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ON SIMILARITY OF CONVOLUTION VOLTERRA OPERATORS IN
SOBOLEV SPACES

G. S. ROMASHCHENKO

ABSTRACT. Necessary and sufficient conditions for a convolution Volterra operator
to be similar in a Sobolev space to the operator J“ are obtained. A criterion of
similarity is obtained as well.

1. INTRODUCTION

Consider a convolution Volterra operator on W;'[0,1] (n € Z4 \ {0}, 1 < p < +00)
defined by

(1) K f—>/ (x—t)f(tydt, feWro,1]

with a summable kernel k € L1[0,1]. The simplest Volterra operators of the form (1) are
the operator of integration J,

(2) J: f_>/:f(t)dt

and its positive powers J*,

(3) Jo fe/ox(x;(g;_f(t)dt, acRy.

Recall that two bounded operators A and B on a Banach space X are called similar if
there exists a bounded operator T' on X with a bounded inverse 7-! (an automorphism
on X) such as B =TAT~ .

The first result on similarity of an operator K of the form (1) to the operator of
integration J as well as to its integer powers J" (n € Z, \ {0}) has been obtained by
G. K. Kalish [10] and L. A. Sakhnovich [20]. These results have been specified in several
parers (see [5]-[17]).

Later, using techniques from complex analysis R. Frankfurt and J. Rovnyak [4], [5]
have obtained sufficient conditions for a convolution Volterra operator K to be similar
in L2[0,1] to the operator J* of the form (3) with an arbitrary o € Ry \ {0}.

Using another approach, the result from [5] has been brightened up by M. M. Malamud
in [14]. He has also obtained (see [15]) sufficient conditions for a nonconvolution Volterra
operator K to be similar in L,[0, 1] to the operator (3).

In this paper, following M. M. Malamud [14], we obtain necessary and sufficient con-
ditions for a convolution Volterra operator K to be similar in W;*[0,1] (n € Z \ {0}) to
the operator J* of the form (3) with an arbitrary e € R4 \ {0}.

For example, we show that the operator J+J* is similar to the operator J in W} [0,1]
forn23ifandon1yifoz>nf%.

The author is grateful to M. M. Malamud for constant attention to this work.
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Notations. Let IW}'[0, 1] be the Sobolev space, i.e., if f has n—1 absolutely continuous
derivatives and f(" € L,[0,1], then f € W2[0,1] .

By definition, put C§°[0,1] = {f € C*®[0,1] : f¥)(0) =0, j € Z,}. We denote by

»0[0, 1] the closure of the lineal C§°[0, 1] in W0, 1].

By L;]0,1] denote the Liouville space, i.e., f € L;[0,1] if f has generalized fractional
derivative f(*~[5D) of the order s —[s] and f(~[sD ¢ WZES] [0,1]. The functions f € L0, 1]
are characterized (see [3]) by the integral representation

[s]+1

(W 10 = X e ey s J, o0
where ¢,,, = f*=™)(0), and g(z) = f©)(z).
By definition, put L3 ([0 g] {f € L3[0,1]: fE=™(0) = 0,1 < m < [s] + 1} and

LY 0[0,1] := LI[0,1] := [ 1].

2. SIMILARITY OF THE OPERATORS K AND .J

Theorem 2.1. Let K be an operator of the form (1) with the kernel k() and let the
following conditions be satisfied:

1. k(0) =
2a). k(-) e Wrt0,1], if n > 3;
2b). k() € W2[0,1], if n € {1,2}.

Then the operator K is similar to the operator of integration J in the spaces W0, 1],
S [1,+OO], n e Z+.

Proof. The theorem is obtained by induction on n.
The case n = 0 was investigated by M. M. Malamud in [13] (see also [17]). Namely,
he has constructed the bounded and boundedly invertible operator V' of the form

Vi f—é= ( /Nx—t dt)

that intertwines the operators K and J in the spaces L, [0, 1].

a) Suppose k(-) € W;*~10,1]. Then by the inductive assumption, the operator K is
similar to the operator J,,_1 of integration in the spaces W;"_l[O, 1].

This implies that there exists a bounded and boundedly invertible operator V,,,_; on
W;”’l[O, 1] that intertwines the operators K and J,,_1, that is, KV,,_1 = Vi_1Jm-1.

It is clear that W;"(0,1] = J(W,;*~'[0,1])+C.

Let us define an operator V,,, by

(5) Vi ({?) —>/0 Vi1 ((ch0> dr+c, fo€ JW;n_l[O7 1], ceC.

It follows from fy € JW;,”’l[O, 1] that d ~fo € W;"’l[O, 1]. The operator V,,,_; is bounded
on W/=1[0,1]. Thus we have V;, (d;r fo) € W=1[0,1]. Therefore, [, Vi1 (4 fo) da €
W0, 1]. Hence, the operator V,, is bounded on the spaces W;"[0, 1].
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Then using the commutative property of convolution and the equality KV, 1 =
melt]mflv we get

KV f = KV, (JZO) =K (/Ox Vin_1 <5th> dt + c) = /Ox KVi_y (jsfo(s)> ds
(6) +c/0mk(a:—t)dt:/ox Vi 1 Jm (ifo(s)) ds—&-c/oxk(x—t)dt

xr xT
:/ Vm,lfo(s)ds—i—c/ k(x —t)dt = JVy—1fo + cJE.
0 0

Since f(x) =2 € JW;"[0,1] and V,;,_11 = k(x) (see [2]), and taking (5) into account
we obtain

Vindmf = Vindm (fco) -V, (Jmf00+ ca:) = JVmﬂdi(Jmfo + cx) +0
T

(7) .
=JVi-1fo+cI V11 =JVy_1fo+ C/ k‘(t) dt = JVm—_1fo + cJk.
0

Combining (6) with (7) we get KV,, = V,,,J,,, that is, the operator V,,, intertwines the
operators K and J,, in the spaces W [0,1]. Further, note that the operator V;, of the
form (5) is boundedly invertible in W;"[0, 1]. Indeed,

“5 d
8) Vvl (Jz)) H/ (V1) 7! <dxf0> dz+c, fo€JW 0,1, ceC.
0
Therefore the operators K and J are similar in W;"[0, 1]. This proves the theorem. [

Example 2.2. Consider an operator
x

(9) Fag: f —>/ [1+ (z —t)*In”
0

acting on W}'[0,1]. The operator Fypz is similar to the operator J of integration in
W0, 1] if either o > max(n — 1 —1/p;1) or « = max(n —1—1/p;1) and 3 < 0.

a t] fydt, a>1

T —

Example 2.3. Consider an operator

(10) Fopy : f—>/ {1—&—($—7§)"‘lnﬁln7 a
0

t] f@®)dt, v>0, a>1
on W'0,1]. By Theorem 2.1, for the operator Fys, to be similar to the operator J in
W0, 1] it is sufficient that o > max(n —1—1/p;1).

We next assert the following.
Lemma 2.4. Let the convolution operator K be bounded on W;[0,1]. Then the kernel
k(-) belongs to the space W3=1[0,1].
Proof. Differentiating the equality K1 = [ k(z—t)dt = [ k(t) dt € W0, 1], we obtain
k(z) e Wi=[0,1]. O
Example 2.5. Let p € [1,+00] and either o« > s — 1% or @ € N. Then the operator J¢
(3) is bounded in W;[0, 1].

Combining Lemma 2.4 for s = n € Z; with Theorem 2.1, we get the following
criterion.

Theorem 2.6. Let K be an operator of the form (1) with a kernel k(x —t), k(0) = 1,
and n > 3. Then for any p € [1,+00] the operator K is similar to the operator J of
integration in the spaces W'[0,1] if and only if k(-) € W)—1[0,1].
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Theorem 2.6 immediately yields.
Corollary 2.7. Let n > 3. Then for any p € [1,+00] the operator

] F(t) dt

(11) (J+J%) fﬂfoi[u(xr(z;

is similar to the operator J in W'[0,1] if and only if o > n — %.

The following result is presented for the sake of completeness. The proof can be found
in [2].

Proposition 2.8. Suppose that n € {1,2} and the kernel k(-) € W,[0,1] satisfies the
following conditions:
(i) k(0) =0;
(ii) k'(z) >0 for a. e. x €[0,1];
(iii) k'(-) is not bounded in a neighborhood of zero and does not increase on [0, 1].

Then the operator
(12) J+K): f H/ 1+ k(z — )] (t) dt
0
is mot similar to the operator J in the spaces W;'[0,1] for any p € [1,4+00], n € {1,2}.

Combining Proposition 2.8 and Theorem 2.1, we obtain

Example 2.9. Let n € {1,2}. Then for any p € [1,400| the operator J + J¢ is similar
to the operator J in W'[0, 1] if and only if o > 2.

Example 2.10. For the operator
(13) F,: f%/ {1+(xt)ln“at] fydt, a>1, «a€eR,
0 L=

to be similar to the operator J of integration in W0, 1] (n € {1,2}) it is necessary and
sufficient that o < 0.

Example 2.11. Consider an operator

(14)  Fop: f—>/: [1+(:U—t)1no‘lnﬁ

in W0, 1] (n € {1,2}). For the operator F,s to be similar to the operator J of integra-
tion in W;'[0,1] it is necessary and sufficient that o < 0.

a

}f(t)dt, a>1, a€eR, (>0,

x—t

Remark 2.12. For the space L,[0,1] both Theorem 2.1 and Proposition 2.8 have been
obtained by M. M. Malamud in [13]. Note in conclusion, that the assumptions on an
operator K to be similar to the integration operator in the spaces Wi[0,1] (n € {1,2})
do not require an additional smoothness comparatively with the case of the space L,[0, 1]
(the case n = 0).

3. SUFFICIENT CONDITIONS OF SIMILARITY OF K AND J¢ IN W0, 1]

In this section we consider sufficient conditions of similarity.
We next need the following lemmas.

Lemma 3.1. Let k(-), kp(-) € W)—1[0,1] N W?([0,1] and generate in W[0,1] operators
K and K, by (1), and k(0) = k,(0) = 1. Let also | K, — K||W;71[071] — 0 as m — oo.

Then there exists a sequence Vi, of transformation operators (V- K.,V = J) such
that limy, o0 ||Vin — V||W£L[071} = 0, where V is a transformation operator for K, i. e.,
VIKV =J.
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Proof. For the space W2[0,1] := Ly[0,1] the proof has been given in [14].

Note that under the conditions of lemma the operators K,, and J are similar in
L,[0,1]. Hence we have a sequence of transformation operators Vi, (J = V.71 K,,,V;,)
such that lim,, o || Vin — ‘7||Lp[0)1] =0.

The similarity of the operators K, and J in Sobolev space W}'|0, 1] follows from the
Theorem 2.1.

Moreover the transformation operator has the form

J"V,J" 0 0 0 fo
0 I 0 0 Cpqz™ !
Vim: f—= | o ..
0 00 I O 1T
0 00 0 I Co
where I is an identity operator and f = fo + cp_12" ' + chox™ 2 + - 4+ c12 + co,
fo € W20, 1]. o o
Hence [|V;, — V||W;[0,1] = [|J" (Vi — V)J_n‘|W;f0[o,1] =[Vin =Vl 01 — 0 as m —
0. O

We next need the following lemma, due to M. M. Malamud [14].

Lemma 3.2 ([14]). Let f(z) € W}'0,1], and ay = pm/qm be a sequence of rational
numbers such that a,;, — a >0 as m — co. Then for each m the equation
(15)

Pm
Z Pm / / / u(z — s1)u(sy — s2) -~ u(sj—1)dsi—1 -+ ds1 + pmum(x)
—Zm: q/ / / f(x—s1)f(s1—82) - f(sj-1)dsj—1-+- ds1 + gm f(z)

has a unique solution uy,(x) € W'[0, 1], while
(16) m17izILl<x> lun = tmllwpo,1y = 0.

We next assert:

Theorem 3.3. Suppose k(-) € WrTm=2[0,1], k(0) = K'(0) = --- = k(™=2)(0) = 0, and
k(m=1(0) = 1; then there exists a function h(t) € W=1[0,1] such that the operator

(17) H: f— / h(z — £)(t) dt
0
is bounded on W}'[0,1] and satisfies the condition H™ = K, where h(0) =

Proof. Let us prove that there exists a function h(t) € W,'~1[0,1] such that

/ / / h(z —s1)h(s1 —82) - h(Spm_1) dSpm_1 - - ds; = k(x).

Differentiating (18) m times, we get

ch / / / u(x — s1)u(sy — s2) -~ u(sj—1)dsj—1 -+ dsy
+(m —Du(z) = k™ (2).

(19)
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Since k(™ () € W=2[0,1], then by Lemma 3.2 there exists a unique solution u(t) of
the equation (19) such that u(t) € W;~2[0,1]. Hence

xz
(20) h(z) = / w(t)di + 1.
0
is a solution of (18) and h(t) € W,'~'[0,1]. This proves the theorem. O

Now we are ready to prove the following result on similarity between K and J™.

Theorem 3.4. Let K be an operator of the form (1) with the kernel k(-) € W+m=2[0,1]
N W20,1] and k(0) = --- = E™=2(0) = 0, k™=1D(0) = 1. Then the operator K is
similar to the operator J™ in the spaces W}'[0,1] for p € [1,+00].

Proof. By Theorem 3.3 there exists an operator H of the form (17) such that H™ = K,
where h(t) € W~[0,1]. It follows from (20) that h(0) = 1. Therefore by Theorem

2.1, the operators H and J are similar (LHL™! = J). Raising this equation to the mth
power, we obtain the required result. O

Theorem 3.5. Let k(-) € Lyt"=2[0,1] N LY,
a € N. Then the operator

(21) JY+ K : far(la)/ow(xt)alf(t)dtJr/owk(xt)f(t)dt

is similar to the operator J* in Sobolev spaces W'[0,1], p € [1,+o0].

[0,1] N L&T[0,1], either a > n — % or

Proof. The proof is similar to that of Theorem 2 in [14].

1. Let o = r/q be rational.

Then (J*+ K)1=J"+>1, ClJ(q Dr/agl = J© + F. Tt easy to see that the kernel
f(x —t) of operator F satisfies the hypothesis of Theorem 3.4 for m = r. Consider one
summand F; = J(@~D7/4K! The kernel f;(x —t) of the operator F; has the form

:Crfrl/qfl

(22) filz) = T —rijq)

where kj(z —t) is the kernel of the operator K'. By hypothesis, k(z) € LST"72[0,1] N
L3[0,1]. Tt follows from (4) that k(z) = &7 * ¢(x), where ¢(z) € W;~2[0,1]. Hence,
using the commutativity of convolution, we get
@) ki) = W@ = (B wotw) oo (B o)) = H s i)

z) = [k(z)]) = () ) x -0 x xd(2) ) = =——— * Py(x),

l T(r/a) T(r/q) L(ir/g) =™
where ¢;(z) = [¢]' = ¢ * ¢ * - - - * ¢. Combining (22) and (23), we obtain
|\ —
!

* k()

:L.'rfrl/qfl xlr/qfl r—1 .
(24) filz) = T(r —rl/q) * T(ir/q) * Pu(z) = m * pu(z) = J ().
Thus, it follows from (22) that
q T
(25) ZCUT@ Z ri ;/ (2 —t)" "Ly (t) dt

Since ¢(z) € W20, 1] then ¢(x) € W;”[O, 1]. It follows from (25) that f(x) €
Wy +n=2[0,1] N W} [0,1]. Hence by Theorem 3.4, the operator J" + F is similar to
the operator J” in W[0,1], i. e, V(J" 4+ F)V~! = J". Consider the operator G =
V(J/1 + K)V~. Tt is clear that G? = J” and G is the Hilbert-Schmidt operator
commuting with the operator of integration J. Hence, G is a convolution operator. It is
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follows from [20, Theorem 3] that G = eJ™/? (¢4 = 1) It is clear that 5 = 1 In fact, the
transformation operator V' has the form V f = exp(cz) [ )+ fo )dt] By
definition, put B(x) = 2™/%* + T'(r/q)k(z). Using the equation G = EJT/q we get

(26) ¢ [(x—t)r/q Lect 4 (z — )7/ *(emN(x,t))} = ¢ B(z—t)+e Nz, 1)+ B(z—1).

Since by hypothesis k( ) € Lgt210,1] N LY [0, 1], it follows from (4) that k(z) =
x"/93, (x), where B (z fo (I—u)*~ 1k(a)(u:lc) du. Substituting s = z — (v —t)u in (26),
we get

1
€ [(x —t)r/atelt 4 (g — 1)/ / w1 L@ @O N (1 — (2 — t)u, t) du}
0
= ez — )"/ 4 e (x — )Ty (2 — t)
1
+(x— t)T/Q/ e N(z,x — ( — t)u) [(1 ) (1 ) By (e — t)u} du,
0

where fBy(x) = x61(z). Dividing the last equation by (z —t)™/9~! and setting 2 = t, we
get e = 1.

2. Let a be irrational.

By hypothesis of the theorem, k(z) = 71(1/61; * ¢(x), where ¢(x) € W2[0,1]. Then
there exists a sequence of rational numbers am = 1 /qm such that a,, — a as m — oc.
Consider the sequence of kernels py,(z) = F(a * o(x). It is easy to see that p,,(z) €

Lgm+n—2[0, 1] n L;T(j [0,1]. Then it follows from the previous step that the operators
Jom + P, of the form

Jm + P f—

xT B anl_l - .
F(am)/o (x —1t) f(t)dt—i—/() P £)£(¢) dt

are similar to the operators J*. We have (J*" + P,,)? = J™ + G,,, where G,, are
the operators of the form (1) with the kernels g,,(z — t), where

dm

(27) gn(@) =3 CL gemlan g (a).

=1

Consider the equation

(28) i Crn / / / w(@ —s1)u(sy —s2) - u(si-1)dsi—1 -+ dsy

+rmUm () = gm(z).

It follows from Lemma 3.2 that the sequence uy, () is fundamental in W;'~2[0,1]. Let

H, (H,f= fo m(z—1)f(t)dt) be the root of degree rm of the operator J™™ + G,,, such
that h (0) = 1. Then as is known [20, 13], fo U (£)dt + 1, where u,, () is a
solution of (28). Hence the sequence hy, (z) is fundamental in VVn 110,1]. By Lemma 3.1,
there exists a sequence V,,, of transformation operators (VmHmVn; 1 = J) that converge
to some (invertible) operator V' in the uniform norm in W}'[0, 1]. It remains to note that
Vi is a transformation operator for the operator J*™ + K, and pass to the limit in the
equation V,, (J*m + K) = J*V,, as m — oo. O

Example 3.6. Let p € [1,+o0] and either o > n — % or o € N. For an operator

(29) (I + %) - _>/ {"’3_’5 L@ v
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to be similar to the operator J* in W'[0,1] it is sufficient that 8 > max{a +n —1 —
%, a+1}.
4. NECESSARY CONDITIONS OF SIMILARITY OF K AND J® IN W}[0,1]
We consider necessary conditions of similarity.

Theorem 4.1. Let k(2) > 0, 2 € [0,1], 1 € {0,...,n — 1} and k(x) not increase on
some segment [0,¢], and k(z)z®*~t — oo as x — 0. Then for anyn € Z, and p € 1, +<]
the operator

(30)  (JU+K): _>/ ["”_ta +(”3;(’;)a; k(x—t)]f(t)dt, a0,

is mot similar to the operator J* in the space W[0,1].

Proof. The proof is similar to that of Theorem 9 in [17] and Theorem 2 in [14]. If the
operator @ with the kernel g(z) acts in the space W;'[0, 1], then

- (k) p
1QF Iy 0,1) = H/ x—tf()dtw 01]— ( gz —t)f )dt> (0)
n o
(n)1p n—2 k P
O e <>dt) -y
LP[O,l] k=0'1=0

n—1

> dB@ 0+ [ gt - 00

k=0

1
/ da:.
0
It is clear that the norm of the operator @) is reached for the functions f such that
f®(0) >0 (ke€{0,...,n—1}) and f™(z) > 0.
Let Q1 and Q2 be the operators of the form (1). It follows from the inequalities

quy)(x—t) Sqéj)(x—t), je{0,...,n—1},

that [|Q1llwrpo,1) < [|Q2llwrio,-
It is clear that ||(J* + K)™| > m|J*m~VK]||. It is easy to see that the kernel of
Jom=D K has the form

B B r—t [(33 _ t) _ u]a(m—l)—l u?a—l ) du
Fie—1) = /0 Tla(m—1))  T@a) W

Setting u = (x — t)s, we obtain

]{31((5 — t) — (fE — t)aerail /1 k(S(IE _ t))(l o S)a(m71)7132a71d8.

T(a(m - D)T(2a) Jy
Since k(z) is monotonically nonincreasing on [0, 1], we have k(s(x —t)) > k(s), t € [0, 1].
Therefore

T — am+a—1 1
F((Oz(mtz 1)) (2a) /0 k(s)(1— s)a(m71)71$20‘71d8

(x —t)omtat Hm §)(1 — g)@(m—1—12a—1
= I‘(a(mfl))F(Qa)/o k()1 = 9) a

b () [T
am+a—1 a(m—1)—1
> (x — )™t - Dlam+a) 1 )k(l) (1 1) '

T(am+a) D(a(m—1)m2® T(2a+1 T m

kl(l’ft) Z
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Finally,

1(J* + K)™| S eom -k <1> . (1 - 1>a(m1)1 . || Jamte|| - T(am+a)
[T | m [7em ][ Tla(m —1))m2*
O T (S R— RS
m m T'(am — a)m?*—am + a)om+e
(am + a)rmrefjemte|
(am)am|Jom||

By assumption, k (=) (i)afl — 00 as M — 0.

1
m m
It follows from the asymptotic of gamma-function I'(x) = v2maxz®e *[1 + O(1)] as
x — oo that

a(m—l)—l am
1 1 T
(1 — ) k () (am + a)(am) — 00 as m — oo.

m m ) T(a(m — 1))m2e—1(am + a)*mte

Since the order of growth of the resolvent of J* equals 1/a, and the type of growth is
the length of the interval of integration, by the theorem on the connection between the
growth of an entire function and the rate of decrease of the coefficients of its power series
expansion, we obtain

a(m+1) a(m+1)
lim (a(m+1)) ”J || 2 lim (am)a m/HJam| — (e)a.

m—-+oo (am)om || Jom|| m—-+o0o
Hence L"HE™I 4 o This contradiction concludes the proof.

[l
]

Example 4.2. Suppose that p € [1,+00] and either « > n — % ora € N. If 8 <
min{2a, a + 1} then the operator J + J# of the form (29) is not similar to the operator
Jo in WO, 1].

Theorem 4.3. Let kD (z) > 0, z € [0,1], 1 € {0,...,n — 1} and k(x) not increase on
some segment [0,¢], for some & > 0.
Then the operator
t)afl (l' _ t)a

(31) (J*+K): fa/(Jz[(xF(a) + ()

is not similar to the operator J* in W [0, 1] for any p € [1,+o00], n € Z..

k(x—1t)| f(t)dt, a>1

The proof is similar to that of Theorem 4.1.
Combining Example 3.6 and Example 4.2, we obtain the following statement.

Corollary 4.4. Suppose either & > n — 1/p or a € N. Then the operator J* + J#
is similar to the operator J if and only if B > a + 1 in the space W'[0,1] for any
p € [1,400], n € {1,2}.

Remark 4.5. 1. Domanov and M. Malamud [1] have described the lattices Lat J¢ and
Hyplat J of invariant and hyperinvariant subspaces of the operator J<¢ defined on
W0, 1] and investigated the operator algebras Alg JS, commutant {J;}" and double
commutant {Jg}".

Note that similar operators have equivalent geometrical structure. So as a corollary
of similarity of the operators K and J* we obtain a description of the lattices Lat K
and Hyplat K of invariant and hyperinvariant subspaces of the operator K in W [0, 1],
(1 <p < +00). We also can investigate the operator algebras Alg K, commutant {K}’
and double commutant {K}" of the operator K being similar to J* in W[0,1], (1 <
p < +00).
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