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STRONG MATRIX MOMENT PROBLEM OF HAMBURGER

K. K. SIMONOV

ABSTRACT. In this paper we consider the strong matrix moment problem on the real
line. We obtain a necessary and sufficient condition for uniqueness and find all the
solutions for the completely indeterminate case. We use M. G. Krein’s theory of
representations for Hermitian operators and technique of boundary triplets and the
corresponding Weyl functions.

1. INTRODUCTION

In this paper we consider the following problem. Given a bisequence of self-adjoint
NxN-matrices {Sk}fz, find all the self-adjoint nonnegative Borel Nx/N-matrix measures
d¥ on R obeying the identities

+oo
(1) / thdy(t) =S, (k=0,%1,%2,...).
This problem is called the strong full matriz moment problem of Hamburger. The matrices
{Sk}fz are called moments and the measure dX is called a solution of the moment
problem (1).

Let us recall that for the classical moment problem one is given a sequence {Sk},°
and seeks a measure d¥ such that (1) holds only for nonnegative k.

Investigations of the scalar strong moment problem and orthogonal Laurent polyno-
mials originated in papers of W. B. Jones, W. J. Thron, H. Waadeland, O. Njastad
(see [12, 9, 11]). Tt is worth noting that a necessary and sufficient condition for solv-
ability of the strong moment problem was originally obtained by Yu. M. Berezanskii
(see [2] and Remark 3.1.1 below). A description for the solutions of the scalar strong
moment problem was obtained in [19] and [21] for the Hamburger problem and in [13]
for the Stieltjes problem. Note that the description of the solutions in [19] was given
under an additional assumption of regularity, which is not used in the present paper (see
Remark 4.10.1). A detailed bibliography can be found in the survey [10].

The classical matrix moment problem was investigated by M. G. Krein (see [14, 15]).
In [15], M. G. Krein has described all the solutions of the classical matrix moment
problem for the completely indeterminate case.

To solve the moment problem means to answer the following questions:

(1) Under which conditions is the moment problem solvable?

(2) If the moment problem is solvable, how to determine whether it has a unique
solution?

(3) How to describe all the solutions of the moment problem?

In this paper we assume that a given bisequence {Sk}fz is positive and normalized
(see Definition 3.1). Under these conditions the moment problem (1) always has a so-
lution. We determine a necessary and sufficient condition for the solution to be unique
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(see Theorem 4.2). When the moment problem is completely indeterminate, we describe
the set of all the solutions of (1) (see Theorem 4.10).

Let us briefly outline the contents of the paper. In Section 2 we recall basic concepts
of M. G. Krein’s theory of representations for Hermitian operators and some facts of the
theory of boundary triplets.

In Section 3 we consider the space of Laurent polynomials of the form

Z &b (&, cCV,m=0,1,2,...)

k=—m

with the inner product generated by the Hankel quadratic forms

m
> &St (&), cCY,m=012,.).
i,j=—m
We introduce the multiplication operator A and determine a one-to-one correspondence
between the set of minimal self-adjoint extensions of A and the set of all the solutions
of (1) (see Theorem 3.2). We also recall some earlier results from [20] on orthogonal
matrix Laurent polynomials of the first and second kind.

In Section 4 we find a necessary and sufficient condition for a solution of (1) to be
unique (see Theorem 4.2). For the completely indeterminate case (see Definition 4.1), we
construct a boundary triplet (see Theorem 4.7) for A* and the corresponding resolvent
matrix (see Theorem 4.8). Finally, we describe the set of all the solutions of (1) in the
form of a Nevanlinna type formula (see Theorem 4.10).

2. REPRESENTATIONS OF HERMITIAN OPERATORS

Let us recall basic concepts and statements of M. G. Krein’s theory of representations
for Hermitian operators (see [14, 7]) and some facts of the theory of boundary triplets
(see [8, 4, 6, 5]).

In this section, we consider a simple closed Hermitian operator A with deficiency
indices (N, N) in a Hilbert space . We assume that the domain of A is dense in ). We
will use the usual notation:

My =ran(A - A), I =9H0 M.

Let £ be a subspace in $) of dimension N. If there exists at least two points A\, € C
and A_ € C_ such that the decomposition
(2) H =L+,

holds for A = AL, then £ is called the module of a representation of the operator A.

A point A € C is called an £-regular point of A if X is a point of regular type for A
and the decomposition (2) holds. Denote by p(A; £) the set of all £-regular points of A
and put

ps(A4; ) ={AeC: A Xep(4;20)}.
Let us define two holomorphic operator-valued functions
PA), QN : H— £ (A€ p(4L)

on the set p(A; £). Let P(A) be the skew projection onto the subspace £ parallel to 9.
In other words, P(A) obeys

PANfel, (T-PN)femn (fe9n).
Define Q(A) by the equality
Q) = Pe(A—X)"HI = P(N).

(By Pg we denote the orthogonal projection onto a subspace H.)
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The function P establishes an isomorphism between the Hilbert space $ and the space
of holomorphic functions

e ={fe(N)=PN)f: feNn Aep(AL)}.
By this isomorphism the operator A is transformed to the multiplication operator
PANAf =Afe(N) (f € domA).
The following assertion is useful for checking whether a given point is £-regular.

Theorem 2.1 ([14, 7]). If for a point A € C we can find a neighborhood U > X and a
linear set L C $ such that L is dense in ) and fe is holomorphic in U for each f € L,
then A is an £-reqular point of the operator A.

It is easy to check the following properties of the functions P(A) and Q(\):

PNAf = AP\ f, QNAf =AQ\)f+ Pef (f € dom A),
APA)'¢ = AP(N)"p,  ATQN)"¢=AQ\)"¢+ ¢ (¢ €9,
3) P(N)¢ = ¢, QAo =0 (¢ €g),
PeP(N)* = Ig, PeQ(N)* =0g,
P(AN)*Pg =P(N)", Q(N)"Pg = Q(N)".
It follows from (3) that
(4) My = ker(A* —A) =P(N)*L (X € ps(4; L2)).

Proposition 2.2 ([5, 6]). The following decomposition holds.
dom A* =dom A+ P(A)* L+ QN)*L (X € ps(4; L)).

Definition 2.1. Let Abea self-adjoint extension of the operator A, possibly in a larger
Hilbert space $ D $. The extension A is called £-minimal if

51@{& (A-N"lg: Aep(ﬁ)}.

Definition 2.2. Let A be an £-minimal self-adjoint extension of the operator A. Then
the operator-valued function

Po(A= N7 (A€ p(A))
is called the £-resolvent of the operator A corresponding to the extension A.

Definition 2.3 ([8]). A triplet IT = {£,T¢,T'1}, where I = {I'¢,I'1 } is a linear operator
from dom A* to £ ® £, is called a boundary triplet for the operator A* if the mapping "
is surjective and obeys the abstract Green identity

(5) (A" f,9) = (f,A%g) = (T1f,Tog)e — (Tof,T1ig)e (f,g€ A).

Let us recall that a linear subspace S C £ £is called a linear relation in L. Any
linear operator S in £ can be identified with its graph

{f,Sf}eLas: fedomS}.

Therefore any linear operator can be considered as a linear relation.

A linear relation S in £ is called Hermitian (dissipative) if (f/, f) € R (S(f, f) > 0) for
any pair (f, f') € S. A Hermitian (dissipative) relation S is called self-adjoint (maximal
dissipative) if dim S = N.

Any maximal dissipative linear relation Sin £ is uniquely represented in the form

§:S@mu1§,
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where S is a linear operator, which is called the operator part of S , and
mul S = {{O,f} € §}
is called the multivalued part of S.

Proposition 2.3 ([5]). A boundary triplet Il = {£,Ty,T'1} defines a one-to-one corre-
spondence between the set of proper extensions A of the operator A (A C A C A*) and
the set of linear relations 0 C £ @ £. This correspondence is given by

A=Ay ——0=TdomA= {{Fof,l‘lf} fe domﬁ}.
The extension Ag is Hermitian (self-adjoint) if and only if the relation 6 has the same
property.

In particular, the operators I'g and I'; define two self-adjoint extensions go and /Tl of
the operator A with the following domains:

(6) dom go =kerI'y, dom A, = kerTy.
The equality
(7) Y(A) = (Tolsm,) ™ (A € p(Ap))
defines the operator-valued function y(A) : £ — 91, that is holomorphic on p(ﬁo).

Definition 2.4 ([5]). The operator-valued function M(A) : £ — £ defined by the
equality

(8) MNTofs =T1fx  (fr €M, A€ p(Ay))

is called the Weyl function of the operator A corresponding to the boundary triplet
= {¢ Ty I}

Proposition 2.4 ([5]). The functions M(X) and v(\) obey the following identities:

(9) YN = (1) = (A= 1) (Ao = N (w) (A 1 € p(Ao)),

(10) M(A) = M(p) = (A= p)y(E)" v (A) (A 1 € p(Ao)).

Definition 2.5 ([6]). It is said that a holomorphic function 7: C; — £ ® £ belongs to

the class Ng if 7(\) is a maximal dissipative relation in £ for any A € C,.
It is said that 7 belongs to the class Ng if 7()\) is a maximal dissipative operator for
any A € C,.

One can extend a function 7 € Ng to the domain C_ by the formula

() =1(0)* (AeC.).

By identities (9) and (10), it follows that M ()) belongs to the class Ng. Moreover,
identity (10) means that M (X) is a Q-function of the operator A corresponding to the

extension Ag in the sense of [16, 17].

Definition 2.6 ([18]). A 2N x 2N-matrix W(A) = (w;; ()\))f holomorphic on p(A4; £) is
called an £-resolvent matriz of the operator A if it obeys the identity

WX IW ()" = J +i(A=m)GNG(p)* (A e p(4; L)),

J_i((l) _01) and G(A)_<_PQ(§\A))).

where
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An g-resolvent matrix is not unique. If Wi (A) and Wa(A) are two different £-resolvent
matrices of A, then

Wi(A) = Wo (MU (A € p(4; £)),

where U is a J-unitary matrix.

There exists a natural one-to-one correspondence between the set of £-resolvent ma-
trices and the set of boundary triplets. This following theorem shows how to construct
the £-resolvent matrix corresponding to a boundary triplet.

Theorem 2.5 ([6]). Let 11 = {£,T,T'1} be a boundary triplet for the operator A*. Then
the matriz function

Wi(A) = (PGA)*)" = (iffigﬁii 15377283)

is an L-resolvent matriz of A. Wi(A) is called the I1€-resolvent matrix of A correspond-
ing to the boundary triplet 11.

Theorem 2.6 ([14, 7, 6]). Let W(\) = (w;;(N))} be an £-resolvent matriz of the operator
A. Then the formula

(11) Pe(A =N e = (win(M7(N) +wi2(N)) (war (M) 7(A) +waa (V)™ (A € p(4; L))
establishes a one-to-one correspondence between the set of all £-minimal self-adjoint

extensions A of the operator A and the set of all functions T € ./\/]3

Remark 2.6.1. Suppose that W (A) is the II€-resolvent matrix of A corresponding to a

boundary triplet IT = {£,Ty,'1}. In this case, the parameter 7(A) in (11) corresponds

to the generalized resolvent of A uniquely defined by M. G. Krein’s formula (see [17, 7])
Py(A = X)7g = (Ao = )7 = 9N (N) + M)~ (V)"

where Ay, v(\), and M () are defined by (6)—(8).

3. THE SPACE OF LAURENT POLYNOMIALS

Theorem 3.1. If the moment problem (1) is solvable, then the quadratic forms

(12) > gSitG (e, cc)

1,j=—m
are positive definite for any m =0,1,2,....

Proof. Suppose d¥ is a solution of the moment problem (1), m is a nonnegative integer.

Then
> f;sm@:/ ( Z sjtﬂ) dxi(t ( > w) >0

i,j=—m j=—m i=—m

for any {&,}™ C CV. O

Remark 3.1.1. For the scalar case, it is known (see [11]) that the positive definiteness of
the quadratic forms (12) is also a sufficient condition for the solvability of the moment
problem (1). Yu. M. Berezanskil has pointed us that this condition for the solvability
of (1) is a particular case of Theorem 5.1 from his book [2, page 722].

Definition 3.1. A bisequence {S,}% is called positive if the quadratic forms (12) are
strictly positive definite for each m =0,1,2,... .

A positive bisequence {Sy} 7% is called normalized if Sy = I.
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Any positive bisequence {S;,}°°,_ can be converted to a normalized bisequence {Spyree
by the rule

Sk =25, 25:5, 2 (k=0,+1,£2,...).
Definition 3.2. The moment problem (1) is called nondegenerate if the given bisequence

of moments {5} is positive.

In this paper, we assume that the given bisequence of moments is positive and nor-
malized.
Consider the space of N-vector Laurent polynomials
m
o

.‘?){f(z) Z fr2® {fk}TmCCN,mO,l,Z...}.

k=—m

In this space, we introduce the inner product

m

(13) (f.9) = Z 95 Si+jfi;

ij=—m
where

f(z) = Z fiz', g(z) = Z g;izl (m=0,1,2,...).

i=—m j=—m

Denote by $) the completion of §) to a Hilbert space with respect to the inner product (13).
In the space §), take the N-dimensional subspace

Ho={f(2)=fo: foeCN}.
Since the bisequence {Sk}fz is normalized, the subspace $)¢ is naturally isomorphic to
the space CN.
Consider the linear operator A defined by

domA =29, Af(z)=zf(z) (f€9H).
Denote by A the closure of ;1 in the Hilbert space 9.

Theorem 3.2. There exists a one-to-one correspondence between the set of all the so-
lutions d¥ of the moment problem (1) and the set of all the $p-minimal self-adjoint

extensions A of the operator A. This correspondence is given by
E(t) = Pgy Et(A)] s,
where Et(g) is the orthogonal spectral measure of a self-adjoint operator A.

Proof. Suppose that A is an $Ho-minimal self-adjoint extension of the operator A in a
Hilbert space $ D $. Let E; = E;(A) be the spectral measure of A. We now prove that
d¥(t) = d(Pg, Et| g, ) is a solution of the moment problem (1). Since ker A = ker A = {0},

the equalities
Fo=Abp =A% (peH=CN, k=0,%1,+2,..))
hold. Therefore
[ eneraso= [ 6 dew) = (6, A1) = (A6, 410) = 4 Sesyo
— 00 —0o0
(0,0 € Ho=CN, 4,5 =0,+1,42,...),
and thus dX(t) is a solution of the moment problem (1).
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Let us prove the converse assertion. Suppose that d¥(t) is a solution of the moment
problem (1). Then X(t) is a linear bounded self-adjoint operator in $5 = CV and it
obeys the conditions

S(—00) = 0g,,  B(4+o00) = In,, B(t—0)=X(t) (te€R).

By the Naimark dilation theorem (see [1, 3]), there exists a Hilbert space H D Hoand a
resolution of identity F; : $§ — $ such that

S(t) = Py, Eilg,, Span{Eip:¢ € Hio} = 9.
The resolution of identity E; defines the self-adjoint operator

~ +oo

in the space 9. Let us show that there exists an isometric embedding V' : $ — § such
that VAV ~! C A. Indeed,

+oo “+o0
| aEe.e = [ erasn6.0) = ¢'Sus < oo
(pEH=CN, k=0,%1,+2,...),
and therefore $Hy C dom A¥ for each integer k. Put
V(ZFe) = V(AF¢) = AF¢ (e Ho=CN. k=0,41,+2,...).

The mapping V is isometric since

(VO VE0); = (Do A = [ eV dEon = [ evuasooe

9
:w*Si+j¢: (Z’Ld),zj'l/)) (¢»¢ 6S;JO g(CN7 27.7:07:‘:1,:‘:27)7
and the inclusion VAV ! C A holds by construction. (]

Corollary 3.2.1. The moment problem (1) has a unique solution if and only if the
operator A is maximal. Otherwise the moment problem (1) has infinitely many solutions.

oo

Definition 3.3 ([20]). A sequence of N x N-matrix Laurent polynomials {Py(2)}, of
the form
k

k
Pa(z) = Y PRF, Pan(e)= Y. B2 (B ec™)
j=—k j=—k—1
is called the sequence of orthogonal Laurent polynomials of the first kind if the following
conditions hold:

(A) The coefficients Pé,’j) and Pé,:fl_ Y are strictly positive matrices.
(B) The Laurent polynomials {P,(z)}," are orthonormal, i.e.,
Conditions (A) and (B) uniquely determine the sequence {Px(z)}," .

Definition 3.4 ([20]). The sequence of N x N-matrix Laurent polynomials {Qx(z)}o
defined by

W*Qk(z)fz (Rk(az)§7n) (faUECNa k2071a2a"')a

Rk(C7Z) = Pk(cg : ZPk(Z)

is called the sequence of Laurent polynomials of the second kind.

where
(k=0,1,2,...),
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Extending Definitions 3.3 and 3.4, put
P_5(2)=0, P_1(2)=0, Q_2(2)=-I, Q_-1(2)=0.
Definition 3.5 ([11, 10]). The sequence {P;(z)}, is called regular if the coefficients
Pz(k_ ") and Pégrl are nondegenerate matrices.

Note that in this paper we do not assume that the sequence {Py(2)}," is regular (see
Remark 4.10.1).

If we denote by {Ej}iv the standard basis in CV, then the sequence
{PZ(Z)GJ} = {P()(Z)Gl, ceey PQ(Z)€N, Pl(Z)El, N 7f:)]_(,Z)GN, .. }

forms an orthonormal basis in the space §). Therefore any element f € § can be uniquely
represented as a Fourier series

(14) 1) =3 Pulz)én,
k=0

where the Fourier coefficients ¢, € CV are determined by the equalities
€0k = (f(2), Pu(2)e;) (G=1,...,N).
Conversely, a vector f of the form (14) belongs to the space $ if and only if it obeys the

inequality

o0
2 2
IF1* =D lellen < oo
k=0

Theorem 3.3 ([20]). The Laurent polynomials { Py(2)},” and {Qr(2)}," obey the recur-
rence relations

2Poi(2) = Par—2(2)Cp o + Par—1(2) By,
+ Por(2) Aok + Pogy1(2) Bar + Pagy2(2)Cax,
2Q2x(2) = Qar—2(2)Cap_g + Qar—1(2) B3y
(15) + Qar(2) Aok + Qary1(2) Bar + Qarr2(2)Cax,
2Poy1(2) = Par(2) By, + Pogt1(2) Aok g1 + Pogr2(2) Bagy1,
2Q2k+1(2) = Qak(2) B3y, + Qak11(2) A2k11 + Qak+2(2) Bak+1
(k=0,1,2,...),
with the initial conditions
(16) P_5(2)=0, Py(z)=1I, Q-_202)=-I, Qo(z)=0,
where the coefficients { A}y, {Br}>, {Cr}>y are some N x N-matrices.

In the basis {P;(2)e;}, the operator A has the following block-matrix form

Ay B: C;

By A, B
Co Bi Ay, B Ci
(17) B, A; B
Cy By A}

Definition 3.6. The matrix (17) is called the generalized Jacobi matriz corresponding
to the matrix moment problem (1).

Proposition 3.4 ([20]). The coefficients {Ag}o, {Br}> . {Ck}™5 of the recurrence
relations (15) obey the following conditions.
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(1) C,Q = L B,1 = O, Cgk,1 =0 (k = 071,2,...);
(ii) The following matrices are well defined:
Cyls Bo=(Bj—AoCy'Bi)7Y,

1 -1
_ . Cor, Asgyo B3
C2k+1 = — |: (B2k B27€+1) ( 0 02k+2 Bz:ii

(k=0,1,2...);
(iii) The following inequalities hold:
CouCopz---Co >0, Capy1Cap_1---C1By >0 (k=0,1,2,...);
(iv) The matrices Ay, are self-adjoint and obey the identities
Aopi1 = BoxCo' Bagy1  (k=10,1,2,...).

Proposition 3.5 ([20]). Let {4}y, {Bi}>, {Ck}™, be arbitrary matrices satisfying
conditions () (iv). Then there exists a unique positive and normalized bisequence of mo-
ments {Sk} such that the corresponding Laurent polynomials { Py(z)}y" and {Qk(2)}o
obey (15) wzth the given coefficients.

Corollary 3.5.1 ([20]). Suppose that a sequence of vectors {fi};" C CN obeys the
following recurrence relations.

Aok = Cop—2 for—2 + Bor—1far—1 + Aok for + Bay fars1 + O foryo,
(18) Afory1 = Bog for + Aokt1 fory1 + By forye
(k=0,1,2,...),
where f_o = f_1 =0. Then
(19) fi=PNfo (7=0,1,2,...).
4. SOLUTIONS OF THE MOMENT PROBLEM

Theorem 4.1. The limit
-1
R(A) = lim < Z Pi(A >
converges for each A € C\ {0} and its mnk satzsﬁes the condition

rank R(A) =my (A e Cy),

where (my,m_) are the deficiency indices of the operator A. The deficiency subspace
Ny of the operator A has the form

= { o) ZPk N6: 0 CYORrRM)} (Ve C\ (o)),

Remark 4.1.1. For the classical matrix moment problem this theorem has been proved
by M. G. Krein [15] (see also [2]).

Proof. To prove this statement, we only need to show that the deficiency space 91y of
the operator A consists of the vectors

fro(z ZPk )Pe(N)*6 (¢ CV)

satisfying the condition

Z¢*Pk A) ¢ < oo.
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Let us find the domain of the adjoint operator A*. A vector f € $ belongs to dom A*
if and only if there exists a vector g € § such that

(20) (f(2), APy(2)ej) = (9(2), Pe(2)e;) (k=0,1,2,..., j=1,...,N).

In this case f € dom A* and g = Af. Suppose that the vectors f(z) and g(z) have the
form

)= P2 e, 9(2) = Pu(2)gk-
k=0 k=0

Then the equalities (20) are equivalent to

9k = Cr—2fi—2+ Br—1fu—1 + Axfi + Bife41 + Cpfevz (K=0,1,..., foo=f1=0).
The vector g belongs to ) if and only if

(21) lglI* = Z |Cr—2fru—2 + Br—1fr—1 + Axfx + B fet1 + CkaHH?CN < o0.
k=0

Thus a vector f € § belongs to dom A* if and only if its Fourier coefficients { fi. },” satisfy
condition (21).
We are now ready to find the deficiency subspace

My = Horan(A — \) = ker(A* — N).
If a vector f € 9 of the form

f(2) =Y Pu(2) fi
k=0

belongs to ker(A* — \), then the coefficients f; obey (18). By Corollary 3.5.1, it follows
that the vector f has the form

) £ = SRR fo (oY)
k=0
Conversely, if a vector f has the form (22) and obeys the condition
(23) 1A = D P) follew < o0,
k=0
then f belongs to My = ker(A* — \). O

Corollary 4.1.2. If A has deficiency indices (N, N), then A is a simple operator.

By Theorem 4.1 and Corollary 3.2.1, one obtains the following necessary and sufficient
condition for the uniqueness of the solutions of (1).

Theorem 4.2. The moment problem (1) has a unique solution if and only if R(A\) =0
for some A € C\ R. Otherwise the moment problem (1) has infinitely many solutions.

Definition 4.1. The moment problem (1) is called completely indeterminate if the op-
erator A has deficiency indices (N, N).

The moment problem (1) is completely indeterminate if and only if ker R(A) = {0}
for each A € C\ R. In the sequel, we assume that the moment problem (1) is completely
indeterminate.

Proposition 4.3. If the moment problem (1) is completely indeterminate, then the
condition

fHonran(A — ) ={0} (AeC\{0})
holds.
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Proof. Suppose that « is the angle between 9y and ran(A — A). We claim that a > 0.
Indeed,
sina = inf — (A=A > inf — = inf h
Hqﬁﬂchl{H(b ( Y= ||¢||CN:1{”¢ g} MM:l{H 1}
fedom A g(N)=0 hr(N)=¢
1

m 2 2

T O IEN
= 1m _— = in = )
nes LI lew S e | 12520 PN sl

=0,1,2,...

Using Cauchy’s inequality, we obtain

sin o > _énlf2 { ! - } = 1 T+ > 0.
(R E) T (SR B )
O

Let us take the subspace £ = £ as the module of a representation. By Proposition 4.3,
the decomposition

H=IM+9 (eC\{0})
holds. Denote by P(A) the skew projection onto o parallel My in the space $. Put

Q(\) = P (A= N)7HI = P()).

Then any vector

f2)=>_P(2)fx €9
k=0
obeys

PO =) =D PN fr, QN =D QN fi-
k=0 k=0
Proposition 4.4. The set of $o-regular points of A coincides with the domain C\ {0}.

Proof. This statement follows from Theorem 2.1 for L = . O

Proposition 4.5. The following equalities hold:

(POA)9) (2) = Y Pul2) (V)9
k=0

(QN9) (2) = D Pi(2)Qr(A)"¢
k=0

(¢ € $o).

Proof. Let us prove the first equality, the second equality can be proved similarly. Expand
the vector P(A)*¢ as

PN = ZPk(Z)flc~
k=0

Then the coefficients f; are determined from the equalities
€ fe = (P(N)" 0, Pr(2)e;) = (6, P(\) Pr(2)e5) = (¢, Pu(Nej)ey = € Pe(N)"¢
(k=0,1,2,...,j=1,...,N).
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Theorem 4.6. The adjoint operator A* has the form
dom A" = dom A + P(X)*Ho + Q(N)* 9o,
(24) A f = Afo + XP(N) 6 + XQN) " + v
(A e C\{0})
where
f=lo+PN) ¢+ QN\)"Y (fo€domA, ¢4 € H)
The deficiency subspace Ny has the form

Ny = {fw(z) - ;)Pk(z)Pk(X)*gb L pe 350}.

Proof. Using Proposition 2.2, we obtain the form of A*. Using Theorem 4.1, we get the
form of the defect subspace M. O

Theorem 4.7. Suppose a € R\ {0}. The triplet II = {$0,T0,T1} given by
Lof =Pla)(A" —a)f = =, Tif=Psf—Qa)(A" —a)f =0,
and
f=Jo+Pa)¢+ Q)" €domA” (fo € domA, ¢, ¢ € Ho)

is a boundary triplet for the operator A*. The corresponding Weyl function M(\) has
the form

') [ee) —1
(25) M) = (I eaY Qk<a>Pk<A>*) ((A ) ZPk<a>Pk<A>*) .
k=0 k=0

Proof. Let us check that the equalities
~P(a)(A" —a)f = —¢, Po,f—Qa)(A" —a)f = ¢
hold for a vector
f=fot+Pla)eo+ Qla)"y € domA* (fy € dom A, ¢, € H).
Indeed,

—P(a)(A" —a)f = =P(a)(A - a)fo +¢) = =¥,
Py, f = Q(a)(A" —a)f = Pa, fo+ ¢ — Qa)((A — a)fo + ¢) = ¢.

It is clear that I' = {I'g, "1 } is surjective and obeys the Green identity (5). Therefore II
is a boundary triplet for A*. B
Now let us find the Weyl function M (X). Taking fx 4(2) = P(A)*¢ € Ny, we get

Lofre(2) = P(a)(A" = a)P(N)"¢ = (A = a)P(a)P(X)"¢ = (A —a) Y Pr(a) Ps(N)"9,
k=0
L1 fae(2) = (P, — Q) (A" = a))P(A)"¢ =1 — (A — a)Q(a)P(N)"¢
=I-(A-a)) Qua)P(N)¢.
k=0

Thus the Weyl function M (\) has the form (25). O
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Theorem 4.8. Let I = {£,Ty,T'1} be the boundary triplet for A* defined in Theo-
rem 4.7. Then the matrix function

woo= (o) i)
(I +(A=a) Y20 QiNP(a) (A —a) 37, Qi(NQ;(a)* )
~(A=a) X720 Pi(NPi(a)  T—(A—a)X 72, Pi(N)Q;(a)*

is the corresponding I1L-resolvent matriz.

(26)

Proof. Using Theorem 2.5, Proposition 4.5, and Theorem 4.7, we get

w11 (A)* = —ToQ(N)" =P(a)(A" —a)QN)" =T+ (A —a)P(a)P(A)"
=T+ —a))_ P(a)Qr(\N)",
k=0

wi2(A)* = -T1Q(N)" = —(Ps, — Q(a)(4" —a))Q(\)" = (A — ) Q(a) Q\)"

Remark 4.8.1. The proofs of Theorems 4.7 and 4.8 are close to those in [6] in the case
of the classical Hamburger moment problem.

Theorem 4.9 ([20]). The matriz function (26) is holomorphic in C\ {0} and has the
minimal exponential type at its points of singularity X = 0,00, i. e.,
lim log [W ()| can
A—00 |)\|
tim, A Tog [1V/()|can = 0.

:O’

Using Theorems 2.6, 3.2, and 4.8, we obtain our main result.

Theorem 4.10. There exists a one-to-one correspondence between the set of all solutions
d% of the moment problem (1) and the set of all functions T € Ng,. The correspondence
is given by the following Nevanlinna type formula

t— A
where the functions (w;j(\))3 are defined by (26).

—+o00
/ PO _ (g (A)r(3) + w1 (0) (s )7 (A) + w2 (A) ™

— 00

Remark 4.10.1. For the scalar case, Theorem 4.10 was proved by O. Njastad (see [19]).
However the result of O. Njastad is restricted to bisequences {Sk}fz that give rise to
regular sequences { Py (z)}g>O Since we do not use the regularity condition, we strengthen
the result of O. Njastad even for the scalar case.
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