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SOME RESULTS ON THE SPACE OF HOLOMORPHIC FUNCTIONS
TAKING THEIR VALUES IN B-SPACES

B. AQZZOUZ, M. T. BELGHITI, M. H. ELALJ, AND R. NOUIRA

ABSTRACT. We define a space of holomorphic functions O1 (U, E/F), where U is an
open pseudo-convex subset of C", E is a b-space and F is a bornologically closed
subspace of E, and we prove that the b-spaces O1(U, E/F) and O(U, E)/O(U, F) are
isomorphic.

1. INTRODUCTION AND NOTATIONS

The Bartle-Graves theorem [3] says that a surjective bounded linear mapping between
Banach spaces has a right inverse which is continuous (but not necessary linear) and
bounded on bounded subsets. In this paper we shall study a problem which arises from
the Bartle-Graves theorem for holomorphic functions between b-spaces in the sense of
L. Waelbroeck [12], which is a class more general than the class of bornological spaces
(locally convex spaces), in the sense of N. Bourbaki [8]. More precisely, a b-space is a
bornological inductive limit of Banach spaces.

Since the functor projective limit lim is left exact and generally not exact on the cate-
gory of b-spaces b [7], the bounded linear mapping O (U,u) : O (U, E) — O (U, F),
f — wo f is not necessary bornologically surjective whenever u : £ — F is a
bornologically surjective bounded linear mapping between b-spaces. It follows that
O(U,E/F)# O (U,E) /O (U, F), where U is an open pseudo-convex subset of C*, E is a
b-space, F' is a bornologically closed subspace of £ and O (U, E) = limyec,, (O (V)eE).

In this paper, we shall construct a new b-space of holomorphic functions O; (U, E)
as the kernel of the operator 0 : £ (U, E) — & (U, E) ® C™, where C™* is the space of
antilinear forms on C”, and we will show that the two b-spaces O (U, E) /O (U, F') and
01 (U, E/F) are isomorphic where £ (U, E) is the space of functions f : U — FE such
that for all x € U there exist a coordinate neighbourhood U, of x and a completant
bounded subset B, of F such that f € C* (U,, Ep,).

For this, we shall need to prove that if U is an open subset of IR" and v : E — F'is
a bornologically surjective bounded linear mapping between b-spaces, then the bounded
linear mapping & (U,u) : £(U,E) — E(U,F), f — wo f is bornologically surjective.
As a consequence, if E is a b-space and F' is a bornologically closed subspace of E, then
EWU,E/F)=E&(U,E) /€ (U, F). For r € IN, we define the space of functions of class C"
taking their values in a b-space and we shall prove that if U is a smooth manifold, V is
an open subset of U, which is relatively compact and E is a b-space, then C"(V, E) ~
C"(V)eE where ¢ is the e-product in the category of b-spaces. If U is a smooth manifold,
countable at infinity, we shall prove that the functors C* (U,.) and b (&' (U),,.) are
isomorphic on the category of b-spaces where &' (U) is the space of distribution with
compact support on U, on which we put the equicontinuous boundedness. Next, if U is a
connected open subset of C"™ and F a b-space, we will define two b-spaces of holomorphic
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functions, the first one is O (U, E) = limyec,, (O (V) eE), where Cy is the set of all open
relatively compact subsets of U, and the second one is O (U, E) defined as the kernel
of the operator 0 : £(U,E) — & (U,E) ® C™. We will define a natural morphism
i:O(U,E)/O(U,F) — O1 (U, E/F) which is injective, and we shall prove that if U
is an open pseudo-convex subset of C", E is a b-space and F' a bornologically closed
subspace of E, then Oy (V, E/F) is naturally isomorphic to the projective limit of the
projective system of b-spaces (O (V, E) /O (V, F))vec,, where V ranges over the set of
open relatively compact subsets of U. Finally, we will deduce that the two b-spaces
O(U,E) /O (U, F) and O; (U, E/F) are isomorphic.

Let us fix some notations and recall some definitions that will be used in this paper.
Let E.V. be the category of vector spaces and linear mappings over the scalar field IR
or €, and Ban the category of Banach spaces and bounded linear mappings.

1- Let E be a real or complex vector space, and let B be an absolutely convex set
of E. Let Ep be the vector space generated by B i.e. EFg = Ux>oAB. The Minkowski
functional of B, ||z||z = inf{A > 0: 2 € AB} is a semi-norm on Ep. It is a norm if and
only if B does not contain any nonzero subspace of E. The set B is completant if its
Minkowski functional is a Banach norm.

A bounded structure § on a vector space E is defined by a set of "bounded” subsets
of E with the following properties:

1) Every finite subset of E is bounded; 2) every union of two bounded subsets is bounded;
3) every subset of a bounded subset is bounded; 4) a set homothetic to a bounded subset
is bounded; 5) each bounded subset is contained in a completant bounded subset.

A b-space (E, ) is a vector space E with a boundedness . A subspace F' of a b-space
E is bornologically closed if the subspace F'N Ep is closed in Ep for every completant
bounded subset B of E.

Given two b-spaces (F, 8g) and (F, 8F), a linear mapping u : E — F is bounded, if
it maps bounded subsets of E into bounded subsets of F. The mapping u : £ — F'is
bornologically surjective if for every B’ € S, there exists B € g such that u(B) = B’.
Let (E,0g) be a b-space. A b-subspace of F is a subspace F' with a boundedness 8p
such that (F,BF) is a b-space and Sr C Gg. We denote by b(F1, E3) the space of all
bounded linear mappings Fy — Fs and by b the category of b-spaces and bounded
linear mappings.

Let E be a topological vector space, a subset B is bounded for the von Neumann
boundedness of F if it is absorbed by all neighbourhoods of the origin. The von Neumann
boundedness is a vector boundedness, it is separated if and only if the topological vector
space is separated. If F is a locally convex space, its von Neumann boundedness is convex
(i.e.is stable under the formation of convex hulls) but there exist topological vector spaces
E whose topologies are not locally convex but their von Neumann boundedness are convex
(for example, take I a set not countable and ¢ with the strongest vector topology).

If F is a locally convex space in which each bounded closed absolutely convex set is
completant, then the space E endowed with its von Neumann boundedness is a b-space.
For more information about b-spaces we refer the reader to [6] and [12].

2- The e-product of two Banach spaces E and F' is the Banach space EcF of linear
mappings E' — F whose restrictions to the closed unit ball Bg: of E’ are o(E’, E)-
continuous, endowed with the norm of uniform convergence on Bp: where E’ is the
topological dual of E. It follows from Proposition 2 of [11] that the e-product is symmetric
i.e. the Banach spaces FeF and FeE are isometrically isomorphic. If F;, F; are Banach
spaces and u; : F; — F; are bounded linear mappings, ¢ = 1, 2, the e-product of u; and
ug is the bounded linear mapping: ujcug : F1eEy — FieFy, f —— ug o f ou) , where
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u} is the dual mapping of uy. It is clear that ujeus is injective whenever u; is injective
fori=1,2.

If G is a Banach space and F' is a closed subspace of a Banach space E, then GeF is
a closed subspace of GeE. For more information about the e-product we refer the reader
to [11] and [8].

3- Recall that a bounded linear mapping u : E — F' between two Banach spaces is
nuclear if there exist bounded sequences (x}), C E’ and (y,)n, C F, and there exists
(An)n C ' such that, for all z € E we have u(z) = 3725 A\,2/,(¥)yn. A b-space G is
nuclear if all bounded completant subset B of G is included in a bounded completant
subset A of G such that the inclusion mapping iap : Gg — G4 is nuclear. See [6] for
more information about nuclear b-spaces.

2. MAIN RESULTS

Let G be a b-space and E a Banach space, if A and B are completant bounded
subsets of G such that A C B, the mapping G e — GpekFE is injective. So we define
GeE = Upg (GBEE).

An element of GeE belongs to some Banach space G acF, where A is a completant
bounded subset of G. So it is a bounded linear mapping (G A)l — FE whose restriction
to the closed unit ball of (G 4)" is continuous for the weak topology o((G )", G 4) where
(GA)/ is the topological dual of the Banach space G 4.

The b-space GeFE is called the e-product of G and E. It is clear that if F' is a
bornologically closed subspace of G, the space FeF is a bornologically closed subspace
of GeE.

Now if G and FE are two b-spaces, the e-product of G and E is the b-space GeE =
Up,cGpeEc, where B and C respectively ranges over the bounded completant subsets
of G and E respectively.

Let U be an open subset of IR"™ and let Cyy be the set of all open relatively compact
subsets of U. If V' € Cy, the space € (V) with its von Neumann boundedness is a nuclear
b-space, and then defines an exact functor £ (V)e. = £(V,.) on the category b. If E is
a b-space and F' is a bornologically closed subspace of E, the b-space

E(V,E/F) = E(V)<(E/F)
is defined as
(EV)eE)/(E(V)eF) =E(V,E) JE(V,F).
If W,V € Cy such that W C V', we have a bounded linear mapping
U:e(V) — W), f—fw

where f,, is the restriction of f to W. We can show that (€ (V))y e, is a projective
system in the category b. If E is a b-space the family (€ (V) eE)y ¢, is also a projective
system in b, and then has a projective limit in the category b.

We define

EWUE) = @Vecu (E(V)eE,
where Cy is the set of all open relatively compact subsets of U.

Proposition 2.1. Let U be an open subset of R™ and uw: E — F a bornologically
surjective bounded linear mapping between b-spaces. Then the bounded linear mapping
EWU,u):cal E(UE) — E(U,F), f—— uo f is bornologically surjective.
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Proof. Let (V;),c; be a locally finite open covering of U, such that, for all i € I, the set
Vi is relatively compact. Let (¢;);.; be a partition of unit subordinate to the covering
(Vi) of U. Since each b-space £ (V;) is nuclear, the bounded linear mapping

& (‘/z,u) = Idg(vi)&‘u : E(‘/Z)gE — E(V'Z) el

is bornologically surjective. If we apply the projective limit functor limy,, we obtain the
following bounded linear mapping

E (U, ) = limy, (Idg(v,y2u) : limy, (€ (Vi) eE) — limy, (€ (Vi) <F).

We shall prove that € (U, u) is bornologically surjective. Let B be a bounded subset of
limy, (€ (Vi) eF). Since the set

Bi={9:=9, 19€B}

is bounded in & (V;)eF, there exists a bounded subset C; of £ (V;)eE such that
Let

C= {Zcplfz : there exists g € B with £ (V;,u) (f;) =g; and for alli € I, f; € Ci}‘

It is a bounded subset of £(U, E) = limy, (€ (Vi) eE) and € (U, u) (C) = B. O

Corollary 2.2. Let U be an open subset of R"™, E a b-space and F a bornologically
closed subspace of E. Then E(U,E/F)=¢& (U, E)/E(U,F).

Proof. In fact, in the category b, the b-space E/F defines the following exact sequence:
0,v,w,0):0 —F —F— FE/F—0.
Its image by the functor € (U,.) : b — b is the following left exact sequence:
0,£U,v),EU,w)):0— EWU,F)— EWU,E)— E(U,E/F).
We would like to prove the exactness of the sequence
(0, E(U,v),E(U,w),0):0— E(U,F)— E(U,E)— E(UE/F)—20

in the category b. It is clear that the mapping € (U, v) is injective, and by Proposition 2.1,
the bounded linear mapping

E(U,w): E(U,E) — & (U,E/F)

is bornologically surjective.

It remains to show that the image of £ (U, F') by the mapping & (U, v) coincides (vecto-
rially and bornologically) with the kernel of £ (U, w). This is clear, by what we have just
proved in Proposition 2.1, the image of £ (U, v) is £ (U, v(E)). But this space coincides
with the kernel of £ (U,w) (i.e. the b-space £(U,w~!(0))). Considered as a mapping
from F to w~!(0), v is bornologically surjective, and by Proposition 2.1, the bounded
linear mapping

E(U,v): E(UF)— E (Uw™"(0))
is bornologically surjective. But clearly
E (Uw™(0)) = (E(U,w))"" (0),
and the sequence
0—¢WUF)—EUE)— EWUE/F)—0
is then exact in the category b. ]
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Definition 2.3. Let U be an open subset of R™, r € IN* and E a b-space. Then
f € C"(U,E) if for each x € U, there exists a neighbourhood U, of x and a bounded
completant subset B, of E such that fiy, € Cy(Ug, Ep,) where Cf (Uy, Ep,) is the
space of mappings U, — Ep_ of class C" such that the function and its derivatives (up
to r) are bounded.

A subset B of C" (U, E) is bounded if for each x € U, there exists a neighbourhood
U, of  and a bounded completant subset B, of E such that for any k € IN with k <r,
the set DkBI\Um ={D"f,. : [ € By} is bounded in Cj(Uy, Ep, ).

Proposition 2.4. Let U be a smooth manifold, V' an open relatively compact subset of
U and E a b-space. Then C"(V,E) ~C"(V)eE.

Proof. For the Banach space Ep, it is well known that C"(V, Eg) ~ C"(V)eEp where
B ranges over bounded completant subsets of E. If we apply the inductive limit limp,

which is an exact functor on the category b [7], we obtain the following isomorphism
@BCT'(V, Ep) ~ li_n>13(C”'(V)5EB).

By definition we have

C"(V,E) =limgC"(V, Ep)
and
C"(V)ek = limp(C"(V)eEp)
This shows the Proposition. O

When the manifold U is countable at infinity, the functor C” (U, .) is the projective
limit of a countable family of functors C"(V,,, .), where V,,, is an open relatively compact
subset of U.

More precisely, a manifold is countable at infinity if it is the union of an increasing se-
quence of open sets, each of them being relatively compact in the interior of the following
one. Then the spaces C" (V;,,, E') and the restriction mappings

C" Vi, E) — C" (V,, E)  (for n <m)
constitute a projective system, whose projective limit can be considered.

Proposition 2.5. Let U be a smooth manifold, countable at infinity. For all v € IN,
the functors C" (U, .), lim,,C" (Vp,.) and lim,, C" (Vim,.) are naturally isomorphic on
the category b.

Proof. The isomorphism
lim,, C" (Vip,.) =~ lim,,, C" (Vins-)

is clear as V, is relatively compact in the interior of V,, 41, for any Banach space E, there
exist restriction mappings

C" (Vag1, E) — C" (Voo E)
C" (Va1 E) — C" (Vo E)
and
C" (Voy1,E) — C" (Vi E)
which make commutative the following diagram:
C" (Vos.E) — C" (V. E)

! S
C"(Voy1, B)  — C"(Vy, E)
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Now, if F is a Banach space, it is clear that C" (U, E) is isomorphic to lianCT (Vm, E)
If E is a b-space, let f € C" (U, E). As V,, is compact for each m, there exists a bounded
completant subset B,, of E such that flvm eC” (Vm, EBm).

Also, if C' is a bounded subset of C” (U, E), for each m, there exists a bounded com-
pletant subset By, of E such that €, = {f|vm7 f € C} is bounded in C" (V,,, Ep,, ).
Thus a bounded linear mapping

C"(U,E) — lim,,, C" (Vm E)
can be constructed. It is easy to see that this mapping is an isomorphism. (|

Now we define a functor of functions of class C* taking their values in a b-space that
we call C* (U, .). For each r € IN, we have defined C” (U, .). If v’ > r, we have a natural
bounded linear mapping C™ (U) — C"(U). The family (C™(U)),cIN is a projective
system, and then has a projective limit in the category b [7].

Definition 2.6. Let U be a manifold. Then C* (U,.) ~lim,C" (U,.).

For each r € IN, the functor C" (U,.) : b — b is left exact. A projective limit of
exact or of left exact functors is left exact. The functor C* (U,.) : b — b is therefore
left exact which is not exact.

Remark 2.7.

1- By G. M. Khenkin [10] and W. Kaballo [9], if the dimension of the manifold U is
less than one, the functor C” (U, .) is not exact on the category b.

2- If » € RT\IN, we denote by C" (X) the space of functions of class CI"l on X such
that for all k € IN", |k| < [r], D*f is continuously o-Holderian of exponent r — [r].
By J. Frampton and A. Tromba [4], and a paper of the first author [1], the functor
C"(U,.) : b — b is exact, and it follows that if E is a b-space and F' is a bornologically
closed subspace of E, we have

C™(X,E/F)=C" (X,E) /C" (X, F).

Let U be a smooth manifold, countable at infinity, we denote by Ep.¢ (U) the space of
infinitely differentiable mappings on U, with the topology of uniform convergence of the
functions and their derivatives on compact subsets of U. It is clear that the topology of
Erre (U) is defined by the family of semi-norms (pn,r)(n,r)ell\fxll\% where

P (f) =sup {D*f (z): |k| <7, z€V,}

and (V},), is a sequence of open relatively compact subsets of U such that for all n € IN,
V., is contained in the interior of V,,41.

It is also clear that Ep,.¢ (U) is a Fréchet space which is a projective limit of the
projective system (C" (Vn) )(’ﬂﬂ‘) <IN <IN in the category of separated locally convex spaces
ELCS.

Let U be a smooth manifold, countable at infinity, we denote by &’ (U), the space of
distributions with compact support on U, on which we take the equicontinuous bound-
edness i.e. a subset B of &' (U) is bounded if it is equicontinuous. It is a b-space which
is the bornological dual of the Fréchet space Epye (U).

Proposition 2.8. If U is a smooth manifold, countable at infinity, the functors
C> (U,.) and b(E' (U),.) are isomorphic on the category b.

Proof. The b-space C° (U, E) is the projective limit of the projective system

(€ (Vi E)) )N <IN
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By Proposition 2.4, we have C” (Vn, E) ~C" (Vn) e¢F, and hence we can write
C* (U, B) = lim, (\lim, . NC™ (V. E)
~ lim,  lim, (N (C7 (Vi) €E)
~ (tm, ol (7 (V.0)2E).
On the other hand, the b-space C” (Vn) e F is isomorphic to the b-space of bounded lin-
ear mappings (C’T (Vn))’ — F which are weakly continuous on the unit ball B( (V)

so it is included in b (C”" (Vn), , E) Now, when 7’ < r, we have an inclusion mapping
v:C" (Vn) . (Vn)
which is compact. So any bounded linear mapping
U : (CT (Vn))/ — F,
when composed with the adjoint mapping
0 (€ (Vo) — (7 (V)
of the inclusion mapping v is weakly continuous and belongs to cr (Vn) eE. We have
constructed the following mappings:
C" (V) eE — b (C7 (V) | E) — " (V,)) <F.

This shows that

liinre]NCT (Vn) elb ~ liinre]Nb (CT (Vn)/ ) E)
and thus

O (U.B) = lim, clim, v b (€7 (V.)' E).
Now, as the space Epr¢ (U) is the projective limit of the system (CT (V"))(n,r)ele N

we obtain
!

gl (U) = liLnne]NliLnre]NCT (Vn)

and hence ,
b(¢'(U), B) = lim,  lim, b (C7 (V)" E) .

This proves the proposition. ([l

Remark 2.9. If E is a Banach space, we can show that C*° (U, E) = (Epr¢ (U, E))p, where
(EFré (U, E))p is the space Epr¢ (U, F) with its von Neumann boundedness.

Let U be a connected open subset of C™ and let Cyy be the set of all open relatively
compact subsets of U. If V' € Cy, the space O (V) with its von Neumann boundedness
is a nuclear b-space. If E is a b-space and F' a bornologically closed subspace of FE,
O (V)e (E/F), which is isomorphic to O (V, E/F), is defined as

(O(V)eE)/(O(V)eF)=0(V,E) JO(V,F).

As, we proved in [2], for nuclear b-spaces, the bounded linear mapping g (Y, u) :
O((V,E) — O(V,F), f — wo f is bornologically surjective whenever v : E — F'is a
bornologically surjective bounded linear mapping between two b-spaces. And hence, the
functor O(V,.) : b — b is exact. Since the sequence

0—F—FE—E/F—0

is exact in the category b, its image by the exact functor O(V.) is the following exact
sequence:
0— O(V,F) — O(V,E) — O(V,E/F) — 0,
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and the result follows.

If W,V € Cy are such that W C V, since U is connected, we have an injective bounded
linear mapping
We can show that (O (V))y ¢, is a projective system in the category b. If E'is a b-space
the family (O (V) EE)VGCU is also a projective system, and then has a projective limit in
the category b.

Definition 2.10. If U is a connected open subset of C™ and E is a b-space, we define
the b-space O (U, E) = limyec, (O (V)eE).

Definition 2.11. We define another b-space Oy (U,E) as the kernel of the following
morphism 0 : € (U, E) — & (U, E) ® C™, where & (U, E) = limyec, (€ (V)eE) and
C™ s the space of antilinear forms on C".

This defines the following left exact complex in the category b :

(0,4,8):0 — O, (U, E) —~ € (U, E) -2 £ (U, E) @ C™.

If E is a b-space and F' a bornologically closed subspace of E, our objectif is to show
that Oy (U, E/F) is naturally isomorphic to O (U, E) /O (U, F) where U is a pseudo-
convex and where O (U, F) is a bornologically closed subspace of the b-space O (U, E).

It follows from Corollary 2.2, that £ (U, E/F) = &£ (U, E) /€ (U, F). Then we can see
that the b-space O (U, E/F) is defined as the quotient of the b-space (9)~1(€ (U, E) ®
C™) by the bornologically closed subspace & (U, F'), where

O)" W EW,E)oC™)={fcE(U,E):0f € £(U,F)®C"™}

which is a b-space for the following boundedness: a subset B is bounded in
(0)"Y& (U, E) ® C™) if it is bounded in € (U, E) and 0B = {0f : f € B} is bounded in
EWU,F)®C.

Proposition 2.12. A natural bounded linear mapping i : O (U, E) /O (U, F) —
01 (U, E/F) exists which is injective.
Proof. Tt follows from the following left exact complex:
(0,i,0): 0 — Oy (U,E/F) — £ (U,E/F) — £ (U,E/F) @ C™*
that inclusion mapping
O (U,E) — (0)"Y(& (U, E) ® C™)

is bounded and its restriction O (U, F) — & (U, F) is also bounded. This induces a
bounded linear mapping

O(U.B) /O (U,F) — (9)"'(€ (U, B) ® C™) /€ (U, F).
Consequently, we obtain the following commutative diagram:
O(U,E)/O(U,F)

7 N
O, (U,E/F) — E(U,E/F)

where the bounded linear mapping
O, (U,E/F)— E(U,E/F)
is injective. It follows that the bounded linear mapping
O(U,E)/O(U,F) — O1(U,E/F)

is also injective. This ends the proof. (|
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Proposition 2.13. Let U be an open pseudo-convez subset of C™, E a b-space and F a
bornologically closed subspace of E. Then the b-space Oy (U, E/F) is naturally isomorphic
to the projective limit of the family of b-spaces (O (V,E) /O (V,F))y, where V ranges
over open relatively compact subsets of U.

Proof. Consider f € Oy (U, E/F) and let f; be an element of the class of equivalence of
f. Then dfy € £(U,F) ® C**. A function gy € O (V,F) exists such that dfy, = dgv
if V is a relatively compact subset of U.

In other words, fllv — gy € O(V, F), and this shows that O, (U, E/F) is the projective
limit of the b-spaces O (V, E) /O (V, F'), where V is an open relatively compact of U. O

Proposition 2.14. Let U be an open pseudo-convex subset of C", E a b-space
and F a bornologically closed subspace of E. Then the b-spaces Oy (U,E/F) and
O(U,E) /O (U, F) are naturally isomorphic.

Proof. To give an element of O (U, E) /O (U, F') we must consider an open covering (V;)
of U, and for all ¢ € I, give an element f; of O (V;, E) in such a way that

fi\vmvj o fj\v,;mvj € O(VZ N V}’F) :

iel

Consider a partition of the unity, subordinate to the covering (V;),.; of U. Let f =
>, @i fi, this function belongs to £ (U, E) . Also from the fact that 0f = 0 and on V; NV}
we have Of =, fiOp; i.e.
Of = fi0pi + f;0¢; = fi0p; + [;0(1 — ;) = (fi — f;)0¢; .
This shows that
Fiesy = Figy, € O(ViN Vi F)

and then 0f € £ (U, F)®C*™ ie. f€ O1(U,E/F).
In this way, we have a bounded linear mapping
O((U,E)/O((U,F)— O, (U, E/F).
We want to find a bounded linear mapping
0, (U,E/F)— O(U,E)/O(U,F).
Let f € O; (U,E/F). Choose an open covering (V;), of U, such that each V; is a

1
pseudo-convex and relatively compact subset in U. Let f; be an element of the class of

equivalence of f. By Proposition 2.13, we find f; € £ (V; E) such that f|,, —fi € O (V;, F).
We see that

fiview, = Jivvov, = Uiaew, = friy 00 )+ U1y = fii, ) €O (ViNV5, F)
In this way, we have found a bounded linear mapping
0, (U,E/F)— O(U,E) /O (U, F)
which is the inverse of the above mapping. This shows the Proposition. O

Remark 2.15.

1- If F is of finite dimension, then E/F is isomorphic to a b-space G, and in this
situation, we have Oy (U, E/F) =01 (U,G) ~ O (U,G) = O (U,E) /O (U, F).

2- If F' is of finite codimension (for example m), then the b-space E/F (which is of
finite dimension) is isomorphic to the b-space C™, and hence

O, (U,C")=Ker (0: (U, E/F) — &£ (U,E/F) ® C")
~ 0 (U,C™) = O (U,E/F) = O (U, E) JO(U, F).
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In fact, if f € Oy (U,C™), then df = 0, and hence > .-, g—zf = 0. Since the system
of

{0z 1 i =1,...,m} is free, it follows that s =0 for each ¢ = 1,...,m, and hence f is

i

holomorphic from U into C™.

Finally, we give an example.
In C?, we take the sets

1
Vlz{ (21,22) 1< Re(zl) <0, |Im(2’1)| <1, 5 < |2’2‘ < 1},

D={zeC:-1<Re(z) <1, —1<Im(z)<1}
and

Dlz{ze(C:—;<Re(21)<;, —;<Im(z)<;}.
Let E/F be a b-space, there exists a bounded subset B of O (D, E) which is not
bounded in O (D, F') but its restriction to D; is bounded in O (V4, F).
We consider ¥ € £ (D) such that ¥ (z) =1 when z € D\ Dy and 0 ¢ supp (¥). The

mapping fl)
21
z

=49 (21’Z2>

belongs to O1(V1, E/F). We have that ¥ (z3) = 1 when 2o € D. There f € BC O (D, E).
If (21,22) € Vi and |22| < %, we see that when |z1| < 1, we have 0f € £ (D, F) ® C*"
and in this region, dg € £ (D, F) ® C*".

If we consider a bounded subset B of O (D, E) whose restriction to D\ D; is bounded
in O (D\Ds, F), we obtain a bounded subset By of O1(Vy, E/F). This function should

be an element of O1(Vy, E | F). Consider now the integral
1 ,
o g (zl,re”) dt = —f1(21) .

This function belongs to O (D, E). For each f € B, it is clear that f — f; € £ (D, F),
the function f; vanishes on a not empty open set, i.e. f; = 0. We had assumed that
f ¢ O(D,F). We have a contradiction.

g:(21,22) — U (29)
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