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BOUNDARY TRIPLETS AND KREIN TYPE RESOLVENT FORMULA
FOR SYMMETRIC OPERATORS WITH UNEQUAL DEFECT
NUMBERS

VADIM MOGILEVSKII

ABSTRACT. Let $) be a Hilbert space and let A be a symmetric operator in $ with ar-
bitrary (not necessarily equal) deficiency indices n+ (A). We introduce a new concept
of a D-boundary triplet for A*, which may be considered as a natural generalization
of the known concept of a boundary triplet (boundary value space) for an operator
with equal deficiency indices. With a D-triplet for A* we associate two Weyl func-
tions My (-) and M_(-). It is proved that the functions M4 (-) posses a number of
properties similar to those of the known Weyl functions (Q-functions) for the case
n4(A) = n_(A). We show that every D-triplet for A* gives rise to Krein type for-
mulas for generalized resolvents of the operator A with arbitrary deficiency indices.
The resolvent formulas describe the set of all generalized resolvents by means of two
pairs of operator functions which belongs to the Nevanlinna type class E(Ho, Hi).
This class has been earlier introduced by the author.

1. INTRODUCTION

Let $ be a Hilbert space and let A be a symmetric densely defined operator in §) with
the domain D(A) and defect numbers ny(A). Recall [9] that a triplet II = {H, T, 1},
where H is a Hilbert space and T'g, T'; are operators from D(A*) to H, is called a
boundary triplet for A*, if the mapping I' := (I'y I';)" is surjective and the following
abstract Green’s identity holds

(1.1) (A"f.9) = (f,A%g) = (U1f, Tog)r — (Do f, T1g)w, f,g € D(AY).
In [2] an abstract Weyl function was associated to a boundary triplet. Namely, the
operator function My (-) defined by

(1.2)  Tifs = Ma(MTofr, fr € Ma(A) :=Ker(4* —)), AeC,uUC_

is called a Weyl function corresponding to the triplet II. Furthermore, the above defini-
tions was extended in [16, 3] to nondensely defined operators A.

The concept of a boundary triplet and the Weyl function is a convenient tool in
the extension theory and its applications (see [9], [2]-[5], [16] and references therein). A
motivation for this concept goes back to differential operators, for which the identity (1.1)
turns into the classical Green’s—Lagrange’s identity, while the function My (-) coincides
with the classical Weyl-Titchmarsh function [23, 4]. Note, however, that every boundary
triplet {H,To,T'1} for A* satisfies the equality ni(A4) = n_(A) = dim H. Therefore the
method of boundary triplets can be applied only to an operator A with equal defect
numbers.

In the present paper a new concept of a D-boundary triplet is introduced. This con-
cept makes it possible to generalize to the case ny(A4) # n_(A) the notion of a boundary
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triplet. Next by using the technique of D-triplets we obtain the Krein—Naimark type
formula for generalized resolvents of a symmetric operator with not necessarily equal
defect numbers.

Assume that A* C $? is an adjoint linear relation to a not necessarily densely defined
symmetric operator A with arbitrary defect numbers. A D-triplet for A* is defined as
follows. Let H; be a subspace in a Hilbert space Hy, let Ho = Ho © Hi, and let P; be
orthoprojectors in Ho onto H;, j € {0,1}. Then a collection IT = {Hy ® H1,T0,I'1},
where I'; are operators from A* to H;, j € {0,1}, is called a D-boundary triplet for A*,
if the mapping I' := (I'y T;) T is surjective and instead of (1.1) the identity

(
(1.3) (f',9) = (f,9) = (T'1f,Tog) — (Tof,T'1§) +i(PaTof, PaTog)

holds for all f = {f, f'},§ = {g9,9'} € A*. In the case D(A) = § the operators Iy and
I'; may be considered as defined on D(A*) and the identity (1.3) takes the form

(1.4) (A"f,g9) —(f,A%g) = (T'1f,Tog) — (Tof,T1g) +i(PTof, PaTog), f,g9 € D(A").

Such a definition of the D-triplet can be motivated by the following simple example.
Assume that

(1.5) lly) =iy

is a differential expression of the third order on the semiaxis [0, 00). Let H be a separable
Hilbert space and let §) := Ly(]0, 00); H) be the space of vector-functions y(-) : [0, 00) —
H such that [ |[y(t)|[*dt < co. The expression (1.5) generates a minimal operator
A in ) with the defect numbers ny(A) = 2dim H, n_(A) = dim H. Moreover the
corresponding maximal operator A* satisfies the Lagrange’s identity

(1.6)  (A"y,2)5 — (4, A"2)5 = (—iy"(0), 2(0))u — (y(0), —iz"(0)) m + i(y'(0),2"(0)) m

for every y,z € D(A*). Letting now I'oy = {y(0),4'(0)} and 'ty = —iy”(0) we derive
the D-triplet {H?® H, T, T'1}, for which the identity (1.4) coincides with the Lagrange’s
identity (1.6). Note also that in the case dim H = oo one has ny(A) =n_(A) = oco. In
this case the constructed D-triplet is not a boundary triplet (in the sense of [9]), since
(H? =)Ho # Hi(= H). This shows that D-triplets can be useful even for the operators
with equal defect numbers.

It turns out that the above example is typical for D-triplets. Namely, we prove below
that every D-triplet {Ho @ Hi,T0,T'1} for A* satisfies the relation dimH; = n_(A) <
ny (A) = dim Hy. Moreover if H; = Hy, then n_(A) = ny(A) and a D-triplet becomes a
boundary triplet for A*. At the same time in the case n_(A) = n4(A) = oo the subspace
‘H1 may both coincide and not coincide with H.

With a D-triplet {Ho@®H1,o, 1} for A* we associate two Weyl functions M, (-) and
M_(-) defined by

Flf)\ = M+()\)F0f)\, f)\ c UIA(A), A€ (C+,

(1.7) (Fl + iP2F0)fz = M—(Z)PIFOfm fz € mz(A)’ zeC_.

The operator function My ()) is defined on C; and takes on values in [Hg, H1], while
M_(z) is defined on C_ and takes on values in [Hi, Hp]. Moreover these functions are
associated via M*(z) = M, (Z), z € C_. In the case Hyo = H; := H the Weyl function
M (+) defined by (1.2) is connected with My (-) by

Mp(A) = My(N), MeCyg, Mu(z) =M_(z), zeC_.
We show that the operator functions M(-) : C; UC_ — [Hy], N4() : C4 — [Ha, H4]
and N_(+) : C_ — [H1, Hz] generated by the block-matrix representations

Mi(\) = (M) Ny(\) i Hi@Ha — Hy, M_(2) = (M(2) N_(2))" : Hy — H1 ®Ho
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satisfy the relations similar that for the Weyl function (1.2) (see Proposition 3.17). In
particular the function M (-) belongs to the class R*[H;], that is ImAImM(A) >0, 0 €
p(ImM (X)) and M*(\) = M(X) for every A€ C; UC_.

Similarly [2, 16] a D-triplet {Ho@®H1, o, "1} specify the parameterization of all closed

proper extensions A O A by means of closed linear relations 8 C Hy & H; via
(1.8) A=Ag:={fe A {Tof,T1f} €0}

Such a parameterization is especially convenient for the description of extensions of
differential operators in terms of boundary conditions. In order to describe by (1.8)
various classes of extensions (symmetric, selfadjoint, etc) we use some new classes of
linear relations § C Hy & H; introduced in [21]. Moreover we describe the spectrum
of the extension Ay in terms of the parameter 6 and the Weyl functions My (-) (see
Proposition 4.1).

It is well known that the Krein—Naimark formula for generalized resolvents of the
operator A with equal defect numbers plays an important role in the extension theory
(see for instance [13, 14, 2, 3, 16]). A connection between this formula and boundary
triplets was discovered in [2, 16]. Namely, it was shown there that every boundary triplet
IT = {H,Ty,I'1} for A* (ny(A) =n_(A) < c0) gives rise to the Krein-Naimark formula

(1.9) Ry = (Ao — A" = y(NEoW) (K1 (N) + Mu(MEo(\) " V), AeCpuC.

where Ay := KerTy is a fixed selfadjoint extension of A, y(\) := (T | Mr(A4))" ! is a
~-field and Mp(X) is a Weyl function (Q-function) (1.2). The formula (1.9) establishes
a bijective correspondence between the set of all generalized resolvents Ry of A and the
class R(H) of all Nevanlinna pairs of operator functions (Nevanlinna families of lincar
relations) {Ko(A\), K1(N\)} :=7(\) in H [13, 5, 6, 7].

The main result of this paper is the Krein—Naimark type formulas for a symmetric
operator A with not necessarily equal defect numbers. Namely, with every D-triplet
IT = {Ho @ H1,To,T'1} for A* we associate two formulas for generalized resolvents

(1.10) Ry = (Ao — A) " = 71 (NKo (V) (K1(A) + My (ME,(V) v V), AeCy,
(L11)  Ry= (45— 2" =N (Vo) + M-()N: (V) '7p (), recC-

where Ag := Ker Ty is a maximal symmetric extension of A with n_(Ag) =0, y+(\) :=
(To | 9 (A)™L, A e Cyand y_(2) := (PiTg | M.(A))~L, 2 € C_ are y-fields and M (-)
are the corresponding Weyl functions (1.7). The formulas (1.10) and (1.11) describe the
set of all generalized resolvents Ry separately on C, and C_. The part of the parameter
here is carried out by two pairs of operator functions {Ko(-), K1(-)} and {N1(-), No(-)}
which belong to the Nevanlinna type class R (Ho,H1). The definition of this class and
the investigations of its properties is contained in our paper [21]. Here we only note that
in the special case H1 = Ho := H the class R (Ho,H1) coincides with the class E('H) of
Nevanlinna pairs (Nevanlinna families) in H, so that R(H,H) = R(H).

It is known that the main problem in the derivation of the formula (1.9) is the con-
struction of a generalized resolvent Ry by a parameter 7(A) = {Ky(A\), K1(\)}. The
classical approach to this problem is essentially based on the Krein formula for canonical
resolvents and the Naimark theorem. The new approach (coupling method) in the case
n4(A) = n_(A) has been recently proposed in [5, 6, 7]. This method is essentially based
on the realization of 7(-) as the Weyl function. Note that in the case 7(\) ¢ R*[H] such
an approach requires the use of boundary relations and Weyl families of linear relations
instead boundary triplets and Weyl functions respectively (see [6, 7]).

Our construction of Ry by a parameter 7(\) is inspired by the papers [5, 6, 7]. At the
same time, unlike these papers our approach makes it possible to derive resolvents formula
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for an operator A with arbitrary defect numbers keeping the framework of boundary
triplets (D-triplets) and the Weyl functions. This approach is based on some kind of the
dilation theorem [21], which in the case H1 = Hp := H can be reformulated in the form
of the following well known assertion [25, 8]: for every family 7(\) € R(H) there exist a
Hilbert space $; and a selfadjoint linear relation 6 in H @ $H71 such that

(1.12) Pr@—XN""TH=—r(\)+N"" AeCyuC_.

Using the dilation theorem we realize a parameter 7(\) by (1.12) and construct in the
explicit form a boundary triplet II in the exit space $ ® $H1. Next we show that the
extension A := Ay (in the triplet II, see (1.8)) generates the desired generalized resolvent

Ry := Ps (Zg— A)~![$. Observe that in view of (1.12) the properties of the parameter 6

and, consequently, of the corresponding generalized resolvent Ry = Pg(Az — A)7![$) can
be formulated in terms of the parameter 7(\). Therefore we suppose that our method
will be useful in some classical problems (expansion in eigenfunctions, moment and inter-
polation problems), where the parameter 7()) is used for the description of all solutions.

Observe also that our approach enables to obtain formula for generalized resolvents
in Straus form [25, 26] directly from the formula (1.10). Moreover we establish a simple
connection between these two formulas and find a geometric interpretation of the spectral
parameter 7(A) by means of abstract "boundary conditions”. These results may be
considered as a generalization to the case ni(A4) # n_(A) the corresponding results
from [2, 5, 16] obtained for a symmetric operator with equal defect numbers.

Note in conclusion that our investigations here have also been inspired by the works of
M. M. Malamud and the author [18, 19, 20] devoted to the theory of boundary triplets and
the corresponding formulas for generalized resolvents of an isometric operator. In these
works a concept of a boundary triplet of a symmetric operator has been extended to the
case of an isometric operator V' and the corresponding formulas for generalized resolvents
as well as for the resolvents matrices of an operator V have been obtained. Note, that
formulas (1.10), (1.11) are similar to that obtained in [18, 19, 20] for generalized resolvents
of an isometric operator V.

The author is sincerely grateful to M. M. Malamud for his interest to this work and
for the useful discussions.

2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: £, H de-
note Hilbert spaces; [Hi,Hs] is the set of all bounded linear operators defined on H;
with values in Ha; [H] := [H, H]; A | L is the restriction of an operator A onto the linear
manifold L; Py, is the orthogonal projector in $) onto the subspace L C $; C, (C_) is
the upper (lower) half-plain of the complex plain.

For a Hilbert space $ we denote by dim § its dimension. Moreover we write dim §) <
00, if §) is finite-dimensional and dim $) = oo, if §) is an infinite-dimensional not necessarily
separable Hilbert space.

Let Ho and H; be Hilbert spaces. A linear manifold 7' C Ho & H; is called a linear
relation in Ho @ Hy (from Ho to Hi). We denote by C(Ho,H1) (C(H)) the set of all
closed linear relations(closed subspaces) in Ho @ Hi (in H @ H). For a linear relation
T C Ho ® Hi1 we denote by D(T), R(T), KerT' and T'(0) the domain, the range, the
kernel and the multivalued part of T respectively.

If T is a relation in Ho@®H1, then the inverse 7! and adjoint T* relations are defined
as

T'={{f. fY:{f.f}eT}, T7'CHi &Ho,
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and
T :{{gagl}eHl EBHO : (f/ag):(fag/)7 {f,f/}ET}, T Eg(HlaHO)'

A closed linear operator T from Hg to H; is identified with its graph grT € C(Ho, H1).

In the case T € C(Ho, H1) we write:

0€p(T) if KerT = {0} and R(T) = H1, which is equivalent to the condition

T !¢ [H1, Hol;

0€p(T) if KerT = {0} and R(T) = R(T) # Hu;

0€o0.(T) if KerT = {0} and R(T) = H1 # R(T);

0€o,(T) if KerT #{0}; 0€o.(T) if KerT = {0} and R(T) # Hi.

For a linear relation T' € C(H) we denote by p(T) = {A € C: 0 € p(T — )} and
p(T)={reC: 0¢€ p(T — N} the resolvent set and the set of regular type points of
T respectively. Next, o(T') = C\p(T') stands for the spectrum of T. The spectrum o (7T')
admits the following classification:

0.(T)={A€C:0€ 0.(T — N} is the continuous spectrum;

op(T) ={A € C:0€0,(T — N} is the point spectrum;

0. (T)=0(T)\ (6p(T) Uoe(T)) ={A € C:0€ 0, (T — A} is the residual spectrum.

For a linear relation T’ € C(H) and for every A € C let us introduce the lineal 0 (T') :=
R(T — X\) and the closed subspaces

MA(T) := HOM5(T) = Ker (T* — ), I\(T) := {{f,Af}: fe€M(T)} €C(H).

It is clear that M\(T) = {f € H : {f,Af} € T*}, so that 9M\(T) C T*. Moreover if
X € p(T) then M (T) is the defect subspace of a linear relation 7.

2.2. Linear relations and holomorphic functions. Let H, Hy H; be Hilbert spaces
and let K = (Ko K;)' € [H,Ho @ Hi). For a (not necessary closed) linear relation
0 C Ho ® Hy we write § = {Ko, K1; H} if Ker K = {0} (that is Ker Ky N Ker K7 = {0})
and

0 = KH = {{Koh,K1h} : h € H}.

Similarly let C = (Cy C4) € [Ho ® Hi, H]. For a linear relation 6 € C(Hg, H1) we write
0 ={(Cy,Cy); H} if R(C) = H and

0 =KerC = {{ho,hl} € Ho®Hq: Cohg+ Cihy = 0}

It is clear that every linear relation 6 € C(Ho,H1) admits both representations § =
{Ko,K1;H} and 0 = {(Cy,C4); H'}. Moreover the equalities dim H = dim 6, dim H' =
codim 0 are valid.

Let D be an open set in C and let Ko(-) : D — [H,Ho], Ki(-) : D — [H, H4]
be a pair of holomorphic operator functions. Such a pair will be called admissible if
Ker Ko(A) NKer K1(A) = {0}, A € D.

Definition 2.1. Let {Ky(-), K1(-)} and {K{}(-), K1(-)} be two admissible pairs of holo-
morphic operator functions, K; : D — [H,H,|, K} : D — [H',H,], j € {0,1}. Two such
pairs are said to be equivalent if K|(A) = Ko(A)p(A) and K{(A) = K1(A\)p(N) for some
holomorphic operator function ¢(-) : D — [H’, H| such that 0 € p(¢())) for every A € D.

Definition 2.2. A function 7(-), defined on an open set D C C with values in C(Ho, H1)
is called holomorphic on D if there exist a Hilbert space H and an admissible pair of
holomorphic operator functions K;(-) : D — [H,H;], j € {0,1} such that

21) 7\ = {Ko(\), Ky (\); HY = {Ko(Mh, Ky(\h)} ch € HY, \eD.
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It is clear that two pairs {Ko(-), K1(-)} and {K{(-), K1(-)} define by (2.1) the same
holomorphic function 7(-), if and only if they are equivalent. Therefore we will identify
(by means of (2.1)) a holomorphic C(Ho, H1 )-valued function 7(-) and the corresponding
class of equivalent admissible pairs {Ko(-), K1(-)}.

2.3. Nevanlinna type families and the dilation theorem. In this subsection some
definitions and results from our paper [21] are specified.

Let H; be a subspace in a Hilbert space Hy and let Hy = Ho © H1. Denote by P; the
orthoprojector in Hy onto H;, j € {1,2} and introduce the operators
(2.2)

Py, —il 0 —i P
Jo1 = <“D21 ZOHI) cHodHy — Ho®Hy, Jio= <iIH1 12321> : Hi®&Ho — H1®Ho,
(2.3)

P 0 I —1 P
Uy = (2152 IHI) :Ho®H1 — H1®Ho, Uip = ( 761 ;31 2) :H18Hy — Ho®H;.

It is easily seen that Jy; and Jyg are signature operators, i.e., Jo1 = (Jo1)* = (Jo1)~*
and Jig = (J10)* = (J10)~}. Furthermore Uy and Ujg are unitary operators connected
by the equality Ujg = (Upy) .

For a linear relation 6 € C(Hy, H1) we put

(2.4) 0% = Jo1(61) = (Jor8)t, 6% € C(Ho, Hy).
It is clear that 6 is the set of all vectors k = {ko,k1} € Ho ® H; such that
(25) (kl, ho) — (ko, hl) + i(PQko, Pgho) =0, {ho, hl} co.

If Hy = Ho := H, then a linear relation 6 € C(H) coincides with 6*. Moreover it was
shown in [21], Proposition 3.1 that in the general case H; C Ho a relation 8% possesses
a number of properties similar that of 6*.

Definition 2.3. ([21]). Let H; be a subspace in a Hilbert space Hy, let 6 be a closed
linear relation in Hgo @ H; and let

wo(h) = 2Im(hy, ho) + || Pahol|?,  h = {ho,h1} € 6.

The relation 8 belongs to the class: R

1) Diso(Ho, H1) (Aco(Ho,H1)), if wa(h) >0 (pa(

2) Symg(Ho, H1), if @ C 0% or equivalently if g (h

3) Self(Ho, H1), it 0 = 6.

Moreover a linear relation 6 € C(Ho, H1) belongs to one of the classes Dis(Ho, H1),
Ac(Ho,H1) or Sym(Hg,H;) if it belongs to the class Disg(Ho, H1), Aco(Ho,H1) or
Symg(Ho, H1) respectively and there are not extensions 6 > 0, 6 £ 6 in the corre-
sponding class.

h) < 0) for all h € 6;
)=0, heb;

Let as before H; be a subspace in a Hilbert space Hg and let Hy = Ho © H1. In the

next definition the concept of a Nevanlinna type class of holomorphic C(Hy, H1)-valued
functions (families of linear relations) is introduced.

Definition 2.4. ([21]). A holomorphic C(Hy, H1)-valued function

74+() : C4 — C(Ho, H1)
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belongs to the Nevanlinna type class Ry (Ho, Hi), if —74()) € Ac(Ho, H;) for every
AeCy.

A pair of holomorphic functions 74 (-) : C4 — C(Ho, Hy) and 7_(-) : C_ — C(H1,Ho)
belongs to the class R (Ho, Hy) if 74() € Ry(Ho,Hi) and 7_(X) = 71 (X) for every
A € C;. In what follows such a pair of functions 7 (-) and 7_(-) will be denoted by
T={ry,7_}.

A pair of functions 7 = {7, (-),7_(-)} € R (Ho, H;) is referred to the class RO(Ho, H1)
if 7y (N) =74, A€ Cy; 7-(2) =7, 2z € C_ (1,e., the functions 7, () and 7_(-) are
constant on their domains) and —7 € Self(Hy, H1).

It follows from Definition 2.2 that functions 74 () and 7_(-) admit the representations
(26) 7—+()‘) = {K0<>‘)7K1(>‘);H+}7 ANeCy,
(2.7) T7_(z) = {N1(2),No(2); H_}, zeC_
where H;, H_ are auxiliary Hilbert spaces and K;(-) : C; — [Hy, H;], N;(-) : C_ —
[H_,H,] j € {0,1} are holomorphic operator functions. The description of the classes

Ry(Ho,H1) and R(Ho,’H1) in terms of the corresponding pairs {Ko(-), Ki(-)} and
{N1(:), No(-)} was obtained in [21], Proposition 4.3.

Definition 2.5. ([21]). Let Ho, $: be Hilbert spaces and let H; be a subspace in Ho.
A linear relation 6 € Self('Ho ® H1, H1 @ H1) is called a dilation of a C('Ho7 H1)-valued
function 7. () : C4 — C(Ho,Hl) if there exist representations 6 = {Ko, K1;H1 & 91}
and 74 (A) = {Ko(A), K1(A); Hi}, A € C4 with the following properties:

i) the operators Ko € [H1 @ $H1, Ho ® $H1] and K, € [H1 @ $1] have the block-matrix

representations

~ K, K ~ Ny N
(2.8) Ko = (K; Ki) H1©89H1 — Ho®$H1, K= (N; Ni) TH1®9H1 — H1DH:

such that 0 € p(Ny — AK4), A € C;
ii) the equalities

(2.9) Ko(\) = =K1 + Ko( Ny — AK,) "} (N3 — AK3), \eCy,
(2.10) Ki(\) = Ny — No(Ny — M\Ky) " H(N3 — AK3), AeCy
are valid.

A function 7, (-) : C4 — C(Ho,H;) is called a compression of a linear relation 6 €
Self(Ho, H1)(Ho @ H1, H1 @ $H1), if 0 is a dilation of 74 (+).

One can easily verify that in the case Ho = H; := H a dilation 0 = 6* € C(H & 1)
and the corresponding compression 71 (\) : Cy — C(H) are connected via (c.f. (1.12))
(e N+ AN T=Pr(@0—N)"1TH, AeC,.

The following dilation theorem was proved in [21].

Theorem 2.6. If9 € Self(’HO,Hl)(Ho @ 91, H1 D N1), then there exists a unique com-
pression 74 () of 6 and 71 (-) € Ry (Ho, H1).

Conversely for every function 74(-) € EJF (Ho,H1) there exist a Hilbert space $1 and
a linear relation 6 € Self(Ho, H1)(Ho ® 91, H1 & H1) such that 6 is a dilation of 7,(-).

3. BOUNDARY D-TRIPLETS AND WEYL FUNCTIONS

3.1. Boundary triplets and Weyl functions for dual pairs. In this subsection we
recall some definitions and results from [15, 17], concerning dual pairs of linear relations.
These results will be systematically used in what follows.
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Definition 3.1. A pair {A, B} of closed linear relations A, B in § is called a dual pair,
if
(f9)=(f9"), f={ffteA g={9.d}€B
or equivalently if A C B*( <= B C A*).
A linear relation A € C(9) is called a proper extension of a dual pair {A, B} if

A C A C B*. The set of all proper extensions of a dual pair {A, B} is denoted by Ext
{A, B}.

Definition 3.2. Let Hy and H; be Hilbert spaces and let I'? = (I'¥ TP)T . B* —
Ho ® Hy and T4 = (T¢ T9)T : A* — Hy @ Ho be linear maps. A collection IT =
{Ho @ H;y,TE, T4} is called a boundary triplet for a dual pair {4, B} if:

(i) TBB* = Ho ® H1, TAA* = Hy & Ho;

(ii) the following Green identity holds
(3.1)

(f'.9) = (f.9) = CVF.T59) — OFF.T19), f={ff}eB", g§={g.g}eA"
Proposition 3.3. Let II = {Hy @® H1,T'5, T4} be a boundary triplet for a dual pair
{A, B}. Then the following statements are valid:

1) KerT'B = A, KerT'4 = B and the operators T'B and T4 are bounded, that is
B e [B*,Ho @Hﬂ, 4 e [A*,H1 @Ho],’

2) the collection TI* = {H, @ Ho, T4, T8} forms a boundary triplet for the dual pair
{B,A};

3) the equality

(3.2) A=Ay:={feB :{TEf TPf1 e}

establishes a bijective correspondence between the set of all proper extensions A € Ext
{A, B} and the set of linear relations 0 € C(Ho, H1). Moreover it follows from (3.2) that
A=Ay — TBA=9¢;

4) If A= Ag € Ext{A, B} (in the triplet I1), then A* € Ext{B, A} and A* = Ag- (in
the triplet I1* ).

The proper extensions Ay := Ker['}’ and A; := Ker'? are naturally associated to
a boundary triplet I = {Hy ® H;,T'B, T4} for a dual pair {4, B}. It follows from
Proposition 3.3, 4) that A = KerI'y' and A} = KerI'{.

Associated to the boundary triplet IT are holomorphic operator functions (y-fields)
31(N) £ p(Ao) — [Ho, Tr(B)] and m(A) : p(Ao) — [Ho, N (B)] given by
(3.3) An(A) = (U7 T9(B) ™", m(N) =mAn(h), A€ p(4o)
(here m; is the orthoprojection in H$H onto HE{0}). Similarly the holomorphic operator
functions 411+ (2) : p(Ag) — [H1, T (B)] and - (2) : p(Af) — [H1, M.(B)],

(3.4) Ane(2) = (0 19L(A)) Y m(2) = mAn-(2), 2 € p(4p)

are associated to the boundary triplet IT*. It is proved in [17] that the following relations
hold

() = (N + (= A (Ao — ) ym(N), A € p(Ag),
Y+ (w) = - (2) + (w — 2)(Af —w) "= (2),  z,w € p(Ap).

Definition 3.4. ([17]). The holomorphic operator function My (-) : p(4o) — [Ho, H1]
defined by the equality

(3.6) TP =Mu(NTEfr,  fa={fx. AN} €M(B), A€ p(Ay)
is called the Weyl function corresponding to a boundary triplet II.

(3.5)
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It follows from Definition 3.4 that the equality
(3.7) Pife = Mu- (T foy fo= {2} € T(A), 2 € pl(A)

defines the Weyl function M- (-) : p(Af) — [H1, Ho] corresponding to the triplet II*.
It is shown in [17] that the functions My (-) and My« (-) satisfy the relations

(3.8) Mrr(p) — Ma(N) = (= M- Wy (), A € p(Ao),
(3.9) M+ (w) — M= (2) = (w — 2)y1(Z)m- (w),  w, z € p(4p),
(3.10) Mp-(A) = Mi(A), A € p(Ao).

Theorem 3.5. ([17, 10]). Suppose that I = {Ho ® H1,TE, T4} is a boundary triplet
for a dual pair {A, B}, Mu(}) is the corresponding Weyl function, Ay := Ker 7,
0 = {Ko, K1; H} € C(Ho, H1) and A = Ay € Ext{A, B}. Then X € p(A) N p(Ay) if and
only if 0 € p(K1— M (M) Ky) and the following formula for the canonical resolvents holds
true

(Ag =N = (A = N+ AN Ko(K1 — Ma(N)Ko) (R, A € p(Ag) N p(Ao).

3.2. Boundary D-triplets. Let A € C () be a closed symmetric linear relation with
arbitrary defect numbers ng (A) = dimMMy(A4), A € CL. Denote by Ext4 the set of all

proper extensions of A, i.e., the set of all linear relations Ae C(f)) such that A C A C A*.
It is clear that {A, A} is a dual pair in $ and Ext{A, A} = Extg4.

Definition 3.6. ([16, 17]). Extensions A; and Ay € Exty are called transversal if
A1 n A2 A and A1 + A2 A*,

Let Ho be a Hilbert space, let H; be a subspace in Hy and let Ho = Ho © H;. Denote
by P; the orthoprojector in H, onto H;, j € {1,2}.

Definition 3.7. A collection II = {Hy & H1,T,I'1}, where I'; are linear mappings
from A* to H; (j € {0,1}), will be called a D-boundary triplet (D-triplet) for A*, if
I'=(Tg Ty)" : A* — Ho®H, is a surjective linear mapping from A* onto Ho @ H; and
such that Green’s identity

(3.11) (f',9) = (f,¢") = (T1f,T0g) — (Tof, T19) + i(PTo f, PaT'0g)
holds for all f = {f, f'},§={g,9'} € A*.

Using the operator Jy; (see (2.2)) one can rewrite the identity (3.11) as
(3.12) (f'.9) = (f,d) =i(JnTf,Tg), f,ge€ A"

Lemma 3.8. Suppose that 11 = {Ho®H1,T0,T'1} is a D-triplet for A*, Uy is the unitary
operator (2.3) and T4 = (¢ T/ : A* - Ho®Hy, T4 = (I¢ FA) A — H1 @ Ho
are the operators given by 4= I, T4 =UyT. Then

(3.13) g =Ty, =Ty, Td=Pl, TI{=TI+iPl,

and the collection 11 = {Ho @& Hy, T4, T4} is a boundary triplet for the dual pair {A, A}
in the sense of Definition 3.2.

Proof. Tt follows from (3.11) that for every f = {f, f'}.§ = {g,9'} € A*
(f',9) = (£,9) = ("1 f, PiTog) — (Tof T1g +iPsTog) = (F£f,T39) — (g f,T{9).

This yields the identity (3.1) for the triplet II. The mapping I'? is surjective because
44 = U I'A* = U()l(Ho D Hl) ="H1 ® Hp. O
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Proposition 3.9. Let IT = {Hy & H1,T0,T1} be a D-triplet for a linear relation A*.
Then:

1) KerTgNKerT'y = A and T'; is a bounded operator from A* to H;, i € {0,1};

2) every proper extension A € Exta can be parametrized by a linear relation 6 €

C(Ho, H1). Namely the equality

(3.14) A=Ag:={f e A :{Tof T f} €6}

establishes a bijective correspondence between the set of all proper extensions A € Exta
and the set of all linear relations 0 € C(Ho, H1). Moreover in view of (3.14) the equality
A= Ay means that 0 =TA = {{Tof, T1f}: f € A};

3) Agr C Ay if and only if @' C 0”. In this case dim Ay /A = dim 60"/’ ;

4) (AQ)* = AGX 5 _

5) an extension Ag € Exta is mazimal dissipative, maximal accumulative, maximal
symmetric or selfadjoint if and only if 6 belongs to the class Dis(Ho, H1), Ac(Ho, H1),
Sym(Ho, H1) or Self(Ho, H1) respectively;

6) extensions Ag: and Ag: are transversal if and only if 0/ + 60" = Ho & H,.

Proof. The statements 1), 2) arise from the statements 1), 3) of Proposition 3.3 applied to
the boundary triplet II for the dual pair {4, A} (see Lemma 3.8).The statement 3) follows
from the statements 1), 2). The statement 4) is implied by (3.11) and the definition (2.5)
of 0.

5) According to (3.11) and Definition 2.3 an extension Ay is dissipative, accumula-
tive or symmetric if and only if 0 belongs to the class Diso(Ho, H1), Aco(Ho,H1) or
Symg(Ho, H1) respectively. This and the statement 3) yield the desired statement.

6) This statement is implied by the equalities R(I') = Ho @& H; and KerI'=A. O

In what follows we will systematically use two proper extensions
(315) Ag:=Kerl'g = {f e A" F()f = 0}7 Ay :=Kerl'; = {f e A" Flf = 0},

which are naturally associated to a D-triplet {Ho & H1,I'0,I'1}. It follows from (3.15)
that Ay = Ap, and A; = Ap, where

(3.16) 00 = {0} ® H1 = {Opt, 3o, Iy s Ha}s 01 = Ho ® {0} = 024,34, -
Corollary 3.10. Extensions Ag and Ao are transversal if and only if 0 € [Ho, H1].

Proof. The desired statement is implied by Proposition 3.9, 6) and the obvious equiva-
lence 0 + 0y = Ho @ H1 — GE[Ho,Hl}. O

Proposition 3.11. Let II = {Ho & H1,T0,T'1} be a D-triplet for a linear relation A*,
A; = KerDy, i € {0,1} and Hy = Ho © H1. Then Ay and A} are mazimal symmetric
extensions of A and

dimH; =n_(A) <ny(A) = dimH,
n_(Ag) =n_(A7) =0, ni(Ay) =ny(4]) = dimHs.

Conversely let A C A*, n_(A) < ny(A) and let Ag be an extension of A such that
Ao C Af and n_(Ag) = 0. Then there exists a D-triplet for A* such that Ay = KerT'y.

Proof. It follows from (3.16) and (2.5) that
(3.18) 96< =Hs ® Hq, 91>< =H1 D {0} = {IHl,HmO;Hl}-

Therefore by Proposition 3.4 from [21] the linear relations 6y and 6;° belong to the set
Sym(Ho, H1) NAc(Ho, H1). This and the statements 4), 5) of Proposition 3.9 imply that
Ay and A} are maximal symmetric and n_(A4g) = n_ (A7) =0.

(3.17)
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Furthermore Proposition 3.9, 3) yields
n_(A) =dimAy/A = dimby = dimH;, ny(A)=dimAj/A =dim6; = dim Hy,
ny(AY) =dim A; /A = dim 6, /07 = dim Ha
which leads to (3.17).
Next we prove the converse statement. Let U = {{f} — ¢ fo, f5+ i fo} : {fo, [0} € Ao}
be the Cayley transform of Ay. Clearly, U is an isometric operator with D(U) = $ and

such that UN_;(A) C 9;(A). To construct the desired D-triplet for A* we put Hy =
Mi(A), Hi =UN_;(A), Ho =Ho © H1 =9, (A4p) and make use of the decomposition

(3.19) A" = A N(A) & N_(A).
Define the operators I'; : A* — H;, j € {0,1} by setting
(3.20) Tof = —i(Pifi + V2P fi —Uf-y), Tif =Pifi+Uf

where f € A* and according to (3.19)

f = {anfA} + {flazfl} + {f—i7 7if—i} = {fA + fl + f—ivf‘/A + Zfl - if—i}7
{fAvfil}eAa f:l:iem:l:i~
It follows from (3.20) that for every f,§ € A*
(T1/,Tod) — (Tof,T1d) +i(PaTof, PaTogd) = 2i[(P1fi, Prgi) — (f—is9-4) + (Pafi, Pagi)]
= 2i[(fi, 9:) — (f-i,9-0)] = (f',9) = (f,9")

Hence the identity (3.11) for the operators (3.20) is valid. Since the surjectivity of the
mapping T' is obvious, the collection IT = {Hy & H1,T,T'1} with operators (3.20) is a
D-triplet for A*. Moreover the equality Ker 'y = Ay is directly implied by (3.20). |

The description of all D-triplets for a given linear relation A is contained in the
following

Proposition 3.12. Let I = {Ho ® H1,T0,T'1} be a D-triplet for a linear relation A*
and let Jo1 be the operator (2.2). Then the equality

Ty Xoo Xo1) (To
3.21 U =
(3.21) <F1> <X10 X11> <F1)
establishes a bijective correspondence between all D-triplets I = {Ho ® Hl,fo,fl} for
A* and all Jo1-unitary operators X = (Xij)},j:o € [Ho ® H4].

Proof. Let I = {Ho & H1,T9,I1} be a D-triplet for A*. Then by [17] there exists an
automorphism X = (Xj;); ;—o € [Ho ® Hi] such that (3.21) holds. Moreover in view
of (3.12)

(3.22) X" JnX = Jo1

that is X is a Jyj-unitary operator.

Conversely, let an operator I' = (Iy  I';)T be given by (3.21). Then the Green’s
identity for the triplet I is implied by (3.12) and (3.22). Moreover the mapping T is
surjective, because so are I' = (T'g I’l)—r and X. O

In the next proposition we complement the result of Proposition 3.11
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Proposition 3.13. Let I = {Ho®H1,To,T'1} be a D-triplet for A*. Then the extensions
A;i(:=KerT;), i € {0,1} are transversal.

Conversely, let Ao,Al € Exta be a pair of transversal extensions such that AO -
Aa‘, At C Ay and n_(Ag) = n_(A}) = 0. Then there exists a D-triplet for A* such that
A; = A;(:=KerI), i € {0,1}.

Proof. The transversality of the extensions Ag and A; is implied by Proposition 3.9,6)
and the equality 0y @ 61 = Ho ® H1 (here 6y and 6, ere defined by (3.16)).

Conversely, let extensions Zo,;h € Ext, satisfy the stated conditions. Then by
Proposition 3.11 there is a D-triplet II' = {Ho®H1, I'5, I'1 } such that Ay = KerT. Since
A1 and Ao are transversal, it follows from Corollary 3.10 that A1 = AB = Ker (I'} —
BF/) B e [Ho,Hl] Let

(3.23) B = (B1 Bz) cH1® Ho — Hq

be the block matrix representation of the operator B. Then /le = /IBX where B> is a
linear relation defined by

“={(In, —iB3)",Bj;H1}
(see [21], formula (3.7)). Moreover B* € Sym(Hy,H1) and Proposition 3.4 in [21] yields

(3.24) 9ImB; — ByB; = 0.
Let now X, € [Ho] and X € [Ho @ H1] be operators given by
(3.25)
I 0 X 0
X, = (£2 IHQ) tHy ®Ho — Hy @ Hey, X = (_é Im) tHo ® My — Ho @ M.

The immediate calculation with taking into account of (3.24) shows that the operator
X satisfies the equality (3.22). Moreover since 0 € p(X), it follows that 0 € p(X).
Hence the operator X is Jyi-unitary and by Proposition 3.12 the collection II = {Hy &
H1,To,T1} with Ty = XTI, Ty = =BT+ T is a D-triplet for A*. Tt is easily seen that
for this triplet KerI'y = Eo and KerI'y = gl. O

Remark 3.14. i) Let Il = {Ho @ H1,,I'1} be a D-triplet for a linear relation A*. Then
by Proposition 3.11 n_(A) < n4(A4), Ci € p(Ap) and the following equivalences hold

(3.26) Ho=H1 < Ay = Aé < Al = AI <~ (C+ 75 p(Ao).

If at least on of the conditions (3.26) is fulfilled, then n_(A) = ny(A) and the identity
(3.11) takes the form

(f/vg)f(fvg/):(Flf:r‘og)*(rofvrlg)v f:{faf/}v g:{g7g,}€A*

In this case the collection IT = {H Ty, I'1} (H := Ho = Hi) is a boundary triplet
(boundary value space) for A* in the sense of [9, 16]. Observe also that in the case
n4(A) < oo formula (3.17) yields the equivalence Hy = H; <= n_(A) = ny(4).
Therefore if n_(A) = ny(A) < oo, then there are not other D-triplets for A* besides
boundary triplets. At the same time if n_(A) = ny(A) = oo, then the subspace H; may
coincide or not coincide with Hy. In what follows we do not exclude both this cases from
our considerations.

ii) In the case of a linear relation A with equal defect numbers, the statement of Propo-
sition 3.11 and the formulas (3.20) go back to [9, 16]. Observe also that in Proposition
3.13 we generalize similar construction of a boundary triplet from [16].
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3.3. y-fields and Weyl functions. In this subsection we introduce 7y-fields and Weyl

functions associated to a boundary D-triplet and investigate theiir properties.
Assume that IT = {Ho @ Hy,To,T1} is a D-triplet for A*, Il = {Ho @& H,, T4, T4}

is a boundary triplet (3.13) for the dual pair {A, A} and vg(+), v (-) are y-fields (3.3),

(3.4). Since KerT§ = Ag(= KerTp) and Cy C p(Ap), the functions g and yp. are

defined at least on C; and C_ respectively. This allows us to introduce the holomorphic

operator-functions (y-fields) 44 (+) : Cy — [Ho, H?%], v4+(-) : C4 — [Ho,$H] and 4_(-) :

C.— [Hlvﬁz}a 7—() :Co — [Hlaﬁ] by Setting

’AY-F(A) = ;}/f[(A)a 7—5—(/\) = ’Yﬁ(/\)a A€ C-i—a

ﬁ/— (Z) = ’Ayf[* (Z)7 "}/_(Z) = 1+ (2)7 zeC_.

It follows from (3.13) that

(3.28) A+(A) = (To [ MA(A) 1, Y+ (A) = mA4+ (), AeCy,

(3.29) 4-(2) = (AT | M (A)) Y, v-(2) = mA-(2), zeC_

where 7y is the orthoprojection in $ ® $ onto $ @ {0}.
Let A € C4. According to the decomposition Hy = Hi @ Hs the operator v (\)
admits the block-matrix representation

(3.30) T+(A) = ((A) 6+(N) : Hi & Ha — 9.

By means of (3.30) we define the operator-functions v(-) : C; — [Hy,$] and 6,(-) :
(C+ — [HQ,S‘_’)}

(3.27)

Proposition 3.15. 1) The operator-functions v4(-) and v_(-) satisfy the following re-
lations

(3.31) Y+ (p

) =N+ (= A4 — ) (), A peCy,
(3.32) V-(W) =7-(2) + (W= 2) (A —w)y-(2),  zweC,
(3.33) Y_(2)P1 = 1 (AN) + (2 = N (A5 — 2) "ty (N, AeCy, zeC_.

2) For every A € C the operator vV2ImA o, (N) is an isometry from Ha onto Ny (Ao)
and

(3.34) (1= NN (1) = iz, Api€ Cyp
Proof. 1) Formulas (3.31), (3.32) are implied by (3.27) and relations (3.5) for the func-

tions yp(-) and yp. (-).
Let further A € C;, z € C_ and h € Hy. Letting

(3.35) g =7V + (2 = V(A5 — 2) 7 (Vh

we derive

3.36
({g, Z)g}:{%()\)f% A+ (WA} + (2 = X) {(A5 = 2) 7 v (VA (I + 2(A5 = 2) ")y (W)h}
Applying the operator PiT'y to (3.36) and taking into account that
{(A5 = 2) 717 (M, (I + 2(A5 = 2)" )7+ (Mh} € A5 = Ker PiT
we arrive at the relation
PiTo{g, 29} = PiTo{y4- (M), Ay (M)A} = Prh.

It means that g = y_(z)Pih. Combining this equality with (3.35) we arrive at (3.33).
2) Since Ay = Ker Ty, the identity (3.11) yields

(f5 — Mos9x) = (T1fo, Todn),
fo={fo. i} € Ao, ar={gn. Ao} € M(4), XeCy.

Il
=2 2

(3.37)
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It follows from (3.37) and the equality 'y Ag = H; that gy € 9\ (Ag) < To{gx, A\gr} €
Ho. This and (3.28) show that d1(A\)Ha(= v4(A)Hz) = A (Ag), A € C.
Let now A\, pu € Cy, ho,hlhy € Hy and let f, = 44 (uha = {04 (1)ha, udy (11)ha},
Gx = A (VR = {04 (A)h, Ao (AR} Then Tof, = ha, Toga = h and by (3.11)
(1 =N (04 (w)ha, 61 (A\hs) = i(h2, hy),  ha,hy € Ha.
Hence (3.34) is valid. Letting in (3.34) p = A, one obtains 2ImA 0% (A\)d(A) = Ipq,.
Therefore the operator v/2Im\ 8 ()) is an isometry from Hy onto 9y (Ag). O

The same arguments as for the functions v+ allows us to introduce the following
definition.

Definition 3.16. The holomorphic operator-functions M, () : C4+ — [Ho,H1] and
M_(-) : C_ — [H1, Ho] given by

(3.38) Mo\ =Mg(\), AeCyp,  M_(2)=Mg.(2), z€C_

will be called the Weyl functions corresponding to the D-triplet II = {Hq & H1,To, 1}
for A*.

It follows from (3.6), (3.7) and (3.13) that the functions M, (-) and M_(-) are defined
by

(3.39) Ty [ DM(A) = My (AT [ 9M(A), AeCy,
(3.40) Ty 4 iPyT0) [ M (A) = M_(2)P,Ty | M.(A), zeC_.
Let A€ C,4, z € C_ and let

(3.41)

My(\) = (M) Ny(N\): Hi®Hy — Hy, M_(2) = (M(z) N_(2))" : Hi — H1 D Ho
be the block-matrix representation of the operators M+()\) and M_(z). Formulas (3.41)

define operator-functions M(-) : C; UC_ — [Hy], N4() : C4 — [Ha, H1] and N_(-) :
C_ — [H1, Hal.

Proposition 3.17. The Weyl functions satisfy the identities

(3.42) M(p) = M*O) = (=N W), mAeCy,

(3.43) No(i) = (n =27 Nds (), mAeCy,

(344) M(w) — M*(2) +iN2(2)N_(v) = (w = 2)7"(2)7-(w), w,z2€C,

(3.45) My(\) = M*(2) = (A= 2)7" ()11 (A),  A€Cy, z€C_.
Moreover the following relations hold:

(3.46) M_(N)=M:i(A), MQ)=M*(\), N_(A)=Ni(}), AeCy.

Proof. Let \,u € C4, hy,h} € Hy, hy € Ho and let

fu =31 (why = {y(ha, py(mha}, Gy = A4 )BG = {y (AR5, My (WS,

Gu =Y+ (Whe = {64 (1) ha, p o4 (1) h2}.
Then
Tofy=hi, Tify=M(uhy, Togx=h;, Tigy =M,
Lopp =he, Thgu = Ny(phe
and the identity (3.11) yields
(1= A) (V(wha, vy (NRY) = (M ()b, hy) — (M*(Mha, By),  ha, By € Hy
(1= X) O ()h2, Y(NRY) = (Ni(w)ha, b)), hy € Hi,  ho € Hoa.
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This leads to (3.42), (3.43).
Let now z,w € C_, hy,h}] € Hy and let

fo=A-(@)h1 = {y-(@)h1, wy_ (W)}, G =4 (2)h] = {7 ()M}, 27— (2)h1}.
Then P,Tof, = hy1, PiTog. = k) and by (3.40)
I fo=Mw)hy, PLof, =—iN_(w)hi, T1g. = M(2)h}, Palog. = —iN_(2)h}.
This and (3.11) imply the equality
(W =2)(7=(w)h1,v-(2)h}) = (M(w)h1, h}) — (M*(2)h1, By) + i(NZ (2)N—(w)ha, hY),
hi,hy € Hy.
Hence (3.44) is valid.

Finally, the equalities (3.45) and (3.46) are implied by (3.38) and the relations (3.8),
(3.10) for Mg (N). O

For an operator T = T* € [H] we write T > 0, if T' > ol with some « > 0, and
T<0,if =T > 0.

Corollary 3.18. Let M (\) = (M(A) Ny(M\), A€ Cy and M_(2) = (M(z) N_(2))7,
z € C_ be the Weyl functions corresponding to the D-triplet {Ho ® H1,T0,T1} for A*.
Then:
1) 2ImM(X) = Ny (A)N7(A) >0, AeCy, 2ImM(z) + N*(2)N_(2) <0, ze€C_,
2) the function M (), A € C4 UC_ belongs to the class R“[Hy], i.e., M(\) = M*())
and ImAImM(A) >0, Ae CLUC_.

Proof. In view of (3.46) the relations 1) are mutually equivalent. Moreover the second
of them is implied by (3.44) and the inclusion 0 € p(v_(2)), z € C_.

The statement 2) immediately follows from 1). O
Let Jo1, J10, Up1 and Uy be the operators (2.2), (2.3) and let
(3.47)
Xoo  Xo1 Yoo You
X = tHo®H HodH, Y = T H1 B H Hi®H
(Xlo X11> @ e (Ylo Y11> LT e T

be operators associated by Y = Uy XUjo( <= X = Uy1oYUpy). Clearly, the operator
X is Jyp-unitary if and only if Y is Jig-unitary.

In the next proposition we provide the connection between Weyl functions correspond-
ing to different D-triplets.

Proposition 3.19. Let I = {Ho ® H1,To,T1} and II = {Hy & Hy,To,T1} be D-
triplets for A* associated by (3.21) with the Joi-unitary operator X = (Xi;)};—o and

let My (-), My(-) be the corresponding Weyl functions. Then

(3.48) M, (\) = (X10 + X11 M4 (V) (Xoo + Xort Mo (\) ™Y, AeCq,
(3.49) M_(z) = (Yio + Yi1M_(2)) (Yoo + Yu M_(2))"",  zeC_
where Y = (}/ij)%,jzo is a Jyg unitary operator given by Y = Uy XUyyg.

Proof. Tt follows from (3.39) and (3.40) that for every D-triplet {Ho @ H1,T,I'1} the
corresponding Weyl functions may be written as

(3.50) grMy(A\) =T (A), AeCy,  grM_(2) = UnI'N.(4), zeC_.
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Now assume that the assumptions of the proposition are satisfied. Since =X ', (3.50)
yields

(3.51) grﬁ+()\) = XgrM (N\), MeCy, grM_ (2)=YerM_(z), zeC_.

Let the operators X and Y have the block-matrix representation (3.47). Then in view
of (3.51)

(3.52) erM, () = {Xoo + Xo1 M4 (\), X10+ X11 M, (N\); Hol,
(3.53) grM_(2) = {Yoo + Yor M_(2), Y10 + Y11 M_(2); Hi}.

Moreover since R(Xog + Xo1 M4 (\)) = D(M, (X)) = Ho and Ker (Xoo + Xo1 M4 (M) =
Ker (X0 + Xo1 M+ (M) N Ker (X10 + X11:M1(N)) = {0}, it follows that 0 € p(Xgo +
Xo1M4(A)). This and (3.52) show that M+()\) is of the form (3.48). Similar arguments
applied to (3.53) lead to the equality (3.49) for M_ (2). O

Remark 3.20. I 1T = {Ho®H1,To,T'1} is a D-triplet for A* and Hy # Ho, then p(Ap) =
C4, p(Af) = C_ and, therefore, the operator-functions v+ and My are defined on the
same natural domains as the corresponding functions vy, vq., My and My, (compare
(3.27), (3.38) and (3.3),(3.6)).

On the other hand if H; = Hy := H, then according to Remark 3.14 IT = {H, T, Ty }
is a boundary triplet for A* and Ay = A, so that (C. UC_) C p(Ap). In this case
My (X)) = M(X), A € Cy and the operator-functions

_ (), AeCy
1) = {7(/\), reC

and M (A) are y-field and the Weyl function for IT respectively [2, 16]. Moreover in this
case all relations in Proposition 3.15 and 3.17 may be written in the well known form
[13, 14, 2, 16]

(1) = YN+ (=M (Ao =) "'V, M(p)=M*(A) = (p=A) 7" (Mv(w), A € p(Ao)
Note also that in the case Hy = Ho := H the operator Jy; takes the form

(0 =il _
JOl.—J—(Z.IH 0>.HEBH HOH

and formulas (3.21), (3.22) describe all boundary triplets (in the sense of [9, 16]) for A*.
Moreover in this case X =Y and the equalities (3.48), (3.49) imply that the connection
between the Weyl functions for boundary triplets IT and II associated via (3.21) is given
by

M()\) = (X0 + XuM()\))(Xoo + X01M()\))_1, reCLrucC._.

These results were obtained in [3, 16].

4. SPECTRUM OF PROPER EXTENSIONS AND FORMULAS FOR GENERALIZED
RESOLVENTS

4.1. Spectrum of proper extensions and formulas for cangnicgl resolvents. In
this subsection we describe the spectrum of a proper extension A = Ay in terms of the
boundary parameter 6 and the corresponding Weyl function and derive Krein—Naimark
type formula for canonical resolvents. Note that these results are simple consequences of
similar type results obtained in [17] for dual pairs of linear relations.
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Proposition 4.1. 1) Let 11 = {Ho ® H1,To,T1} be a D-triplet f07"~A* with the Weyl
functions My(-) and let A = Ag € Exta, where 0 = {Ko, K1; H} € C(Ho, H1). Assume
also that Ky = (Ko Kog)T : H — Hy & Hs is the block-matriz representation of Ko,
Ny = Kg1, No = (K iKo2)" : H— Hy ® Ho and let
Ti(N) =Ky — My (MK € [H,H1], XeCyq,
T_(A):=No— M_(AN; € [HHo], MreC_.
Then the following relations hold:
(4.1)
e p(A) e 0ep(Te(N), Aeo;(A)e0e0;(Te(N), j=per, AeCy;
(4.2)
M€ p(A) < 0¢ep(Te(N), AeCy;
(4.3)
RA-N) =R(A-N) <= R(Tx(\) = R(TL(N), A€ Cy;
(4.4)
dimKer (A — \) = dimKer T (), codimR(A — A) = codimR(T(\)), A€ Cw.

2) Let H be a Hilbert space and let an extension Ace Ext 4 be defined by an abstract
boundary condition

(4.5) f={f.f'} €A < Clof +CiT1f =0

where Cy € [Ho,H], C1 € [H1,H] and the range of the operator C = (Cy C4) :
Ho®H1 — H coincides with H. Moreover assume that Cy = (Cp1 Coz) : H1 ®He — H
is the block-matriz representation of Cy, Cy = Co1, Cp 1= (C1 —iCo2): H1®Hs — H
and let

S+()\) = C()+01M+()\) S [HmH}, )\E(C+,
S_(\):=C1+CoM_()\) € [H1,H], AeC_.
Then the relations (4.1)—(4.4) hold with S+ () instead of T+ (N).

Proof. 1) Let I = {Ho @ H1,T4, T4} be a boundary triplet (3.13) for the dual pair
{A, A}. Since T'A =T, it follows that in this triplet A = Ag Furthermore consider a
boundary triplet TI* = {H; @ Ho, T4, 14} for {4, A} and let A = Ay_ in the triplet IT*.
Then by Lemma 3.8

(4.6) 0. =T4A=UnTA=Uypb, 6_cC(Hi,Ho)
and (2.3) yields _ = {Ny, No; H} where
(4.7) Ny =P Ky=Ko, No=K, +iP,Ko= (K iKop)' :Hi®Hs— Ho.

Note also that in view of (3.38) the Weyl functions for the triplets IT and IT* coincide
with M, (-) and M_(-) respectively. Now the relations (4.1)—(4.4) are implied by [17],
Proposition 5.2 (see also (2.8)—(2.10) in [17]).

2) The relation (4.5) means that in the triplet II the extension A is parameterized
as A = Ay with 6 = KerC = ((Cy,C1); H). Let 6_ be a linear relation (4.6) and let
Uo1, Uip be operators (2.3). Then the following equivalences are obvious

]A“LEH, — UloiLEG <~ CUl()]A”L:O = ]AlEKeI‘(CUl()).
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Hence 6_ = Ker C' where

6 _ CU10 _ (C() C1) (IHl —iPQ

0 P, ) = (C()l ClPl — iCOQPQ).

Letting Cy = Co1 and 50 =(C1 —1iCp2) : H1 @® Hoy — H one obtains C = (C~'1 50) :
Hy & Ho — H. This means that §_ = {(Cy,Co); H} so that for the triplet II* the
extension A is defined as

f={ff1ed < CI{f+Crif=0.
Now the desired statement follows from [17], Corollary 5.3. O

Theorem 4.2. Suppose that Il = {Ho® H1,T0,T1} is a D-triplet for A*, My () are the
corresponding Weyl functions, Ag = Ker 'y and A= g@ € Exty with 8 = {Ky,K1;H} €
5(’}-[0,’}-[1). Moreover let Koy = (Ko1 Ko2)" : H — Hy © Ha be the block-matriz rep-
resentation of Ko and let Ny := Ko, No := (K1 iKo)' : H — Hy @ Ha. Then the
following formulas for canonical resolvents hold:

(4.8) (A9 =N = (Ao =N+ (VKo (K — M+(>\)K0)_1’yi(X), AeCy,
(49)  (Ag—2)" = (A5 —2) "+ (2)Ni (No — M_(2)N1) '4%(z), 2€C_.

Proof. As in the proof of Proposition 4.1 consider the boundary triplets II and II* for the
dual pair {A A} defined in Lemma 3.8. It was shown in Proposition 4.1 that A=Ayin
the triplet II and A=A,y in the triplet II*, where 6_ = {N1, No; H} and the operators
Nj, j € {0,1} are defined by (4.7). Note also that in view of (3.13) KerT['§ = Ag(=

KerTy). Applying now Theorem 3.5 to the triplets IT and II* and taking into account of
(3.27) and (3.38), we arrive at the formulas (4.8), (4.9). O

4.2. Formulas for generalized resolvents. First recall the following definition.

Definition 4.3. An operator function Ry : C; UC_ — § is called a generalized resolvent
of a symmetrlc linear relation A € C (S’)) if there exist a Hilbert space $§ D $ and a linear
relation A = A* € C($) such that A C A and Ry = Pg(A—\)"!|H, AeC,UC_.

The next theorem plays together with Theorem 2.6 a fundamental role in our deriva-
tion of formulas for generalized resolvents.

Theorem 4.4. Suppose that A is a closed symmetric linear relation in § with defect
numbers n_(A) < ny(A) < oo, I = {Ho ® H1,T0,T1} is a D-triplet for A*, Ay =
KerTy and v+ (-), My(-) are the corresponding y-fields and Weyl functions respectively.
Furthermore, let $1 be a Hilbert space, 373 = HDH1 and let Gy, G1 € [Y)%,f)l] be operators
given by

(410) GoiLl = hq, Glill = h/l, iLl = {hl, h‘/l} € f)%
Then ~

1) the adjoint linear relation of A in the space $) is
(4.11) AL = A" @ HT;

2) the operators
~ r 0 . ~ Tr 0 *
(4.12) Ty = (00 GO) €A © 92 Ho ], T = (01 G1> € [A* & 52, Hy B 1]
form a D-triplet Tl = {(Ho ® 1) & (H1 & $1), Lo, 1} for A% with

(4.13) Ao(=KerTy) = Ay @ ({0} ® H1).
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Moreover the corresponding y-fields and the Weyl functions for the triplet II are defined
by
(1) F.00= ("N ) aec, se=(" ) sec,

0 I, 0 Ig,

(4.15) JTL()\):(MB()‘) )\I(;l)’ NeCy, M(z):(M—O(Z) Zjoﬁ) zeC_;

3) if an extension A=A ¢ C(9) of A is parameterized in the D-triplet I as A= g@v
with 0 € Self (Ho, H1)(Ho®H1, H1©9H1) and 71(A) = {Ko(A), K1(A); Hi} € Ry (Ho, Ha)
is a compression of 6, then 0 € p(K1(\) + M (M) Ky(XN)), A € Cy and
(4.16)

Po(A-N"11H=(A—N7" =14+ (N EKo(N) (K1 () +M+(>\)Ko()\))_1

2 (A), AeCs.
Proof. The statement 1) is obvious.

2) Let Ho := Ho @ 91 be a Hilbert space, let H; := H; & $H1 be a subspace in Hy and
let Ho := Ho © Hy. It is clear that Hy = Ha @ {0}.

In view of the decomposition (4.11) every vector f € A% admits the representation
f={g9+hi,g +h,} where {g,¢9'} € A* and hy,h} € $H1. This and (4.12) imply the
equalities
(4.17) Tof ={To{g.g'}, ha} € Ho ® 1, T1f ={T1{g.g'}, hi} € H1 @ 61,
(4.18)

Py Tof ={PiTo{g, '}, ln} € H1 @ $1, Py Tof ={Palo{g,9'},0} € Ha @ {0}.

Now the immediate checking shows that = {7—70 &3] 7—71, fo, fl} is a D-triplet for A%.
Next assume that f>\ ={fy, A\n} € A% for some A € C. Then f,\ = {gr+h1, Agr+Ah1}
where {gx, Agx} € Ma(A) and hy € H;. Hence in view of (4.17) and (4.18) one has

Tofx = {To{gn. Agab. hu}, Tifa = {T1{ga, Aga}, Aha}, PﬁlfofA = {Pilo{gx, Agr}, ha }

which leads to (4.14) and (4.15).

3) According to Theorem 2.6 there exists a representation 0 = {IN(O, f(l; H1®H1} such
that the operators I?o € [H1 @ H1,Ho ® H1] and K, € [H1 @ $1] have the block-matrix
representations (2.8) with 0 € p(Ns —AKy). Moreover the compression 74 () of § admits
the representation 74 () := {Ko(A), K1(A); H1}, A € C; where Ko()\) and K;(\) are
operator functions (2.9) and (2.10) respectively.

Applying formula (4.8) to the extension A = Ag and taking into account (4.13) and
(4.14) we get the equality
(4.19)

Po(A=2)71 1 9 = (Ag— N7 95 (N Pry Ko (K1 — Mo (M Eo) ' [ Hiv" (), A eCq
It follows from (2.8) and (4.15) that

~ =~ =  (Ni—=M(NEK1 N—M;(\NK>
o M+(’\)K0< N3 — AK3 Ny— MKy )°

Let us put
F(A) :=(Ny — My (NKq) — (Ng — My (A K2)(Ny — )\K4)_1(N3 — AK3).

Since 0 € p(K; — M+()\)I?O) Np(Ny— AKy), the inclusion 0 € p(F()\)) is valid. Moreover
in view of (2.9) and (2.10)

FQA) = K1(A\) + My (M) Eo(A), A€ Cy,



KREIN TYPE FORMULA 277

so that 0 € p(K1(A) + M1 (M) Kop(N)), A € C1. Using now the Frobenius formula we
derive

(K1 — My (\)Ko)™ £ : ) :

- <(N4 — AK4) " (N3 — AK3)F~1(\) %
This and the first equality in (2.8) imply

Py, Ko (ffl - M+(/\)f{0)71 [ Ha
=K F7'(\) + Ko[—(Ny — AK4) (N3 — AK3)FH(\)]
= [K1 — K2(Ng — AK4) " (N3 — M) (K1 (A) + My (N Ko(N) ™!
= —Ko(\)(E1(A) + My (A Eo(N) ™"
Combining this formula with (4.19) we arrive at (4.16). O

Now we are ready to derive the Krein—-Naymark type formulas for generalized re-
solvents of a symmetric operator with unequal defect numbers. These formulas give a
parameterization of all generalized resolvents Ry by means of pairs of functions 7 =
{7+(),7—()} € R(Ho,H1). Note, that our proof is based on Theorem 2.6, which en-
ables to represent a function 74 (\) € EJF (Ho, H1) as a compression of an exit space linear
relation § € Self (Ho, H1)(Ho @ $H1, H1 @ H1). Next by using Theorem 4.4 we construct
the generalized resolvent R}, corresponding to the given parameter 7.

Theorem 4.5. Assume that A is a closed symmetric linear relation in $ with defect
numbers n_(A) < ni(A) < oo, I = {Ho®H1,To,T1} is a D-triplet for A*, Ag = Ker Ty
and My () are the corresponding Weyl functions. Then the formulas

(4.20) Ry = (Ag— AN =1 (N) Ko(A) (Ki(\) + My (MKo(V) 42 (Y), AeCy,

(421) Ry = (45— )7 =7 (V) M) (No(N) + M_()Ni(N) 75 (D), AeC-

establish a bijective correspondence between all generalized resolvents Ry of A and all
pairs of functions 7 = {71(-),7— ()} € R (Ho, H1), defined by (2.6) and (2.7). Moreover,
Ry is a canonical resolvent if and only if 7 = {74, 7_} € EO(’HO,’HQ, which is possible
only in the case dim H; = dim Ho( <= n_(A) =n(A)).

Proof. First we show that the formula (4.20) establishes a bijective correspondence
between all generalized resolvents Ry, A € C, and all C~(Ho,Hl)—valued functions

T+() € R+(H0,H1) given by (2.6).

Let Ry = Py(A ) | §, A € C4 where A € C(Y)) is a selfadjoint extension
of A in the exit space f_) D $. Then by Theorem 4.4 there exists a function 7, (\) =
{Ko(\), K1(A\); Hy} € Ry (Ho, M) such that (4.20) holds.

Conversely assume that a function 7, (\) € Ry (Ho, Hi) is given by (2.6) and let Ry
be an operator function (4.20) with Ky(A) and K;()) taken from (2.6). Next we show
that Ry is a generalized resolvent of A.

According to Theorem 2.6 there exist a Hilbert space $); and a linear relation ] €
Self(Ho ® 91, H1 ® H1) such that 0 is a dilation of 7, ()), i.e. » T+(A) is a compression of
9 Let 5’3 f) D 5’31 and let H = {(HO D .61) (Hl D .61) F(),Fl} be a D- trlplet (4 12)
for A* Consider an extension A = A* € C(Y)) of A given by A = A (in the triplet II).
It follows from Theorem 4.4, 3) that the right hand side of the equahty (4.20) is equal
Po(A— )79, A € Cy. Hence Ry = Py(A— N9, A € C, which was had to be
proved.
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To prove the formula (4.21) note that (4 20) and (4.21) are equivalent to

(4.22) Ry = (Ao —A) " =74 (\) (74 +M+)\) (N, AeCy,

(4.23) Ry = (A5 — A" =7 (N (1 “N)) ), aecC.

where 7 (\) = {Ky(\), K1(\); Hy} and T,( ) = {N;(N\),No(\); H_}, Now the for-
mula (4.23) (and, consequently, (4.21)) is implied by (4.22) and the equalities Ry =
(Ry)*, 7-(A) = (+(A)", A e C_.

Finally the last statement of the theorem follows from Proposition 3.9, 5). ]

In the next corollary we obtain as a consequence of the formula (4.20) the description
of all generalized resolvents in Srtraus form. Moreover we find here a geometric inter-
pretation of the parameter 7(A) in (4.20) by means of abstract ”boundary conditions”.

Corollary 4.6. Let the assumptions of Theorem 4.5 by satisfied. Then:
1) the formula for generalized resolvents (in the Straus form)

(4.24) Ry= (AN —XN)"', XeC,uC_
establishes a bijective correspondence between the generalized resolvents Ry of A and

C($)-valued functions A(X), which are holomorphic on C UC_, take on values in Ext 4
and satisfy the conditions

(4.25) ImAImA(\) <0, (A\)* =A(N), AeCiuC._.
Moreover the connection between formulas (4.20) and (4.24) is given by A(\) = E—H(A)
where 7 (\) := —TA(\), A € Cy.
2) for every generalized resolvent Ry of A there exist a Hilbert space Hy and a pair

of holomorphic operator-functions C;(X) : Cy — [H;, Hy], j € {0,1} such that:

i)
(4.26) 2Im(C1(A)CG1(A)) — Coz(M)Ci2(A) <0, 0€ p(Co(A) +iCr(A) 1), A eCy
where Co; () : C4 — [H;, H.], j € {1,2} are operator functions generated by the block-
matriz representation Co(A) = (Co1(N) Co2(N)) : H1 @ Hy — Hy;

ii) for every g € § the vector-function f =Ryg, A\ € C4 is a solution of the following

boundary-value problem with the spectral parameters Co(N\) and C1(X\) in the “boundary
condition”

427)  f={ff}eA, f=A=g Co(NLof+Ci(NI1f=0, MeCy.
Moreover the connection between (4.20) and (4.27) is given by 4 (A) = {(Co(A), —C1(N));
H.}, XeC;.

Proof. 1) It is known (see the proof of Theorem 4.2 in [10]) that the equality
(4.28) AN =4, (), reCy

establishes a bijective correspondence between C(§)-valued functions A(\), holomorphic
on C, with values in Exty and C(Ho, H;)-valued holomorphic functions 74 () : C, —
CN('HO, H1). This and Proposition 3.9, 5) imply, that the equality (4.28) defines a bljectlve
correspondence between holomorphic functions A(-) : C4 — Ext4 such that ImA(\) <
and C(Ho, Hy )-valued functions 7, (-) € Ry (Ho, Hy).

Assume now that A(-) : C4 UC_ — Ext, is a holomorphic C(§)-valued function
satisfying (4.25). Then by (4.28) A()) = A—T+(A)7 X € C, where 7, (\) € Ry (Ho, H1).
Let (2.6) be a representation of 74 (A). Applying formula (4.8) for canonical resolvents to
A_, () for afixed A € Cy we arrive at (4.22) with Ry, replaced by (A(\) —A)~'. On the
other hand according to Theorem 4.5 the function 7 (A) = {Ky(X\), K1()\); Hy } generates
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a generalized resolvent Ry by formula (4.22). Hence the equality (A(A)—\)~! = Ry holds
for every A € C,.. This and the relations Ry = (Ry)*, (A(N)* = A(X) yield the equality
(4.24) for every A € C_. The inverse statement (i.e., the construction of A(\) by Ry)
can be proved similarly.

2) Let R, be a generalized resolvent of A. Then by the statement 1) Ry = (A(A)—A)~L,
where A()) satisfies (4.28) with 7, (-) € Ry (Ho, Hy). It follows from [10], Lemma 2.2 that
the function —7 (-) admits the representation —74 (\) = {(Co(A), C1(N)); Hy}, A € Cyp
with holomorphic operator functions C;(-) : C4 — [H;, H,], j € {0,1}. Moreover since
—7+(X) € Ac(Ho, Hy1) for every A € C,, Proposition 3.4 in [21] imply the relations
(4.26) for the operator functions Cp(A) and C1(A). This and the obvious equivalence
fe AN = Co(MTof 4+ CL(AT1f = 0 yield the desired statement. O

Remark 4.7. 1) Let in Theorem 4.5 Hy = Hq := H, so that n_(A4) = ny(A) and II
is a boundary triplet for A*. Then the parameter 7(-) = {Ky(A), K1(\)} belongs to
the class R(H) and formulas for generalized resolvents (4.20), (4.21) take the classical
Krein—Naimark form

(429) Ry = (Ao — A" =1V EKoW) (KL (N) + MO Ko(N) 7" (R), AeCauC-

The description of all generalized resolvents was originally given by M. G. Krein [11,
12] and M. A. Naimark [22]. The general version of the formula (4.29) for a densely
defined operator A with equal defect numbers was obtained in [24] (see also [13]) and for
nondensely defined operators it was given in [14]. Another proof of this formula as well
as its connection with boundary triplets was discovered in [2, 16].

Observe that classical proof of (4.29) is based on the formula (4.24) and the Krein
formula for canonical resolvents. Principally another approach (coupling method) for the
construction of the generalized resolvent was proposed in [5, 6, 7], where the parameter
7(A\) was realized as a Weyl family for some boundary relation in the exit space. Our
approach was inspired by this method.

2) A description of all generalized resolvents of a symmetric operator with arbitrary
defect numbers in the form (4.24) has been obtained by A. V. Shtraus [25, 26] (see
also [8]). In [1] this description for a densely defined operator A with ny(A) = n_(A)
has been rewritten similar that in (4.27). A connection of these results with boundary
triplets has been discovered in [2, 5, 16]. Our Corollary 4.6 is a generalization of results
of [1, 2, 16] to the case ny(A) #n_(A).
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