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LEVY-DIRICHLET FORMS. II

S. ALBEVERIO, YA. BELOPOLSKAYA, AND M. FELLER

We dedicate this article to the memory of Yurij Lvovich Dalecky.

ABSTRACT. A Dirichlet form associated with the infinite dimensional symmetrized
Lévy-Laplace operator is constructed. It is shown that there exists a natural con-
nection between this form and a Markov process. This correspondence is similar to
that studied in a previous paper by the same authors for the non-symmetric Lévy
Laplacian.

1. INTRODUCTION

Dirichlet form theory is an intensively developing field with deep analytical and prob-
abilistic roots both in finite and infinite dimensional spaces [1]. In our previous paper [2]
we have constructed the Dirichlet form associated with the Lévy Laplacian [3] given by

n

(H is a real separable Hilbert space, x € H, fi is an orthonormal basis, Y is a dense
subspace of H, see below for details).

We recall that the absence of an infinite dimensional Lebesgue type measure prevents
any "infinite dimensional Laplacian” and in particular the Lévy Laplacian to be a for-
mally self-adjoint operator. If the infinite dimensional Hilbert space H is equipped with
a Gaussian measure p one can symmetrize the Lévy-Laplacian acting in £o(H, 1) [4], [5]
and construct the Dirichlet form associated with this symmetrized operator.

In this paper we study the Dirichlet forms associated with the symmetrized Lévy
Laplacian which is generated by the classical Lévy Laplacian A, itself.

It should be mentioned that the Dirichlet forms associated with Ajp, itself and the
corresponding symmetrized Lévy-Laplacian are quite different. In fact, they are not only
determined by different expressions but what is even more important they have different
domains. At the same time they have some common features since certain distinctions
between the Lévy Laplacian and the symmetrized (in £o(H, 1)) Lévy Laplacian disappear
in the infinite dimensional case.

Let H be a separable real Hilbert space. Consider the set C?(H,Y") of scalar functions

F' defined on H and twice differentiable along a dense subspace Y of it. Recall that F
is twice differentiable along Y if the Hessian Fy/ € {Y — Y’} is a bounded operator,
where Y’ is dual to Y. If F € C?(H,Y) then the Lévy Laplacian Ay is determined by

n

1
ApF(z) = nan;o - Z(F{}(m)ek,ek)g, reH
k=1

2000 Mathematics Subject Classification. 35R15, 46G05.
Key words and phrases. Lévy Laplacians, Dirichlet forms, symmetrized Lévy operator, diffusion
processes.

302



LEVY-DIRICHLET FORMS. IT 303

under the assumption that the limit exists. Here {ey} is an orthonormal basis in
H, e, €Y (Fy(z) =F'(x)).

Let p be a Gaussian measure on H with zero mean and covariance operator K . We
assume that K is a trace type positive operator such that ||z||gz < ||[K~Y?z||y, z €
D12 where Dy _12 is the domain of K~1/2.

Denote by £9(H, 1) the Hilbert space of square integrable in p functions F defined
on H with the norm .

2
1Pllesingn = | [ P@utao)]

Let Hy,CHyCH_,, H =H,, H=H, H 1 =H_, «>0 beasubset of a
set of densely embedded Hilbert spaces {Hg} (—o00 < 8 < o0) with the embedding
operator T'= K~'/? and the inner product (z,y)n, = (T%z,7%y)y, =z,y € Hg. In
addition we assume that 7~! is a Hilbert-Schmidt operator.

For any F € C%(H, H,) with a > 0 we define the symmetrized Lévy Laplacian by

n

() AcF@) = Tim = SR Wew ci)n — (Fh, (), ), e, |
k=1

if the limit exists. Here [F}; (z) is the Hessian, Fy; (z) is the gradient of F(x) at the
point = € H and {e;}{° is an orthonormal basisin H, ex € Hio, (Fp(z)=F'(x)).
We can rewrite (1) in the form

n

. 1
AcF(z) = nlLIr;o - Z |:d2F(:E; er) — dF(z; ex)(x, ek)HJ.
k=1
Consider the set of F(z) € £5(H, ) such that there exists dF(z;h) Vh € Hyo
and besides 3¢ > 0 : sup.¢ [dF (z +eh; h)| € £(H, 1)) -
By the Cameron-Martin formula we have

[ aribus) = [ P, udo).
H H

If U, V posses the above properties then we derive

/ V(2)dU (2 h)p(de) / V(@)U (@) (hy @), ulde) — /H U (2)dV (z; h)pu(dz).

It results from (2) that
/ V(@)d2U (z; ex) u(d) — / V(@)dU (z; ex) (z, ex) 1, p(d)
H H
- /H AV (s 1)U (z; e, u(d).

If in addition we can pass to the limit under the integral sign then

_/HV( JAcU (@)u(dr) = 7}520/11 n Z U'(z), ex) mp(de).

Applying (2) once again we get

[ V@@u @ eutds) - [ Vieat e (e, nldo)
H H

—/ dV(x;ek)(x7ek)H+U(;v),u(dx)+/ d*V (z;e)U(2)p(dz).
H H
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If the passage to the limit under the integral sign is allowed then
(V,AcU) s, i) = (AcVU) gy (m,0)-
2. SYMMETRIZED LEVY LAPLACIAN AND DIRICHLET FORMS

To simplify the computation of integrals with respect to the Gaussian measure p we
choose for the canonical basis in H the set {e}7° where ej are normalized eigenvectors of
the measure p correlation operator T', corresponding to the eigenvalues A, (k=1,2,...)
Teyr = Apeg. In particular in the sequel we need the following relation.

Let f(ui,...,un) be ameasurable function of m variables and F(z) = f((z,ex)n,
.oy (zyem)m), then

m
() / Fayu(e) = [@om [0 [ .o um)ed T8 duy - duy,
H j=1 R™
and the existence of the integral at the right hand side results from the existence of the
integral at the left hand side and vice versa.

Denote by € the set of cylindrical twice differentiable functions. The set € is
everywhere dense in £5(H, ). Each function S € € admits the representation S(z) =
S(Pzx), € H where P is a projection onto an m-dimensional subspace. Besides its
gradient S’(z) isin R™ and the Hessian S”(z) is a finite dimensional (m-dimensional)
operator. For such a function we get

m

AcS() = tim =3 (S @ere)s — (5'(@).ex)u (@ e)m, ] =0, @€ H.

Thus, the symmetrized Lévy Laplacian annihilates cylindrical functions.

Let ¢ be a Lipschitz continuous function defined on R! with the Lipschitz constant c,
¢'(€) denote the derivative of ¢ at £ € R! and Sy (z) be a cylindrical twice differentiable
function, € H. Given a scalar function @ defined on H, we set pg(x) = ¢(Q(x)),z € H
and we denote by ¥ the set

T={V: V =¢qgSv such that both V(-) and <'OZI;Q(()))V() € Lo(H, p)}
ol

Choose Q(z) = i Ck(z),x € H where
k=1

1 Ap T W2 u+1 7&27£
Cp(z) = ﬁ/ ez [/u_l e >k 2 dz}du,

—)\kfrk
xk = (z,er)g and Y = m

We check that the function Q(z) is well defined since the series Y (x(z) converges
k=1
wae on H.

To this end recall that a scalar function ¢ on H measurable with respect to its
Borel o-algebra 20 is a random variable defined on the probability space (H,2, p).
Its expectation and variance are given respectively by E¢ = [, ¢(z)u(dz), D¢ =
ll¢ — Eq§||2£2 () We also recall that the p- everywhere convergence of a sequence of
measurable functions defined on H corresponds to the convergence of the sequence of
random variables with probability 1.

It results from (3) that

J, on o @t =1 [ om G topmta)
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for an arbitrary finite set of functions G, (), ..., (m, (), all continuous bounded func-
tions gm, (7),...,9m,(7) (7 € R') and any arbitrary integers m; (i = 1,...,p). Hence
{Ck(x)}5° 1is a sequence of independent random variables.

By (3) we get

Eck—/ Gl

) AL T u+1 2
—1x22 2{ 1 / il [/ —Rka-z } } _
e —— ez e *k dz|du pdxy, =0
V 27T 2)\16 — u—1 ¥

AkTk

(because the functlon under the integral sign (in z) is odd) and

DG (x / G

[e'e) AkTr u+1 4 22 2
e lkzzi{i/ e {/ e_%Z_sz}du} dxy
V 27T 2 k — u—1
v

AkTk

)\2\/%/ 7% /veuj{/uutlef_2dz}du}dvO<)\1]2€).

Since T~2 = K is a trace operator we have

oo

> 1A =SpT % < 0

k=1

and hence Y D(; < oo. By Kolmogorov’s theorem the series Q(x) = > (i(z)

k=1 k=1
converges almost surely i.e. for py-almost all x € H.

The set ¥— is a linear set. We show that it is everywhere dense in £o(H, 1).

Let U € £o9(H,u). The set € is known to be everywhere dense in £9(H, u) and
hence for any €1 > 0 there exists Sy € € such that

||U - SOH!b(H,,u) <e.

Since Sp € €, we have Sp(z) = So(Pz) . Choose Po(x) = po(x)So(x)/vqo(Px) and
notice that ®y € T since Sy(-)/po(P(-)) € €. For such a function we obtain

U = @olle, a0y < U = Solleatrm + 150 = Pollea(mm < €1+ (150 — Polleymp)-
If we prove that given g2 > 0 we can find @ such that ||.Sy — <I>0||2£2(H ) S €2 We get that

for given € > 0 we can find €1,e2 > 0 and @ such that [|U — ®o|le,p,.) <1 +e2 =5,
and hence ¥ is everywhere dense in £o(H, p).
Now we prove the required estimate for

HSb-éon%ﬂH#>::/Q[Sb@»-—@chSbm»/wQ<Px>QM«m»
::/;[&xwiQ<Pxn2w@<Px»—chwF;wdx>
chjg[&xwaQchnzmxfw>—cxxnzuwm>

@ [ tsueaPol [ 3 G ua)

k=m+1

Since So(x)/¢pg(Px) depends only on (z,e1)m, ..., (x,emn)n, while

> Gl)

k=m+1
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depends only on (x,€m+1)H, (T, €mi2)H,--- , by (3) we get

150 = Boll 0 < ¢ [ [Sole)/wa(Po)] i) [ ] Z ()] ()

= [ [Sula)/a(Pa)) uldo) 3 Do

k=m-+1
From this the estimate ||®g —SO||%2(H7M) < ey follows since So(+)/pq(P-) € Lo(H, 1)
and Z D¢, < o0 .

In the sequel we choose ¢(€) to be a positive solution to the equation

(4) e(&)" () + )P =0, R

In the solution p(§) = 26+ C (C is are arbitrary constant) we choose C > 2|Q(z)|
for p—almost surely. Then () is a Lipschitz function (for & = Q(z)).

Set k(&) = % (p(&) #0), and notice that  solves the following Riccati equation

(5) K'(€) + 2K%(8) = 0.

Let us mention that another Riccati equation, &/(§) + 2x2(€) + 2k(€) = 0, has
appeared in a similar situation in our previous paper [2]. Below we use the notation
ko(x) = k(Q(x)) for the function kg on H generated by x« and a scalar function Q
defined on H.

For U,V € £5(H,p) we determine! the form £°(U,V) by

(6) EC(U,V) = lim (U, V)

n—00

where
W) = [ 23 Wk, @) r)ulVi, (@), er)unda).
H ™ p=1

Let us set

2 o 52 1 u? 2
=4/= -z U dul| dE.
(7) C \/;/0 e {[1 e u} ¢
Lemma 1. The form £9(U,V) U,V € % determined by (6) exists and

EC(UV) = (CrHU,V

( ) ) ( HQ ; >£2(H7M)

where C is given by (7) and & is a positive solution to (5).
The form (6) is symmetric and densely defined.

Proof. By the definition of the space ¥ of functions U, V € ¥,  have the form
U(z) = g (2)Su(x), V(z) = vo(z)Syv(z). It results

dU (x5 h) = (Up, (x), h)u = ¢'(Q(@))(Q'(x), h) HSu (x) + o (x))(Sy (2), h),
dV(wz;h) = (Vi (2), h)a = ¢'(Q(2))(Q'(2), h)u Sv (z) + pq(2)(Sy (x), h)

LAlong the whole article we use the notation £ (U, V') for Dirichlet forms.
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(h € Hy2) and

%Z(U;u(x),ek>H<v;I+<x>,ek>H
k=1
= [ Q)P Su()Sv ()1 Q'
k=1
+ @’(Q(I))@Q(ﬂs)% (@ (@), 1) (S () + Sv (@), ex)m
k=1
@) (St 1) Sy (o), )
k=1
But
, © araz el 4, 2
dQ(z; h) = (Q (m),h)H:;e 2 /Am_l e N7 dz (hye)

)\kmk 1
{nk(x)}5° is a sequence of random variables. By (3) we get

20 Afafp pMTEEL w2 42
Enk:/ w(2)p(dz) = \/7 e 2 [[\ e ™ 2dz} dxy,

kTrp—1

1 /OO &2 |:/€+1 ;/jk z—z—d df
e ez e k 2 Z]
V2T J oo &—1
_ YR

L™ @7 [h - 2
= e~ 2 e >k Z du d.
V2T /_Oo [/ 1 } ¢

2 [ee) 2 1 w2 2
—>\/f/ 6_%[/ 6_5“_7du} ¢ =C
™ Jo -1
Dy, = Eng — [Eni)?,

oo Apxr+1 W .2 4
Eng = A 3Nk [/ e_T:Z_sz} dxy
V2T J oo A

k:l?kfl

b 2
and we obtain nx(z) = (Q'(z),ex)% = [e e N Z2/2dz} .

and

7L/OO 6522|:/1€ /\k(u-‘rf) u£_2du]4d§
V2T J oo 1

Finally we get

By the Strong Law of Large Numbers for independent random variables we deduce that

L1 L1 .
Jim 2 m(o) =l ) B =l Er, =

p-almost surely.
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Since Sy, Sy € € we conclude that

n

.1
Jim — ;<U;I+<x),ek>H<v;1+<x),ek>H

ey Sue)8v) = ¢ [ 220 U )
for p-almost all x € H and £°(U,V) = (C[ig]QU, V))): ) UVex. O

Lemma 2. The symmetrized Lévy Laplacian Ac¢ s defined on T and u-almost
everywhere on  H acts as the multiplication operator by the function

AcV(z) = fC/sé(a:)V(x),
where C is given by (7), Kk is a positive solution to (5), kg = ko Q.
Proof. Since V € €, we can choose V = pgSv. It results for x € H
dV(z;h) = (Vi (2),h) g = ¢ (Q(@))(Q'(x), h) u Sv () + o () (Sy (), h) u,
d*V (z;h) = (Vi (2)h, h)ir = ¢"(Q(2))(Q' (2), h)F Sv ()

+¢(Q(@))(Q"(x)h, h) HSv () + 20" (Q(2))(Q' (%), h)u (Sy (x), h)
+ Q@) (Sy ()b, h)u.-

By (1) we obtain

AcV () = ¢"(Q@)Sv(2) lim ~> (Q'(x), ex)F

n

k=1
+26/(Q@)) Tim -3 (@ (@), ex) (S (), )
k=1
+pale) Tim =SS @her, ex)i — (S (), e)n(r ex)ir,]
k=1

(we recall that Sy € €).
In the proof of Lemma 1 we have shown that

1 n
Tm S (@ @) el =C
k=1

w everywhere on H. Hence
eV (@) = Co(@Q())Sv () + ¢ (Qe))Sy () T "),
k=1

where & (z) = (Q"(2)er,ex)m — (Q'(2), ex)m (T?x, ex) n-
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Since for the second differential we have

> Aiwitl Yiz_ 29
dQQ({E;h) _ (Q”(x)h,h)H — Z{)\2x e/\lwt/2/ e ™ 7 / dz
A .

i=1 iwi—1
x; 1***/\ i—1/2 it LN —1/2
+/\i[ z; Y x;—1/ e —@iitx; T /]}(h,eiﬁ_],
then N
2 Lol e
(Q"(x)er, ex)m = Njawpe " / e “Pdy
)\klkfl

+ g [e*IMM*%*AWEk*l/? _ G*Ikwk+%+)\k1’k*1/2]

But at the other hand
Akl oy 29

(Q'(x), ex) = Moot A g,

k.’I:k—l
and we deduce that

519(-75) = )\k[67
= —2)\k6_%_$kwksh (Akzr + i/ Ak).

Notice that sh (Agzg + ¥r/Ak) >0 for x> —1p /A2,
zp < Pi/A2, . It results that

wkwk*%*Akwkfl/Q e*l’kwkﬁL k4 Ny — 1/2]

h ()\kxk + d)k'/)\k) < 0 for

- M [ LE 4 (g =g )k
E|¢k| = / |€k (z)|pn(dz) = Age 1/2[ ™k k= Yk)Tk
\/ﬂ "bk/)\Q
A2
_67%7()\k+¢k)xk]6_)\?€#d$k—7/ Y /A%, ewl“r()\k ox)zk
w
1l1k n’k

o0
From this it follows that % < oo and due to B. Levi’s theorem p -a.e. on H
k=1

Z w) < oo. Finally by Kronecker’s lemma we deduce % Z k() =0 for u

almost all z € H.
By the above considerations we derive

AcV (@) = 0" (Qa))Sy (z) = cE L&Dy
vqo(z)

p-a.e. on H.
Since ¢ solves (4), we get

@/(Q(w))} V(z) = ~Cr(x)V ()

acvin) = =-¢[£05

p-a.e on H.
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It follows from Lemma 2 that the operator LcU = AcU  has the almost everywhere
dense domain Dy, =% in £9(H,u) .

Theorem 1. The operator Lc is essentially self-adjoint on the domain T, the operator
—L¢ is positive. The closure —L¢c, of —Lo — is a self-adjoint positive operator.

Proof. The operator L¢ is symmetric since Dy, is dense in £o(H, 1) and by lemma
2 for all V4, V5 € Dr,, we have

(LeVi, Vo) e,y = — /HCF%(%)Vl (z)Va(z)pu(dz) = (Vi, LeVa) ey (H )

To show that Lc¢ is essentially self-adjoint we consider the operator Lf adjoint to
LC in SQ(H, M).
Let ZEDLE,- Then VVEDLC

(LCV Z)E2(H n = (V LC )22(H,u)'
In other terms

- /H Crig(2)V () Z () p(dx) / V(z)(LEZ) (x)p(dz).

Taking into account that V = ¢Sy we obtain

/H ¢ (@)Sv (@) [CrEy(@)Z (@) + (L5 Z) (@) | u(da) = 0.

The equality holds for all functions having the form ¢S, where ¢ is a positive solution
to (4) and S € €. Recall that € is a set of cylindrical functions, which includes in
particular the complete orthonormal system of Fourier- Hermite polynomials. It results
that p-almost everywhere on H
LyZ = —CryZ.
Eventually,
VZ e Dy: CryZ e £2(H u) and L& Z = —CrjZ.

By the equality [}, Crd (2)V (2) Z( = [ V(©)[Crg(x)Z(x)|pu(dx)), one can
easily prove that
VZ € Ly(H,p) LpZ=—CryZ and CrpyZ € Lo(H, p).
Hence,
DLEV = {Z € SQ(H, ,Ll,) : Cliz?Z € SQ(H,M)}
The domain Dp: is dense in £o(H, ), since Dr:, O Dr.. The operator LgZ =
*CFEQQZ, Z € Dr: is a self-adjoint operator, being a multiplication operator on its

natural domain.
Since L¢ is self-adjoint it results that Lc is essentially self-adjoint. O

Consider a general solution to (5) having the form k(§) = where ¢ is an

1
2¢+c?
arbitrary constant and x2(£) >0 as —oco < £ < oo .

It is easy to check that
(=LeU,U)gyap) = (CRG (@)U, U) gy (ar,) >0 VU € Dp..
Consider the form

® W) =(V-LeUV-LoV), . UVEDse, Dec=D s

£2(H,p)
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Theorem 2. The form EC(U,V) given by (8) is symmetric densely defined positive
and closed. It is a Dirichlet form in Lo(H, u) = that is EC(U,V) s a closed bilinear
Markov form.

Proof. The first three statements are a direct consequence of Lemmas 1 and 2 and The-
orem 1.

The form £°(U, V) is closed since vV/—L¢ is a closed operator and (vV/—L¢ is positive
self-adjoint).

To prove that £C is a Dirichlet form we use the sufficient condition from [6]. Let

U € Dgc, v U)

=(0 A1
Then V € Dgc, and the estimate £°(V, V) < EY(U,U) is obvious since £(U,V) =
(|’L€Q‘U7 |I€Q‘V)£2 (H,p)- O

By the general theory of Dirichlet forms and symmetric Markov semigroups there is
a Markov process associated with £¢ with transition semigroup the one given by £¢ .
To prove that this process is "nice” (strong Markov with ”nice” paths) and is properly
associated with £ it would be enough to prove that £¢ is quasi regular , see e.g. [1],
[7]. By the same theory the Markov process is a diffusion if £¢ is in addition a local
Dirichlet form. In the next section we provide an alternative construction of a Markov
process associated with £¢ | as limit of finite dimensional diffusion processes.

3. THE SYMMETRIZED LEVY OPERATOR AND STOCHASTIC PROCESSES

To construct a stochastic process associated with the symmetrized Lévy operator we
start with diffusion processes associated with finite dimensional elliptic operators giving
rise to the Lévy operator and prove the existence of a limit Markov process.

Theorem 3. A Markov process &,(t) with values in H, associated with the form E€,
generated by the symmetrized Lévy Laplacian can be constructed as limit (as n — oo )
of a family of diffusion processes &, n(t), associated with the forms

ES(U, V) = (VI U N V) eotr s

where

LU(@) = =3 Uk, (@er,co)n — (Uh, (@), ez ex). ]

k=1

Proof. First we notice that £(U,V) are symmetric and densely defined. Using (2) we
can give a different expression for them

55(U,v>=/ %Z(U}u(az),ek)H(VI’{+(x)7ek)Hu(dx), U.V € Dec
H '™ =1

(see Lemma 1).

Since
=\ 0U = U
Uy (x)= —er, Ug, (2) i
Hy £~ Oz, e L a0y,
Tk = (I, ek)Ha (Ia ek)H+ = )\kxka
we obtain
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For a fixed n € N the symmetrized n-dimensional Laplacian [, is positive and
essentially self-adjoint on the set ¥ dense in £5(H, ). It generates the semigroup

T (t) =e "t (£>0)

acting on £o(H, ). This is a contraction semigroup which preserves the positivity of a
function and possesses the property 7,(t) -1 = 1. It results that 7,(¢t) is a Markov
semigroup and hence £S(U,V) is a Markov form.

There is one to one correspondence between the semigroup 7, (¢) and the transition
probability P(t,x,B) = P{& n(t) € Bl&;n(0) = z} of a diffusion process &, n(¢)
defined on the probability space (€2,§, P) In addition for any bounded measurable func-
tion f

(9) (T.(0)f)(x) = /H F@)P(t . dy) = B(f(Ean(t))

holds for p-almost all x € H t > 0. There exists a unique solution to the Cauchy
problem % + 1L, U(t,z) =0 (t>0), U(0,z)= F(x) with a bounded continuous
function F(z) on H (here Z,11,Zn42,... are considered as parameters).

We show that 7,(t) strongly in £o(H,pu) converges to 7(t) that is ||7,(t)f —
T fllesrr ) — 0 as n—o0 Vfe Lo(H,p).

Let f € Dgc. Then

lle™m f— e Fllegay < le™™ f — e flleyau)

+ ||eit%l"f —¢€ tlnf”ﬂz(H,M)'
If m>n then [, > ﬂln, because

ot D = [ 32 (32) i
> [ (3] i = Bt s

This means that e tm < e~ twln and hence
—t2l, —tlm o tl, —t tl
e m — f @ H < \/ e~ m ln _ e tm <|:6 min — e~ m:| f f)
|| lestna < o

= \/2 ({e il eitlim} u f) £5(H 1)
(since [|Z,(t)] <1).

By Duhamel’s formula we get

_ + t 7 7 [
ot f ot / (=) 2L, [zm _ %zn} e~ f ds.

—sl

Since -1, and I, commute, e —(t=s)3%ln and e~ commute as well. In addition,
l, and lm commute due to the fact that qr and g;, commute where
0? 0
A
% (91712 ¢ 28:1:1;
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Finally,

~ B t - - —
eit%l"f . eftlmf _ / e~ (t=s)mln—sln [lm - ln:| fds
0

n
m
and

e 0 = e fy gy < 2 ([e7 D — e £, f)
o [ e,
=2 /Ot([l‘m;i ] £Gt) 0
32\/([17,1—:11” " e /\/ % Gt Stf)£2(H,u) o

Where Gstf = e_(t_s)%l“— anf.

But t ,
(- Sl Garoa), )
st —
=t
=t

£ (H7H)

i -

t ([Zm _n Zn} Goif, Gt f) e ®
t

0

m
/ 6—2(t—s)%in |:l_m _ El_n:| 6—25[7nf ds, f)
m 22(H1/*1')
{ —2t 20, 672tl7m} 7 f)

|| —Qt%l_n

J
(
(3

L2(H,p)

. _ e—2tlm||||f||2£2 (Hp) < t||fH%2(H,u)

1).

<
En(F,F) is a Cauchy sequence and hence

N[ =+

(due to the inequality ||7,(t)||
We recall that by lemma 1

1/
_tn TL
le t’"l"f fHﬁz(H p = {4 B E ] f; f),gz(H,u)} ”f”}l:/f(H”
1/4
= {ueSr.pn - ectr. 0]} A1, — 0

as m,n — oo.
In addition e~t» < e~tw!» for m > n, and similar by the above considerations we

have
1/
_t n tl—n < 7 E 1/2
g e lesin < {ae (o= 201 18) Y W

= {ar (1= 2)e (0]} U1 — 0

as m,n — oo.
Hence,

lim  [le=%m f — e flle, sy =0 Vf € Do,

m>n,n—oo
for any t within a bounded interval. )
Thus we have shown that for any t > 0, f € Dgc e~ f is a Cauchy sequence.
Since Dgc is a dense set and the family e~ *» is uniformly bounded this statement
holds also for all f € £4(H, ). Hence the limit

(10) Jim To(0)f =T()f VF € LalH.p)
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exists. The semigroup 7 (¢) is a contraction in Cy(H, p) since in the strong limit this
property of 7,(t) is inherited. Moreover 71 = 1, since 7,1 = 1 for all n an 7 is
positivity preserving, since 7,, are positivity preserving. Hence 7 is a Markov semigroup
in £9(H, ). By Kolmogorov—-Ionescu Tulcea construction there exists a Markov process
&5(t) such that E(f(&:(t))) = T(t)f(z) for p-a.e. x € H, for any bounded measurable
function f defined on H.

From (9) and (10) we deduce that

(T() )= lim B(f(€n(0)) = Ef(Ea(t)
for p-almost all x € H. |
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