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ON COMPLETENESS OF THE SET OF ROOT VECTORS FOR
UNBOUNDED OPERATORS
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Dedicated to 80th birthday anniversary of Professor Yu. L. Daletskii.

ABSTRACT. For a closed linear operator A in a Banach space, the notion of a vector
accessible in the resolvent sense at infinity is introduced. It is shown that the set
of such vectors coincides with the space of exponential type entire vectors of this
operator and the linear span of root vectors if, in addition, the resolvent of A is
meromorphic. In the latter case, the completeness criteria for the set of root vectors
are given in terms of behavior of the resolvent at infinity.

In what follows, we suppose A to be a closed linear operator densely defined in a
Banach space B with norm || - || over the field C of complex numbers.

1. We say that a vector = € B is accessible in the resolvent sense for the operator A on
a set M C C if there exists a B-valued function f,()) analytic in a certain neighborhood
O D M, such that for any A € O, fz(A\) € D(A) and

(1) (A=A fa(A) =2

(D(+) is the domain of an operator, I is the identity operator). We denote the set of such
vectors by Rar(A).

It is obvious that 0 € R (A); in this case f(A) = 0.

Let xg be the eigenvector of the operator A corresponding to an eigenvalue A\g. Then
7o € Reyae}(A). In this example,

Lo

fou) = 25 AEC\ Aol

Equality (1) shows that if € %, (A) and for any A € O there exists the inverse (A —
AI)~! of the operator A — I, then f,()\) is uniquely determined as f,(\) = (A—\I)"'z.
In particular, if M C p(A) (p(A) is the resolvent set of A), then Ry (A) = B, and for
each z € B, f.(\) = Ra(\)x, where R4(\) = (A — M)~ is the resolvent of A.

Let © € Mp(A). Then the the vector-valued function f;(\) possesses the following
properties.

(i) If z # 0 and M is bounded, then
Je>0 YA eEM | faW)] >ec

(Here and below ¢ > 0 denotes a constant, own in every concrete situation).
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This assertion is evident if M is finite. Suppose M to be infinite and such that there
exists a sequence {\,, € M}52, for which

fe(Ap) — 0 as n— oo.
Then, by (1),
Afe(An) —x as n — oo.
The closedness of A implies the equality = 0, contrary to the assumption.
(ii) If z € D(A" '), n €N, then f,(\) € D(A™), and
— Afz A0

(2) LN ==Y Gt e AEM.
k=0

We prove this property by induction.

By the definition, f,(A) € D(A) (A € M), and, according to (1), we have representa-
tion (2) for n = 1.

Suppose now assertion (ii) to be true for n = m, that is,

= Az AN

)\k+1 )\m
k=0

(3)  xeDA™ ) = f.(\) € D(A™) and f,(\) = —

A™ fa(A) 1

If x € D(A™), then, by (3), “m € D(A), so fz(\) € D(A™H1). Moreover,
AL (N) = A™(Af, (V) = A™ (2 + Mo (V) = A™2 + ANA™ f.(N),
whence AHE ) A
m - mx

A" f(N) = 3 -
Substituting this expression into the equality in (3), we obtain for f,()\) representation
(2) in the case where n = m + 1.

We call a vector x € 9B accessible in the resolvent sense for the operator A at infinity
if there exists a function f,(X\) with values in D(A), analytic in the domain D, = {\ €
C : || > a} with some a = a(z) > 0, f,(A\) — 0 as |A| — o0, and for A € D,, equality
(1) is fulfilled. Denote by R (A) the set of all such vectors.

It is clear that 0 € MR (A) for any operator A. It is also not difficult to see that
it D(A) = B, then Roo(A) = B. But this is not the case when the operator A is
unbounded. To see this, we introduce the following notation.

Denote by £(A) the set of all exponential type entire vectors of the operator A (see
[1]), that is,

&) = |J ),

a>0
where
EYA)={z € C®(A)|Fc>0 VkeN, |A*z|| < cat},
C>(A) = N D(A™) is the space of infinitely differentiable vectors of A, 0 < ¢ =

neNy=NU{0}
c(z, a) = const. Obviously, E*(A) C £ (A) as a < a’. By the type of a vector & € £(A)
we mean the number
o(x,A) =inf{a > 0: 2z € EY(A)}.
Lemma 1. Suppose that for the operator A, there exists a closed rectifiable contour
T € p(A4), and let f(\) be a function analytic in the domain Gr bounded by T, and
continuous on Gr. Then for any x € B,

y = /f(/\)RA()\)x ) € £(A).
T
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Proof. By virtue of closedness of A,
Ay = / FOVARA(N)z d\ = / FONT + ARA(N)z dA = / MOV RA(N)z dA.
It follows from this that Ay € D(A), and
A2y = / AFO)ARA(N)z dA = / APV Ra(N)z dA.
Repeating such a procedure n times, we get

Ary = /)\"f(A)RA()\)x dX.

Hence,
[A"y|| < er”,
where 1 = max |A|, which implies y € E(A). O
€

Theorem 1. A wvector x € B is accessible in the resolvent sense for the operator A at
infinity if and only if x € E(A). In other words,

R (A) = E(A).
For x € R (A), the D(A)-valued function fy(N) is uniquely determined by x as
o Akg
(4) Ja(A) = — T
k=0

Proof. Let x € £(A) and a > o(x, A). Then
de=c(z,a) >0 VYneNy |A"z| <ca™.

For |A| > «, we have
A _ c
<
Z A S ] 2 Z W) e
Thus the B-valued functlon f=(A\) appearing in (4) is analytic in D,. Moreover,
fe(A) =0 as |\ — .

Since for [A| > a,

Y.L Antly
—(A—/\I)Z)\kﬂzx—w—m: as m — 00,
k=

and the operator A is closed, we may conclude that

fz(A\) € D(A) and (A—A)f.(\) ==z
S oo (4), and the function fo(\) — —3 - is analytic in the domain Dy with
0, & € R (A), and the function f,( )__ZWIS analytic in the domain D, wit
n=0
an arbitrary a > o(xz, A).

Conversely, let x € Ro. Then there exists a D(A)-valued function f,(\) analytic in the
domain D,, with a certain o > 0, f;(A) — 0as |A| — oo, and (A—AI) fo(A) =z (]A] > «a.
Therefore, f,(\) admits a representation

) =3 3o
k=0

where

2m/fl §d§, r> a.
|€l=r
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Since the operator A is closed and the integral

[ an©ctac= [ @+eniene i
|€l=r 1€ll=r
exists, ¢ € D(A). Moreover,

Afm()\):)\fm(/\)Jr:L’:Z%erﬂcoer as || — oo.
k=0

Taking into account that fy(A\) — 0 as |A| — oo and the closedness of A, we arrive at
the conclusion that D(A) 3 ¢p = —x.

Further,
1 1 1
P a=on [ eh©d= o [ - Dn©dr o [ AR
|§]=r |€l=r |&|=r
27TZA / fz(§) d€ = Acyp = —Ax,
€l=r

that is, = € D(A?).
Suppose, by induction, ¢, = —A™z. Then

n+1 _ L n _ L n
=g [ ENR©d= o [ e nn@dcr oA [ e
|€l=r |§|=7‘ |€l=r
=5 / Ehdéx + Ac, = Ac,, = —A" g
[€l=r

Thus, z € C°(A) and —A™z = ¢, (n € Np). It follows from (5) that f,()) is represented
in the form (4), so, for any Ao : |A\g| > «, we have

A" < c|lAo|™, = c(x, o) >0,

which means that z € £(A).
The explicit form of the vector-valued function f, (), established in the course of the
proof of this theorem, verifies its uniqueness. O

The next statement follows immediately from the proof of Theorem 1.
Corollary 1. If x € R (A), then

Ja>0 Je=clx) ||fzN)] < A€ D,.

<
I’
For © € R (A), denote by r(z, A) the radius of the least circle outside which the

function f,()\) is analytic. It is evident that ———— coincides with the convergence

r(xz, A)

(oo}
radius of the power series Y, A" A"x. So,
n=0

r(z,A) = lim {/||A"z| = o(z, A).
Corollary 2. If R (A) = B, then the operator A is bounded.

Corollary 2 implies, in particular, a well-known fact (see [2]) asserting that the bound-
edness of spectrum o(A) of the operator A and the estimate

1
Ra <c—
IRAI < ey

near the point at infinity have as a consequence the boundedness of A.

Corollary 3. If o(A) =0, then Roo(A) = E(A) = {0}.
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Really, for a vector x € £(A), under the condition that o(A4) = (), the vector-valued
function f(A) = Ra(A)z is entire, and Ra(A\)z — 0 as |A\| — oco. By the Liouville
theorem, z = 0.

2. Consider the Cauchy problem

dy(t
(6) { % = Ay(t), tel0,00),
y(0) = =,
where the operator A is as before, x € B.

If A is bounded, then for any = € B, problem (6) is solvable, and its solution y(¢) has
the form

At >t At
Moreover, the solution y(t) is an exponential type entire B-valued function (that is, y(t)
may be extended to an exponential type entire vector-valued function y(\) taking its
values in 9B8). This is not, generally, the case if the operator A is unbounded: there exist
closed operators in B for which problem (6) has no nontrivial solutions in the class of
exponential type entire vector-valued functions. Here, by the type of an exponential type
entire B-valued function g(A\) we mean the number

——In||g(\)||
S = hm —_—.
(9) IA—oo  |Al

Denote by Beap(A) the set of all € B such that problem (6) is solvable in the class
of exponential type entire B-valued functions.

Theorem 2. (see [3]). The following equality is valid:
Beup(A) = E(A).
Moreover, if x € Beyp(A) and y(t) is the corresponding solution of problem (6), then
s(y) = oz, A).

Proof. Let x € £(A). Then the vector-valued function

n!
n=0

is entire, and for any € > 0,

= (o(z, A) —1—5 A" ol
ly(A Z A = celo@AFN

S0,
s(y) < o(z, A).
It is not hard to verify that y(t) satisfies (6).
Conversely, let y(t) be an entire solution of problem (6) of exponential type s = s(y).
The closedness of A implies the equality

n n n! y(A
A =y (0) = 5~ / Aﬁﬁda
[A|=r

whence (o)
|p(s+e)r
|Ana]| < e
/rTL

for an arbitrary r > 0. Taking into account the equality
e(s—i—a)r 6”(8—’-6)”

min = ,
r>0 rn nn"
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and the well-known Stirling formula
1
nl =n"e "V2mn (1 + 0 ()) ,
n
we conclude that
n nle™(s +¢)" n 1 n
(7) [|[A™ || SCT:C(S-FE) V2mn |14+ 0 - <ci(s+e1)”,
where ¢4 — 0 as ¢ — 0,0 < ¢; = const. Estimate (7) shows that x € £(A) and
oz, A) <s=s(y). O

3. We say that A is an operator with meromorphic resolvent if the spectrum o(A) of
this operator consists of isolated eigenvalues \i, which are poles of R4 (), with the only
possible accumulation point at infinity. Suppose A to be such an operator.

For each A\, we choose 7y so that

{A: A= <rtno(A) = { )}
As is known [4,5], the projector
1
Py, (A) =—— Ra(M)dA
W =5 [ R
[IA=Ak|=rk

(the integral is taken along the contour in the counter-clockwise direction) maps 98 onto
the root subspace

Lr(A)={z € COO(A)|(A — A\ )Pz =0}
of the operator A, corresponding to Ay (px is the multiplicity of the pole Ay), and

. 1
. A= ———
Frea <rLx(A) o / RA(N)d)\ B,
|A|=r
where 7 is chosen so that
(8) A A=r}no(4)=0.
It follows from here and Lemma 1 that
+k:\Ak|<r£k(A) C S(A)

Conversely, let © € £(A). By Theorem 1, x € R (A). Taking into account the
uniqueness principle for analytic functions, we get

fo(N) = RaNa == W”i for |\ > o(x, A),
k=0

where o(z, A) is the type of z. If r > o(x, A) satisfies (8), then

_ii / Ak;z: d)\__i / R ()\) d/\E—i- E(A)
¥ o Pt ALY T o AA)T ke g <r k(A
T A= [A|=r

Thus, we have proved the following theorem.

Theorem 3. Let A be an operator with meromorphic resolvent in B and £(A) the linear
span of all root vectors of A . Then

L£(A) =E(A).
Corollary 4. Suppose that A is an operator with meromorphic resolvent in B. In order

that the set of all root vectors of the operator A be complete in B, it is necessary and
sufficient that E(A) = B.
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(Recall that the completeness of a set of vectors in B means the density in B of the
linear span of these vectors.)

In the special case where the resolvent R4(\) is compact for some A € p(A), this
assertion was established in [6].

Theorem 4. Let A be an operator with meromorphic resolvent in B. The set £(A) is
dense in B if and only if there exist a set M complete in B and a number m > 0 such
that

VeeM dly(x)={N:|N=r,=r(2)} Cp(4) (neN, lim r, =00):

2

ip
(9) sup/ln Wlime)x” dp < 0.

neN n
0

Proof. Suppose £(A) = B and put M = £(A). By Theorems 1,3, M = R (A). It
follows from Corollary 1 that if z € 9, then

Ja>0 YA€ D, ||f$()\)||:||RA()\)xH§ﬁ.

Thus, for an arbitrary sequence of circles T'y,(x) = {X : |A| = rp}, 70 > a7, — 0 as
n — oo, we have

. . c
1RA(rne™)ll = |l fo(rae™)ll < =,
n
whence
2m 2
sup/ln||RA(rn Pzl dp < sup/ln—dgo = Sup27rln— < +00.
neNO neN ) neN Tn

Let us prove now the sufficiency. Without loss a generality, we may assume here that
0 € p(A).
Starting from the Hilbert resolvent identity, we obtain, by induction,
k
_ A"z Ra(N)z
VreM VAEp(A) VEEN RaNAMw=-3 N

n=1

If we multiply this equality by P? ( ) where P () is a polynomial with the properties
P(0)=1, PD(0)=0 (i=1,...,k— 1), and integrate along the circle T',(z), we arrive
at the formula

) P2 () Ra()a

A 1
— P = MNAFzd\ = —AFp 4+ — / d\
2mi (m) RaMA™e Tt o G ’
T (x) Ty (x)

Yn =

whence

2 (A 27 .

27 | AR o7 k 1
T

@
71 f /|P ip |2 ||RA(Tn6 ).’L‘”

lr’l'L

lyn + A 2|

IN
|

0

By the Szego theorem (see [779])

€' 2k—1 €"%)
/‘P o AT 4, o HRAr )al

o

Setting k& = m + 2 and taking into account (9), we conclude that

lyn + A~ 0 as n — oo,
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So, each vector of the set —A~(M*+29 complete in B may be approximated by the
vectors y,, which, by Lemma 1, belong to £(A) = £(A). For this reason £(4) =B. O

Corollary 5. Let A be an operator with meromorphic resolvent in B, and there exist a
set M complete in B, such that

Ve e M [[Ra(N)z|| < epr),
on a certain (own for every x) sequence of circles

Tpo={A: A =rnzt Cp(A), Thz—00 asn— oo,

where ¢, >0 and m € R are constants, m does not depend on x. Then £(A) = B.
It should be noted that for m = —1, this assertion is contained in [10].

4. In this subsection, B = §) is a Hilbert space with scalar product (-,-). We put also
S, = {reCslag(r - 20) <77}

A linear operator A in $) is called sectorial [4], if its numeric range
0(4) = {(Az,2), @ € D(A), |lz]| = 1}

is a subset of the sector SVO with some Ao and v < 1. The values A\g and 75 are known
as a vertex and a half-angle of a sectorial operator A; they are not uniquely defined.
A closed sectorial operator A is called m-sectorial, if it has not sectorial extensions.
For an m-sectorial operator A, o(A) C S}O, and
1

(10) [Ra(M) < m7 A€ C\ S, Cp(A).

Theorem 5. Let A be an m-sectorial operator in $) with vertex Ao and half-angle v5 (v <
1), whose resolvent is meromorphic. Suppose also that there is a set M complete in $,
which possesses the following property: for any x € M, there exists a sequence of circles

Fho={A€C:| A =rp} Cp(A), Thz—00 as n— oo,
such that
(11) VAET,, RNzl < s

with some constants ¢, > 0 and a; > 0 depending on x and § (y < 0 < 1) independent
of x. Then £(A) = $.

Proof. Since for any a1 # 0, as € C, £(A4) = £(a1 A+ asl), we may always take \g = 2.
For a number 3 : v < 8 < J, we put

T5(\) = e N = e AP (cos BHisin5) g < < o,
The function 75()) is analytic inside the sector Sj, continuous on ST?, and
(12) Irs(\)| < e M35 N e gy
Taking into account that 1 € p(A), and the Hilbert resolvent identity, we deduce

Ri(Nz  Ra(l)x N Rz
A=1)2 (A-12 Xx—-1

1 1
2—/ N d\ = 2—/ 7 ( Ra(1)z dA
T T

A
RY(D)xd) + ﬁ 3 <n) RA(1RA(N)xd),
r r

+ RA(H)Ra(N)z,

whence

(13)
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where n € N, T'= {\ € C : |arg A| = v%. Since the function 74 (2) is analytic in S7 and

continuous on Sy, we have, by virtue of (12),

1 75 (%) 1
(14) 57 s A ()md)\—frﬁ Ra(l)x — 0 as n— oo,
2 J (A—1) ( >
and
(2
(15) % )?Enl)R ()Id)\—Tg( )RA( )m—>R?4(l)x as n — oo.
r

Concentrate now on the integral on the left-hand side in (13). As
dist(\,S7) >d >0 when AeC\ Sy,

we have, in view of (10), (12),

A
T3 (*) RA()\)x C
YAerl n .
© =12 || T ]A-1p

By the Lebesgue theorem on passage to the limit under the integral sign,

1 [ 7(2) L [ Ra(Nz
16 lim — | —25R d\ = — dX = 0.
(16) oo 27 / D1z ae omi ] (A —1)2
r

The latter integral in (16) is equal to 0 because of analyticity of the integrand in C\ S|
and the estimate
H Ra(N)
(

A—1)2

C
A1

At last, consider the integral

1 A 9 _ ,
% 3 (TL) RA<)\)RA(1)J; dx = Ym,n + ym,'rm
where

L Mg (MR (1)x dX
Ymn = oi T3 n A A x )

L(m)
oL (Mg (AN R% (1)z dh
Ymn = 2mi B\ n 4 A ’

Ty

, s
iy ={AET A <rmet U{N A =1 0™, o] < 75},

zm) ={NeT: A >rma U{N A =106, o] < 'yg}
Using (11), (12), we find that

o0
1 re
il < [ o (

Tim,a

)| e e ) By

N
w5 [ o (22250 () R 010 ap <
27
0 vy
Sc[ / 67(%)1/ﬁcos%dr—|—rm,x / e’(y)l/ﬁco5 Beaﬂmfdw
T,z -5z

Since 8 < 1, the following relation is fulfilled for an arbitrary fixed n € N:

o0 o0

1/B 7 1 Tm,x
/e_(%) S 25 dr < /e 7 COS 35 dr—fcos'yﬁe_ €735 () as m — 0O.

Tm,x Tm,x
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into account that 8 < §, we get

2
NE]

Tm,x

=2

1/8 rm,a \1/8
L m/T d(p _ ’7'("}/6_( ":Lz) cos;’—g—‘ramr

rm,x \1/8 Y 1/6
6_(7) cos 2—[3+amr mz () as m — 00.

NIE]

So, for a fixed n € N, we have

(17)

Y — 0 as m — oo.

Let now y € R%(1)9. Note that the set R% (1) is complete in . We shall show
that for any € > 0, there exists a vector y. € £(A) = £(A) such that

(18)

ly —vell <e.

For this purpose, return to equality (13). Being based on (14)—(16), we find ny € N so
that for n > ng,

Making

1 /Tﬁ(g)RA(/\)diH £ ’1 /Tﬁ(g)RA(l)xd)\H £

’rzm- (A1) <1 2w 1) e
1 75 (2) R4 (1) ) c
‘%ri/)\—ld)\RA(l)x <1
N

fixed n > ng and using (17), choose now mg € N so that

||ym,n + Ri(l)x” <e.

By Lemma 1, ypmn € E(A) = £(A), so in (18) we may put y. = —ym, . Hence,

10.

£(A) = L.s. RA(1)M = 1.s. 9 = 6.

REFERENCES

. Ya. V. Radyno, The space of vectors of exponential type, Dokl. Akad. Nauk BSSR 27 (1983),

no. 9, 791-793.

. J. A. Goldstein, Semigroups of Linear Operators and Applications, Vyshcha shkola, Kiev, 1989.
. M. L. Gorbachuk and V. I. Gorbachuk, On the well-posed solvability in some classes of entire

functions of the Cauchy problem for differential equations in a Banach space, Methods Funct.
Anal. Topology 11 (2005), no. 2, 113-125.

. T. Kato, Perturbation Theory for Linear Operators, Mir, Moscow, 1972.
. N. Dunford and J. T. Schwartz, Linear Operators. Part 1. General Theory, Izdat. Inostran.

Lit., Moscow, 1962.

. M. I. Dmitrishyn, O. V. Lopushansky, Basis property for systems of root vectors of operators

with a compact resolvent, Dopov. Nats. Akad. Nauk Ukr. (1997), no. 9, 28-32.

. U. Grenander and G. Szegd, Toeplitz Forms and Their Applications, Izdat. Inostran. Lit.,

Moscow, 1961.

. G. V. Radzievsky, On the best approrimation and the degree of convergence for the expansions

in root vectors of an operator, Ukrain. Mat. Zh. 49 (1997), no. 6, 754-773.

. J. B. Garnett, Bounded Analytic Functions, Mir, Moscow, 1984.

M. A. Naimark, On ezpansion in eigenfunctions of second-order not self-adjoint singular dif-
ferential operators, Dokl. Akad. Nauk SSSR 89 (1953), no. 6, 213-216.

INSTITUTE OF MATHEMATICS, NATIONAL ACADEMY OF SCIENCES OF UKRAINE, 3 TERESHCHENKIVS KA,

Kyiv, 01
E-ma

601, UKRAINE
il address: imath@horbach.kiev.ua

INSTITUTE OF MATHEMATICS, NATIONAL ACADEMY OF SCIENCES OF UKRAINE, 3 TERESHCHENKIVS'KA,

Kyiv, 01
E-ma

601, UKRAINE
il address: imath@horbach.kiev.ua

Received 14/02/2006



