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GENERALIZED ZEROS AND POLES OF AN, -FUNCTIONS: ON THE
UNDERLYING SPECTRAL STRUCTURE

SEPPO HASSI AND ANNEMARIE LUGER

To our friend and colleague Henk de Snoo on the occasion of his sixtieth birthday.

ABSTRACT. Let g be a scalar generalized Nevanlinna function, ¢ € N,. Its gene-
ralized zeros and poles (including their orders) are defined in terms of the function’s
operator representation. In this paper analytic properties associated with the under-
lying root subspaces and their geometric structures are investigated in terms of the
local behaviour of the function. The main results and various characterizations are
expressed by means of (local) moments, asymptotic expansions, and via the basic
factorization of ¢q. Also an inverse problem for recovering the geometric structure of
the root subspace from an appropriate asymptotic expansion is solved.

1. INTRODUCTION

Let ¢ belong to the class NV, of scalar generalized Nevanlinna functions. Such a function
is always meromorphic in C \ R and admits a (minimal) representation by means of a
self-adjoint relation A in a Pontryagin space K (with negative index ). The generalized
zeros and poles of q are defined in terms of such representations, as the eigenvalues of the
corresponding self-adjoint relations, cf. [12]. The order of a generalized zero and pole is
defined as the algebraic multiplicity of the corresponding eigenvalue. If the generalized
zero (pole) is a point of holomorphy (meromorphy, respectively) of the function ¢ then
it is just an ordinary zero (pole) of ¢ and the order coincides with the usual multiplicity
of the zero (pole) of ¢q. However, such points can also be embedded in the real spectrum.

In the literature a special attention has been paid to those generalized zeros and poles
that are not of positive type, that is, the corresponding eigenvector is a non-positive
element in IC. These poles and zeros make an essential difference when compared to the
situation that appears in the Hilbert space case. At such a point the algebraic multiplicity
of the corresponding eigenvalue can be strictly bigger than its geometric multiplicity and
the root subspace can contain nontrivial non-positive vectors. The degree of non-positivity
7 of a generalized zero § € CU{o0} (v, of a generalized pole a € CU{o0}) of ¢ describes
the maximal dimension of a non-positive (invariant) subspace of the root subspace. Here
the term “degree of non-positivity” will be used instead of the original term “multiplicity
of a generalized zero of non-positive type” to make a clear distinction between this notion
and the algebraic multiplicity of an eigenvalue (i.e. the order of a generalized zero). Both
of these notions have an important role in the present paper. According to [12] the sum
of the degrees g (vo) of all generalized zeros (poles, respectively), including the point
z = 00, is equal to the index k. An analytic characterization for the degree of non-
positivity of generalized zeros and poles of non-positive type was obtained in [13]. A
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comprehensive discussion of poles not of positive type in the case k = 1 can be found
in [4]. The subclass N2°, which contains functions with only one generalized pole at
00, has been investigated in [7]. In particular, Theorem 3.1 includes as a special case
the results [7, Theorem 4.2, Theorem 5.1] in a slightly different but equivalent form.
An approach which uses asymptotic expansions and certain, not necessarily canonical
(basic), factorization models for the functions ¢ € N,; is developed in [5] and contains a
detailed analysis of the underlying root subspace Ro(A) in a model space.

In this paper the most general situation is taken up by studying all generalized poles
and zeros of an arbitrary scalar generalized Nevanlinna function ¢ € N,. In particular,
the spectral structure of a representing self-adjoint relation in the Pontryagin space K
at the generalized zeros and poles is investigated. Characterizations associated with the
underlying algebraic root subspaces and their geometric structure are given in analytic
as well as spectral theoretical terms. For instance, it is shown that 8 € R is a gene-
ralized zero of ¢ € N, geometrically means that ¢ admits a minimal representation in a
Pontryagin space K of the form

q(z) =(z—=P) [(I +(z-p0)(A- z)_l)w,w],

where A is a self-adjoint relation in K with ker(A — ) = {0} and w € K. This leads to
various descriptions concerning the structure of the underlying root subspace by means
of the local behaviour of the function ¢ at 5. In particular, the following result holds:

Theorem. Let a function q, q(z) # 0, belong to the class N,;. If 5 € R is a generalized
zero of q, then q admits an asymptotic expansion of the form

(L.1) q(2) = sn-1(z=B)" + -+ sma(z=B)" +o((z=F)") as 2=p.

Conversely, if a function ¢ € Ny, admits an asymptotic expansion of the form (1.1) and

this expansion satisfies appropriate maximality conditions (see Section 5), then [ is a

generalized zero of q of order dg = min {n, [mTH]} and with degree of non-positivity

2, if n odd and s,_1(3) > 0,
%H’ if n odd and s,_1(8) <0,
71- p—
B %’ if n even,

2)(=dg), if n=m+1.

Moreover, the inner product structure on the underlying root subspace is determined by

the Hankel matriz Gg = [siﬂ»,g(ﬁ)]dﬁ where dg = min {n, [Z1]}.

i,j=1

Here the real constants s;(8) can be interpreted as the local moments of ¢ at 3.
Another way of characterizing the geometric structure of the underlying root subspace
at [ is using the function’s basic factorization, where ¢ is written as a product of a
rational function and a usual Nevanlinna function ¢y (see Section 6). Then, for instance,
the results in the above theorem can be stated in terms of the degree of non-positivity
of 3 and the spectral properties of ¢q.

The paper is organized as follows. In Section 2, necessary definitions and properties
of generalized Nevanlinna functions and their operator representations are given. One of
the main results in this paper is Theorem 3.1 in Section 3, where the order of a gener-
alized zero (3 is characterized in terms of the (local) moments of ¢, which by definition
describe the local behaviour of the function ¢ at 3. In Section 4, some further char-
acterizations for the generalized zeros and poles, including their order, are given. Also
the geometric structure (the inner product) of the underlying root subspace is described
in a straightforward manner by using the (local) moments of ¢, which leads to a char-
acterization for the degree of non-positivity of generalized zeros of ¢ in terms of (local)
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moments. In Section 5, appropriate asymptotic expansions are introduced and, in partic-
ular, the results in the above theorem are established. Moreover, the announced inverse
problem is solved in this section. Finally, in Section 6 the main results in the previous
sections are translated into the basic factorization of ¢, leading to spectral theoretical
characterizations involving the spectral measure of the factor go € Nj.

2. PRELIMINARIES

By definition a function g : D C C — C belongs to the class of generalized Nevanlinna
functions N, if it is meromorphic in C \ R (with domain of holomorphy D), if it is

symmetric with respect to the real line, i.e., ¢(Z) = ¢(z) for z € D, and if the so-called
Nevanlinna kernel

Ny(z,¢) := M

z—¢
has k negative squares. It is well known (see e.g. [11]) that these functions can also
be characterized by their operator representations. That is, a function ¢ belongs to the
class of generalized Nevanlinna functions if and only if there exists a Pontryagin space
(IC, [, -] ) and a self-adjoint relation A in K such that ¢ admits the representation

(2.1) q(2) = q(z0) + (2 = 20) [(I + (2 = 20)(A — 2) ") v, 0],
where the point zp € D is fixed and v € K. If, moreover, the representation (2.1) is
minimal, i.e.,

for 2,(e€D

K=cls{(I+(z—2)A—2)""v:z€0(A)},
then g € N, where & is the negative index of the space K. Here c.l.s. stands for the
closed linear span. In this case the representation of ¢ € N is unique up to unitary
equivalence.
Recall from [11] that g satisfies the condition
(2.2) lim aliy) =0 orequivalently  lim a(z) =0
yToo Yy 2Soo Im 2

if and only if in a minimal representation (2.1) of ¢ the multi-valued part of the relation
A is trivial, i.e., A is an operator. Here and in what follows lim stands for the non-

z=p
tangential limit if 5 € RU {oco} and the usual limit otherwise. If, in addition, ¢ satisfies
the growth condition

(2.3) lim Im q(iy)| < oo,
yToo

then v € dom A and with u:=(A — Z5)v the operator representation (2.1) simplifies to
(2.4) q(2) = s+ [(A—2) " u,u],

where the real number s is given by s := q(z0) — [(A—Zp) 'u,u] = lim ¢(z). Conversely,
Z—00

if ¢ is of the form (2.4) with a self-adjoint operator A in K then ¢ satisfies the conditions
(2.2) and (2.3), too. In particular, this gives

(2.5) q(2) = [(A—2)""u,u] if and only if Z}lTIgy lq(iy)| < oo.

Recall that an ordinary Nevanlinna function gy € Ny admits also an integral representa-
tion

(2.6) q(2) :a+bz+/oo ( ! ! )da(t)7

feo M —z 142

where a € R, b > 0, and o is a real measure with [~ e

to the above minimal representation (2.1), see for instance [14]. The finite eigenvalues

do(t) < oo. For a connection
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of A are then exactly those real points where o has a point mass. Moreover, it follows
from (2.6) that
(2.7) b= Tim L)

yloo Y
which shows that A has a trivial multi-valued part exactly if b = 0. An analogue of (2.5)
can be restated in terms of the integral representation (2.6) as follows:

* do(t
(2.8) qo(z) = / tU(z) if and only if liTm ¥ |qo(iy)| < oo.
—eo b yToo

In this case,
(2.9) —lim y |qo(2y)| = / do(t) (< 00) and otherwise lim y |qo(iy)| = oo.
yToo o yToo

It is useful to combine these basic observations with a recent factorization result concern-

ing generalized Nevanlinna functions (see [6, 2] and also Section 6 of the present paper):
every q € N, admits a factorization of the form

_ # _ a(z)

2)=r(2)r" (2)qo(z), 7r(z)=-—%,

o) =), () = 5

where a(z) and b(z) are monic polynomials, 7#(z) = (%), and gy € Np. One immediate
consequence is the following result.

Corollary 2.1. For every function q € Ny, the following two non-tangential limits

(2.10) lim M, lim zq(z)

2500 2 z=00

exist either as a real number or as co.

Proof. Since 2(dega — degb) is even the existence of the limits (2.10) follows from the

fact that for every k € Z the limit lim 22%T!go(2) either exists as a real number, or it
zZ—00

is equal to oo (see (2.7), (2.9)). O

Definition 2.2. A point o € C U {oo} is called a generalized pole of q € N, if it is
an eigenvalue of the relation A in a minimal representation (2.1). The dimension of the
algebraic eigenspace at « is called its order.

Note that the definition does not depend on a particular representation. Clearly, oo is
an eigenvalue of A if and only if o € C is an eigenvalue of the relation A~!+a. Moreover,
the equivalence

(2.11) {ui,us} €A & {ug,u; +aupy € A7 +a

implies that a (maximal) Jordan chain of A at co gives rise to a (maximal) Jordan chain
of A=1 + a at a, and conversely.

Remark 2.3. For a scalar generalized Nevanlinna function ¢ the minimality of the
representation guarantees that the geometric eigenspace of A at « is one-dimensional.
Hence the order of the generalized pole « is equal to the length of a maximal Jordan
chain of A at a.

Every isolated pole o € CU {0} of A is just an ordinary pole of ¢ and the order of «
as a generalized pole of ¢ coincides with the usual multiplicity of a as a pole of g, cf.
[12]. This holds, in particular, for all non-real eigenvalues of A. The generalized poles of
g which are not ordinary poles of g correspond to so-called embedded eigenvalues of A
and they belong to R U {oo}.
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If ¢ € N, then the function ¢(z) := —¢(-1-) with a € R also belongs to the class N..
The next lemma associates with ¢ and ¢ certain minimal representations involving the
self-adjoint relations A and A~' 4 , respectively.

Lemma 2.4. Let ¢ € N,; have a (minimal) representation of the form (2.1). Then the
function G(X) :== —q(515), a € R, admits the (minimal) representation

(2.12) dA) = q0) + (2= A) [(T+ (A= 2) (A7 + ) = A)7")5, 7],
where v = |>\0U7*a\ and \g = %—i—a.

Proof. Observe that

1 -1 1 _1

(2.13) (A—Aia> _—Q—aKLHA—w«A +®—A)).
With z = 2— and 2o = /\017(1 one obtains from (2.13) the equality

A —
(2.14) [+ (z=2)(A-2)7" = < fﬂ1+u—xwm¥4+@—xrw.

0 —
With o € R this leads to

1

q(A) = q(Xo) A =20) [(1 + (A= 20) (A7 +a) = X))o, 0],

" o - al?

which gives the representation (2.12) for g. The minimality is clear from the identity
(2.14). |

In particular, by Definition 2.2, the representation (2.12) in Lemma 2.4 implies that
oo is a generalized pole of the function ¢(z) if and only if @ € R is a generalized pole of
the function g(z) = —¢(X-). Furthermore, the orders of these poles coincide, cf. (2.11).

If ¢ € N, with ¢(z) # 0, then the reciprocal function

belongs to N, with the same index r, which gives rise to the following notations, cf. [13],

[1].

Definition 2.5. A point 3 € CU {co} is called a generalized zero of ¢ € N, of order d

if it is a generalized pole of § of order d. Furthermore, ¢ is said to assume a generalized

value s at B€RU{oo} if the limit lifr% q(z) =: s € R exists and the function ¢(z)—s has
z=

a generalized zero at (.

Finally, recall the following technical fact, which will be used in the proof of the main
theorem.

Remark 2.6. Let A be a self-adjoint operator in a Pontryagin space K. Then A can be
decomposed into an orthogonal sum,

(2.15) A=A a A",

where the operator A’ is bounded and self-adjoint in X', and A” is self-adjoint in K",
with K" a Pontryagin space, K" a Hilbert space, and K = K’ ® K", see [10].
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3. THE MAIN CHARACTERIZATION

For a formulation of the main theorem, the following notations are needed. Let a
generalized Nevanlinna function ¢ € N, be given. Then with 3 € C define

_aql2)
(3.1) s0(B) = Zh,g}% >—g
and then recursively

1
(3.2) sn(B) == ZIL_)T\% m [Q(Z) —(z=B)so(B) =+ — (2 — 5)7137171(5)]'
Similarly, with 8 = oo define
s0(00) = Zl/lgngo —2q(2)

and
33 su(oc) 1= Jim —3*1[g(e) + 20 .y 2]

whenever these limits exist and are real if § € RU{co}. These numbers will be referred
to as the moments of q at (8, and if 8 € R also as local moments of q. A justification
for this notation is that for an ordinary Nevanlinna function ¢y € Ny they coincide
with the moments of the measure o in the integral representation (2.6) with respect
to 0 € RU {oo}, whenever these moments exist as absolutely convergent integrals, cf.
Lemma 6.1. The main theorem now reads as follows. Its proof will be presented at the
end of this section after some preparations.

Theorem 3.1. Let g € N, with q(z) #Z 0 be given. Then 8 € CU{oc} is a generalized
zero of q of order dg > 1 if and only if dg is the mazimal integer with the following
properties:

(3.4) 3 50(8),51(8),...,5245—2(8) and so(B) = s1(B) =--- = 54,-2(0) = 0.

As a first step the following characterization of a generalized zero without taking into
account its order will be established.

Lemma 3.2. Let q € N,; with q(z) £ 0. Then the point 3 € CU {oo} is a generalized
zero of q if and only if the moment so(8) exists.

Proof. For B € C\ R the statement is clear because of the meromorphy of ¢q. Next
consider the case 3 = co. By definition § is a generalized zero of ¢ if and only if it is a
generalized pole of the function ¢ = —%. Combining the criterion (2.2) with Corollary 2.1
one concludes that the multi-valued part of the representing relation for g is non-trivial
exactly if the moment sp(00) exists. Finally consider the case 8 € R. By Lemma 2.4 ¢
has a generalized zero (or pole) at oo if and only if the function g(z) has a generalized

zero (pole) at B € R, since clearly fé = f%. It remains to observe that

which means that ¢ has the moment so(co) if and only if ¢ has the moment sq(3) and
that these moments actually coincide. This completes the proof. O

The criterion (2.5) can now be reformulated as follows.

Corollary 3.3. The point co is a generalized zero of the function q € N, if and only if
q admits a minimal operator representation of the form (2.4)

q(2) = [(A = 2)" u,ul.
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In the next proposition, which extends a result that can be found in [15], the repre-
senting relation of the reciprocal function ¢ is described.

Proposition 3.4. Let the function q € N,; be given with the (minimal) representation
(2.4) with u € K\ {0}:
q(2) = [(A — 2) " u,u.

Then the reciprocal function q(z) := _ admits a (minimal) representation of the
form (2.1) with some zy € p(A), for whichzq(zo) #0:

4(z) = 4(z0) + (z = 20) [(I + (2 = 20) (A ~ 2) 1), 7]
with U := ﬁ(ﬁl — %) tu and the self-adjoint relation A has the operator part A[ 1
and its multi-valued part is spanned by the element u, that is,
(3.5) A=A ({0} x (u)).

Proof. Choose a non-real point zg from the domain of holomorphy of ¢ such that g(z¢) #0.
Then ¢ can be written in the form (2.1) with v := (A — %) ~'u and the same relation A.
According to [15, Proposition 2.1] the function § admits the (minimal) representation

(3.6) q(z) = 4(z) + (z = 20) [(I + (2 — 20)(A — 2)71)5, 7],

with the element ¥ = T;O)v and where the self-adjoint relation Alis given by
~ _ _ 1 . _

(3.7) (A—z) = (A—2) ! = [, 0](I 4 (20 — %) (A — z0) ).

a(z0)

In order to show that the relation A given by (3.7) has the form (3.5) calculate the
resolvent R(zp) of Al >L+({O} x (u)). Set g := R(zp)f for some element f € K, that is

{g: f + 209} € Al (uy +({0} x (w)),

which means that the elements g € dom A and u are orthogonal and there exists some
¢ € R such that f + 209 — Ag = cu. Since zy € p(A) this can also be written as
g=(A—2)"1f—c(A—2) tu. From [g,u] = 0 it follows that ¢ = qéo) [(A—20)"1f,u]
and hence by the resolvent identity

9=R(z)f =(A—2)""f - ( )[fv( %) " ul(A - 20) " tu
=(A—2)""f~ ﬁ[fv v](I + (20 — 20) (A — 20) "o,
which completes the proof. (Il

Remark 3.5. Note that if ¢(2) = s + [(A — 2)"'u, u] with s # 0, then it holds
. 1 7y IR PO
Q(z) = —- +[(A-2)"a.al,

where the operator A is given by A = A + 1 L u]u with @ := Lu .

Proof of Theorem 3.1. For every generalized zero that belongs to the domain of holomor-
phy of ¢ the order (as in Definition 2.2) coincides with the usual multiplicity as a zero,
and therefore (3.4) holds. What remains is to describe the order of a real generalized zero
and of co. First the case 8 = oo is considered and then by using Mobius transformations
the obtained results are carried over to an arbitrary real point.

If 8 = o is a generalized zero of the function ¢, then according to Corollary 3.3
the function ¢ admits a minimal representation of the form ¢(z) = [(4 — z) " tu,u]. To
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describe the order of the generalized zero oo one must characterize the maximal length
of a Jordan chain at oo of the relation A given in Proposition 3.4.

Recall that Athe nonzero vectors xo, &1, ..., x;—1 form a (not necessarily maximal) Jor-
dan chain of A at oo if
(3.8) {0;20} € A
and
(3.9) {zj 1;z;} €A for j=1,...,01—1

The relation (3.8) means that xg = Agu with some A\g # 0. For j = 1 (3.9) becomes
x1 = AAu + A\u, where u € domA and [u,u] = 0. By induction one concludes that the
existence of a Jordan chain xg,x1,...,x;—1 of A at co implies that

(3.10) u € domA'™™'  and [Alu,u]=0 for j=0,...,1—-2.

J o
In this case the vectors are of the form z; = > \;A77'u with A; € C and A # 0.
i=0

Conversely, the conditions (3.10) imply that the vectors u, Au, ..., A"~!u form a Jordan
chain of the relation A at co. Note in particular, that A*¥u # 0 for k < [ — 1. Indeed,
for A¥u = 0 the minimality implies that K is spanned by the elements u, Au, ..., A¥lu,
but then (3.10) would give u € K N M.

Therefore, there exists a Jordan chain of (not necessarily maximal) length [ for A at
oo if and only if the conditions (3.10) are satisfied. Next it is shown that this is further
equivalent to

(3.11) 3 s0(00), $1(00), ..., S21—2(00) and  sp(00) = -+ = s;_9(c0) = 0.

In fact, this is a consequence of [11, Satz 1.10]. For the convenience of the reader a full
proof for the equivalence of (3.10) and (3.11) is presented here; many of the given formulas
are also needed later on in the present paper. Now, first observe that by applying the
formal expression

2n—1

Ai
—1 A2n _ _2n —1 2
i=0
one obtains with u € dom A™ the formula

52n(00) = — lim 22"+! (q(z) + @ +

Z=00

[A"u, An 1]
Jr -

Z2n

) = [A™u, A",

Hence, assuming (3.10) it follows that the moments s;(c0) exist for all ¢ < 2] — 2 and
that they are given by

(3.13) s5i(00) = [AMu,u],  s1_144(00) = [AT7u, Afu], i=0,...,1—1,

and in particular s;(c0) =0, for alli =0,...,1 — 2.
Conversely, assume that the moments s;(0c0) exists for all j < 2] — 2. Then the
definition of s9;_2(00) together with Lemma 3.2 shows that the function

qr(z) == 2272 (q(z) + 12_? 3;23))

is a generalized Nevanlinna function of the form gr(z) = [(B — 2)"'w, w], where B is
a self-adjoint operator in a Pontryagin space M and w € M. In view of (2.15) the
generalized Stieltjes inversion formula (see [9]) applied to gr shows that

1

(3.14) / t?1=2 d[E" (t)P"u, P"u] < oo,
|t|>K
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where E”(t) denotes the spectral function of A” in (2.15), P the orthogonal projection
onto K”, and K > ||A’||. Thus, u € dom A'~! and the moments are given as in (3.13),
and therefore (3.11) implies (3.10).

One concludes that the order of the generalized zero oo is the maximal number [
such that (3.10), or equivalently (3.11), is satisfied. Finally, assume that 8 € R. As in
the proof of Lemma 3.2 the characterization (3.4) is now obtained by considering the
function g(z) = —q(2 5) and observing that the moments of ¢ at oo coincide with the
corresponding moments of ¢ at § € R. ]

4. SOME OTHER CHARACTERIZATIONS

4.1. Moments and representations by resolvents. The characterization of gene-
ralized zeros and their orders in Theorem 3.1 can be reformulated equivalently by using
minimal representations via resolvents of self-adjoint relations in a Pontryagin space as
in (2.1). The following result is immediate from Theorem 3.1 by taking § = oco.

Proposition 4.1. Let ¢ € N, be a generalized Nevanlinna function. Then 3 = oo is
a generalized zero of q of order dow > 1 if and only if q admits a minimal operator
representation

q(Z) = [(A - Z)_l’uﬂu}v EAS p(A),
with a vector u € dom S%~1\ dom S%=  where S = Al < u >*.
The result in Proposition 4.1 can be seen as an extension of [4, Theorem 3.5] from the
case kK = 1 to the general case of N,-functions.
In the proof of Theorem 3.1 the operator representation of ¢ was investigated explicitly

only in the case § = co. Some of the analogous results for § € R are now given.
Let the function ¢ be given with the minimal representation (2.1). Then the condition

lim (= — (=) = 0
is equivalent to ker(A — 3) = {0}, that is (A — 3)~! is an operator. If, in addition,

lim 7(](2) _2(2) < 00,
z=p3 zZ—Z

then v € ran (A — 3) and ¢ assumes a generalized value at the point 3 € R. In this case
the representation (2.1) simplifies to

q(2) = q(B) + (2 = B)[(I + (z = B)(A — 2) ") w, w],
where
wi=(I+(B-2)A-B)""HveK
and

q(8) == q(z0) + (6 —Z0) [(I + (8 — 20)(A — ) ™) v, 0] = lim ¢(2) € R.

=1
z=3

The converse is also clear and thus one obtains the following characterization for ¢ to

assume a generalized value at 3 € R; for 8 = co compare (2.4) and Corollary 3.3.

Corollary 4.2. Let ¢ € N, be a generalized Nevanlinna function. Then q assumes the
generalized value s € R at B € R if and only if ¢ admits a minimal representation

(4.1) q(z)=s+(z—0) [(IJr(sz)(Afz)*l) w,w] ,
where A is a self-adjoint relation in K with ker(A — 3) = {0} and w € K.
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Next an expression for the moments of ¢ at 5 € R and an analogue for Proposition 4.1
is established. For this purpose assume that in the representation (4.1) w € ran (A—3)",
n > 0, and take ¢(8) = 0. From the formula (3.12) one obtains with a straightforward
calculation the identity
4(2) = (2 = B)lw,w] = - = (2 = B)*"[(A = B)™"w, (A = B) ™" u]
= (2= B)"T (I +(z=B)(A=2)"") (A= B) "0, (A~ B)"w].
It follows that the moments of ¢ at § € R for ¢ =0,...,n are given by

(4.2) si(0) = [(A=B)"w,wl,  sn4i(B) = (A= ) ™"w, (A~ B)~"w].
Furthermore, the order of a generalized zero 8 € R can be characterized by means of a
resolvent representation of the form (4.1).

Proposition 4.3. Let ¢ € N,; be a generalized Nevanlinna function. Then 3 € R is a
generalized zero of q of order dg > 1 if and only if ¢ admits a minimal representation

q(z) = (z—P) [(I +(z=-p0)(A- z)_l) w,w] ,
where A is a self-adjoint relation in K with ker(A — 3) = {0} and w € domT9 1\
domT% , where T = (A — B)" < w >*.
Proof. The condition (3.4) in Theorem 3.1 can be rewritten as
w € ran (A — ﬁ)dﬁ*l, 50(B) = -+ = saz—2(8) = 0.
Now in view of (4.2) and the definition of the operator T one obtains for i = 0,...,dg—2
0=s;(6) = [(A~B)""w,w] = [T"w,w],

which means that w € dom T, i = 0,...,ds — 2. Moreover, the maximality of dg is
equivalent to w ¢ dom 7% . This completes the proof. |

4.2. Moments and degree of non-positivity. As a consequence of Theorem 3.1 the
inner product on the root subspace Rz(A) can be described in terms of moments. By

definition (3 is a generalized zero of g of order dg if and only if 3 is an eigenvalue of the
relation A in a minimal representation of § = —1/q¢ in (3.6) with algebraic multiplicity

~

dg. The inner product on the root subspace Rg(A) can be described using a maximal

-~

Jordan chain xo,..., 74,1, which spans Rg(A), by means of the corresponding Gram

do—l qp [ = oo then, as the proof of Theorem 3.1 shows, the

matrix Gg = ([%’v%])i)j:o'

vectors

(4.3) u, Au, ..., A%="1y

form a maximal Jordan chain of the relation A at co. Similarly, if 8 € R then the vectors
(4.4) w, (A—B3) " w,..., (A= p) "ty

form a maximal Jordan chain for A at (. Therefore, one obtains the following explicit

-~

form for the inner product structure on Rg(A).

Corollary 4.4. Let 3 € RU{oo} be a generalized zero of g € N, of order dg. The Gram
matriz generated by the mazimal Jordan chains (4.3) and (4.4) on Rg(A) is given by

0 e 0 Sdﬁ,1 (5)
(4.5) Gy = : Sd,a.(lg)
0 :
sdg—1(8) sag(B) .. s2d,—2()
Proof. The statement is immediate from Theorem 3.1 in view of (3.13) and (4.2). O
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Corollary 4.4 leads to a simple characterization for the degree of non-positivity of a
generalized zero, which is similar to the characterization (3.4) given for the order of a
generalized zero in Theorem 3.1. In fact, the result below can be interpreted also as a
reformulation of the analytic characterization of the degree of non-positivity, originally
proved in another way by H. Langer in [13]. First, recall the following definition.

Definition 4.5. Let 8 € RU {co} be a generalized zero of ¢ € N,,. Then the dimension
of a maximal non-positive invariant subspace of the root subspace Rg(A) of A at G is
called its degree of non-positivity.

If 5 is an (ordinary) zero of @) then in general its multiplicity does not coincide with
the degree of non-positivity. This is the reason for us not to use the notation multiplicity,
that is used e.g. in [13].

Proposition 4.6. Let q € N, be given. Then the point 3 € RU {0} is a generalized
zero of q with degree of non-positivity mg > 0 if and only if w3 is the mazimal integer
such that the moments so(3), ..., S2r,—2(0) ewist and

(4.6) 50(B) = =827,-3(8) =0 and s27,2(8) <0.
In particular, if § € RU{oo} is a generalized zero of q of order dg then the root subspace

-~

Rg(A) is degenerate if and only if sq,—1(3) = 0.

-~

Proof. If Rg(A) is spanned by the maximal Jordan chain zo,...,zq,_1, then the dimen-
sion w3 of a maximal non-positive invariant subspace of Rg(g) is equal to the maximal
integer for which the Gram matrix associated to the chain o, ..., zr,_1 is non-positive.
Therefore, the statements are clear from (4.5). O

Finally, observe that for a generalized zero 3 € C\ R the corresponding root subspace

Rs(A) is neutral, so that dg = g and in (3.1), (3.2) one automatically has so(8) = -+ =
s2d,—2(3) = 0.

5. ASYMPTOTIC EXPANSIONS AND AN INVERSE PROBLEM

From the definition of the moments of ¢ € N,; at a point 3 € RU {co} it immediately
follows that ¢ admits a certain asymptotic expansion at 8. By Theorem 3.1 this means
that the generalized zeros of ¢, and thus also the generalized poles of ¢, can be cha-
racterized by means of such asymptotic expansions. These expansions in the case that
B = oo were introduced in [11] and further studied for instance in [4], [5], and [7]. The
main purpose in this section is to solve the following

Inverse Problem. Reconstruct the geometric structure of the root subspaces of the
representing self-adjoint relation A in (2.1) by means of the asymptotic behaviour of the
function q.

This problem concerns the generalized poles of ¢ and the self-adjoint relation A in a
minimal representation of ¢ in (2.1). It can be reformulated also by means of generalized
zeros of the function ¢ and the root subspaces of the self-adjoint relation A in a minimal
representation of the function g in (3.6). The problem is first solved in this second case.

It follows from Theorem 3.1 that a function ¢ € N has a generalized zero at 3 = oo if
and only if ¢ admits a (non-tangential) asymptotic expansion at 3=oc of the form

_ 5,-1(00)  8,(00) Sm—1(00) 1 o~
q(z) = — T —---—T+0(Z—m) as 2500

(5.1)

and a generalized zero at § € R, if and only if

(5:2) 4(2) = s0-1(B8)(z = B)" + 50 (B)(z = B)" ' + -+ sm_1(B) (2 = B)™ + (2 — )™)
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as z—(, with some real numbers s;(3) for j = n —1,...,m — 1. Clearly, these real
numbers are exactly the moments as defined in Section 3. In order to reconstruct the
geometric structure of the underlying root subspace suitable maximality conditions for
these expansions are introduced.

Definition 5.1. The expansions (5.1) and (5.2) are called mazimal if the following two
conditions hold:

(i) Maximality of n: n is the largest index such that s;(8) =0 for all i < n — 1.

(ii) Maximality of m: either there does not exist s,,(8) € R, i.e. ¢ cannot be
expanded any further, or for every m > n there exists an expansion of the form
(5.1) or (5.2), in which case every m > 2n — 1 is called maximal.

Note that for ¢ € N, the maximality of these expansions is well defined due to Theo-
rem 3.1, and in this case n < m + 1.

The solution to the inverse problem in the case of generalized zeros of ¢ and the self-
adjoint relation A can be based on Corollary 4.4. The question that needs to be solved
first is to characterize the order dg of the generalized zero 3 of ¢ by means of appropriate
asymptotic expansions. The answers are given in the next theorem, which expresses
the order as well as the degree of non-positivity of a generalized zero from maximal
expansions and describes the geometric structure of the root subspaces by means of the
inner product.

Theorem 5.2. Let g € N, with q(z) # 0 and B € R U {oc} be given and let A be
the self-adjoint relation in a minimal representation (3.6). Assume that the function g
admits a mazximal expansion of the form

gz) = ————F — . — 2 4 o(—)  as 2500,

if B = 0o, and a maximal expansion of the form
q(z) = sn-1(B)(z = B)" + -+ sm-1(B)(z = B)" +o((z = B)™)  as  2=P,
if 6 € R, for some n,m > 1. Then:
(1) B is a generalized zero of q of order dg = min {n, [TH]},
(ii) the inner product structure of the root subspace Rg(ﬁ) is determined by the Hankel
matriz Gg = [siﬂ,g(ﬂ)]%:l with dg as given in part (i);
(iil) the degree of mon-positivity of the generalized zero 3 of q is given by
ol if n odd and $,—1(8) >0
ntl if n odd and sp,—1(5) <0

T3 =
if n even

[3l(=ds) ifn=m+1

N3 w‘

In particular, the root subspace Rg(g) is degenerate exactly if m < 2n — 1.

Proof. (1) & (iii) First consider the case = co. Clearly, for every I € N the following
equivalence holds:

So S 1 —~
Jso(B),....su(B) & a(z) = L, T F#—O(W) as  z—o00.
JF

Now from Theorem 3.1 one concludes that dg = min {n, [Z1]}, while the formulas for

2
mg are obtained from Proposition 4.6.

In the case that 8 € R one uses expansions of the form (5.2) instead of the expansions
n (5.1). Otherwise the previous argument and the results remain the same in this case.



GENERALIZED ZEROS AND POLES 143

(ii) Since the numbers s;(3) in (5.1) and (5.2) coincide with the (local) moments of ¢
at 3 € RU {oo}, the statement follows immediately from part (i) and Corollary 4.4.

Finally, by Proposition 4.6 the corresponding root subspace is degenerate if and only
if sq;,-1(8) = 0. In the case that n < m the condition s4,_1(8) = 0 means that dg < n,
ie., [mT'H] < n, which is equivalent to m +1 < 2n. In the case that n = m + 1 one has
m < 2n — 1 and now clearly sq,_1(8) = 0. This completes the proof. a

Theorem 5.2 shows that it suffices to consider maximal expansions where m satisfies
the condition m < 2n — 1, in which case dg = min {n, [Z1]} =[]

In Theorem 5.2 the indices dg and mg are expressed with the numbers n and m in a
maximal expansion. Observe that, conversely, for given dg and w3 the numbers n and m
of a maximal expansion cannot be recovered uniquely as the following example shows.

Example 5.3. If ¢ € NV,, admits a maximal expansion of the following type

io=o). ar=hro(L) o a=ofh) w e

then oo is a generalized zero of ¢ with do, = 7o, = 1, and the corresponding root subspace
is degenerate. If ¢ € N, satisfies

1 1 —
q(z)=—-+ol - as 200,
z z

then this is a maximal expansion for ¢ and therefore again d., = 7o = 1, but now the
corresponding root subspace is non-degenerate.

The solution to the inverse problem stated above is given in the next theorem.

Theorem 5.4. Let g € N,; with q(z) Z 0 and o € RU {oc} be given and let A be the
self-adjoint relation in a minimal representation (2.1) of q. Assume that the function q
admits a mazximal expansion of the form

(5.3)  q(z) = aj_1(00)2? + aj_2(c0)2? ™+ -+ ap_1(00)2" +0(2F)  as 2 TSoeo,
if « = 00, and a mazimal expansion of the form
a;—1(a) aj_o(a) ak—1(a) 1 _
5.4 = L= G2 Seend) S
G4 1=~ " G-a ooy T\Gmar) @ T
if « € R, for some j,k > 1. Then:
(i) the point « is a generalized pole of q of order p, = j — [g] if 1 >k and p, = [g]

ifj=k—1;

(ii) tJi[LZ inner product structure of the root subspace Ry, (A) is determined by the Hankel
matric H, = [3i+j—2(a)]ff;'=17 where so(a) = --- = sj_2(a) = 0 and the real
numbers s;_1(a), ..., Sop,—2(c) are determined by the convolution equations

1
(55) sj_l(a)aj_l(a) =1, Z si_l(a)alﬂ_i_l(oz) =0, l=5+1,...,k,
i=j
when aj_1(a) # 0, and otherwise so(a) = -+ = S9p,—2() = 0;

(iii) the degree of non-positivity of the generalized pole o of q is given by

|
—

I if 7 odd and aj_1 > 0

if 7 odd and aj—1 <0
Vo =

if j even
[(=pa) ifi=k—1

In particular, the corresponding root subspace is degenerate if and only if k > 1.

.
s |+ o
—
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Here the expansion is called maximal, if j > 1 is the smallest positive integer such
that a;(a) = 0 for all ¢ > j and k > 1 is the smallest positive integer for which the
indicated expansion exists.

Proof. (i) & (iii) Consider the function ¢ = —%. Then the indices p, and v, associated
with the generalized pole o € RU{oo} can be recovered from maximal expansions of the
form (5.1) and (5.2) for the function g according to Theorem 5.2. If n < m then maximal
expansions of the form (5.1) and (5.2) for ¢ with m < 2n — 1 give by inversion maximal
expansions of the form (5.3) and (5.4) for ¢ with j = n and k = 2n — m, respectively, so
that j > k > 1. The converse is also true. Hence, in this case p, = [mH] =j—[£] and
the formulas for v, coincide with those for 7, in Theorem 5.2.

Now consider the case n = m + 1 with a = oo (with a € R the argument is similar).
Then the maximal expansion for 7 is of the form g(z) = o(-%). Since m is maximal and
for every I € Z the function z2!¢(z) is a generalized Nevanlinna function, one concludes
by Corollary 2.1 that ¢ has the following maximal expansion

q(z) =o(z™)  or  q(z) =o0(z™?) as 2500,

where the second expansion can occur only if m is an odd number. Hence, in this case
j=k—1and either k =m+1, or kK =m + 2 and this second case can occur only if m is
an odd number. The converse is also true. Therefore, in this case p, =[] = [4] = v,.

(ii) According to Corollary 4.4 the inner product on the root subspace R, (A) is de-
termined by the (local) moments s;(«) of the function ¢ at & € RU {oo}. The first part
of the proof implies that these numbers are obtained by inverting the expansions of ¢ in
(5.3) and (5.4). The coefficients a;(c) are all equal to zero exactly if the same is true
for the (local) moments s;(c) of ¢. If aj_1(a) # 0 so that j > k, then all the remaining
coefficients in the expansion for ¢ are obtained by solving the convolution equations in
(5.5), compare [8, Lemma 4.1].

As to the last statement, clearly the condition m < 2n — 1 is equivalent to k& > 1,
when j > k. In the case that j = k — 1 one has k > 2. This completes the proof. ([l

From Theorem 5.2, and also directly from (4.5), it can be seen that the degree of non-
positivity w3 and the order dg of a generalized zero 3 cannot be completely independent.
The following inequalities are always satisfied:

d

{;] <mg <dg orequivalently wg <dg < 2mg+ 1.
As the following simple example shows, within these restrictions every combination is
possible.

Example 5.5. Let d, k > 1 be integers satisfying k£ < d < 2k — 1. Then the function

1 11

is a generalized Nevanlinna function and has the generalized zero oo, which is of order
d and degree of non-positivity k. To see this first observe that the second summand in
(5.6) belongs to the generalized Nevanlinna class Ny because of its basic factorization
z%%ﬁ = zzd V/z, where \/z € Ny. Hence, also ¢ is a generalized Nevanlinna function
as the sum of two such functions. Clearly, the maximal expansion for ¢ is given by

-1 1 -
q(z) = T 2k-1 +O(z2d—1) as  z—0o0.

Now the claim follows directly from Theorem 5.2.
As to the cases d = 2k and d = 2k + 1, consider the function ¢(z) := —-Z;, which
clearly has the desired properties.
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It is mentioned that one obtains from parts (i) and (iii) of Theorem 5.4, for instance,
the results in [3, Section 4] concerning non-degenerate root subspaces at a = co. More-
over, if K =1 and o = oo then part (i) of Theorem 5.4 reduces to [4, Corollary 6.3]. For
a more specific classification of asymptotic expansions, see [5].

6. CHARACTERIZATIONS VIA THE BASIC FACTORIZATION

In this section Theorem 3.1 will be expressed in terms of the function’s basic factor-

ization and some explicit formulas are derived from the corresponding integral represen-
tation. Recall that every ¢ € N, admits a factorization (see [6, 2]) of the form
(6.1) q(z) = r(2)r* (2)qo (=),
H;nzl(z — B;)"%s
[Tiy (= — )
R U CT are the finite generalized poles and fi,..., 3, € RUCT the finite generalized
zeros of the function ¢ € N, which are not of positive type with degrees of non-positivity
Vays--r Vo, and mg,,..., g, , respectively. Observe, that oo is a generalized zero not of
positive type of ¢ exactly if 7o :=vo, + -+ + Vo, — (73, + - +7g,,) > 0.

It is convenient to put mg = 0 (v, = 0), whenever [ is not a generalized zero (« not
a generalized pole, respectively) of ¢ not of positive type. In what follows factorization
of the function ¢ is augmented by incorporating in (6.1) the following standard integral
representation of the factor gy € Ny:

(6.2) qo(z):a+bz+/R<1 t )da(t),

t—z 241

with r(z) = , 7%(2) = r(2), and gy € Ny. Here the points ay, ..., €

where a € R, b >0, and [, ‘ngl) < 00

In order to distinguish the moments corresponding to the different functions the no-
tation s2°(8) is used to refer to a moment of the function go. In the next lemma the
moments for gp are given in terms of its integral representation and via derivatives of qg;

these results can be considered to be well known at least for 8 = oo, cf. e.g. [8].

Lemma 6.1. Let the Nevanlinna function qo € Ny be given. Then

(6.3) Jsl’(0) = / do(t) <oco, b=0, and lim go(z)=0.
R

Z—00

Furthermore, the moments of qo at § = oo are given by:

57°(00) = /tj do(t)  when /|t|j do(t) <oco for j=0,1,....
R R
For 8 € R one has:

(6.4) IsP(B) — /R@di(g))g <oo and o({B})=0 and 211/L\1I16q(z) =0,
in which case dor(t)
e =+ [ 25
R
and
d d
s;f“(,é’)/(t_aﬁ(l)?._|r2 when |t_aﬁ(|?+2<oo for j=1,2,...
R R

or - using derivatives -

1 .
q 1 (3+1) .
s9°(8) = lim, GO (z) for j=0,1,....
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In fact, the results formulated in Lemma 6.1 can be derived directly from the integral
representation (6.2). Alternatively, one can use the connection of the operator represen-
tation (2.1) to the integral representation (6.2). Then Corollary 3.3 (for § = oo) and
Corollary 4.2 (for 8 € R) give the characterizations (6.3) and (6.4) and the formulas for
the higher moments correspond to (3.13) and (4.2), respectively.

The existence of the moments of ¢ can now be characterized with integrability condi-
tions on the measure o in (6.2).

Lemma 6.2. Let the function ¢ € N, be given and assume that f € RU {oc} is a
generalized zero not of positive type of q; that is mz > 0. Then:

si(B)=0 for i=0,1,...,2m5 — 3.

For B =00 and | > mws it holds

(6.5) J50(00),51(0),...,59_2(c0) <= / t20=1=7) 4o (t) < 0o
[t]>1
and similarly for 3 € R and | > 7g one has

do(t)

g =
0<|t—p6|<1

38()(,3),81(,6’),...,82172(5) <

Proof. The first statement is clear from Proposition 4.6. As to the second statement
observe that, by the assumption 7., > 0, ¢ admits an operator representation as in
Corollary 3.3. Decompose A = A’ @ A” as in (2.15). Then an application of the gener-
alized Stieltjes inversion formula yields

(6.6) d[E" ()P"u, P"u] = [r(t)[2do(t), |t > K,

where E”(t), P"”, u, and K are as in (3.14). According to [11] (see also the proof of
Theorem 3.1) the existence of the moments sg(00), ..., s2—2(c0) is equivalent to u €
dom A'~1, which holds if and only if the integrability condition (3.14) is satisfied. Now
(6.5) follows by comparing (3.14) with (6.6).

For 8 € R the claim is obtained by applying the above proven result to the function
q(z) :== —q(£ + B) and observing that the linear term in the integral representation of go
is the point mass of o at @ in the integral representation of gy in (6.2). ]

In order to simplify the formulation of the main result of this section the following
notation is introduced. It is said that for m,, <1 < 27, + 1 the function ¢ has at oo the
property J(I)

for moo <1< 27 — 1 / tQ(l_”w_l)dU(t) < 00

[t]>1

t2m==D o (t) < oo

[t]>1
and gy assumes a generalized value at oo

for | =27 :

2™ do(t) < oo
[t]>1
and qp has a generalized zero at oo

forl =27y +1:



GENERALIZED ZEROS AND POLES 147

and for mg <1 < 2mg+ 1 it has at 8 € R the property J(I)

do(t)

(t— gyt =
0<|t—p|<1

do(t)
=k

o<|t—pBI<1

and gy assumes a generalized value at 3
do(t)

({— B+ D

formg <1 <2mg—1:

for | = 2mg :

< o0

for | =2mg+1: o<t=pl<1

and qg has a generalized zero at 3.

In particular, if m3 = 0 then ¢ has the property J(1) if and only if 3 is a generalized zero
of go, which then has to be of positive type.

Remark 6.3. A Nevanlinna function gg has a generalized value at oo if and only if it is
of the form qo(z) = s+ [, 9o(t) with a finite measure . Here s = 0 if and only if oo is a

t—z
generalized zero of q.

Observe, that if ¢ has at § € RU {oo} the property J(I) then it has the property J(I’)
also for every I’ < I. The characterization of the order of a generalized zero can now be
formulated as follows.

Theorem 6.4. Let g € N,; with q(z) #Z 0 be given. Then § € RU {oo} is a generalized
zero of q of order dg > 1 if and only if dg is the maxzimal integer mg < dg < 2mg + 1 for
which q at B has the property J(dg).

In particular, for mg = 0 this gives: The function g has a generalized zero if and only
if go has a generalized zero, and in this case its order is 1.

Proof. Again first consider the case § = oo. It is shown that for | > max{1l, 7} the
function ¢ has the property J(I) at oo if and only if there exists a (not necessarily
maximal) Jordan chain of length [ of the representing relation A (in Proposition 3.4) at
oo. That is we have to show that ¢ has the property J(I) if and only if (3.11) is satisfied.
For 7o, <1 <27y — 1 the claim follows directly from Lemma 6.2. For | = 27, one has
to show that s;_s = 0 if and only if ¢y assumes a generalized value at co. Indeed,

(6.7) 0 = S2n.—2(00) = lim 2°™r(2)r%(z) 0(2)

2500 z

=,

together with the integrability condition shows that gy assumes a generalized value at
00, and conversely. For [ = 2w, 4+ 1 the function gy assumes a generalized value and, in
addition,
(6.8) 0= 89, _1(00) = lim 2*™r(2)r#(2)qo(2) = s.

zZ— 00

This completes the proof in case § = co. Again, for 8 € R the claim follows by applying
this result to g(z) := —q( + 3). O

In what follows Theorem 6.4 is rewritten in a more explicit form by using the pa-
rameters in the integral representation (6.2). Moreover, a characterization for the root
subspace to be degenerate is given. For [ = oo one has the following result.
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Corollary 6.5. Let the function q € N, with q(z) Z 0 be given. Then oo is a generalized
zero of q of order ds with

/ 2T =) 5 (1) < 00 and
Too K doo < 2T —2 <— It1>1
{2(doc —7o0) do(t)=00
[t]|>1
/ 127" do(t) < 0o and
do = 2o — 1 = I
27D do(t) = co or b# O>
[¢t]>1
/ t2m~=D do(t) <00, b=0, and
do = 2moe = 1
t2™ do(t) = co or s# ()>
[¢]>1

doo =2TToo +1 = /tz’r"odo(t)<oo and b=s=0.
[t]>1

For o < doo < 2ms — 2 the root subspace of/Al at oo is degenerate. It is non-degenerate

for dow = 27 — 1 and dow = 27 if and only if in the above characterizations the
condition b # 0 and s # 0, respectively, holds true; for dow = 2moo + 1 it is always
non-degenerate.

Proof. The first part of the statement is immediate from Theorem 6.4. According
to Proposition 4.6 non-degeneracy of the underlying root subspace is equivalent to
sa5-1(8) # 0. Hence, for dy, < 27 the statements are obtained from (4.6), (6.7),
(6.8), and for dog = 270 + 1 from so,__(00) = s¢°(c0) > 0, which follows from b= s =10
and the assumption g(z) # 0. O

From Corollary 6.5 one obtains, for instance, [3, Theorem 6.3] containing a characteri-
zation for the non-degeneracy of the root subspace Roo(g) and for k = 7, = 1 it reduces
to [4, Corollary 4.2]. For some related results, involving a classification for generalized
zeros and poles, see [5].

The corresponding result for 4 € R is given in the following corollary, where the

notation go(8) := h’% qo(2) is used.
zZ—

Corollary 6.6. Let the function q € N, with q(z) #Z 0 be given. Then 3 € R is a
generalized zero of q of order dg with

do(t)
/ —(t—ﬁ)Q(dﬁ—”ﬁ) <oo and

. 0<|t—pl<1
mg < dg < 2mg—2 <= / da(t)

(t — B)2ds—mstD) —

0
0<|t—pBI<1

/ 7da(t) <oo and

(t - B*mD
o< |t—pBl<1

/ (tdag(?zmw or U({ﬁ})#())

0<|t—pI<1

doo =273 -1 <=

do(t) B n
/ =B <oo and o({8})=0 d
0<|t—B|<1

dﬁ = 27Tﬁ e dO’(t)
( / (t — B)2(mp+1)

=00 or () £0)
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doo =215 +1 = / (t_(g;gz(:)wl) <oo and o({B}) =q(B) =0.

0<|t—pI<1

For mg < dg < 2mg — 2 the root subspace of A at B is degenerate. For dg =2mg —1 and
dg = 2mg it is non-degenerate if and only if in the above characterizations the condition
o({B}) # 0 and qo(B) # 0, respectively, holds true; for dg = 27 + 1 it is always
non-degenerate.

Finally, it is shown how to derive explicit formulas for the moments of the function ¢
from its factorized integral representation. The result also completes the statements in
Lemma 6.2 and, in fact, can be used to give a constructive proof for it.

Proposition 6.7. Let ¢ € N, be factorized as in (6.1), (6.2), and let 3 = oo be a
generalized zero of q of order doo > 1. Then the following statements hold:

(i) if dos = Toc(q), then [ do(t) = oo and q admits a mazimal expansion of the
form

b 1 —
(6.9) q(z) = a1 + 0(22,1001)7 Z—>00;

(ii) if doo > Too(q), then [, do(t) < co and all the moments s,(00), n < 2ds — 2,
of q are determined by the asymptotic formula

2(doo —moo (q)—1)

(6.10)  q(2) = r(=)#(2) (s+bz -y ifﬂ) +0(z2di_1>7 oo,

=0

where s;(c) are the moments of the measure do(t) and s = a — [ w's do(t).

Proof. If 3 = oo is a generalized zero of g of order dy, > 1 then by Theorem 3.1 the
moments s;(00) of ¢ at oo exist for all i < 2ds — 2 and s;(c0) =0fori=0,...,dsw — 2.
Then by Lemma 6.2

(6.11) / {2 oo —mee (D=1 7 () < 0.
|¢]>1

In fact, this can also be seen by straightforward calculations using (6.1) and (6.2).
(i) Now assume that doy = 7Too(q). Then [, do(t) = oo (see Theorem 6.4) and it
follows from (6.1) that

a(2) = r(2)r# (=) bz + 0 (zﬁil) | S

This leads to (6.9).

(ii) Next assume that de > Too(q). Then [; do(t) < co (cf. Theorem 6.4) and hence
s € R is well defined. Moreover, the condition (6.11) shows that the measure do(t)
n (6.1) has finite moments s;(0) for i < 2(de — Too(q) — 1). This implies the following
expansion

z(doofﬂ-oo (Q)fl) Y (0')
K3

1 1 —
o [ an-- Y 2o () o

=0

By incorporating (6.12) in the factorization (6.1), (6.2) and taking into account that

1 1
, N 1 Py
r(z)r"(z) o <Z2(doo—ﬂ'oo(Q))_1> - (sz‘”l) LT

one arrives at the formula (6.10). O
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Observe, that only in case the factor ¢y satisfies the condition (6.3) in Lemma 6.1 the
corresponding moments s (c0) of g are well defined, and in this case they coincide with
the moments s;(¢) in Proposition 6.7.

The corresponding result holds also for the generalized zeros 3 € R of ¢ with obvious
changes and, of course, the same is true for all the generalized poles of ¢, too. Propo-
sition 6.7 shows, for instance, that the root subspace Roo(ﬁ) is neutral if and only if in
the factorization (6.1), (6.2) the conditions b = 0 and [, do(t) = oo are satisfied. If
doo > Too(g) then all the moments s;(00), i < 2do, — 2, of ¢ can be calculated explicitly
from the expansion in (6.10); details are left for the reader.
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