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ON EXISTENCE OF x-REPRESENTATIONS OF CERTAIN
ALGEBRAS RELATED TO EXTENDED DYNKIN GRAPHS

KOSTYANTYN YUSENKO

ABSTRACT. For x-algebras associated with extended Dynkin graphs, we investigate a
set of parameters for which there exist representations. We give structure properties
of such sets and a complete description for the set related to the graph Dy.

0. INTRODUCTION

In [1, 2] (also see the bibliography therein) the following problems were studied. Let

; = {0 = 0 < ag) - < am }, i =1,...,n, be given finite subsets of Ry and

vy E R+. The problem is to determine whether there exist n-tuples of Hermitian operators
A; = Af,i=1,...,n, such that o(4;) C M; and

Ay + A+ -+ A, =
and to describe all irreducible (up to a unitary equivalence) n-tuples of such operators.

This problem could be reformulated in terms of x-algebras and their *-representations.
Consider the following *-algebra:

Arty Mooty = Clan, . agla; = af, (a; — o)) .. (a; —a)) =0,

a1 +ag + -+ an = ve).

It is quite easy to show that such an algebra is isomorphic to the algebra generated
by the projections

1 n n k)2 k)*
,PM17M2)"'7M7L;’Y = (C<p§ )7 s ’psrlzzv' . 7pg )7 s ’pgn,)L |p2 = pg ) pl(' ) 5
Zzag)pfj) = ve,p'p}) = 0).

1=1 k=1

To each algebra Pas, a,..... M, v, ODE can associate a connected non-oriented graph I'
that has n branches connected in a common vertex (the root), such that i-th branch has

m; vertices, ¢ = 1,...,n. Starting with ozg»i), we construct a function y (we will call it a

character of the algebra) on the set of vertices except for the root in the following way:

@

ng') (i-th branch, j-th vertex) equals to ;" the root of the tree corresponds to . The

character x could be written as the vector x = (agl), cee a%i, .- gn) . a%?) The

algebra Pas, a,...., M, ;v is uniquely given by the graph I', the character x, and v, hence,
we will denote it in the sequel by Pr y -
The additive spectral problem is equivalent to the following:
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(1) a) to describe the set ¥r = {(x;~)| there exists a representation of the algebra

Proyats
b) for each character x, to describe the set Y, = {v € R4| there exists a

representation of the algebra Pr , - };
(2) for every pair (x;7) € Xr to describe all irreducible %-representation of Pr , .

Depending on the properties of the graph I', the structure of representations of Pr .
is quite different. The result of the recent paper [4] shows that if I' is a Dynkin graph of
the type ATM Dn; E67 E77 or ESa

An

e———— @ ¢+ ¢+ c0——@ D, e e s 0——@

Es E;
Es

then Pr . is finite dimensional, if I' is an extended Dynkin graph of the type Dy, Eg,

E77 ESa
Dy
Eg

Ly Eg

then the algebra Pr , . is infinite dimensional and of polynomial growth, and finally if
I' neither a Dynkin graph nor an extended Dynkin graph, then Pr, , contains a free
algebra with two generators (in this case, problem (2) could be too complicated).

In this paper, we study the sets YXp, in the case where I' is an extended Dynkin
graph, give a complete description of the set X D find conditions for the sets X, to
be infinite and conditions for existence of *-representations of Pr , - in a special case
where v = wr (see Section 2 for a definition of wr).

1. A DESCRIPTION OF THE SET 254 X

As was shown in [11], the set X5  can be reduced to the structure of set Xp, . A
complete description of the set ¥p, , was given in [7],

S D (onsamas) = 10, (1 + g + az)/2} U { > aiJ {12, 3}},
ied

where we assume that oz < oy + a2, otherwise the set Xp, , does not contain the point
(a1 + a2 +a3)/2.
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Let o, i =1,...,4, denote the i-th component of the character y and a = a1 + as +
as +ay. The set Xp  satisfies the following properties (see [11]):
(1) p,,, C0,af;
(2) Ef)4 X = ZzeJaivJ - {O 1 2,3,4};
(3) TEXH, = a—-TED .
The third property means that ¥z D4y 18 symmetric with respect to 5, and therefore we
will study the set ¥5 | N[0, 5).

Notice that in the case where at least one of the components of the character x; > 3,
the corresponding projection in the representation equals 0 or I, hence the structure of
set Xp, . is the same as the structure of Xp, . Therefore, it is interesting to study the
case where all components of the character x are less than 5. In this case, the set Dax
is quite different from ¥p, ., furthermore, it is infinite. The following propositions give
a complete description of the set Dax (the exact technique and proofs can be found in

[11]).
Lemma 1. The set ¥ Lx Contains an infinite series Yoo with the limit point 5 and the
finite series Y. These two series are described by the following:

(1) if s + ag > a1 + ag, then

« o — 20y (051
Yo=9—-— —— < , neNy;;
0 {2 2(2n—1)|n otz —op—oy " }

(2) if as + a3 < a1 + ay, then
o a— 20y
I e St B [PAPES
> {2 2(271—1)’"e }

o a7 (€3]
Yo=9———|n< , neNyp;
2 2n ap + oy —ag —ag

(3) if as + a3 = ag + ay, then

sz{g_ﬂ neN}, = o
2 n

Theorem 1.
ShyN[050/2) =T USoUS  US§UBs US, UL, i=2,3,4, j=1,23,

where

o o (a7} a — g
S1={ - |n< , n< ; neNp,
! { 2(4n—1)|n 4oy — o " o — 4oy " }

212{;7; 2ai+§;4—a’ "= aiiial’ n<404iaii—04, nGN}, 1=
5w i gy e <o)
24:{3 )|n<4c(;;az,n<aaial,neN},

% = {g 20(é2;—2¢—a1i)|n<a—2§i1—20417n<a—ailai’n<O;(_0<fi_0<io;i’n€NU{0}}’

i=1,2,3.

Corollary 1. By using the structure of ¥y \ given by the latter theorem, one can show
that the set X5, contains the only limit point wp (X).
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2. COXETER FUNCTORS AND EVOLUTION OF CHARACTERS

A powerful tool for investigating the algebras Pr , - are the reflection (Coxeter) func-
tors. Namely, there exist two functors [3] linear S and hyperbolic T which establish an
equivalence between the categories of *-representations of the algebras Pr , .. These
actions between the categories give rise to an action on the pairs (;~y) as follows:

S (7)) — (X3,
1
’—(agrllz—agni_l,... 5&3, 1(#3 gs:_l,...,a%‘i),

7 =al) +- +a(") -

T: () — (X"57);
X”:(’y—a%z,...,’y—agl),...;fy %Lz...,y—agn)).

The main idea is to take a pair (x;7y) such that the structure of representations of
Pr x,y is known and to apply the functors S and T to construct the whole series of
algebras which have the same structure of representations as the algebra we started
with.

To make a use of this technique, we first study the evolution of the pair (x;~) under
the action of the Coxeter functors. In the general case, for an arbitrary graph I' the
formulas of the evolution could be complicated, but for the case where I' is an extended
Dynkin graph the results of [9] give an explicit formula for powers of the functor (ST)*r.

Let w(x) be a positive functional on the set of characters. We say that w(x) is an
invariant functional if the following conditions holds:

S (wx)) — (wX),

T: (x;w(x)) — ("5 w(X)).
The results [9] prove that if T' is an extended Dynkin graph, then there is only one
invariant functional,

00 = 2@ + ol + o® 4 o),
1
— Lo 4o+ ol 4 of? +af? +of?),

wp, (X) = g(ag” +al” +al” + ol + ol + 2a§2) + 2a§2) + 3a§3)).

Recall that in the case where v = wr(x), the algebras Pr , ..(y) are PI-algebra (see [5])
and their irreducible representations are of dimensions not greater than 2, 3, 4, and 6 for
the graphs D4, FEs, E7, and Eg, respectively.

Put pr = 2,3,4,6 for I' = Dy, Eg, E7, and Es, respectively. The evolution of the pair
(x; ) under the action of powers of (ST)Pr®r=1 functor could be written as follows.

Theorem 2. (see [9]). Let ' be an extended Dynkin graph. Then the following formula
holds:

(1) (ST)Prrr=DF (i) = (x = kpr(wr(x) = 7)xrs 7 — kpi(wr(X) = 7)),
where xr is a special character on T (see [10]).

Applying the functor (ST') to (1) we can obtain the evolution of the pair (x;~) under
the action of an arbitrary power k € N of (ST)* (in what follows we denote by (x(k); v(k))
the image of the pair (y;7v) under the action of the functor (ST)*).
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Proposition 1. The action of the functor (ST)* on the pair (x;7) could be written in
the following way:

(2) (ST)"(x;7) = (fr.e(x) — (wr(x) = V) for(xr); Y1k — (wr(x) — 7)¥2.k),

where the characters f1,(x) and for(xr), and the numbers 1 and Yo satisfy the
following properties:

(i) if k1 = k2 (mod pr(pr — 1)), then fir, (X) = fre.(X) and 1, = Y1r,;
(ii) the components of far(xr) and the numbers a ) are defined in the following

way:
) (@)
f2,k(XF)7(;J) _ (XF)z - |: pr k:| :
pr—1 pr—1

(i) f1prpr—1)k = X> S2prpr—1)k = kPrXT, Y1k =7, and Yo = kpf.

Proof. Make a direct calculation using formula (1). O

Remark 1. Property (i) means that the orbits of f1,0(x) and ¢ ¢ under the action of the
functor (ST) is finite and its length equals pr(pr — 1). The formulas for the characters
fi,x and the numbers 9 j are complicated (unlike for the characters fo r(xr) and the
numbers 19 1) and we do not give a list of their evolutions (this list contains 30 items in
the case where I' = Eg). Nevertheless, using (1) one can compute their values.

3. STRUCTURE PROPERTIES OF THE SET X ,

Definition 1. Let m : Pr, , — L(H) be a finite dimensional x-representation on some
Hilbert space H. We call a vector d a generalized dimension of w, which is defined as
follows:

dp = dim(H), dgj) = dim(Im(w(p(j)))), j=1,...,n, i=1,...,m,.

)

One can extend the action of the functors S and T to the set of generalized dimensions
(see for example [3]).

Lemma 2. The sets X, satisfy the following properties:
o~ ()
(1) EFyX C 07 Z XT%_] )
j=1

(i) Sry > Y ¥, Jc{l,...,n}.
JjeJ

Proof. Let us, for example, prove property (i7). It is clear that in this case, P,(njj) =1,if

j € J, and Pi(j) =0,ifjed i#mjorj¢J iel,...,m; form a representation of
PF,XW' O

If knowing the set ¥r, N [0,wr(x)], one can restore the whole set Xr ,, since the
functor S establishes a bijective correspondence between the set ¥r ,\[0,wr(x)] and the
set X, N[0, wr(x’)).

According to Lemma 1, the set X Dax is infinite if and only if all components of the
character x satisfy the condition x; < § (in other words, this means that x; < wp (X))
Let us study a similar question for all extended Dynkin graphs.

Let x; be the i-th component of the character y and x/} the corresponding component
of the character x’ obtained by applying the functor S to the pair (y,~).

Theorem 3. Let I' be an extended Dynkin graph. The set X, is infinite if and only if
all components of the character satisfy the two conditions x; < wr(x) and x} < wr(x’).
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Proof. We prove this theorem in several steps. At first we show that the conditions
Xi <wr(x) and x; < wr(x’) are both necessary for the set X , to be infinite.

Lemma 3. If at least one component of the character x or the character x' satisfies the
condition x; > wr(x) or x; > wr(X’), then the set X, is finite.

Proof. Tt is not hard to check that the projection corresponding to a component of x
that satisfies the condition is equal to 0 or to I in a representation. Hence, the set ¥r ,
has the same structure as the set Zfﬁx’ where I is a proper subgraph of I'. Since the set
Y1,y is always finite if I' is a Dynkin graph (see [7]), the set X, is also finite. O

Remark 2. Conditions x; < wr(x) and x} < wr(x') are equivalent if I' = Dy, but are not,
generally speaking, if I # Dy. For example, consider the character y = (5,6;7,8;8,9) on
the graph T’ = Fg. All components of y satisfy y; < W, (x) but, for the corresponding
character x' = (1,6;1,8;1,9), they do not.

To prove that the conditions x; < wr(x) and x; < wr(x’) are sufficient, we will
consider a special procedure (e.g., for I' = Eﬁ) which allows to build infinite series in
Yr , with the limit point wr(x).

Let I' = Eg and the latter inequalities hold. Consider the sets

Ao = {1k Ik =1, pg, (g, — 1) = 6},
which are the sets of orbits of the components flyo(x)gj ) under the action of the functor
(ST), and consider the set

3
A= U A .
j=1

Put a = min A and let [ and m be such that (f1,,,(x)); = a. Consider the sequence

a

Tn = Wi, (x) — on where ¢, = (f2,p,:36(pgefl)ner(XEG))l) = [Gn#}a and n € N.

Lemma 4. The algebra Pp, . has a representation for every natural n.

Proof. Fix n € N and apply the functor (ST)%**™~2 to the pair (x;wgz,(x) — 2-). To
check that this action is correct, we have to show that, at each step k < 6n +m — 2, we
will get the pair (x(k);v(k)), where (k) and all components of the x(k) are positive.
Indeed, consider, for example, the component X(k)z(-j ) at the step k < 6n 4+ m — 2. Using

formula (2) we get

XY = (fLk moa 6 () — (fz,k(XEG))l(‘j)(pi > a<1 - [k} [671 i m} 1) > 0.

N 2 2

To complete the proof, it remains to note that x(6n+m); = 0, hence the corresponding
component x(6n +m — 2); = y(6n + m — 2). According to Lemma 2, the algebra
PE67X(6n+m_2),,Y(6n+m_2) has a representation. O

Notice that the same procedure was used to build infinite series in the case where
I' = Dy (see Lemma 1). This procedure could be slightly modified for the cases of
I' = F7 and T' = Fjg, hence the theorem holds. O

An interesting question is when there exists a *-representation of the algebras Pr y
in the case where v = wr(x). If I' = Dy, this question was studied in [6] and the answer
is as follows: a representation exists if all components of the character y satisfy the
condition x; < wp, (x)- A similar answer appears to be correct for all extended Dynkin
graphs.
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Corollary 2. (A representation in the case where v = wr(x)) Let T' be an extended
Dynkin graph, and x be a character on I' such that the conditions of Th. 8 are satisfied.
Then there is a representation of the algebra Pr y wp(y)

Proof. Since the conditions of Theorem 3 are satisfied, there exists a series in X, with
the limit point wr(x). By Shulman’s theorem (see [8]) the sets X, are closed, therefore,
the set ¥r , contains the point wr(x). (]

Remark 3. Using the previous corollary one can determine if there is a *-representation
of Pr ywr(x) for a fixed character x. Indeed, if the conditions of Theorem 3 are satisfied,
then there exists a representation, if not we construct a proper graph by deleting vertices
where the components of x do not satisfy the desired conditions. Since we know an exact
answer for all proper subgraphs of extended Dynkin graphs, we can determine whether
there is a representation.

Theorem 4. Let I' be an extended Dynkin graph. If the set Xr, is infinite, then it
contains the only limit point.

Proof. Let us fix v < wr(x) and apply the functor (ST)* to the pair (x;v). Using
formulas (2) we see that there exists k < oo such that one of three following situations
can occur (and all components of the character x (k) and y(k), k < k are positive):
(a) y(k) = 0. In this case there exists a *-representation of the algebra Pr (&) ~(k)
with the generalized dimension d(k) defined by

d(k)o =0, d(k)? =o.

(b) X(k)gj) =(k), for j € J C {1,...,n}. In this case, there exists a *-representation
of the algebra Pr ,(1)(x) With the generalized dimension d(k) defined by
D=1, if j=m,

d(k)o =1, d(k)y

;
d(k)? =0, if jeJ and j+#m,
d(k)Y

) =0, if i=1,j¢J or i#]1,

i 5
where m = min J.

(c) X(k)gj) > (k) for j € JJ C {1,...,n} and i € J” C {1,...,m;}. In this case,
we construct a new graph r by deleting vertices from G that correspond to the
sets J' and J” (the branch from J’ and vertex form J”). Since we know the
exact structure of the set Xp o (see [7]), where X is the restriction of x(k) to T,
we can determine whether (k) lies in Y ;- and if the latter is true, to build a
corresponding vector of the generalized dimension d(k).

Applying the above procedure rule to each pair (x;v) € Xr, v < wr(x) we get a pair
(k; d(k)), which means that we decompose the set

Erx N[0,wr(x)] = U Yk.d,
od

where the index d ranges over all possible generalized dimensions and k =0, ..., pr(pr —
1) — 1 (indeed according to (2) the functor (ST') acts cyclically, hence, in order to de-
scribe the sets Xr ,, we can take into consideration all possible vectors of the generalized
dimensions along one cycle).

Lemma 5. The index d ranges over a finite number of possible generalized dimensions.

Proof. Each d; corresponds to the case (a), (b) or (¢). It is clear that in the cases (a), (b),
the number of different generalized dimension is finite. In the case where I' is a proper
subgraph of the extended Dynkin graph (see [7]), the number of different generalized
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dimensions is also finite, hence this proves the case where d; corresponds to (c) and the
lemma holds. U

Lemma 6. The sets Xy 4, k € {0,...,pr(pr — 1) — 1} are either finite or have the only
limit point wr(x).

Proof. Direct calculation using (2). O
Now the theorem is an obvious corollary of Lemma 2 and Lemma 3. O

Remark 4. The previous theorem gives an exact algorithm for describing the set ¥r ,,
but it turns out to be combinatorially hard to get explicit formulas for the extended
Dynkin graph I' £ D, (the case ' = D, is simpler, and a complete description was done
in [11] and is given in Section 1).
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