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A SPECTRAL ANALYSIS OF SOME INDEFINITE DIFFERENTIAL
OPERATORS

A. S. KOSTENKO

ABSTRACT. We investigate the main spectral properties of quasi-Hermitian exten-

sions of the minimal symmetric operator Ly,i, generated by the differential expression
5 2

—senz do (o > 1) in L2(R,|z|*). We describe their spectra, calculate the resol-
|z|® dx?2

vents, and obtain a similarity criterion to a normal operator in terms of boundary

conditions at zero. As an application of these results we describe the main spectral
* 2
properties of the operator S8Z (7# + 06) , a>—1.

ES

1. INTRODUCTION

Let us recall that two closed operators 77 and T3 acting in a Hilbert space $) are
called similar if there exists a bounded operator C' with a bounded inverse C~! such that
T = C_lTQC.

Denote by L?(R, |z|*), a > —1, the Hilbert function space of equivalence classes of
Lebesgue measurable functions f(-) such that [ |f(x)[?|z|*dz < oo; the inner-product
of f,g € L*(R, |z|*) is defined by (f,9) = [; f(z)g(x)|z|*dz. Let us consider in
L?(R, |z|%) the following symmetric operator:

sgnzx d?
|xfe da?

Here dom(L) stands for a domain of the operator

(1) Loyin = dom(Lyin) = {f € dom(L) : f(0) = f(0) = 0}.

sgnzx d>
|z dz?’

dom(L) :={f € L*(R, |2[*): f, f' € Wi ,(R), Lf € L*(R, |z[")}.

(2) L:=

The aim of the paper is to describe all quasi-Hermitian extensions L of Ly, (see [1])
similar to a self-adjoint operator.

Let A be an elliptic operator and let () be an indefinite weight. The Riesz basis
property of eigenfunctions of the weighted spectral problem

(Ay) () = Ar(x)y(x)

has been investigated in connection with some mechanical and physical problems (see
2, 24] and references therein). If the operator 1 A has a nonempty continuous spectrum,
then in place of the Riesz basis property it is naturally to consider a problem of similarity
to a self-adjoint (normal) operator.

In particular, the model operator L of the form (2) has been studied by B. Curgus
and B. Najman [4] (o = 0 ) and by A. Fleige and B. Najman [9] (o > —1). Using the
Krein—Langer theory of definitizable operators in Krein spaces (see [19]), they proved the

2000 Mathematics Subject Classification. Primary 47A45; Secondary 47B50, 47A10.
Key words and phrases. Symmetric operator, quasi-Hermitian extensions, similarity problem, bound-
ary triplets, Weyl functions.

157



158 A. S. KOSTENKO

similarity of L to a self-adjoint operator. Different proofs and generalizations of these
facts have been proposed in [7, 8, 13, 14, 17| (see also references therein).
In recent papers of M. M. Faddeev and R. G. Shterenberg [7] and I. M. Karabash and
M. M. Malamud [17], the operator
d2
(3) Lq:=sgnx (_dxg + Q(l’))

with a nonconstant potential ¢(-) has been investigated. More precisely, necessary and
sufficient conditions for operator (3) to be similar to a self-adjoint one are obtained in
[7] (the case of a decaying potential) and in [17] (the cases of both decaying and finite
zone potentials ¢(-)).

In the paper [15] proper extensions of Ly, which are similar to a self-adjoint or
normal operator have been described for the case a = 0.

Differential operators with an indefinite weight are of interest for one more reason.
The characteristic function W () of the operator %A as well as the corresponding J-form
J — W*JW is unbounded in C; (see Remark 3 in Section 6). Therefore, the known
sufficient conditions of similarity to a self-adjoint operator (see [21] and the references
therein) cannot be applied here.

The paper is organized as follows. Section 2 is preparatory. Here we present the
Naboko-Malamud resolvent similarity criterion (|20, 23]) and necessary facts concerning
boundary triplets and the corresponding Weyl functions ([5, 6]).

In Section 3 we investigate the Krein—Feller differential operator L, naturally con-
nected with the operator Ly;,. In Theorem 3 we find an explicit form of one of the Weyl
functions corresponding to the operator L.,

1

M) = e

A e C\Ry.

It allows us to describe the main spectral properties of L., and its quasi-Hermitian
extensions. More precisely, in Section 4 we construct a boundary triplet for L,;, and
obtain the corresponding Weyl function (Theorem 4). Moreover, we describe the spectra
of proper extensions and calculate their resolvents (Lemmas 1-2). Finally, in Section 5
we prove our main result (Theorem 5). This is a similarity criterion to a self-adjoint
operator. In order to illustrate these results, in Section 6 (see Theorem 8) we obtain a
simple similarity criterion for operators with local point interactions at zero,

L. = (—M—i—cé), ceC\{ol.

The results of the paper have been announced in [18].

Throughout the paper we use the following notation: ), H denote separable Hilbert
spaces. The set of all bounded linear operators from $) to H is denoted by [9, H] or [9] if
5 = H. C($) stands for the set of closed densely defined operators in §). Let T be a linear
operator in a Hilbert space $. In what follows dom(T"), ker(T), ran(7T") are the domain,
kernel, range of T', respectively. We denote by o(T), 0..(T'), 0.(T") the point, residual and
continuous spectra of T. By ¢,(T) the set of eigenvalues of T' is indicated. We denote
the resolvent set by p(T); Ry (X) := (T — A)~', XA € p(T), is the resolvent of T. Recall
that 0,.(T) = {X € o(T) \ 0,(T) :ran(T — A\I) # 9}, 0o(T) = o(T) \ (0p(T)J o (T)).

If T is a symmetric operator, we denote by My := ker(7T™* — \) the deficiency subspaces
of T and by ny(A) := dim Ny, its deficiency indices.

Weset CL:={AeC : £ImA > 0}, Ry := [0,+00), R_ := (—00,0]. By xz(t) we
denote the characteristic function of the interval Z, i.e., xz(t) =1 for t € Z, xz(t) =0
for t ¢ Z. Finally, we set x4 (t) := xr, (1)
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2. PRELIMINARIES

2.1. Similarity criterion. Our approach is based on the concept of boundary triplets
(see [10], [6]) and the resolvent similarity criterion obtained by S. N. Naboko [23] and
M. M. Malamud [20] (in [3] this criterion was obtained under an additional assumption
that the operator T € C($)) is a generator of Cy-group).

Theorem 1. ([20, 23]). A closed operator T in a Hilbert space § is similar to a self-
adjoint one if and only if c(A) C R and for oll f € ) the inequalities

“+o0

sup [ <R (uic) £ dn < O
(4) o
sup [ & |[Rr- (u-+ i) f17 du < C. |1

are valid with constants C' and C independent of f.

2.2. Boundary triplets and Weyl functions. Let A € C()) be a closed symmetric
operator with equal deficiency indices ny (A) = n_(A). Without loss of generality we
may assume that A is simple. This means that A has no self-adjoint parts.

We recall the definition of a boundary triplet which may be considered as an abstract
version of the second Green formula.

Definition 1. ([10]). A triplet II = {H,To,T1} consisting of an auziliary Hilbert space
‘H and linear mappings

(5) I'; :dom(A*) — H, je{0,1},

is called a boundary triplet for the adjoint operator A* of A if the following two conditions
are satisfied:
(7) The second Green formula

(6) (A*fa g) - (f? A*g) = (Flfv FOg)H - (F().ﬂrlg)H? fag € dom(A*)v

takes place and
(1) the mapping

(7) [:dom(A*) — HeH, Tf:={TofT1f},
18 surjective.

Note that the boundary triplet for the adjoint A* of the symmetric operator A is
not unique. With each boundary triplet we associate two self-adjoint extensions A; :=
A*| ker(T;), @ € {0,1}.

Definition 2. ([6]). The proper extension A D A is called an almost solvable if there
exists a boundary triplet I1 = {H,To,T1} and an operator B € [H] such that

(8) dom(A) = dom(Ap) := ker(T'; — BT).

The set of almost solvable extensions is denoted by Ass. Note that the class Aszg
is sufficiently wide. According to [6] any proper extension having two regular points
A1, A2 € C such that Tm A1 - Im Ay < 0, belongs to As4. All proper (in other terminology
quasi-Hermitian, see [1]) extensions belong to the class As 4 if ni(A4) < oo (see [6]).

Weyl function is an important tool in the direct and inverse spectral theory of singular
Sturm-Liouville operators. In [5, 6] a concept of Weyl function was introduced for an
arbitrary symmetric operator A with infinite deficiency indices n4(A) = n_(A4).
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Definition 3. ([5]). Let Il = {H,Ty,I'1} be a boundary triplet for the operator A*. The
Weyl function of A corresponding to the boundary triplet {H,To,T1} is a unique mapping

(9) M(:) : p(Ao) — [H]
satisfying
(10) Difa = MNTofx, fa €9 =ker(A* — M), X € p(Aop).

It is well known (see [5, 6]) that the above implicit definition of the Weyl function
is correct and M(-) is an R-function obeying 0 € p(Im(M(i))). The Weyl function
immediately provides some information about the “spectral properties” of almost solvable
extensions of the symmetric operator A.

Proposition 1. ([6]). Suppose that II = {H,T,T'1} is a boundary triplet for A*, M(-)
is the corresponding Weyl function, X € p(Ag) and B € [H]. Then:

1) A€ p(Ap) if and only if 0€ p(B — M(N));

2) A€ oi(AB) if and only if 0€ o;(B—M(N), i€ {p,rc}.

We also need the following connection discovered in [5, 6] between the Krein formula
for resolvents and boundary triplets.

Theorem 2. ([5, 6]). Let A be an almost solvable extension of A (A € Asy), i.e.,
A = Ap with B € [H] for some boundary triplet Il = {H,To,T'1}. Then
(11) (A =)' = (Ao =N +9(N(B = M) (X), A€ p(Ap).

Here y()\) := (To|7\) " is a so—called gamma-field of the operator A corresponding to
the boundary triplet 1.

3. KREIN-FELLER DIFFERENTIAL OPERATOR
We start with the operator Ly := Py - Lyyn; here P denote the orthogonal projection
in L2(R; |z|*) onto L?(R;|x|*). Evidently, L, is a minimal Krein-Feller differential
operator in L?(Ry; |z|*) corresponding to the string S, with the mass distribution
me(z), ie.,

d2
Ly=———%
(12) + dme(x)dx

me(z) =2 /(1+a), a>-1.

dom(L+) = P+ (dom(Lmin));

Notice that L, is a simple closed symmetric operator.
Following [12] we denote by @, (x,\) and ¥, (z, A) the solutions of the equation

d*u(x)
Cdme(x) dr

satisfying boundary conditions at zero u(0) = 1, «/(0) = 0, and »(0) = 0, «/(0) = 1,
respectively. Then the following limit exists

al, A . Lz, A
(14) ro0) = fim Lel@AN o Yal@d)

v=too @o(@,A)  a—too gl (2, )
and the function I', () belongs to the Krein—Stieltjes class S (see [11]), i.e., it admits the
representation

(13) Au(z) =0, x>0,

» AE[0,+00),

+oo +oo
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Here 7,(-) is a nondecreasing function defined on R, obeying
1
To(0) =0, 74(s) = 3 (Ta(s+0) + 74(s = 0)).

Ta(+) is called a general spectral function of the string S,.
We denote by z1/(2+%) » ¢ C, the branch of the complex root with a cut along the
negative semi-axis R_ such that (—1 + 0)/(2+a) = ein/(2+a),
Proposition 2. ([18]). Let the operator L be defined by (12). Then
Ca

Moreover,
(17) Ta($) _ Ca ) (2 + O[) . SZTL(TF/(Q 4+ OZ)) . $(1+a)/(2+a), T Z O’

(1 + «)
is the general spectral function of the string S, .

Proof. 1t is obvious that

dme (px o o dme(x

%:(px) =0 dx( ) p > 0.
Hence
(18) o(pr, N) =@z, P> N, Plpz, X) = pp(z, p*toN) .
By (14), we obtain
(19) L(A) = pL(p***N), p>0.
Putting A = —1, we get

Finally, (20) yields (16), since I'(-) is analytic in C \ R.

Equation (17) follows from (15)—(16) and the Stieltjes inversion formula (see [11]). O
Theorem 3. A triplet 11, = {C,Td,T'f}, where
(21) F;‘ : dom(L%) — C, j€{0,1}, I'ff = f(0), Fa'f =—f'(0), fe dom(L%),
forms a boundary triplet for L% . The corresponding Weyl function M (-) is

Ca

AeC\R;.
400
Proof. Since [ t?dm(t) = +oo, we have ny(L;y) = 1 (see [12]). Furthermore, the
0
Lagrange identity holds for the adjoint operator L% (see [12]), i.e.,
(Liu, v) = (u, Liv) =u'(0)v(0) —u(0)v’(0)
=TT (u) T§w)—Td () -I'T(v), wu,vedom(LY).
Then, by Definition 1, II; is a boundary triplet for L7 .
Note also that for all f € dom(L?) the following limit exists: lim, 4o f(z) = 0.
Using (14), one gets
(24) yoz('7>‘) = d](?A) - Fa()‘)cp('a /\) eEMNy, M= {Cyoc('a)‘) icE (C}
Combining Definition 3 with (21), we obtain
T a(5N) _ ~Ta()
L5 (Yol A) —1

(23)

(25) M, (M)

=Tu(N).
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O

Corollary 1. Let the function y, (-, A) be of the form (24) and A = p+ie € C\ Ry.
Then
C 1

(26) Yo (s p+ 1'5)”%2(1&,,@&) = ?a - Im (—p —ig) /e

Proof. Using the functional model of the operator L, in the Hilbert space L?(R,dr,)
(see [6, 22]), we obtain

+o00 1
b0 Moy = [ pdra®)
(27) 0 |t ‘

_1/+OOI Ld (t)—LI Ta())
TIma S, e AT T gy e

Equality (16) completes the proof. |

Corollary 2. The spectral kernel of the operator Ly is continuous and coincides with
positive semi-azis R .

Proof. By (26), we see that R; does not belong to the set of regular type points of
the operator L. Hence R, is a spectral kernel of L;. Moreover, L, is a simple
symmetric operator with deficiency indices ny (L4) = 1, then (see [1]) the spectral kernel
is continuous. O

4. PROPER EXTENSIONS OF L,
The following result is a simple corollary of Theorem 3.

Theorem 4. (i) The operator Ly, of the form (1) is a simple closed symmetric operator
in L2(R, |z|®) with deficiency indices ni(Luyin) = 2.
(i1) Let mappings T; : dom(L%; ) — C2, be given by

f'(+0) ) ( F(+0) )
28 I f = . Tof = .
(@) a=( 155 ) mr= (19
Then I1 = {C2,Ty,T1} is a boundary triplet for L%, .
(#9t) The corresponding Weyl function M(-) is

(29) M()) := ( _1/2““) in/\) ) AeC\R.
Here T'y(+) is defined by (16).

Proof. (i) is obvious. Moreover, by (23), one gets for all f, g € dom(Lyin+)
(30) - -
(Linfs 9) = (f, Liing) = f/(+0)g(+0) + f'(=0)g(=0) — f(+0)g’'(+0) — f(—0)g'(—-0)
= (1f,Tog)cz — (Lo f,T19)ce-

This proves (i7).

Note that the defect subspace of the operator L,;, has the form
(31) s:n)\(-[/rnin) = Span{y;— (2177 )‘)a y; (fE, )‘)}7
where

Yoz, A) = Ta(N)palz, A), x>0,

2 + =

) wilen =1, e
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- (s 0, x>0,
(33) Yoo (2,4) 1= {wa(—x, “N) = To(=Nga(—z,-X), <0
By Definition 3, after simple calculations one obtains (29). O

Corollary 3. The gamma—field v(-) corresponding to the triplet II is

ct ct
(39) Y () = oo - .

Here T'o(\) and yZ(z,\) are defined by (16) and (32)—(33), respectively.

Let us remark that all quasi—-Hermitian extensions of the operator L., are almost
solvable, because ny (Lyin) = 2 < 0o. In what follows we confine ourselves to the almost
solvable extensions described by the boundary triplet IT of the form (28):

d2
(35) Lp= —ji?f@, dom(Lp) = {f € dom(L%,,) : T1f = BTof}.
Here B = ( le 212 ) is a 2x 2-matrix with complex coefficients. In this case boundary
21 D22

conditions at zero take the form
f'(40) = b11 f(40) + bia f'(-0),
—f(=0) = bo1 f(+0) + baz f'(—0).

Equality (29) allows us to describe the spectrum of the operator Lp. Let us determine
the function Up(-) : C; — C by the following way

(36)

(37) Up(A) :=det(B— M(\), XeCy;
(38) Up(p) = sliirfodet(B —M(p+ie)), pweRU{oo}, e>0.

Here M(-) is given by (29) and (16).
Note that ¥p(-) is analytic on C; and continuous on R\ {0}. Furthermore, it is
obvious that
eim/(@+a) 1

Vp(A) = — AV CHO) 1 by 1bgy — bigbay + e/ P by, O, @)

AeCi\ {0}

It follows from (39) that ¥p(-) has at most two zeroes (a zero of multiplicity & is counted
as k zeroes).

(39)

Lemma 1. ([18]). Let B = ( II;H 212 ) € C?%2 and |bia| + |ba1| # 0; let Ly be an
21 bao

almost solvable extension of the form (35)—(36). Then:
(i) oc(Lg) =R and o,(Lp) NR = 0;
(11) O—p(LB)mCJr = {)\ S (C+ : \I/B(A) = 0} and Up(LB)ﬂC, = {)\ eC_: \IJB*(X) =
0}.

Proof. (i) The spectrum of a quasi—Hermitian extension of a simple symmetric operator
A with finite deficiency indices consists of the spectral kernel of A and the eigenvalues
(see [1]). It is obvious that the spectral kernel of Ly, is continuous and coincides with
R (cf. Corollary 2). Hence o.(Lp) = R. Moreover, the condition |b12| 4 |b21| # 0 implies
Gp(LB) NR=0.

(ii) trivially, follows from Proposition 1. O
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Remark 1. Since L} = Lp-«, the operator Lp is self-adjoint exactly when B = B*.
If B is a self-adjoint matrix and the condition |bia| + |b21| # 0 holds, then o(Lp) =
o.(Lp) = R. In other words, the spectrum of the self-adjoint extension type (35)—(36)
with nonseparate boundary conditions is continuous and coincide with R.

Remark 2. Suppose that |bi2|+|b21| = 0, i. e., the operator Lp has a separate boundary
conditions. Such type operators are well studied and this case is not of interest.

Let us determine the following functions for all f € L?(R, |z|%)
+o0 0
@) Fi(N = [ FOuieNd FrGN = [ ot deC\R
0 —o00

Lemma 2. Let B € C2*2Z and |bya| + |ba1| # 0; let Ly be of the form (35)—(36) and
Lo = Lyin| ker(Ty). Then
(L = A~ f(a) = (Lo = AD) ™! f ()
y;t($7 )\) ) (bzz + Pa(—)\)
Up(A)-Ta(N) Tu(N)

Yo (7, ) FI(f,\) )
_ Y . (b21 T () — (b11 + 1/ T (V) F, (f, )\)> ,

fGLZ(Ra |l,|a)’ )‘GP(LB)

n FH(fN) — biaFs (/. A))

(41)

Proof. Note that (see Corollary 1)

@) (s PR - € and (= (LW eevr

Combining (29), (34), (42) with Theorem 2, we obtain (41). O

5. SIMILARITY TO A SELF—ADJOINT OPERATOR

Here we present the main result of the paper, a criterion of similarity of Lg to a
self-adjoint operator. To prove the main result we need two lemmas. The first of them
is known and trivial.

Lemma 3. If an operator T € C($) is similar to a normal one, then the inequality

1 C
(43) (T =AD" ls < TSty o (1))

holds with some constant C > 0.
Lemma 4. Let the functions To()\), yZ(z,\) and FE(-,\) be defined by (16), (32)—(33)
and (40), respectively. Then the inequalities

e>0J o Lo (p + ie)

(45) sup /+OO €

e>0J -0

dp < O|If? feL*R,[2]%);

‘ 2

Va (@, p+ i) FF (f, pu + ie)
Foz (/’L + ’LE)

hold for all f € L*(R, |x|*) with some constant C > 0 independent of f.

Proof. Let us consider the self-adjoint operator Lp, of the form (35)-(36) with By =

( 0 1 ) It is clear that

du < O|If? fe L*(R,[2]%);

‘ 2

1 0

L.(— _ .
oA _ pim/@e) g () = 14 @ |y e,
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Substituting fi(z) = f(z) - xr, (z) for f in (41), we obtain

I (O A A
_|[pEENEEEN|] (s @ VEFEN T e
Ty To(N) ‘ To Ta(n) || S0

Finally note that the operators Lp, and Lg are self-adjoint, hence, by Theorem 1, they
satisfy inequalities (4). Combining this fact with (46), we get (44)—(45). O

Theorem 5. (Main Theorem). Let

B = b b1y e C?*?  gnd |b12| + |b21‘ #0;
ba1 b2

and let Up(-) be defined by (37)—(38). The operator Ly of the form (35)—(36) is similar

to a self-adjoint operator if and only if Vp(-) and Up«(-) have no zeroes in the closed

upper half-plane C_.

Proof. (Necessity). Suppose that Lp is similar to a self-adjoint operator. Then Lpg has
a real spectrum, i. e., 0(Lg) C R. Hence the functions ¥(-) and ¥p«(-) have no zeroes
in C4 (cf. Lemma 1 (ii)).

Let us prove that ¥g(-) and ¥p«(-) have no zeroes in RU{co}. Assume the converse.
Without loss of generality we suppose that ¥p(-) has a zero in R U {oco} and b15 # 0.
Let us consider three cases.

i) Suppose that pg = fig # 0 is a zero of the function ¥p(-). We put f, (z) :=
Yo (2, N)/|lys (2, N)||. Substituting f5 (-) for f(-) in (41), we obtain (in what follows || - ||
stands for the norm in the corresponding Hilbert space L?(R, |z|))

2

- +(x
T Y I P AT
_ 2
(47) + H—y@ﬁf(;}) (b + 1/Ta()Ex (52 N)
g @A g @ P

- Wp(A) - Ta(N)

Since the operator Ly is self-adjoint, then
. o 1
(Lo = (o + i) D) M| < =

The function ¥ (-) admits an analytic continuation into pg # 0 (see (39)), hence we get

(48) (Wp(po +ie)| = O(le]), &—0.
Combining (47), (48) and (26), we obtain
(49)

(L5 = (o + &))" = [|(L = (o + i) )~ 5 (@)

s o2 WGt iz (o o + i0)|* L
U5 (o + i) Talo + i2) 2 2
_ ool - (o + i) P/ ! Im ! _1
21 5 (10 + i) (=0 — i) 1/@Fa) % (g + i) /@Fe) 2
b12)? - Tm(—pg + ie)Y/ G+ Tm(pg — ig)/C+e) 1 1
T EPl(uo+ i O (ue i) &2 (II) ceh

By Lemma 3, the operator L g is not similar to a normal operator. This is a contradiction.
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ii) If pp = 0 is a zero of Up(+), then W (A) = baa/Tw () (cf. (39)). Arguing as above,
we obtain
2

N U N | L 1 . P
|Lo =iy = Bo =i 5| 2 |32 - It @ i)l v (o i)
b2
(50) )
b 1 1 . L, 1 0
b | P (iR T G T \fepres )0 ST

This contradicts Lemma, 3.
iii) Finally let ¥ 5(c0) = 0. Then Ui(\) = b11To(—A). Using (41), one gets

R N Ry |

(51) > |Im)\|2 bﬁ ? ||y;t($,>\)‘|2 ||y;({13,>\)||2 _ bﬁ 2 \ImFa(/\)ImFa(f)\N
B b11 ‘Fa()\>ra(_)\)‘2 b11 |Fa()\)1—‘a _)\)|2
by 121 _
=13 12 ’1m(_)\)1/(2+a) (M| yec,.
11Cq

It is obvious that the right part of (51) is unbounded in Ci..
This contradiction concludes the proof of necessity.

(Sufficiency).

Suppose that the functions ¥Up(-) and ¥p-(-) have no zeroes in the closed upper
half-plane. Then, by Lemma 1, the operator Lp has a real spectrum and o(Lp) = R.
Moreover, the inequalities

1 1

(52) <0, —

Ws(N)| (W= (M)

are valid. Using (52) and Lemma 4, we obtain that the resolvents of the operators Lp

and Lp- (see (41)) satisfy estimates (4). By Theorem 1, the operator Lp is similar to a
self-adjoint one.

This concludes the proof of Theorem 5. (]

SOl, /\EG, C’1>O7

At the end of this section we formulate the criterion of similarity of Lg to a normal
operator.

Theorem 6. Let

B= ( 211 212 ) € C*? and |bia| + |b21| # 0;
21 b2
and let p(-) be defined by (37)—(38). Then the operator Lp of the form (35)—(36) is
similar to a normal operator if and only if the following conditions hold
(1) Up(-) and Up«(-) have no zeroes in R U {oco};
(2) Up(-) and Up«(-) have no zeroes of the second order in C.

Let us make several comments. Necessity is obvious. Actually, if the condition (1)
is failed, then the resolvent of the operator Lp or L+ has a nonlinear growth in some
neighborhood of a real zero (see the proof of necessity of Theorem 5). If the function
Up(-) or ¥p«(-) has a zero of the second order in C, then it is not hard to show that
the resolvent of Lp has a pole of the second order. This contradicts similarity of Lg to
a normal operator.

The proof of sufficiency is similar to that contained in [16].
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6. EXAMPLES

6.1. On similarity of L to a self-adjoint operator. Let the matrix B be of the form

B = 0 iz . Then, by (39), we get
b21 0

Up(N) = big - boy + e @2 G (X)) = by boy +e /(@D N e T,
Hence, by Theorems 56, we easily obtain

Theorem 7. Suppose that

B= ( bgl b(lf ) €C? and byp- by # e/ (OF2),
Then

(i) o(Lg) = oc(LB) = R;

(1) the operator Lp is similar to a self-adjoint one.

Note that in the case bya - by = eF7/(@+2) the point spectrum of Lp coincides with

the upper or lower half-plane. Hence the operator Lp is not similar to a normal one.

Remark 3. The result of A. Fleige and B. Najman [9] immediately follows from Theo-

0 1

-1 0 )"
Let us calculate the characteristic function Wi (-) of the operator L. According to [6],

the characteristic function Wr(+) has the form

Wr(A) = (B = M\)(B* = M(\)™,

since det((By — B§)/2i) = 1 # 0. Here M(-) is defined by (29) and (16). After simple
calculations we get

rem 7. Actually, the operator L of the form (2) is the operator L with B =

1-2/D, 2/(Dq - Ta(N))
(53) WL\ = < —2-Ta(=A)/Do  1-2/D,

We see that the characteristic function Wi (-) as well as its J-form J — W} ()JWL(-),

where J = 0 7 ), are unbounded in C,. Therefore known sufficient conditions of

) . Dy =147 i/(@%2)

—i 0
similarity to a self-adjoint operator in terms of the characteristic functions (see [21]) are
not applicable.
Note that L is similar to an operator R = R* with absolutely continuous spectrum
R = R, since W(+) is unbounded only in neighborhoods of zero and infinity.

6.2. On similarity of &7 (f% +c§) to a self-adjoint operator. Let § be the

B

Dirac delta. The differential expression

1 d?
(54) le ::W <_d:cQ+aS>’ c e C\ {0},
generates in L?(R, |z|®) the following operator
1 a2
65 T TRl
dom(Ac) = {f € dom(Lyy,) : f(+0) = f(=0),  f'(+0) = f'(=0) = cf(0)}.

Let us consider the operator L. := JA., where J : y(z) — sgnz - y(z).
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Theorem 8. Let L. = jir“f (—j—; + 05) be the operator defined by (54) and (55) and

c € C\ {0}. Then
(i) L. is similar to a normal operator if and only if

1+ cos(m/(a+2))
sin(m/(a + 2))
(i) L. is similar to a self-adjoint operator if and only if

1+ cos(m/(a+2))

(56) Rec # — - |Iml;

57 R - | Imel.
(57) ec sin(m/(a + 2)) |
Proof. 1t is obvious that L. is an almost solvable extension Lp of the form (35)—(36)
with B = ( fl (1) ) . By (39), we get
(58)
Wp(\) =14 ein/lat2) ¢ & Ca Upe(N) = 14 e-im/let2) 4 _© Ca AeC,
s\ =1+e +m7 g(A)=1+e +m, €.

The function Up(-) or ¥p«(-) has a real zero if and only if (56) does not valid. ¥p(+)
and ¥p-(-) have no zeroes in the closed upper half-plane exactly when ¢ satisfy (57).
Theorems 5-6 complete the proof. O

Remark 4. Note that ¢ € C satisfy (57) if it belongs to the angle Gg with vertex zero

and the half-angle
1+ cos(m/(a + 2))>
sin(m /(o + 2)) '

[ = arcctg (
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