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BORG-TYPE THEOREMS FOR GENERALIZED JACOBI MATRICES
AND TRACE FORMULAS

M. S. DEREVYAGIN

ABSTRACT. The paper deals with two types of inverse spectral problems for the
class of generalized Jacobi matrices introduced in [9]. Following the scheme proposed
in [5], we deduce analogs of the Hochstadt—Lieberman theorem and the Borg theorem.
Properties of a Weyl function of the generalized Jacobi matrix are systematically used
to prove the uniqueness theorems. Trace formulas for the generalized Jacobi matrix
are also derived.

1. INTRODUCTION

In this paper we consider two types of inverse spectral problems for a class of gen-
eralized Jacobi matrices associated with finite sequences of polynomials and numbers.

Recall from [9] that a sequence of monic real polynomials p; of degree k; (j =0,...,N),
a sequence of positive numbers {bj}jy:_ol, and a set of numbers e; = +1 (j =0,...,N)
define the following tridiagonal block matrix
Ao Bo 0
(1.1) o= | Bo ,
. - By
0 By-1  Anx

where A; is the companion matrix for the polynomial p; (see [17]), the rectangular
matrices B; and B; are defined by the numbers kj, kjy1, €5, 41, b; (see (2.1) below).
The matrix H is called a generalized Jacobi matrix associated with the sequences of
polynomials {¢;p, }j.V:O
and €; =1 (j = 0,...,N) then the matrix H is a classical Jacobi matrix, that is, a
tridiagonal real symmetric matrix. In general case, the generalized Jacobi matrix H
defines a simple symmetric operator in a space with an indefinite inner product. As is
known (see for instance [17]), a matrix defines a simple operator whenever its minimal
polynomial coincides with the characteristic polynomial. So, denote by o(H) the set of
all eigenvalues of the matrix H with the convention that each eigenvalue is repeated as
often as its algebraic multiplicity. The spectral theory of generalized Jacobi matrices
associated with sequences of polynomials and positive numbers was studied in [9] (see
also [20]).

The first type of inverse spectral problems in question originates from the following
theorem of H. Hochstadt and B. Lieberman [16]: if the potential ¢(z) of a Sturm-Liouville
problem is given over the interval (1/2,1) then knowing the spectrum alone is sufficient for
determining ¢(x) on the interval (0,1/2). A discrete version of the Hochstadt-Lieberman

and numbers {b; };\/:—01. If each polynomial p; has degree k; =1
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theorem has been obtained by H. Hochstadt [15]. Namely, it is proved that the classical
Jacobi matrix

Qg bo 0
bo . .
J = (ajER, bj>0)
B o by
0 by—1  an
is uniquely determined by its entries ao, ..., ajn—1)/2];bo,---,bn=2)/2] (Where [z] de-

notes the greatest integer less than or equal to x) and its spectrum o(J). Moreover,
B. Simon and F. Gesztesy [5] have extended the result in the following way: if ¢ =
ap,c1 = bg,...,can—1 = by—1,cany = an then any j € {1,..., N + 1} eigenvalues and
Cj,- .., Con uniquely determine co, ..., c;j_1, that is, the matrix J. In the present paper a
similar result for generalized Jacobi matrices is proved. To formulate this in brief, let us
consider a single sequence of entries Cy = Ay, C1 = By, ...,Con_1 = By_1, Cony = An
of the generalized Jacobi matrix H. Roughly speaking, we will show that the subset of
the spectrum o(H) and Cj,...,Caon uniquely determine Cop,...,C;_1. It is natural to
refer to such problems as inverse problems with mixed given data.

The second type of inverse spectral problems to be studied in the paper goes back to
Borg’s famous theorem [3] (see also [21]) that the spectra of two boundary value problems
of a regular Schrodinger operator on (0, 1) uniquely determine the potential. Analogs of
this result for a finite classical Jacobi matrix were considered in [1], [13], [14] (see also [4],
where a mechanical interpretation of such analogs is given). A straightforward analog
says that the eigenvalues A, . .., Ay of the matrix J and the eigenvalues \o(7), ..., An(7)
of its rank one perturbation J(7) (# J, 7 € R), having the form

Jr)=J+71(,e)e, e= (501-)?;0,

uniquely determine J and 7. A version of the Borg theorem for generalized Jacobi ma-
trices to be proved in the paper is following: the spectrum o(H) of the generalized Jacobi
matriz H and the spectrum o(H (7)) of its rank one perturbation uniquely determine H
and T.

In the present paper we prove the uniqueness results by using the scheme proposed
in [5]. The scheme is based on properties of the Weyl function of H (see [11], [12], [23]).
More precisely, we essentially use a continued fraction expansion of the Weyl function.
With this machinery available, we obtain trace formulas for generalized Jacobi matrices.
In addition, we stress that our results can be viewed as uniqueness theorems for the
underlying second order difference equation with nonlinear dependence on the spectral
parameter,

(1.2) bj—1yj—1 +bjyj41 =p;(Ny; (1 =0,...,N).

It should be remarked that three-term recurrence relations similar to (1.2) occur in
indefinite moment problems [9] and the Pade approximation theory [22] and the theory
of formal orthogonal polynomials [28].

A standard approach via orthogonal polynomials to inverse spectral problems for clas-
sical Jacobi matrices is given in [2]. An adaptation of this approach to generalized Jacobi
matrices was presented by Krein and Langer (see [20]). The relation between classical Ja-
cobi matrices and boundary problems for difference equation and inverse problems were
considered in Atkinson’s book [1]. We remark in conclusion that using transformation
operators technique M. M. Malamud has recently obtained analogs of the Borg theorem
and the Hochstadt-Liemerman theorem for matrix Sturm-Liouville operators [25] as well
as for systems of ordinary differential equations on a finite interval [24].

The main results of the present paper were announced in [8].
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2. GENERALIZED JACOBI MATRICES AND UNDERLYING DIFFERENCE EQUATIONS

We begin with a precise definition of a generalized Jacobi matrix associated with
sequences of polynomials and positive numbers. Let p(\) = pgA¥ + -+ + p A + po be
a monic real scalar polynomial of degree k. Let us associate to the polynomial p its
symmetrization operator I, and the companion matrix L, given by

o ... 0 -
pr .- Dk 1 0 _g?
E, = : . ;o Lp= .
Ph 0 0 1 —pra

Definition 2.1. ([9]). Let p; be real monic polynomials of degree k;,

pj(/\) — /\kj +pl§)‘i)—lAkj71 4. +p(1j))\ +p6j)7
and let e; = +1 (j = 0,...,N), b; > 0, b := ejej41b; (j = 0,...,N —1). The
tridiagonal block matrix H of the form (1.1), where A; = L, and kj;1 x k; matrices
B; and k; x kj1 matrices Ej are given by

0 ... b 0 ... b
(2.1) Bi=|.......... . Bi=|......... (j=0,...,N—1)

will be called a generalized Jacobi matrix associated with the sequences of polynomials
N N—1
{ejpj}i—o and numbers {b;};_y -
N
Letn+1= ij be the total number of rows in H. Define an (n+1) x (n+1) matrix
j=0
G by the equality

G:diag(Gm...,GN), Gj:&‘jEp_jl (jZO,N)
We denote by 6[20771] (@) the space of (n + 1) vectors with the inner product

<T'ay> = (G:Ev y)é’["()’n (1‘,y € €[20,n])

]

Let us set ng = 0, n; = ZZ;& ki (j =1,...,N +1). It will be convenient to define a
standard basis in Z[QO n] (G) by the equalities

6j7k :{61»71_7"“?}7:0 (jZO,...,N;kZO,...,kj 71), e = 6070.

Proposition 2.2. ([9]). A generalized Jacobi matrix H defines a simple symmetric

operator in 5[20_’”](6'), that s,

(Hz,y) = (r,Hy), @,y € ({ (G).

Setting b_; = by = 1, define polynomials of the first kind (cf. [20]), P;(X), as solutions
uj = P;(X) of the second order difference equation

(2.2) bj—1uj—1 = pj(Nu; +bjujpr =0 (j=0,...,N)
with the initial conditions
(23) U_1 = O, ug = 1.

It follows from (2.2) and (2.3) that P; is a polynomial of degree n; with the leading co-
efficient (bg . .. bj,l)_l. Moreover, denoting by Hj; ,) the submatrix of H corresponding
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to the basis vectors {ei7k}2::]6'::f7zi—1 (0 < j<m < N), we get the following connec-
tion between the polynomials of the first kind and the shortened Jacobi matrices H jj,
je{0,...,N}.

Proposition 2.3. ([9]). The polynomials P; can be found by the formulas
(2.4) Pji1(A) = (bo...bj) " 'det(A\— Hp ;) (j=0,...,N).

Let us extend the system of polynomials {Pj()\)}évzo in the following way:
(2.5) Pir(\) =XP;(\) (j=0,....,N; k=0,...,k; —1).

The system (2.5) gives us the possibility to rewrite the Cauchy problem (2.2), (2.3) in
the matrix form

(2.6) PA)A—H) =(0,...,0,bxy Py 41(}),
where P(A) = (Poo(A), .-, Pokg—1(A), -, Pno(A), ..., PN ny—1(A)). Another impor-

tant system of polynomials {i; ?’;_11 is defined as a solution of the difference equa-

tion (2.2) by choosing the initialization
(27) UN+1 = O7 unN = 1.

The polynomials 1); are just like the polynomials P; but run from the other end and, so,
the following statement holds.

Proposition 2.4. The polynomials 1p; can be found by the formulas

(2.8) i(\) = (by—1...b;)"tdetO\ — Hyany) (G =—1,...,N —1).
Proof. The formulas (2.8) immediately follow from the relations (2.2), (2.7) by applying
the Laplace theorem to det(A — Hjji1,n7)- O

Proposition 2.5. ([9]). The polynomials ¢; (P;) and ¥j41 (Pj4+1) have no common
zeros.

Proof. Suppose that the polynomials ¢; and 1,41 have a common zero A, i.e., 1¥;(Ao) =
¥j+1(Xo) = 0. Then, due to (2.2), we have that ¢;(Ao) =0 (¢ = j,...,N +1). This
is contrary to (2.7). The contradiction proves the desired assertion. The proof for the
polynomials P; and Pj14 is in line with the foregoing. O

Further, extending the system {t; }§V=0 by the equalities
Vis(N) = X0 (=0,...,N; k=0,...,k —1),
one gets the following form of the Cauchy problem (2.2), (2.7):
(29) \I/()\)(/\ - H) = (Oa s 70a7/}—1()\)707 cee 70) = (I)(A)a
——
ko—1

where ‘I’()\) = (1/1070(A), e ,1/)07[60_1()\)7 e ,1/}1\/70()\), ey ’L/)NmN_l()\)).

To conclude this section, we remark that by virtue of (2.6) (or (2.9)) the spectrum
of H coincides with the spectrum of the second order difference equation (2.2) with the
boundary conditions

(2.10) U_1 =UN41 = 0.

So, the spectral problem Hu = Au is a linearized form of the boundary problem (2.2), (2.10)
with nonlinear dependence on the spectral parameter.
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3. BOUNDARY TRIPLETS AND ABSTRACT WEYL FUNCTIONS

Let ©§ = 6[20 n](G) be the Pontryagin space introduced in the previous section. Let
S be a nondensely defined symmetric operator in the space $) such that its graph is

represented as follows:

(3.1) grS={{f Hf}: f{L)e f €N}

where H is a generalized Jacobi matrix associated with sequences of polynomials and
numbers. In the sequel, we will need some elementary facts from the theory of linear
relations. If S; and S, are linear relations in §, that is, linear subspaces of $2, then a
linear combination .57 + a9Ss is defined in the following manner:

04151 + 042S2 = {{fa alf/ + OZQQ/} : {fa f/} S Sla {fa g/} € 52}
The inverse linear relation of S is the linear relation S=' = {{f’, f} : {f, f'} € S}. The
linear relation I = {{f, f} : f € $} is called the identity relation. The resolvent set p(S)
(or the set of regular points) of the linear relation S consists of all points A € C such that
the linear relation (S — AI)~! is a bounded linear operator. Denote by ST the adjoint
linear relation in $ defined as follows:

ST={{f.1"Yen:{f.g)g =9 {99} €5}
By the above definition, it is easy to see that
St={{f,Hf +ce}: feH, ceCl

It is convenient to identify an operator with its graph. So, we have the inclusion S C S+.
The defect subspace 91, of the operator S is given by

My =ker(ST —AN) = {fen: {fL A} €ST}, T={{, \o):fHremMmd
The numbers ny := dimMN; and n_ := dimN_; are called defect numbers (see [12]). It
can easily be checked that ny =n_.

Let us recall from [11] definitions of a boundary triplet and a Weyl function of a non-
densely defined symmetric operator S in a Pontryagin space with equal defect numbers
ny =n_ < oo (see [23] for the definite case).

Definition 3.1. ([11]). A triplet II = {H,T¢,T'1} of a Hilbert space H and two linear
mappings I'; (i =0,1) from ST to H is called a boundary triplet for ST if the mapping
[:f—{Tof,T1f} from ST into H & H is surjective and the following Green’s identity
holds for every f={f, f'}, g=1{9,9'} € S*:

(f's9)q —(f,9")g = (F1f, Fo?J\)H - (FOJ?, Fl/g\)H-
Proposition 3.2. ([11]). Let I1 = {H,To,T'1} be a boundary triplet for ST. Then

1) The linear relation Sy = kerTy is a selfadjoint extension of the operator S, i.e.,
SJ =5y and Sy O S;

2) For any linear bounded selfadjoint operator B from H to H, the linear relation
S = ker(T'y + Bly) is a selfadjoint extension of the operator S, i.e., ST =S and S D S.
Definition 3.3. ([11]). The operator-valued function m defined on p(Sp) by the equality

(32) mATofs =Tifx (fx €M)

is said to be an abstract Weyl function for the operator S corresponding to the boundary
triplet II = {H, Fo, Fl}

Remark 3.4. The concept of a boundary triplet for a symmetric operator in a Hilbert
space was introduced by V. M. Bruk and A. N. Kochubei (see [6]). The abstract

Weyl function and its intimate relationship to the extension theory were presented by
V. A. Derkach and M. M. Malamud in [11], [12], [23].



BORG-TYPE THEOREMS FOR GENERALIZED JACOBI MATRICES 225

Proposition 3.5. Let S be a symmetric operator in §) = 6[20’”] (GQ) defined by (3.1). Then
the triplet 11 = {C, Ty, 1} of the space C and the mappings

(3.3) Tof =—c, Tif=(f¢) [={fHf+ce}eS"

is a boundary triplet for the linear relation ST. Moreover, the corresponding abstract
Weyl function admits the following representations:

Yo(N)
P_1(N)’

Proof. The surjectivity of the mapping I" : ]?|—> {1"0]?7 Iy f} from ST into C®C is obvious.
Since

(3.4) m(A) = ((H —X)"'e,e) = —=g

<Hf+C€,g> - <f’Hg+d6> == <f76>E+C<g,€>,
the corresponding abstract Green’s identity holds. Thus, II is a boundary triplet for
ST. Tt is easy to check that fy = (H — \)"te € My and {(H — \) e, \(H — \)"te} =
{(H—=X"te, H(H — \)7'e — e} € M)\. Then, according to (3.2) and (3.3), one gets the
first equality in (3.4). In view of (2.9), we have

(3.5) HTUT(A) =0T (\) —dT(N).

Since H is a symmetric operator in E[QO 2(G), H = G 'HTG and, so, (3.5) can be

rewritten as follows:
HGRUT (N =AG10T(\) -G taT (),

where G710T(\) = g (1/1_170()\)0...0)T. Therefore, one has G~'¥()\) € M, and
{GTIUN),AGU (N} = {GTUN), HGTIU(N) + gop_1e} € My. Combining (3.2)
with (3.3), we claim that

m(A)(—eot—1(N)) = (GT'T(N), e) = Yo ().
The latter relation implies the second equality in (3.4). O

From now on, following [9] (see also [5]), the Weyl function of S possessing the
form (3.4) will be called the m-function of the generalized Jacobi matrix H.

Before closing this section, we consider the linear relation H(r) = ker(I'y + £Ig) to
be used later; here I'g and I'; are defined by (3.3). From Proposition 3.2 we infer that
H(7) is a selfadjoint extension of S. Moreover, one obviously gets

(3.6) ker(T'y + %FO) =H+7(,e)e=H(T).

It is clear that H(7) is a generalized Jacobi matrix associated with sequences of poly-
nomials and numbers. Moreover, H(7) is a rank one perturbation of H and, so, its
spectrum can be characterized by the m-function of H. The following assertion giving a
criterion for a point A to be an eigenvalue of H(7) in terms of the m-function of H is an
essential ingredient in recovering the generalized Jacobi matrices from two spectra.

Proposition 3.6. A complex number \;(7) is an eigenvalue of H(T) of multiplicity r;
iff A;j(7) is a root of the equation Tm(\) +1 =0 of multiplicity r;.

Let us sketch the proof. If H is replaced with H(7) in the formulas (2.2), (2.7) and (2.8)
then, using the second equality in (3.4), one proves the assertion. For a detailed proof of
a much more general statement we refer the reader to [10, p. 11].
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4. RECOVERY OF A GENERALIZED JACOBI MATRIX FROM ITS WEYL FUNCTION

The aim of this section is twofold. Firstly, we are concerned with a procedure to
reconstruct the generalized Jacobi matrix from its Weyl functions. Secondly, a bond
between the Weyl functions of the submatrices of H is established.

It is appropriate to begin with a definition of an important class of the Weyl functions.
First, however, let us denote by G|, the submatrix of G corresponding to the basis

vectors {ei,k};c::%;::f,’zi—1 (0<j<m<N).

Definition 4.1. ([9]). Define the function m4 (A, j) by the equality

(4.1) my (X, 5) = ((Hjjn — A ejos ej70>£[2njm](gw) (j=0,...,N).

Remark 4.2. The vectors e, in (4.1) are considered as elements of the space
K[anm] =span {e;xli =7,...,N;k=0,1,...,k — 1}.

In view of Proposition 3.5, m(A\) = m4(A,0) and my (A, N) = — sy Clearly,
m4 (A, ) is the m-function of the generalized Jacobi matrix H[; nj. So, by virtue of the

formula (3.4) and Proposition 2.4, one has

: i(A det(A — Hpj1 n1)

(4.2) my (A j) = ,5%77[’# = —¢; ]3+1 N]
bj-1thj-1(N) det(A — Hj, )
Combining (4.2) with (2.2), (2.7), we get the Riccati equation

(j=0,...,N).

(4.3) £ +ebime(Nj+1)=—-p;(A) (j=0,...,N—1).

m_;,_()\,j)
Proposition 4.3. ([9]). The function m (X, j) uniquely determines H; .

Proof. Due to (4.3), m4(A,j) admits the following representation as a finite continued

fraction:
. gj  €jgjb] en—1enbi_y
(4.4) my(\j)=—-—1~ —2 —_—
piA) =iV = = pn(A)
Hence, sequences of the polynomials {p; };*; and the numbers {e;};, (b} ;1 to recover

Hj; ny are determined. (|

Remark 4.4. A continued fraction of the form (4.4) is called a P-fraction. The P-fractions
were presented by A. Magnus in [22]. According to [22] (see also [7]), every real proper
rational function ¢(# 0) admits P-fraction expansion (4.4). Therefore, such a function
¢ turns out to be an m-function of a unique generalized Jacobi matrix associated with
the sequences of polynomials and numbers up to a constant factor (see [9]).

Definition 4.5. Define the function m_ (A, j) by the equality
(4.5) m-(\,j) = ((Hoj-1) = N)ej-1,0,€j-1,0) 2 Gy =L N 1)

(0.n5-1]
Remark 4.6. The vectors e in (4.5) are considered as elements of the space
4[207“],71] =span {e;xli =0,...,5 — L;k=0,1,... k —1}.
Remark 4.7. Let S;_1 be a nondensely defined symmetric operator in £[20,7Lj—1] (Gro,5-11)
having the graph
grS;j 1 ={{f, Hoj—uf}: f(L),f€ e[zﬂ,nj—l](G[O,j—l])}'

Then, by the same reasoning as in Section 2, the function m_(J, j) is the Weyl function
for S;_1 corresponding to the boundary triplet II = {C,T'g,I'1 }, where

Tof =—¢, Tif={fiej-10) [={f, Hioj—1f +cej10} €5 .
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Precisely the same argument as we have just used for m4 (1}, j) yields

P]_l()\) det()\ — H[O,j72])
—_— —Ej71
b1 P;(0) det(h — Hpp,_1))

m— ()‘7 ]) = —&j-1
(4.6)

1 . .
S D) +e;b7 ym_(X\,j) = —p;(N\) (j=1,....,N).

Similarly, m_ (A, j) has the following P-fraction expansion:
gj_1  Ej-16505 e180b%
pj—1(N) = pj—2(N) = = = po(N)

In analogy with Proposition 4.3, (4.7) leads to the following uniqueness result.

(4.7) m—(Aj) = —

Proposition 4.8. The function m_ (), j) uniquely determines Hy ;_1).

The following inverse theorem is a slight generalization of the assertion stated in
Remark 4.4.

Theorem 4.9. Let ¢(Z 0) be a real-valued rational function. Then there exist a symmet-
ric operator S having the form (3.1) and a boundary triplet II such that the corresponding
Weyl function is proportional to ¢.

Proof. Observe that if ¢ is a real proper rational function the statement is implied by
Remark 4.4 and Proposition 3.5. Now, let ¢ = g/h be a real improper rational function
(i.e. degg > degh). Then one of the rational functions

~h(y) g o
(4.8) 1 (N) = o P2(N) = Wy c (c= xl{{{loof(x))

is always proper. We already know that the theorem is true for that function. So, one can
construct a symmetric operator S and a boundary triplet IT such that the corresponding
Weyl function is proportional to the proper rational function in (4.8). It remains to note
that if IT = {H, Ty, 1} is a boundary triplet for ST then the triplets

H1 = {H, *Fl,r‘o}, H2 = {H,Fo,Fl 7CF0}, CGR\{O},

are also boundary triplets for ST. O

The following theorem reveals the an implicit relation between m4 (A, j) and m_ (A, 7).

Theorem 4.10. Let \; be an eigenvalue of H and let vy be its multiplicity. Then for
any j € {1,...,N} the following equalities hold:

(Pj(\)hj—1(A) — P (A)o;(A) D o, =0 (i=0,...,r—1).

Proof. The determinant det(A— H), by applying the Laplace theorem to its first n; rows,
is reduced to

(49) det()\ — H[Oyjfl]) det()\ — H[],N]) — bjfl/gjfl det()\ — H[O,jf2]) det()\ — H[j+1,N])'
Due to (2.4), (2.8) and (4.9), det(A — H) has the representation
(4.10) det(A— H) = bg...bj_1bj_1...by_1 (Py(A);_1(A) — Pj_1(A\);(N)) .

Now, the theorem follows from (4.10) and the fact that Ay is a root of det(A — H)
possessing multiplicity ry. O
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5. UNIQUENESS RESULTS FOR PROBLEMS WITH MIXED GIVEN DATA

Here we extend the scheme proposed in [5] to prove analogs of the Hochstadt—Lieberman
theorem in the case of the matrices under discussion.

To prepare for the proof, let us examine some elementary properties of rational func-
tions. Recall that a rational function f is a ratio of two relatively prime polynomials
g and h. By a monic rational function we mean a rational function f = g/h, where
the polynomials g and h are monic. Let f; = g1/h; and fa = g2/ha be two ratio-
nal functions. We will say that f; and fo agree on some set Ag = {Ao,...,Ag—1} =
{Xh . 7X1, . ,X;m . Xk} e c? (here Xh .. 7Xk are all the different numbers of A4 and

——— ———
1 Tk _ .
r1,...,T are the multiplicities of Ay, ..., Ax in Ag, respectively) if the following equalities
hold:
(91<A>h2<x>—gz(ml(x))(”\H =0 (G=0,..ri—Li=1,....k)

The subsequent lemmas give sufficient conditions for two rational functions to be

equal.

Lemma 5.1. Assume that f; = I ond fo= g—z, where deg g, = deggs and deghy =

hl hg
deg hy. Let d = deggy + deghy.
1) If f1 and fo agree on Agyq then f1 = fa;
2) If f1 and fy are both monic and they agree on Ay then f1 = fo.

Proof. To prove the first statement, consider the polynomial R(A) = g1(A)ha(N) —
g2(AN)h1(N). By the assumption, the degree of R is not greater than d. Since f; and
f2 agree on Agy1, R()) is divisible by R(A) = (A — A1)™ ... (A — Ax)™. So, we have
degR < d < d+1 = deg R. The latter implies R(A) = 0. This proves the desired
assertion. The second statement can be proved in the same way as the first one. O

Lemma 5.2. Let f = % be a rational function. Then, under the assumption of Lemma 5.1,

one has
1) If f1 and fo agree with f on Agi1 then f1 = fo
2) If f1 and fo are both monic and they agree with f on Aq then f1 = fa.

Proof. Let us consider the polynomials Ri(A\) = g(A)hi(A) — g1(AM)h(A) and Ro(N\) =
g(A)ha(A) — g2(A)h(A). Since fi and fy agree with f on Agy1 (or Ag), we see that

) _ @) _ . i
(5.1) RO =0 RS (A)]A:X;o (G=0,...,ri—Li=1,....,k).

Fix ¢ € {1,...,k}. First, assume that h();) # 0. Using (5.1) with j = 0, one concludes

that hqi(A;) # 0 and ha(X;) # 0. So, the identities (5.1) yield

(5.2) (h-)"| . =0

i

The equality (5.2) can be rewritten as follows:

53) (503 = 20 )| =0,

On the other hand, if h(\;) = 0 then g(\;) # 0. Arguing for the functions f~', f;'*, f;*
as above, we again derive (5.3). Finally, Lemma 5.1 completes the proof. O

Now, we are ready to prove the following theorem on unique recovery of a generalized
Jacobi matrix from given mixed data.
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Theorem 5.3. Let H be a generalized Jacobi matrixz and let the order n+ 1 of H and
the natural number t; := 2 (n +1- ZN kl) —ki—1 (I € N) be given.

i=l

) Ift; <n+1 then él_l,Al, .. .,EN_l,AN and any t; numbers belonging to o(H)
uniquely determine Ay, EO, e 7§l_27 A_q;

2) If t; < n then Al,él,..wEN,l,AN and any t; + 1 numbers belonging to o(H)
uniquely determine Ay, EO, oA, Bi_1.

Proof. According to (4.6) and Proposition 2.5, the sum of the degrees of the denominator
and the numerator of m_(\,1) is equal to ¢;.

1) Let Ay, be a given subset of o(H). To be definite, assume that ey = 1. Know-
ing the matrices El,l,Ah...,AN enables us to calculate g; and m4 (A,l). Taking
into account (4.2), (4.6) and Theorem 4.10, we may conclude that the monic rational
function —e;_1m_(\, 1) agrees with —(Elbl,lgl,1m+(A,l))’1 on Ay,. So, by part 2) of
Lemma 5.2, &;_1m_ (A, 1) is uniquely determined. Finally, it follows from Proposition 4.8
that m_ (A, [) uniquely determines Hjy; 1}, that is, the matrices Ao, Eo, el El,g, A_q.

2) On account of (4.2), (4.6) and Theorem 4.10, the functions El,lbl,lgl,lm,()\,l)
and (gym4 (A, 1))~! agree on the given subset A 11 of o(H). Therefore, a uniqueness

of g1_1bj—1bj—_1m_(A,1) is implied by part 1) of Lemma 5.2. Due to the formula (4.6),
g1—1bi—1bi—1m_ (A, 1) admits the following asymptotic expansion:

~ bi_1b— 1 )
gim1bi—ibiimo (A1) = — l)\,ij_ll Lio ()\kj_lJrl) . A=iy, y— +oo.

Now, we use the above asymptotic expansion to determine El,l. In view of Propo-
sition 4.8, g;_1m_(A,[) uniquely determines the generalized Jacobi matrix Hp ;) or,

equivalently, the matrices Ag, Bg,...,Bj_2, A;_1. O

Ezxample 5.4. Let us consider the generalized Jacobi matrix

Ay By 0 0
o= BO A1 B1 9
0 B, Ay By
0 0 By A

having the order n + 1. Given are the entries §17A2,§27A3 of H and the spectrum
O'(H) = {)\0,...,)\n} of H. Then [ = 2, ko = TL+1—]€1 —kz —kg, and to = Qko-l-kl
Assume that to > n+ 1, i.e. kg > ko + k3. Since the assumptions of Theorem 5.3 are
not satisfied, we want to study the uniqueness of the generalized Jacobi matrix with the
given data. To reconstruct the matrices Ag, By, A1, one needs to represent det(A — H)
in the following form (see (4.6), (4.10) and Proposition 4.8):

(5.4) det(A — H) = ¢1 (M1 (A) — ¢2(N)ha(N).

Here ¢, and ¢, are real relatively prime polynomials of degree ko+k; and ko, respectively;
11 and vy are given by (2.8) (degwy = ko + k3, degtps = ki + ko + k3). Additionally
assuming ko > ki + ko + k3, we see that for any polynomial ¢ such that deg ¢ < max{ko—
ko — k3, ko — k1 — ko — k3} the characteristic polynomial of H is decomposed as follows:

det(A — H) = (¢1(A) + d(N)1h2(AN)P1(A) = (2(A) + (NP1 (N))Y2(N),

where ¢1(A) + ¢(N)h2(A) and ¢2(A) + d(A)11(\) are real polynomials of degree ko + k1
and ko, respectively. It suffices to choose ¢ in the following way:

(5.5) $1(A) +o(Nj)2(X) #0 - (7 =0,....n)
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for the polynomials @1(\) + ¢(A)ha(A) and @2 (A) + ¢(A)h1(A) to be relatively prime. In
view of Proposition 2.5, 12(A;) # 0 (j = 0,...,n). Therefore, the polynomial ¢ = ¢
satisfies (5.5) for sufficiently large ¢ € R. This shows that the decomposition (5.4) is not
unique. However, every representation (5.4) gives rise to the generalized Jacobi matrix
with the prescribed data: o(H) and El, As, Eg, As.

6. TRACE FORMULAS

Our goal in this section is to derive trace formulas for generalized Jacobi matrices.
The trace formula for a selfadjoint operator in a Hilbert space was first studied in details
by M. G. Krein (see [19]). P. Jonas [18] has obtained the trace formula for some class of
nonselfadjoint operators. Notice that the trace formulas considered in the present paper
are particular cases of the Jonas trace formula. However, the proof below is unrelated
to that in [18]. Namely, in our considerations we essentially use the structure of the
matrices in question and, moreover, an explicit form of the trace formulas is given.

Theorem 6.1. Let H be a generalized Jacobi matriz. Then the following formulas hold:

(6.1) tr Ay = tr H' —tr Hfy (1 <1 <ko+ki)
(6.2) tr GO 4 (ko + ka)bobo = tr HF T — tr Hf L

Proof. Let us consider the function @ given by
(6.3) Q) = In(—2oAom(N),

where In denotes the principal branch of logarithm, i.e., Ine® = Inr +i¢ (0 < ¢ < 27).
In view of the monodromy theorem, () is well defined in the exterior of the circle with a
sufficiently large radius and the center at the origin. To obtain (6.1) and (6.2), we find
the asymptotic expansion of () near A = oo in two ways. Firstly, rewrite the Riccati
equation (4.3) as follows:

1
o) + cobgmy (A 1)
where m. ¢ (A, 1) is the m-function of Hj; ). Substituting (6.4) into (6.3), one has

Ao Po(N) ( a4 (A, 1))
6.5 A)=1 =—1 —In|1+4+eobg———— -
65 QW= (po()\) +eobgmy O\, 1)) DU A NOY,
Since pg is a monic polynomial and m4 (A, 1) is defined by (3.4), we see that
m+()\, 1) €1 1

(66) po()\) = _)\k?O'Hfl +o W (|>\| H‘|‘OO)

Let p1, ..., x, be all the roots of pg (or, equivalently, the eigenvalues of Ap). Then (6.5)
can be rewritten as

(6.7) Q) = — fjln (1 - %) ~In (1 + sobgw) :

(6.4) m(\) = —

po(A)
Now, the Maclaurin formula for y(x) = In(1 + z) and (6.6), (6.7) yield
(68) QU ~ Y L EaGT B o+ et
. A (ko + k1 — 1)Akotka—1 (ko + kp ) NFoTEr

as |A| — +oo. On the other hand, by using (3.4) and (2.8), the m-function is represented
in the form
ik X — 1)
(6.9) m(}) = —eo gt
[lizo(A = A)



BORG-TYPE THEOREMS FOR GENERALIZED JACOBI MATRICES 231

where {v;}7_, and {\;}7_, are the eigenvalues of H[; nj and H, respectively. Combin-
ing (6.9) with (6.3), one arrives at

n

Q()\):Zln(lf—> Zl (1)

1=kg
As above, the well-known asymptotic expansion of In(1 + z) near = 0 leads to

ko+k ko+k
Z;L:OA]' _E:’L:ko v; - EJ 0/\J0+ 1 Zn . Zo+ 1

(610) Q()\) ~ 2\ (kO + kl))\ko+k1

as |A| — +oo. Since for any a, 8,7 € N the following equalities hold:

ko n n
S a3 -k 30w
j=1 §=0

Jj=ko

comparing (6.10) with (6.8) yields (6.1) and (6.2). O

The trace formulas enable us to derive explicit formulas for the entries of Ay, EO, Bg.
Suppose that the spectra o(H) and o(H[;,n)) are known. To reconstruct AO, it is suffi-

cient to know the coefficients of its characteristic polynomial po(A) = A*o + p /\ko T4

(0))\—|—p( ) Let [, - -, tk, be all the roots of pg. According to (6.1), one calculates
the followmg sums

i g, = tr Ay (1< < ko).
Further, Newton’s identities (see [26, the formula (1.2.14)]) imply

trAé —|—p,(€0)71 trAé_1 4 —|—p,(€0)7[+1 tr Ag + lp](co)fl =0 (1<1<k).
Expressing p,, ) from the latter system, one arrives at the following recurrence relations:

(6.11)  p | = —trAg,...,p)" = fki(tr Ak 40t AR 4t Ag).
So, Ag has just been reconstructed. Finally, bobo can be obtained from (6.2). Since
bo > 0 and |bg| = |b0| by = |b0bo|1/2 Therefore, By and BO have been determined.
Generally speaking, the spectra of H and H[; n) uniquely determine H. Besides, any
two disjoint sets {\;};_y and {v;}j_, ~of complex numbers turn out to be the spectra
of a unique generalized Jacobi matrix H associated with sequences of polynomials and
numbers and its submatrix Hi; nj, respectively, iff these sets are both symmetric with
respect to R (see [9]). Also, S. M. Malamud has recently obtained necessary and sufficient
conditions for the sequences {\;}7_, and {v;}?; to be the spectra of a normal (n+1) x
(n + 1)-matrix and its submatrix of order n, respectlvely (see [26], [27]).

7. RECONSTRUCTION OF A GENERALIZED JACOBI MATRIX FROM TWO SPECTRA

The generalized Jacobi matrix H(7) defined by (3.6) is a rank one perturbation of H.
In view of Proposition 3.6, the spectrum o(H(7)) can be found by H and 7. Here we
consider the inverse problem of recovering H and 7 from two spectra o(H) and o(H(7)).
Mimicking the scheme considered in [5], it is appropriate to begin with the following
uniqueness result.

Theorem 7.1. The spectrum o(H) = {Ao,..., An}, any n — ko + 1 numbers belonging
to o(H(7)) ={o(7),..., An(7)}, and 7 € R\ {0} uniquely determine H.
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Proof. According to (3.4), the m-function m of H is represented as follows:

9(N)
A) = —o
m( ) 50 h(A) )
where g and h are monic polynomials of degree n — kg4 1 and n+ 1, respectively. Notice
that 2(A) = [I}_o(A = A;) is known. Without loss of generality, it can be assumed that

g0 = 1. Let Ay (7), ..., \k(7) be a set of all the different numbers belonging to a given
subset of o(H (7)) and let 71, ..., 7 be its multiplicities, respectively. So, r1 +-- 47, =
n — ko + 1. Proposition 3.6 gives the possibility to calculate the following collection of
jets of g at the points A, ()

(7.1) g ()) g, gk (T)s - gD (7).

As is known, the jets (7.1) uniquely determine a monic polynomial g of degree n — kg + 1

by means of the Hermite-Lagrange interpolation formula. Hence, the given data uniquely
determine m. It remains to apply Proposition 3.6. |

Now, we are in a position to formulate the straightforward analog of the Borg result.

Theorem 7.2. The spectra o(H) and o(H(7))(# o(H)) uniquely determine H and
T € R\ {0}.

Proof. In view of definition (3.6), the matrix H(7) differs from H in the only one entry.
Namely, Ao(7) is given by

0O ... 0 —p(()o) + 7
(0)
1 0 -
Ao(1) = .
0
0 1 —pgm)il

So, the formula (6.11) implies

(7.2) tr Ag = tr Ag(7),...,tr AR™ = tr AP~ (), tr AR = tr AR (7) + Ko
Taking into account (6.1) for the matrices H and H(7), (7.2) yields

(7.3) trH —tr H(7) =0,... tr H*=1 —tr g*~1 (1) =0, tr H* —tr H* (1) = kor.

The identities (7.3) allow us to determine ko as a number of the first nonvanishing relation.
So, T is obtained from (7.3). Now, the previous theorem completes the proof. O
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