0,1,

lez(l O), ngz(O 1), 3(3:(1 1), 3(4:(1 A).

(2) B(2r,1),r=2,3,...,
Xi=(1 0), Ko=(0 1), Kz=(1 1), CK4:<1 J).

(3) B(2r+2,-1),r=1,2,...,

(4b) B(2r +3,1), r=1,2,..,

1.0 ¢ ¢ ¢ 01 ¢ ¢ ¢
Ki=|n n 1 0 0], Xo=|n n 1 0 0f,
n n 0 1 0 n n 0 0 1
Lo1& &g 1 J b &0
Ks=|m n 01 0], Ky= 70 1 0
n n 0 0 1 N
(5&) B(3a _1)a
iKl:(O 1 0), Xoa=(0 0 1),
0 1 1
Ks=(1 0 0), fK4:(1 0 1).

(5b) B(2r +3,-1),r=1,2,...,

_ (1 0 & & ¢ (0 1 & ¢ ¢
Kl_(nn()lo)’ K2_<nn001>’
1 J b ¢ ¢
ngllggg),ﬂgzndOlO
nom 100 n on 1 0 1
(6a) B(3,2),
10 0 100
K12(010>’ K2:<001>’
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01 0 1 0 1
jc3_(0 0 1)’ jc4_<1 1 0)'
(6b) B(5,2),
1 0 0 0 O 01 0 0 O
Xi={0 01 0 0], Xo={[0O 0 1 0 0],
000 1 0 00 0 0 1
1 1.0 0 0 1 01 00
Xs=(0 0 0 1 0], Xy4=(0 1 0 0 0].
0 00 0 1 0 01 11
(6¢c) B(2r+3,2),r=2,3,...,
1.0 ¢ ¢ ¢ 01 ¢ ¢ ¢
Xi=|n n 1 0 0), Ko=1[n n 1 0 0},
n n 0 1 0 n n 0 0 1
1 1 ¢ & ¢ 1 32 Jb & (J+1)b
Ks=1[n n 01 0], Ka=1|n d 0 O 0
n n 0 0 1 n dJ 0 1 0

(7a) B(3,-2),
Ki=(0 1 0), Ko=(0 0 1), Kz=(1 0 0), Ka=(1 1 1).
(7b) B(5,~2),

10000 01 000
jcl_<00010>’ j<2_<00001)’
11000 10110
K3_<00100>’ K4_<00011)'
(7c) B(2r+5,-2), r=1,2,...,
1 0¢ ¢ ¢ ¢ ¢ 0 J b & & &g
Ki=[n d 000 00|, Xa=[n n 0100 0],
n n 0 0 0 1 0 n no 0 0 0 1
1 J b ¢ € ¢ ¢ 13 J% Jb b ¢ ¢
Ks=|n d 01 00 0f, Kgy=|0" d 0 0 00 1
mn 00100 n dJ? 0 0 0 1 0

Theorem 1 (S. Brenner). If a system S = (U; K1, Ko, K3, K4) of four distinct proper
subspaces of a finite dimensional linear space U is transitive, then it is isomorphic, up
to a rearrangement of the subspaces, to one of the following system:

B(2,0;)\), AeC,A#£0,1,
B(u,x1), uw=3,4,5,...,
B(u,+2), uw=3,5,7,....

3. THE ALGEBRA P, com AND ITS *-REPRESENTATIONS

3.1. Irreducible *-representations of the algebra P, .om,. For n € N, denote by
3, the set of @ € R4 such that there exists at least one x-representation of the
s-algebra P, o = C < p1,p2,...,0nlPi = D = Pks D p_y Pk = e >, that is, the set
of all real parameters a for which there exist n orthogonal projections Pi, Ps, ..., Py,
on a Hilbert space H satisfying the relation > ;_, P, = alpy. Introduce an algebra,
Prcom = C < p1,p2,...,PulDi = Pt = Dk, [Dopey Pk, pi] = 0, ¥i = 1,n >. All irreducible
*-representations of P, com is a union over all a € X, of irreducible *-representations of
Pra-
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A description of the set X, for all n € N was obtained by S. A. Kruglyak, V. I. Ra-

banovich, and Yu. S. Samoilenko in [8], and is given by

2 = {Ov 1}7 Yo = {0, 172}’ Y3 = {07 1, %7273}7

E” = {AQL)A}’H ni\/721274n7 n+\/g2f4n , T — A',lwn - A2}7 n Z 47

0 _ 1 1 L
A, =1{0,14+ —=5,1+ (n—2)—ﬁ""’1+ T oo b
ey
1 _ 1 1 L
A ={01+ 75,1+ g 1+ e .
1
n—2

3.2. Irreducible x-representations of the algebras Pi com; P2.coms P3,com. Let us
give a list of irreducible *-representations of the algebra Pi com. By [8], we have ¥; =
{0,1}.

For a = 0, the only irreducible representation of the algebra P ¢, up to equivalence, is
the representation P; = 0 on the space H = C. For a = 1, the unique up to equivalence
irreducible representation of the algebra P; ; is the representation P, = C on the space
H=C.

For the algebra Pa com, we have o = {0,1,2} [8].

If @ = 0, there is a unique up to equivalence irreducible representation of the algebra
P20 given by P; = 0, P, = 0 on the space H = C. If a = 1, there are two irreducible
representations of the algebra P31, up to equivalence. The first one is given by P; = I,
P, =0 on the space H = C, and the second one by P; =0, P, = I on the space H = C.
In the case where oo = 2, the only representation of the algebra P32, up to equivalence,
is the representation P, = I, P, = I on the space H = C.

Now we give irreducible *-representations of the algebra P3 com. We have X3 =
{0,1,3,2,3}.

If a = 0, there is a unique up to equivalence irreducible representation of the algebra
P3o. It is given by P, = 0, P, = 0, P3 = 0 on the space H = C. If o« = 1, there are
three inequivalent irreducible representations of the algebra Ps3 ;. The first oneis P, = I,
P, =0, P3 = 0 on the space H = C. The second oneis P, = 0, P, = I, P3 = 0 on
H = C. The third one is given by P, = 0, P, = 0, P3 = I on the space H = C. If
a = 3/2, there is a unique up to equivalence irreducible representation of the algebra
P3,3/2,

Ao ne (il B n-( )

which act on the space H = C2. If a = 2, there are three inequivalent irreducible
representations of the algebra P3 9. The first one is P, =0, P, =1, Ps =1 on H = C,
the second oneis P, =1, P, =0, Ps =1 on H = C, and the third oneis P, =1, P, =1,
P3; =0 on H=C. For a = 3, the unique up to equivalence irreducible representation of
the algebra P33 is P =1, P,=1, Ps=1on H=C.
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3.3. Irreducible *-representations of the algebra P4 com. We use the following no-

tations:
Aeﬂn:i(_ m—/{ - é(m—l))7

m l(m —1) L
Bem = % ( Zﬁ;fl) é(ﬂg—ﬂ) 7
Com =1=Aem = % ( é(nl;— ) ffﬁ; D) )
e )

Let us consider a part of the unit sphere ) C R3, given by Q = {(a, b, c) € R|a® +b* +
?=1a>0b>0,ce(-1,1)a=0,2+c*=1,b>0,c>0b=0,a>+c*=1,b>
0,c¢> 0}.

FIGURE 1

Since all irreducible *-representations of the algebra P4 con, are finite dimensional,
denote the space of representations by U. Also denote by S(u,p) the system S =
(U;Im Py, Im Py, Im Ps,Im Py) of four subspaces of the space U of dimension u with
defect p, which is generated by the representation Py, P>, P53, P, on the space U, and
by S(u, p;a,b,c) the systems S = (U;Im P;,Im Py, Im Ps,Im Py) of four subspaces of
the space U of dimension u with defect p, which are generated by the representation P,
P,,P3, Py on U and depend on the parameters a,b,c. Using the results of [8, 11], we write
a list of systems of four distinct proper subspaces, given up to a rearrangement of the
subspaces, which are generated by irreducible inequivalent representations of the algebra
?4)042

(1) S(2,0;a,d,c¢)

s (
1/ 14+a —b—ic 1/ 1—-a —b+ic
P1_§(—b+ic 1—a>’P3_§(—b—ic 1—|—a)’

1/1—a b-—ic
P2_§<b—|—ic 1—|—a>’ Py

a,b,c) € Q,

Il
N
/N
S o=
I+
S e
_ o
|+
NI
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(2) S(2r, 1), r=2,3,...,

Py =A% 14 ®Asr_34r D ... D Ay sr,

Py = Bor_14r ® Boyr_34r @ ... D B1 4,

U=C’a®...9C?%

~——_—————
P;=0® Bor—2,4r ®Bor_44r ... 5 Boyr O 1,
Pi=1®Asr_24r ®Asp_sar... 0 A2, 1,
U=CoC?’®...0C%aC;
~——_————

r—1

(3) S2r,—1), 7 =2,3,...,
Py =Co—1,4r ®Cor—34r ® ... 0 Char,
Py =Dor_ 140 ®Dop_34, @ ... 0 D1y,

U=C?’a®...0C?%

e ——

T

Py =1® Doyr—24r ® Dar_gar ... D Do yr ©O,
Pi=0® 02r7274r D Czr74,4r ...®D 02747' @0,
U=CoC?*q...0C*aC;

—_———

r—1

4)S@2r+1,1),r=1,2,...,
Py = Ao 4r40 @ Asp_24r12® ... D A 4r42 D 1,
Py = Borary2® Bor_24r42@ ... D Bosri0 @1,
U=C?®...5C?aC;
~——— ———
Ps=1@ Bor—14r12® Bar—34r42... D B1 ar42,
Py =0® Asr—1ar+2 D Aor_3.4r42 ... D A1 ary2,
U=CaqC%*®...¢C2.
— ——
(5) S@2r+1,-1),r=1,2,..,
Py =Corart2®Cor24r42D ... B Corur42 D0,
Py = Do gri2® Dor24r12® ... D Do gri2®0,
U=C?q¢...9C2aC;
~——— ———

Py =0® Dar—1,4r4+2® Dor_34r42...® D1 4742,
Py =1®Cor_14r42® Cor_34r12...®Cluryo2,
U=CoC%’®...¢C2.
— ——
(6) S2r+1,2),r=1,2,..,
P =1® A2 12741 D A2r 32,41 D ... ® A1 2711,
P, =1® B2r—1,2041® Bar_32,41D ... D B1 2741,
U=CoC?’a®...0C?%
—_— —
P3 = Borory1® Bar—22r41...® Baorp1 @1,
Py = Agr o1 ®Azr 2241 ... DAz or1 B 1,
U=C%’®...0C%2qC.
~——_————

T
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(7) S(2r+1,-2), r=1,2,...,

P =0® Cor—1,2r41 D Cor—32p41 D ... D Cr2041,
P, =0® Dar—1,204+1 D Doyr_32r41 D ... D D1 2py1,
U=CeoC%?q...6C%

—_——

T

P3 = Dopory1 ® Dor—22741... 0 Doory1 @O0,
Py =Cor0p41 ®Cor22r41... D Co2,41 D0,
U=C’s...0C?aC.
kA
Hence, irreducible inequivalent representations, Rep P4, give rise to the following
list of systems of four distinct proper subspaces:

S(2,0;a,b,¢), (a,b,c) € Q,
(3) S(u,£1), w=3,4,5,...,
S(u,£2), uw=3,57,....

4. SYSTEMS OF SUBSPACES GENERATED BY Rep P, com, AND TRANSITIVE SYSTEMS
OF n SUBSPACES

4.1. Transitive systems of subspaces generated by Rep Picom, Rep P2.com,
Rep P3 com- In this section we show that irreducible nonequivalent *-representations of
the x-algebras P1 com and P3 com generate all nonisomorphic transitive systems of one
and two subspaces of an arbitrary Hilbert space. If n = 3, irreducible nonequivalent *-
representations of the x-algebra P3 com give rise to all nonisomorphic transitive systems
of three subspaces of a finite dimensional linear space.

Proposition 5. Irreducible nonequivalent x-representations of P1 com generate all tran-
sitive systems of one subspace of a Hilbert space.

Proof. Using Proposition 2 we get a complete list of transitive systems of one subspaces
as follows:

S1=(C;0), Sz=(CC).
By the results of Section 3, we have £; = {0, 1}.

If @« = 0, a unique up to equivalence irreducible representation of the algebra P ¢
is the representation P; = 0 on the space H = C and, consequently, a system of one
subspace, induced by this representation, is isomorphic to S;.

If o« = 1, there is only one, up to equivalence, irreducible representation of Py i,
P, = C, on the space H = C, and so a system of one subspace, corresponding to this
representation, is isomorphic to Ss. g

Proposition 6. Irreducible nonequivalent x-representations of Pa com generate all tran-
sitive systems of two subspaces of a Hilbert space.

Proof. By Proposition 3, a complete list of transitive systems of two subspaces has the
form

51 = ((C;(LO), 53 = ((C;(L(C),

So = (C;C,0), S4=(C;C,C).
By Section 3, ¥o = {0,1,2}.

For ao = 0, the algebra P; ¢ has, up to equivalence, a unique irreducible representation
P, =0, P, =0 on the space H = C and, consequently, the system of subspaces generated
by this representation is isomorphic to S .

If @ = 1, there are two inequivalent representations of Py ;. The first one is P, = I,
P, = 0 on the space H = C. A system of two subspaces that corresponds to this
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representation is isomorphic to Ss. The second representation is given by P =0, P, = I
on the space H = C. The corresponding system of two subspaces is isomorphic to Ss.
If o = 2, the only irreducible representation of the algebra P9 is Pr =1, P, =1 on
H = C and, consequently, the corresponding system of two subspaces is isomorphic to
Sy. |

Proposition 7. Irreducible nonequivalent x-representations of P3 com generate all tran-
sitive systems of three subspaces of a finite dimensional linear space.

Proof. By Proposition 4, a complete list of transitive systems of three subspaces has the
following form:
51 = ((C;(LO,O)7 55 = C;O,C7(C),

=
S2 = (C;C,0,0), Se¢=(C;C,0,C),
S3 = (C;0,C,0), S7=(C;C,C,0),
Sy =(C;0,0,C), Ss=(C;C,C,C),
So = (C?;C(1,0),C(0,1),C(1,1)).

By the result of Section 3, X5 = {0,1, 3,2, 3}.

If @ = 0, the only representation of the algebra P3¢, up to equivalence, is P; = 0,
P, =0, Ps =0 on U = C and, consequently, the system of there subspaces generated by
this representation is isomorphic to 5.

If & = 1 there are three inequivalent irreducible representations of the algebra Pz ;.
The first representation is P, = I, P, = 0, P; = 0 on the space U = C. The system
of three subspaces corresponding to this representation is isomorphic to S3. The second
representation is given by P, = 0, P, = I, P3 = 0 on the space U = C. The corresponding
system of three subspaces is isomorphic to S3. The third representationis P, =0, P, =0,
P3; =1 on U = C. The corresponding system of three subspaces is isomorphic to Sj.

If o = 3/2, there is a unique irreducible representation of the algebra P33/5. It is

given by
ne(3 9 (B n- (e )

on U = C2. The system of three subspaces, corresponding to this representation, is
transitive and is isomorphic to Sy, as follows from the complete list in Proposition 4 for
a finite dimensional space.

If o = 2, there are three inequivalent irreducible representations of P3 5. For the first
representation, P, = 0, P, = I, P; = I on the space U = C, the system of subspaces is
isomorphic to S5. For the second representation, Py = I, P, =0, Ps =1 on U = C, the
corresponding system is isomorphic to Sg. The third representation is given by P; = I,
P, =1, P3 =0 on the space U = C. The system of three subspaces, generated by this
representation, is isomorphic to Sy.

For o = 3, the unique irreducible representation of P33, up to equivalence, is P, =1,
P, = I, P3s = I on the space U = C and, hence, the corresponding system of three
subspaces is isomorphic to Ss. O

4.2. Transitive systems of subspaces, generated by Rep P4 com. An important
tool used for describing the set X, for n > 4 and constructing the representations,
Rep Py4.q, that generate systems of the subspaces S(u,+1), v = 3,4,5,..., and S(u, £2),
u = 3,5,7,..., in the list (3) are the Coxeter functors, which were constructed in [8],
between the categories of *-representations of Py, ., for different values of the parameters.

Let us define a functor T : Rep P, o — Rep Py n—q, which is the first functor con-
structed in [8]. Let the orthogonal projections Py, Ps, ..., P, be a representation in
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Rep P, o with the representation space H. Then the orthogonal projections I — Py,

I — P, ..., I — P, constitute a representation in J(Rep P, o) with the same repre-
sentation space. The second functor in [8], 8 : Rep P o — Rep P, o, is defined as
follows. Again denote by Pi, P, ..., P, the orthogonal projections in Rep P, o with

the representation space H. Let I'y : Im P, — H, k = 1,n, be the natural isometries
and I' = [I'1,T2,...,T] : H=Im P L®Im P, ®...Im P, — H. Then the natural

isometry O‘T’lA* from the orthogonal complement in H to the subspace Im I'* in

gives the isometries Ay = Alpy p, : Im P — H, k = T,n. The orthogonal projec-
tions Qr = ARAj, k = 1,n, on the space H give the corresponding representation in
S(Rep Pp.a)-

Lemma 1. The functors T and 8 take representations that define transitive systems into
representations that generate transitive systems.

Proof. Property 2 immediately proves the statement for the functor 7.

Consider now the functor 8. Let a collection of orthogonal projections Py, Ps, ...,
P, on a Hilbert space H satisfy the condition Z;;lﬂ = aly for some «, and the
corresponding system of subspaces be transitive. Consider the representation @1, @2, - . .,
Qn, >opey Qr = ~25 1, with the representation space H, into which the functor $ maps
the representation Py, Ps, ..., P,. Let us prove that the system of subspaces generated
by the representation @1, QQ, ..+, Qn, that is, the system S = (H Q1H,Q-H,...,Q.H )
is transitive. Let R € End(S). Then

(4) QrRQr = RQx, Vk=Tn.
Denote by C' the operator such that ¢ : H — H and C* = R. It follows from (4) that

(5) QuCQi = QiC, Vk=Tn

Consider the operators C, : Im P, — Im Py, (k = 1,n), given by

(6) Cr=A;CAL, k=T,

and show that the operator C can be represented as

(7) c=2

k=1

Indeed, using (6) and the definition of Qi we get

ALCAAL =2

Now, (5) and (6) yield
(8) ALC = CpAL, Yk =T1,n,

and
CrAL = (ALCARNAL = ALC(ARAL) = ALCQy = It p, ALCQ =
(AFARALCQr = A (ARATCQr = A QRCQL = AfQiC =
= AL (ARAR)C = (AL AR)ALC = ALC.
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Consider the operator

1 n
9 C=- r;,C.T;.
(9) " ;
Using properties of the operators {I';}7 ¢, {17, {A: 10, {AF,,
(10) > TiA; =0,
i=1
(11) Ty = —(a—1)ATA;, i #j,
it follows from [8] that
(12) Cl“k = Fka Vk = l,n,
(13) Ok = FZCFk Vk = l,n,
Indeed,
CTy = liI‘CI‘*I‘ = ll“ C —i—liFC'(F*F )= lI‘ C—
k—a‘_lzzik—akk ai:lzzik—akk
= it
a—1 1 a—1 R 1
L (C;ANAL = —T'yCp, — L,(AXC)AL = —T'C
a;(l)kakk a;(l)kakk‘f'
i# ] i#]
1 R
+2 — I, A[CA, = IiCy
and
ICTy = l1“*(211:I‘C»I‘*)I‘ = lC + lXR:I‘*PCT*I‘ = lC +
k k_ak_llli k_()ék ai_lkzzik—ak
= i£]
(a—1)2 1 A (o —1)2
—_— ATACATAL = —C —DACAy — ——C) = C.
A ; k Bk = —Cr+ (o~ 1ACA - k= Ck
i)

It follows from (12), (13) that CP, = Cl“kl“,’; = chkl_‘;; = PkI‘ZCkPkPZ = P,CPy,
which means that C € End(S), where S = (H; PAH,H,...,P,H). Because, by the
assumption, the system S is transitive, we have End(S) = CIy and, consequently, C' is
a scalar operator. By (13), C, = A p, (k = I,n). Now, according to (7), C' = My
and, correspondingly, R is a scalar operator. This ends the proof. O

Lemma 2. The mapping

b2 —a?c®> . 2abe

A-ap a-ap

realizes a one-to-one correspondence between the region ) and the complex plain with the
deleted points 0 and 1.

Proof. Consider the points A(1,0,0), B(0,1,0), and C(0,0,1) as in Fig. 1. The point C
of the unit sphere, which does not belong to the region €, is mapped by (14) into the
deleted point 0 of the complex plain (A), see Fig. 2. The point B of the unite sphere does
not belong to the region €2 and is mapped by (4) into the removed point 1. The points of
the arc C'B, which belong to the region €2, that is, all the points of the arc except for the
points C' and B, are mapped by (4) in a one-to-one manner, into points of the interval
(0,1) of the real axis.

(14) A=
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y
(o

FIGURE 2

Let us fix 0 < a < 1. Then I'y = {(a,b,c) € R3|b = \/1—a2cos<p,c =
V1—a?sing,p € (—7/2,7/2]} C Q. Denote a = %1 “2 and b— —. For z = R\ and
y = S\, we get

xr—1/2)? 2
ST
so that the mapping (4) takes points of the arc I',, in a one-to-one manner, into an ellipse
with center in the point (1/2,0), major semiaxis @ and minor semiaxis b.
As a € (0,1) ranges from zero to one, the major semiaxis is a strictly increasing
function with values in the interval (1/2,00). The minor semiaxis is also a strictly
increasing function on the interval (0, 1) with values b ranging over the interval (0, 00). [

Theorem 2. Irreducible nonequivalent x-representations of P4, com generate all transitive
systems of four subspaces of a finite dimensional linear space.

Proof. By Theorem 1, a complete list of nonisomorphic transitive systems of four distinct
proper subspaces of a finite dimensional linear space is the following:

B(2,0;)), A€C,A#0,1,
B(u,+1), wuw=3,4,5,...,
B(u,+2), u=3,5,7,....
Let us show that the systems S(2,0;a,b, ¢) are isomorphic to the systems B(2,0; \) for
2 2

A= ?2’“2332 +1 (1 az)g, up to a rearrangement of the subspaces. Denote A =1+ a and
B =0b—1ic. Then

S(2,0;a,b,¢) = (C*Im Py, Im Pp,Im P3,Im Py),

where

Im P, = C(A,—B), Im P;=C(B,A),

Im P, = C(B,—A), Im P, =C(A,B).
Denote by R € M»(C) a linear transformation from C? to C2, such that R(Im P;) C Ki,
R(Im P;) C K3, R(Im Py) C K3, R(Im P3) C K4. The first three conditions give

1 B

— A
R_(A2+B2 A2+B2)'

2A2 2AB

The matrix R satisfies the condition R(Im P3) C Ky for A = ?1_Z2§2 + 2(12‘1;’26)2 In

virtue of Lemma 2, this gives an isomorphism, up to a rearrangement of the subspaces,
between the systems S(2,0;a, b, ¢), where (a, b, ¢) € €, and the systems B(2,0; \), where
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b2 2.2

AeC, A#0,1, for A = (1:32)02 +1 (127“;20)2. This shows that systems that correspond to
nonequivalent irreducible two-dimensional representations in Rep P4 2 are nonisomorphic
and transitive.
By Lemma 1, we obtain transitivity, since the dimensions of the nonisomorphic systems
S(u,£1), uw=3,4,5,...,
S(u,£2), w=3,57,...,
are different. Since the list of transitive systems, given in Section 2, is complete, we have
S(u,£1) 2 B(u,£1), u=3,4,5,...,
S(u,£2) &2 B(u,£2), u=3,5,7,...,

up to a rearrangement of the subspaces. ([l

In confirmation of the hypothesis formulated in Introduction, Lemma 1 allows to
conclude that the system of subspaces, generated by irreducible *-representations of
Pr.com for n >5and a € {A2, AL n— AL n— A%}, is transitive.
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