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ON ENVELOPING C*-ALGEBRA OF ONE AFFINE
TEMPERLEY-LIEB ALGEBRA

YURII SAVCHUK

ABSTRACT. C*-algebras generated by orthogonal projections satisfying relations of
Temperley-Lieb type are constructed.

1. INTRODUCTION

In the present paper we construct an enveloping C*-algebra of x-algebra A, generated
by orthogonal projections satisfying relations of Temperley-Lieb type. Temperley-Lieb
algebras appeared in the context of ice-type models, in the analysis of subfactors of II;
factors and in the theory of knots (see, e.g. [7, 4]). And were later studied in depth, see
[3, 11] for example.

Let a number 7 € [0, 1] be fixed. Then the algebra A, is a #-algebra over C generated
by three orthogonal projections p1, pa, p3 (pf = p? = p;) with relations of Temperley-
Lieb type between any two of them

(1) PiPjDi = TPis  DiDiP; = TPj, 4,5 € {1,2,3}, i #j.

This x-algebra is sometimes called an affine Temperley-Lieb algebra TL(Aj3).

By a representation of %- or C*-algebra we mean a *-homomorphism into the algebra
B(H) of bounded operators on a Hilbert space.

We recall the definition of an enveloping C*-algebra.

Definition 1. Let A be a x-algebra, having at least one representation. Then a pair
(A, p) of a C*-algebra A and a homomorphism p: A — A is called an enveloping pair
for A if every irreducible representation m:A — B(H) factors uniquely through A, i.e.,
there is precisely one irreducible representation 7; of the algebra A satisfying 7 0p = 7.
The algebra A is called an enveloping C*-algebra for A.

If A is x-algebra we denote by C*(A) it’s enveloping C*-algebra (if it exists).
Below we will need an analogue of Stone-Weierstrass theorem for C*-algebras. To
formulate the theorem we need the following.

Definition 2. Let B C A be two *-algebras. An algebra B is called massive in A if two
conditions hold:

(1) for every irreducible representation 7 of x-algebra A the restriction 7|B is irre-
ducible;

(2) if m and 7’ are non-equivalent irreducible representations, then 7| B and #’| B are
again non-equivalent.

Statement 1. For every GCR — C*-algebra A, and massive sub-C*-algebra B C A, we
have A = B.
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We will use the well-known fact that C*-algebras having only finite-dimensional ir-
reducible representations are GC R-algebras (see [1]) so for such C*-algebras the Stone-
Weierstrass theorem holds.

Note that A, has only finite dimensional irreducible #-representations. The proof can
be found in [10]. The next theorem gives a description of all irreducible *-representations
of A; (see [6] for the proof).

Theorem 1. Let w be a nontrivial irreducible x-representation of the algebra A, in a
finite dimensional Hilbert space H. Then in H there exists an orthonormal basis such
that, in this basis,

1 0 O
m(p)=10 0 0 |,
0 0 O
T VT—12 0
(2) mp2)=| V=72 1—7 0 |,
0 0 0
T A I
m(p3) = A @ % )
poBo

where the parameter A € C is such that

(3) 72+ A7 — 72| = 732,
(4) Al < VT =72,

and = /T — 72 — |2

Remark 1. Representations corresponding to different admissible values of the parameter
A are not equivalent.

Remark 2. We consider all finitely-generated x-algebras to have a unit. So, for every
fixed T € [0, 1], the algebra A, has one additional one-dimensional representation, p; —
0, e — 1, where e is the unit in A,.

For a fixed 7, the algebra A, can have a lot of *-representations. They are parameter-
ized by A. From (3) we obtain that A belongs to a circle Oy with center (—7‘ T O)

=
and radius 71/ 1=. From (4) we get that A belongs to O, with center (0,0) and radius
V7 — 72, Tt is easy to show that the following holds.

(1) If 7 = 0 then there exist three one-dimensional representations; one projection
is equal to 1 and other two are 0.

(2) If 7 € (0,1/4) then the circle Oy is entirely in the disk O3. So A belongs to the
whole circle O; and dimensions of nontrivial irreducible x-representations are
equal to 3.

(3) If 7 = 1/4 we get that the circle Oy is still in the disk Oz but they have one com-
mon point B. So, A belongs to the whole circle O, and dimensions of nontrivial
irreducible *-representations are equal to 3 when A # B and to 2 otherwise.

(4) If 7 € (1/4,1) then X belongs to the arc — C'D of the circle O; which is inside
the disk Os. And dimensions of nontrivial irreducible *-representations are equal
to 3 when A # C, D and to 2 otherwise.

(5) If 7 = 1 we have that A = 0, 4 = 0 and the only nontrivial irreducible *-repre-
sentation is 7(p1) = w(p2) = 7w(p3) = 1.
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Representations can be parameterized by values of the argument of A. For every 7 €
[0,1] choose ¢, such that the arguments of the corresponding \’s lie in the interval
[—¢r, @r]. For 7 € [0,1/4] we have that ¢, =, for 7 € (1/4,1) we have 0 < @, < 7
and for 7 =1, ¢, = 0.

2. ENVELOPING C*-ALGEBRAS

In this section we describe some C*-algebras related to a family of the x-algebras A,.
Let S* denote the unit circle in the complex plane. If f(-) is a matrix-valued function,
we denote by f;;(-) the corresponding matrix element.
Theorem 2. The C*-algebra C*(A;) can be realized as follows:
(1) if =0 then
C*(A;)~CoCapCaC;
(2) if 0 <7 <1/4 then
C*(A;) =~ {f € C(5" — M;(C))} ® C;
(3) if T=1/4 then
C*(A;) = {f € C(5" — M3(C))|f(—1) € Mz(C) & C};
(4) let 1/4 <7 <1 and I, = {€| — o, < o < @, }, where o, is specified above,
then
C*(Ar) = {f € CUr — M5(C)) | f(e™"), f(e'¥7) € Ma(C) @ C,
fa3(e7"m) = f33(€i%)};
(5) if T =1 then
C*"(A;)~CaC.
Proof. We give proof only for the case where 0 < 7 < 1/4. For other cases, the proof is
similar. Since 7(p;) in formulas (2) can be considered as functions of the argument of A,

we can introduce the functions P;(e™?) := (m(p;))()), i = 1,2,3, where A = |\|e'¥. To
obtain the assertion of the theorem we will make the next two steps.

(1) Let A C C(S' — M3(C)) @ C be the C*-algebra generated by (P;(¢%?),0) and

1 0 0
the unit, (£, 1), where E(e??) = |0 1 0] . It is easy to check that A is an
0 0 1

enveloping C*-algebra of A.. Indeed, we have a homomorphism of A, into g,
which satisfies the universal property, so A is an enveloping algebra by definition.
(2) We will show that A coincides with

A={feC(s" - Ms(C))}

using Statement 1.

Let us check that A C A. Indeed, it is easy to check that P;(e?) are continuous
matrix-functions, so we have P;(e’¥) € A.

We need to check that A is a massive sub-C*-algebra in A. To check that
A satisfies the definition of a massive subalgebra, we use the description of all
irreducible representations of A. Let 7 and 7y be two irreducible 3-dimensional
non-equivalent representations of A. Then there exist e, e¥2 € S! ei¥1 £
€**2 such that the representations m;, i = 1,2, are unitarily equivalent to the
representations

T A — M3(C), fr f(e), i=1,2.
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To check that the restrictions of 7; to A are again irreducible and non-equivalent,
note that their restrictions to A, are irreducible and non-equivalent by Theo-
rem 1. N

So, by Statement 1 we have A = A.

To prove the theorem for other values of 7, use the description of irreducible representa-
tions for the corresponding A and A. a

Remark 3. The previous theorem implies that there exist five isomorphism classes of the
algebras C*(A,). Isomorphisms of algebras C*(A,,), C*(4,,), 1/4 <7y, 72 < 1, can be
constructed by using the natural homeomorphisms of the intervals I, and I,,.

Now we consider the so-called com-algebra related to the family A.. Namely, let
Acom =C(P\, P, P35, T|P} =P, =P}, BbT=TP, T* =T,
PinPi =TP;, 1 € {1,2,3} >
Our aim is to describe C*(Acom ), which in some sense is a direct integral of the algebras
C*(A;). Indeed, by Schur’s lemma, in every irreducible representation, T'= 71 and it is
known from [10] that 7 € [0, 1], so the algebra Acom ”contains” all representations of the
algebras A,.

To describe C*(Acom) we consider the space Deom C I x St where I = [0,1]. The
space Deon consists of points (7, %), where —¢, < ¢ < ;.

Theorem 3. The algebra C*(Acom) can be realized as an algebra of pairs of matrix-
functions,

C* (Acom) = { (£,9)11 € C(Deom — M(C)), g € C(I - ),
f(0,e) = f(0,1) e C& CC, Yy € (—m, 7], f(1/4,—1) € My(C) ® C,
f(r,em), f(r,e™7) € Ma(C) ® C,
faa(r, €)= fag(m,e7"7) = g(7), T € [1/4,1),
f(1,-1) ECHTHC, foall,~1) = fun(l,—1) = g(1) }.
(Operations in the algebra are pointwise and the norm is the wusual, ||(f,g)] =
max([[ £, llgll)-)

Proof. We introduce the matrix-functions P;(7, ') given by formulas (2) defined on the
space {(7,€") € Deom| T # 0} . Use (3) and (4) to define P;(r,e¥) on the whole space
Deom by continuity. To end the proof note that the elements (P;(7, e'#),0), i = 1,2,3, and

1 00

the unit element ( 01 0 ,1) generate C*(Acom) and use Statement 1 to establish
0 0 1

the required isomorphism. O

Acknowledgments. 1 would like to express gratitude to Prof. Yu. Samoilenko for stating
the problem and permanent attention. I am also indebted to Dr. M. Vlasenko and
N. Popova for critical remarks and helpful discussions.

REFERENCES

1. J. Dixmier, Les C*-alg‘ebres et leurs Repr’esentations, Gauthier-Villars, Paris, 1969.

2. J. M. G. Fell, The structure of algebras of operator fields, Acta Math. 106 (1961), no. 34,
233-280.

3. C. K. Fan, R. M. Green, On the affine Temperley-Lieb algebra, J. London Math. Soc. 60 (1999),
366-380.

4. V. Jones, Index for subfactors, Invent. Math. 72 (1983), 1-25.



300

10.

11.

YURII SAVCHUK

V. Ostrovskyl and Yu. Samoilenko, Introduction to the Theory of Representations of Finitely
Presented *-Algebras. 1. Representations by Bounded Operators, The Gordon and Breach Pub-
lishing group, London, 1999.

. Nataly Popova, On *-representations of one deformed quotient of affine Temperley-Lieb algebra,

Symmetry in nonlinear mathematical physics, Pr. Inst. Mat. NAS Ukraine, vol. 50, Part 1, 2,
3. Inst. Mat., Kyiv, 2004, pp. 1169-1171.

. H. N. V. Temperley, E. H. Lieb, Relations between the ‘percolation’ and ‘coloring’ problem and

other ..., Proc. Roy. Soc. London A 322 (1971), 251-280.

. J. Tomiyama, M. Takesaki, Applications of fibre bundles to the certain class of C*-algebras,

Tohoku Math. J. 13 (1961), 498-523.

. N. Vasil’ev, C*-algebras with finite dimensional irreducible representations, Uspekhi Mat. Nauk

21 (1966), no. 1, 136-154 (Russian).

M. Vlasenko, N. Popova, On configurations of subspaces in Hilbert space with fized angles
between them, Ukrain. Mat. Zh. 54 (2002), no. 2, 170-177 (Russian).

H. Wenzl, On sequences of projections, C. R. Math. Rep. Acad. Sci. Canada 9 (1987), no. 1,
5-9.

MAX-PLANCK-INSTITUT FUR MATHEMATIK IN DEN NATURWISSENSCHAFTEN, INSELSTRASSE 22, 04103

LEIPZIG, GERMANY

E-mail address: savchuk@mis.mpg.de

Received 14/10/2005



