Methods of Functional Analysis and Topology
Vol. 12 (2006), no. 1, pp. 74-81

TWO-WEIGHTED INEQUALITY FOR PARABOLIC SUBLINEAR
OPERATORS IN LEBESGUE SPACES

F. M. MUSHTAGOV

ABSTRACT. In this paper, the author establishes the boundedness in weighted L,
spaces on R**1 with a parabolic metric for a large class of sublinear operators gene-
rated by parabolic Calderon-Zygmund kernels. The conditions of these theorems are
satisfied by many important operators in analysis. Sufficient conditions on weighted
functions w and w; are given so that certain parabolic sublinear operator is bounded
from the weighted Lebesgue spaces Lp o, (R*11) into Ly ., (R?11).

In this paper we shall prove the boundedness in weighted L, spaces on R"™! with a
parabolic metric of some sublinear operators generated by parabolic Calderon-Zygmund
kernels. We point out that the condition (2) (see below) was first introduced by So-
ria and Weiss in [11]. The condition (2) is satisfied by many interesting operators in
harmonic analysis, such as the parabolic Calderon—Zygmund operators, parabolic maxi-
mal operators, parabolic Hardy—Littlewood maximal operators, and so on. See [11] for
details.

Let R™ be the n-dimensional Euclidean space of points /' = (z1,...,2,), |2
>oi, x? and denote by x = (2/,t) = (z1,...,xp,t) a point in R"*. An almost every-
where positive and locally integrable function w : R"*! — R will be called a weight. We
shall denote by L, ,(R""1) the set of all measurable function f on R™! such that the
norm

/|2

1/p
1y ity = Wlsons = ([ f@Pwto)aa) ., 1<p<x,

is finite.
Let us now endow R"*! with the following parabolic metric introduced by Fabes and
Riviére in [4]:

x/2+ $/4+4t2
) d(z,y) = plx —y), where p(x)z\/ RV

A Dball with respect to the metric d centered at zero and of radius r is the ellipsoid
n+1 |£L'/|2 tz
ST(O): r€E€R :7"—2+T'_4<1 .
Obviously, the unit sphere with respect to this metric coincides with the unit sphere in
R+ e,

961(0) = Syt = {x eR™L: |z] = (zn::ﬁ +t2)1/2 - 1}.
=1

Let

d(a,y) = plz —y), plz) = max(|a’], [¢]'/?),
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I be a parabolic cylinder centered at some point z of radius r, that is, I = I.(x) =
{y=(,7) e R* L |2/ — /| < r |t — 7] <7r?}. Tt is easy to see that for any ellipsoid
&, there exist cylinders I and I with measures comparable with 7”2 and such that
I C & C I. Obviously, this implies an equivalence of both metrics and the topologies
induced by them. Later we shall use this equivalence without making reference to, except
if required.

It is worth noting that p(z) has been employed in the study of singular integral
operators with Calderén-Zygmund kernels of mixed homogeneity (see [4]).

Definition 1. A function K defined on R™"*1\ {0} is said to be a parabolic Calderon-
Zygmund (PCZ) kernel in the space Rt if

i) K € CoR"\{0}) ;

i) K(ra',r?t) = v~ ("2 K (2',t) for each r > 0, x = (2',t) € R**1\ {0},

iii) f2n+1 K(x)do =0 , where do is the element of area of the sphere ¥, 1.

First, we establish the boundedness in weighted L,, spaces for a large class of sublinear
operators.

Theorem 2. Let p € (1,00) and let T be a sublinear operator bounded from L,(R"*1)
to L,(R™1) such that, for any f € L1(R"*) with compact support and x ¢ supp f,

) riwl<e | Aty

where ¢ is independent of f and x.

Moreover, let w(x), wi(z) be weight functions on R™*L and the following three condi-
tions be satisfied:

(a) there exist b > 0 such that

sup wi(y) <bw(z) for ae. xe€R™
p(z)/4<p(y)<4p(x)

p—1
(b) A = sup (/ wl(x)p(;v)("+2)pdx> (/ w!=? (x) d;v) < 00,
>0\ Jp(x)>2r pz)<r

p—1
(¢) B = sup / wi(x) dzx / w7 (m)p(m)_(”'+2)p, dx < 0.
>0 \Jp(z)<r p(z)>2r

Then there exists a constant ¢1 such that for all f € L, ,(R™ 1)

3 [ mi@pa@d<a [ i@ i

Moreover, condition (a) can be replaced by the condition
(a1) there exist b > 0 such that

1
wi(x) sup —— | <b for ae zeR"L
p(2)/4<p(y)<p(z) @ (Y)

Proof. For k € Z we define Ej, = {z € R"!: 2F < p(x) < 281} By = {o € R*L
plx) <2871} Epo = {o € R 2671 < p(z) < 2642} B 5 = {o € R*L: p(2) >

2k+2} Then Ey o = Ey_1 UEy U Egq1 and the multiplicity of the covering {Ek72}kez is
equal to 3.
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Given f € L, ,(R™"1), we write

ITf(@) =D ITf(@)xm(x) <Y |T fra(@)| X, (@)

keZ keZ
(4) + ) T hra(@) xe, (2) + > |T frs(@)| xe, (2)
keZ keZ

=T f(x) + Tof(x) + T3f(x),

where x g, is the characteristic function of the set Ey, fr; = fxg,,, 1 =1,2,3.
First we estimate ||T1f||Lp o Note that for z € Ey, y € Ex1 we have p(y) < 2k—1 <
p(z)/2. Moreover, E Nsupp fr1 = 0 and p(z —y) > p(z)/2. Hence by (2)

Ty f(x <CZ(/W%@>XE,C($)

keZ

<e / oz — 9)"21f ()] dy < 2" 2ep(a) "2 / £l dy
p(y)<p(x)/2 p(y)<p(z)/2

for any z € Ej. Hence we have

p
/ T f () [Pwi(x) de < 2n+20/ / lF ) dy | plx)~ 2Py (z) de.
Rntl Rl p(y)<p(z)/2

Since A < oo, the Hardy inequality

P
/ wi(z)p(z)~ AP ( / 1f (W)l dy) dx < C |f (@)[Pw(z) dz
R+t p(y)<p(z)/2 Rt

holds and C' < ¢/ A where ¢’ depends on n and p. In fact the condition A < oo is necessary
and sufficient for the validity of this inequality (see [1], [7]). Hence, we obtain

(5) /R . T1 f(2)[Pwi (x) dz < co / |f(2)|Pw(x) d,

]Rn+l

where co > 0 is independent of f.
Next we estimate ||T3f||Lp o As is easy to verify, for x € Ei, y € Ej 3 we have

p(y) > 2p(z) and p(x —y) > p(y)/2. Since Ey Nsupp fr3 = 0, for © € Ey by (2) we
obtain

Tt < 1)

A dy < [ FW)lply) " dy.
/p(y)>2p(-r) plz —y)"+? p(y)>2p(x)

Hence we have

P
/ T3 (@) Pan () de < 272 / ( / |f<y>|p<y>—"-2dy> wi(z) d.
Rn1 Rt \ Jp(y)>20(2)

Since B < oo, the Hardy inequality

P
/ wi(2) ( / |f<y>|p<y>—"-2dy> dw<C | |f@Po)de
N p(y)<p(z)/2 Rn+1

holds and C' < ¢'B, where ¢ depends on n and p. In fact the condition B < oo is
necessary and sufficient for the validity of this inequality (see [1], [7]). Hence, we obtain

) L Bi@ra@ < | (i) .

where c3 > 0 is independent of f.
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Finally, we estimate HTngLP .- By the L,(R"*!) boundedness of T and condition
(a) we have

| mi@ra@a= [ (Z (T o) X, (o >> wn(e)do

kez
-/ (Z IT o) P x5 (3 >> w1 (w) do = Z/ IT (@) wr () da
R\ ez kez
< swp (o) [ Thal@)ldo < TP Y sup (@) / fra@)P da
keZTEEk Rn+1 k:EZTEEk Rn+1
TP Y swp ) [ 7@l
kez? yeEy E}c12
where ||T|| = ||T| 1, ®n+1)— L, ®n+1). Since, for z € By, 2871 < p(z) < 252, we have
by condition (a)
sup wi(y) = sup wi(y) < sup w1(y) < bw(z)
yeE 2k 1< p(y)<2k+2 p(x)/4<p(y)<4p(x)

for almost all z € Ej ». Therefore

Lo T @@ 1TSS [ @
(7) R keZ

<a | If@Pu)ds

where c4 = 3||T||Pb, since the multiplicity of covering {Ej 2}, ., is equal to 3.
Inequalities (4), (5), (6), (7) imply (3) which completes the proof. O

Let K be a parabolic Calderon-Zygmund kernel and T’ the corresponding integral
operator
Tf(x) =p-v. K(z —y)f(y)dy.
]Rn+1
Then T satisfies the condition (2). See [3] for details. Thus, we have

Corollary 3. Letp € (1,00), K be a parabolic Calderon—Zygmund kernel and T be the
corresponding integral operator. Moreover, let w(x), wi(x) be weight functions on R™T!
and conditions (a), (b), (c) be satisfied. Then inequality (3) is valid.

Note that Corollary 3 for singular integral operators with Calderon-Zygmund kernels
was proved in [8] and for singular integral operators, defined on homogeneous groups, in
[10], [6] (see also [5]).

Theorem 4. Let p € (1,00), T be a sublinear operator satisfying (2). Moreover, let
w(t), wi(t) be weight functions on R and the following three conditions be satisfied:
(a’) there exist b > 0 such that

sup  wi(7) <bw(t) for ae. teR,
[t]/4<|r]<4]t]

p—1
A’ = sup </ wl(t)|t|pd7> (/ w' P (1) dt) < o0,
T [t]>2]7| [t1<|7|

(v
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p—1
B’ = sup </ w1 (t) dt) </ w7 (t)|t|—P’dt> < .
T \Jltl<l7| jt]>2|]

Then there exists a constant cy, independent of f, such that for all f € Ly, ,(R"*1)

(8) / T () [Paon (£) da’ it < 4 / 1 (2)[Peo(t) da'dt.
Rn+1 Rn+1
Moreover, condition (a') can be replaced by the condition
(a}) there exist b > 0 such that

1
w1 (t) sup — | <b for ae teR
<t|/4<r<4|t Wf))

Proof. For k € Z we define F, = {x = (2/,t) € R"1 : 2F < |t| < 2¥1} Fyy =
{x = (a/,t) € RML 1 |t] < 281}, Fro = {o = (2/,t) € R 0 2F=1 < |¢| < 2k+2}
Fr3 = {x = (2/,t) € R**' ¢ |t| > 22}, Then Fjo = Fjy_1 U F, U F41 and the
multiplicity of the covering {Fy 2}, ., is equal to 3.

Given f € Ly, (R"™), we write

Tf(@)| =Y |Tf(@)xr (&) <Y [T i) xp, ()

keZ keZ
(9) + ) T fr2(@) X (@) + ) 1T fra(@)] xr, (z)
keZ keZ

=T1f(x) + Tof(x) + T3f(x),

where xp, is the characteristic function of the set Fy, fri = fxrm.., i = 1,2,3. We
shall estimate ||T1f||Lp ..+ Note that for x = (2/,t) € Fy, y = (y',7) € Fj1 we have

|7] < 2k=1 < |t|/2. Moreover, Fj, Nsupp fr1 = 0 and |t — 7| > |¢|/2. Hence by (2)

keZ

<c/ / n+2 dy < cs / / /W)l — dy'dT
wJir<itijz P(@ wJiri<iel/z (| —y'| + [¢]1/?)

for any = € F. Using this last inequality we have

/ T f(2) [P (¢) da’ dt
Rn+1

p 1/p
/W)l ,
dy'dt d )
Cs {/]R7z+1 </n /T<t|/2 (|x/ _ y/| + |t|1/2)n+2 Yy ) Wl(t) ‘T}

For z = (2/,t) € R"! let

lf(y', )] p /
" _/" </T<f|/2/n (| —y|+|t|1/2)n+2 dy) dx
/n </T<t|/2 (/]Rn (|l" —y'| + |t|1/2)n+2 y' T .
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Using the Minkowski and Young inequalities we obtain

0= [/IT|<|t/2 (/n |f(y”7)|pdy/)l/p (/n W> dTr
P
= </T<t|/2 (FACES ||p1RndT> ( (Iy'| + |t|1/2)”+2)
- I% </|T|<|t/z| HpRndT) » Iyl ﬂ)n”)p
- I% </|T|<|t/2 Ve

Integrating over R we get

p
/ Ty f(x)[Pwi(t) do'dt < cg / w1 ()|t|7P </ |f(-7T)||p’]RndT> dt.
Rn+1 R |T|<]t]/2

Since A’ < oo, the Hardy inequality

/}R O ( /|T|<W|f(-m>||p,RndT> <c / 1P o) dr

holds and C' < ¢/ A’ where ¢’ depends only on p. In fact the condition A’ < oo is necessary
and sufficient for the validity of this inequality, (see [2], [9]). Hence, we obtain

a0 [ mi@Pa O @ < [ 16D d =Gl g,

Let us estimate [|T5f]|, o As is easy to verify, for z € F,, y € Fj 3 we have |7| > 2|t
and |t — 7| > |7|/2. For x € F}, we obtain

Tzf(z) < 05/ / ()] s dy'dr.
nJ || >2]t (|$l _ y/| 4 |7_|1/2)

Using this last inequality we have

YT

P 1/p
<cs / / / /()] s dy'dr | w(t)de
Rn+1 nJ|r|>2]t (|a:’ — |+ |7.|1/2)
For z = (2/,t) € R"! let
P
[, T)l ’
dy | dz
/Rn </T>2|t/“ (' —yIJrITII/Q)"+2 )
P
_ / / / |f(y 77—)1|/2 dy' dr | de.
m \ il \Jrn (|27 —y/| + |7]777)n+2
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Using the Minkowski and Young inequalities we obtain

o= Umm ([ (yl”)'pdy/)w </ (] + Tlg;”)"“) dTr
</| o ("T)””’R"dT> </ 1+ le“%n”)

s ( [ |T|‘p||f<-,7>||p,wd7> ([ i)

e ( /Mm |T|‘p||f<-,r>||p,wr> -

Integrating over R we get

P
/ (T3 () Peon (1) d'dt < cs / i (1) ( / 177 el dr> d.
Rn+1 R I7|>2]¢|

Since B’ < oo, the Hardy inequality

/R i (t) ( /|T|>2t||f(-77)||p,Rn|T|_ dT> <c / 1£ o) gno(r) dr

holds and C < ¢’B’ where ¢’ depends on n and p. In fact the condition B’ < oo is
necessary and sufficient for the validity of this inequality (see [2], [9]). Hence, we obtain

1/p
(11) ||T3f||Lp,wl<Rn,+1>Sc9(A |f<-m>||§;Rnw<r>dr) = coll I, griry

Finally, we estimate HTngme. By the L,(R"*!) boundedness of 7' we have

/ (T (&) P (£) dx = / (Z |Tfk,2<x>|m<t>> wi(t) da
Rn+1 Rn+1

kez
-/ (Z IT (@) X, (8) ) wi(t)de =) / IT ()P wn (8) d
R\ ez kez
<Y swpun) [ Tha@lde < 717 Y s [ Ifealo)’ da
keZIEFk, Rnt+1 keZweF’“ Rn+1
TP Y s wn() [ \fta)pds,
kez"® yeFy Fk’g
where ||T']| = [|T| 1, ®&r+1)— L, @®n+1)- Since, for x € Fj o, 2F=1 < |t| < 2%+2 we have by
condition (a’)
sup w1 (1) = sup wi(r) < sup w1 (1) < bw(t)
yEFy 2k—1|r|<2k+2 [t]/4<|T|<4[t]

for almost all z € Fj, 5. Therefore
/ (T (@) P (£) ds < |76 Y / ) Pult) de
Rn,+l
(12) keZz
< cro / @) Pwlt) de,
]Rn+l

where c19 = 3||T'||Pb, since the multiplicity of covering {Fy 2}, is equal to 3.
Inequalities (9), (10), (11), (12) imply (8) which completes the proof. O
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Corollary 5. Letp € (1,00), K be a parabolic Calderon—Zygmund kernel and T be the
corresponding integral operator. Moreover, let w(t),wi(t) be weight functions on R™*!
and conditions (a'), (b'), (¢') be satisfied. Then inequality (8) is valid.

Note that, two-weighted inequalities (3) for singular integrals were obtained in [12],
[13], [14], [5], [15] and etc.
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