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SPECTRAL MEASURE OF COMMUTATIVE JACOBI FIELD
EQUIPPED WITH MULTIPLICATION STRUCTURE

OLEKSIT MOKHONKO

ABSTRACT. The article investigates properties of the spectral measure of the Jacobi
field constructed over an abstract Hilbert rigging H_ D H D L D Hy. Here L is a
real commutative Banach algebra that is dense in H.

It is shown that with certain restrictions, the Fourier transform of the spectral
measure can be found in a similar way as it was done for the case of the Poisson field
with the zero Hilbert space L?(A,dv). Here A is a Hausdorff compact space and v
is a probability measure defined on the Borel o-algebra of subsets of A.

The article contains a formula for the Fourier transform of a spectral measure of
the Jacobi field that is constructed over the above-mentioned abstract rigging.

1. INTRODUCTION

It is known that the Gaussian measure on the Schwartz space S’(R) is the spectral
measure of a commuting family of boson field of self-adjoint operators that act in the sym-
metric Fock space F(H) constructed with the use of the Hilbert space H = L%, (R, dt).

Similar results were obtained in [8] and [9] by Yoshifusa Ito and Izumi Kubo. They
used results contained in the papers of T. Hida and N. Ikeda (see [5], [6]) where both
the Gaussian and Poisson cases were considered. The results of these works gave a
possibility to assume that the Poisson measure with intensity dt on the space S’(R) is
also the spectral measure of a family of self-adjoint operators perturbed by diagonal
operators of some quite general form. The proof of this statement can be found in the
paper of Yurij M. Berezansky [10].

In [10] the author claims that the same result can be obtained without a considerable
change for the following more general construction.

Suppose, instead of the space R with the Lebesgue measure dt, one has a mea-
surable space T with a o-finite measure dv(t). Construct the Fock space F(H) using
H = L% (T,dv(t)). In the space F(H) one defines a family of commuting self-adjoint
operators which forms a Poisson field. The spectral measure of this field dp(x) is a Borel
measure on the negative Hilbert real space H_ of the rigging H_ D> L (T, dv(t)) D Hy
with a Hilbert-Schmidt type embedding H; < L% (T, dv(t)). Then the Fourier trans-
form of dp(x) has the form

/H_ " ?)dp(x) = exp (/T (ew(t) —1- i(p(t)) dy(t)), peH,.

In this paper, a next step is carried out. The scalar complex multiplication is re-
placed with some abstract algebraic one. Origins of this idea can be found in [11,
p. 24, remark 8.1]. Using constructions similar to the one from [10], a new Jacobi
field ("Generalized Poisson Field”) is constructed. The corresponding expression for the
Fourier transform of the spectral measure of this field is calculated.
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2. PRELIMINARIES

Consider a rigging of an infinite-dimensional real Hilbert space H with real Hilbert
spaces Hy and H_ = H, : H_ D H D H, with a quasinuclear embedding O : H, — H
(i.e., the operator O is of Hilbert-Schmidt type).

Let F(H) = @, , Fn(H) be the corresponding symmetric Fock space. Each element
of F(H) can be associated with a sequence f = (f,,)2%, fn € Fn(H) = HE™, where Hc
denotes the complexification of H and the sign ® denotes the symmetric tensor product.

Denote by Fan(H) the linear subset of finite vectors and by Q = (1,0,0,...) € Fsn(H)
the so-called vacuum.

Consider a family J = (J(¢)),en, of operator-valued Jacobi matrices

bo(p) ag(p) O 0 0

ao(p) bi(y) ai(p) O 0

J(p) = 0 ai(p) ba(w) as(p) O
0 0 axp) b3(e) az(p)

with the entries

n(p) 1 FulH) — Fny1(H),
(1) an(p): Fuy1(H) — Fo(H),
bu(p) =05 (p) : Fu(H) — Fu(H).

Every matrix J(¢) generates a Hermitian operator A(y) : Fan(H) — Fan(H).

Definition 2.1. The family J is called a Jacobi field if the following conditions hold
(see [11, p. 11], [10, p. 123]):

(a) The operators (1) are bounded and real (i.e., act from real subspaces of F, (H)
into real ones).

(b) The dependence of elements of J(¢) on ¢ € H is linear and the operators

Vfn € Fn(H) H > ¢p—an(p)fn € Fnyi(H),
(2) Vfn € Fu(H)  H 3@ bu(e)fn € Fu(H), n ey
an-i—l E]:n-ﬁ-l(H) HBSO’_)G’TL(QO)fn-H Ej:n(H)a

are linear and bounded.

(c) The operators A(y), Yo € H, , are essentially self-adjoint and their closures A (i)
commute strongly (i.e. their resolutions of identity commute).

(d) (regularity) Consider Vn € N a real operator V,, ,, : F,,(H) — F,,(H) defined by
the equality

(3) Vn,n(<ﬂ1®¢2® cee ®<Pn) = (J(p1) - J(Pn)V)n = an—1(p1) - .. ao(epn) 1.

We assume that this operator is continuous and, after being extended by continuity, is
invertible in F,,(H); we also put Vpo = 1.

(e) (smoothness) Properties (a), (b), (d) are preserved for restrictions of the oper-
ators (1), (2), (3) onto the space F,(Hy), Frnt1(Hy), Hy and with values in F, 1 (Hy)
and F, (H ), respectively.

Consider one example of such a field (see [11, p. 25]). Take H = (¢, and fix some
orthonormal basis (e;)52, of this space. Choose some weight v = (v,,)52, such that
Yo =1Vn=0and ) ", 7% < 00. Denote

la(y) ={f €tz > IfilPye < o0}

n=0
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and take Hy = f5(7y). The last inequality guarantees that the embedding Hy — H is

quasinuclear. At last, take H_ = l5(y~!) where lo(v™!) = {f = (f12)2%0 : Don |fk|2$k <
oo} and construct the corresponding symmetric Fock space F(H). The matrices J(¢)

are built in the following way: Vo € Hy, f, € F,(H)

an(p)fn = vVn+ 1<P®fna

The family J(¢), ¢ € H; satisfies the definition of a Jacobi field and is called the Classical
Free Field.

Note that throughout this paper (particularly in the case of the Classical Free Field)
all constructions of Jacobi Fields are based on Theorem 8.1 from [11, p. 24]. Consider
this question in details.

In [11] after formula (5.5), one can find a description of smoothness condition. After
Definition 5.1 in the same paper, a detailed description of regularity axiom is contained.
This axiom uses the smoothness condition. After formula (8.19) and in the statement
of Theorem 8.1, the author placed a set of necessary assumptions for building a Jacobi
field.

Using the notations of [11], in our case X = 1,H; = H;. So the assumption that
X : Hy — H; acts continuously and is invertible is fulfilled (see the paragraph after
formula (8.21)).

The second assumption is that, for ¢ € Hy, the operator (b(y)) [ Hy acts continuously
in Hy and depends on ¢ € H; continuously in the sense of the norm of operators in Hj.
For the case of the Classical Free Field, this condition is obviously satisfied because
b(p) = 0. For our case, assumptions (A) and (B) from the next section correspond to
this condition.

3. GENERALIZED POISSON FIELD

We represent each matrix J(y) in the form

(4) J(p) = Ji(p) + Blp) +J-(¢), @€ Hy,

where Ji(¢) (B(p), J—(¢)) has nonzero entries on the lower (correspondingly main,
upper) diagonals.
We define the action of J;(¢) as follows:

J1(p)fn = an(p) frn = Vn + 1‘P®fn € Foy1(H), fo€Fu(H), pe€H,.
The action of J_(y¢) can be deduced from the previous formula for J (p),

J_ (@) frr1 = a;(‘ﬁ)fn-&-l € Fn(H), fony1 € Fugilyp), we€ Hy.

Let us define the action of b(yp) : H — H, ¢ € H,. Suppose there is a real commutative
Banach algebra between H, and H in the rigging

(5) H_DHDLDH,.

We make the following assumptions:
(A) the algebraic multiplication * can be extended by continuity from L x L onto
H, x H. This condition is equivalent to the following inequality:

laxbla < Cillallz - [bllu, VaeHy C L, beL;

(B) the algebraic multiplication * generates a bounded operator in H . This condition
is equivalent to the following inequality:

la b, <ChllallL-|blla,, Va,beHyC L
(C) the algebraic multiplication is Hermitian,

(axb,c)g = (bya*xc)g, Va,b,cée€ L.
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Under these assumptions we define the action of b(y) in the following way:

(6) be)f=p*f, p¢€H CL, VYfeH.
Assumptions (A), (C) correspond to a condition on the operator b(y¢) of [11, Theo-
rem 8.1]. Assumption (B) corresponds to the smoothness condition (axiom (e)), because

ool (ry) < Collolln < Collolla,

(see [11, paragraph after formula (8.19)]).
The operator B(y) is equal to the differential quantization of operator b(y). This
means, that

Bo)fn={b)®1201Q...+10b(p)1R1®...+--+1801RQ...01Qb(p)}fn.

We need the family J = (J(¢)),ecm, to be a commutative Jacobi field.

Assumptions (a), (b) are satisfied because of the way of construction of J(¢).

Essential self-adjointness and commutativity (c) follow from the general result [11,
p. 14]. Namely suppose that the family J = (J(¢)),cn, consists of algebraically com-
muting matrices and for all ¢ € Hy : |l¢||g, = 1 the series > 7 |lan(¢)|| ™" diverge.

Then the corresponding operators A(p) are essentially self-adjoint and strongly commute.

%) 1 e <] 1 _
In our case, >~ Tontal >3 Tros =

Regularity condition holds in our case while V,, ,, = Vn!Id.

Definition 3.1. The Jacobi field J = (J(¢))ycn, that is built in the above specified
way is called a generalized Poisson field.

It is possible to apply the projection spectral theorem (see [11, Theorem 5.1]) to the
field J. Here we give only the final result. It is necessary for introduction of the term
spectral measure.

Theorem 3.2. For the Jacobi field J there exists a Borel probability measure p on the

space H_ (the spectral measure) and a vector-valued function H_ > & — P(§) €
(Fan(Hy))' such that the following statements hold:

1) For every & € H_ the vector P(§) = (Py(£))52o € (Fun(Hy)) is a generalized
joint eigenvector of J with eigenvalue &, i.e.,

<P(§)7J(<ﬂ)¢> = <§7¢><P(£)7w>? ¢€H+7w€]:ﬁn(H+)'
2) After being extended by continuity to the whole space F(H )the Fourier transform

F(H) D Fan(Hy) 3 @ = (D)l = (I2)(E)
= (2, P(€)) = Y _(®y, Pu(€)) € L*(H_, dp)
n=0
becomes a unitary operator between F(H) and L*(H_,dp).

3) I maps every operator J(p),¢ € Hy into the operator of multiplication by the
function H_ > &+ (£, ¢) € R in the space L*(H_,dp).

The angle brackets (-,-) denote the pairing between the positive H; and the negative
H_ spaces.
Now we can formulate the main result of this paper.

Theorem 3.3. Let L be a real Banach algebra, H,, H_ be real separable Hilbert spaces.
Assume that L is dense in the real separable Hilbert space H. Let H, — H be a dense
quasinuclear embedding. The Hilbert rigging has the following form: H_ D H D L D Hy.
Additionally we make the following assumptions:

DAl < -l < U Hla s

2) |laxbllg < CillallL - |bllg, Ya € Hi,b€ L;
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3) llaxblla, < Collalle- b, Va.be Hys
4) the multiplication is Hermitian, (a*xb,c)g = (bya*c)y, Va,b,c € L;
5) Jw € H : the set {a*w|a € L} is dense in H.
Then on the space H_ there exist a o-algebra I and a measure o, that is spectral for the
generalized Poisson field A = (A(@))pemn., , for which the Fourier-transform has the form

/ ") do(z) = exp ( /M(eW) — 1 —ip(t)) dy(t)),

where M is some Hausdorff compact, v Borel measure.

It is interesting to note that in comparison with the analogous result in the paper [10,
p. 128], for the case of the generalized Poisson field, the support of the spectral measure
is contained in the compact set M. Thus here we don’t have a ”pure” generalization of
the classical Poisson field case (where the support is a subset of real axis).

The proof of the theorem will be conducted in several steps. The next two sections
describe the way how we can pass from abstract Hilbert spaces to scalar-valued functional
spaces without a considerable loss of generality.

4. FOUNDATION OF REPLACEMENT OF THE BASE CHAIN

Here we prove an abstract theorem that will substantiate the replacement of the
Hilbert rigging with the one where, instead of the zero Hilbert space, one uses L? and
the abstract algebraic multiplication maps into scalar one. The main result of this section
is contained in the following theorem.

Theorem 4.1. Let £ be a commutative complexr Banach algebra with involution, $ be a
complex separable Hilbert space and the following assumptions hold:

1) £ is dense in 9;
2) Va,be £, Jlaxbly < Clalle - [blls;
3) Va,b,ce £, (axb,c)g = (ba**xc)g;
4) Jw € 9 such that the set {a *w|a € L} is dense in 9, ||w||s = 1.
Then there exists a Hausdorff compact set M and a Borel measure v : B(M) — [0;1]
such that
a) there exists an isometric isomorphism G : §——LZ(M,dv) (the index C denotes
that field of scalars of this space is C);
b) denote by Y, € L(9) the operator of multiplication by the element a € £ (it exists
due to assumption 2). Then its resolution of identity, E,, is mapped, under G, into the
operator of multiplication by a continuous function from CC(M).

Remark 4.2. Assumption 3) is equivalent to Y* = Y,~, Va € £. It’s necessary to draw
attention to the fact that the operators of multiplication have the same multiplication
structure as the algebra, Y,Y, = Yy, Va,b € £. And as a consequence they form a
commutative family of normal operators, Va € £

YaYa* =Y Yo =Yoo =Yoo =YYy = Y;Ya.

Proof. Let A be the algebra generated by the family of resolutions of identity F,(-) of the
operators Y, (first build the linear span of all possible linear combinations of all possible
products of resolutions of identity E,(A),VA € B(C),Va € £, then complete it in the
norm || - [[£¢g)). It is well-known that the space A obtained in this way is a C*-algebra
with identity Id = F,(C).

According to the Gelfand-Naimark theorem (see [7, p. 311]) there exists an algebraic
isometric isomorphism g : A — CC(M), where M is a Hausdorff compact space of
maximal ideals of the algebra A.
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In a similar way as it was done in [12, p. 208], consider the linear functional
(:CY(M) —C, f(a)= (gfl(a)w,w)ﬁ, o€ CY(M).
The functional ¢ is continuous due to the following inequality:
10(0)] = (g™ (@)w,)5] < g~ 1@l es) - 113 = leloeqan.
Moreover, it is non-negative, Yo € CY(M) : «a(t) > 0 V¢t € M it holds ¢(a) > 0. The
proof of this statement is conducted as follows. Let a € CC(M) : a(t) > 0 ¥Vt € M.

Choose a concrete linear bounded functional tg € M : t(A) = (Aw,w)g YA € A. Recall
that the Gelfand transformation is defined by (g(A))t = t(A), Yt € M, A € A, so

0 < alto) =to(g™" (a() = (97" (@()w,w)s = l(a), thus  £(a) >0.

By the Riesz theorem, the functional ¢ can be presented as
0(a) = /Ma(t) (), aecCC(M),
where v : 8 — R is Borel measure. This is a probability measure, because
v(M) = /M Lu(t) = (1) = (g7} (1w, w)g = (ldw,w)s = [w]? = 1.
Proposition 4.3. VA, B € A the following equality takes place:

(Aw, Bw)s = (Q(A)ag(B))Lg(M,du)-
Proof.

(Aw, Bw)s = (B* Aw,w)s = la(B* A)) = ((g(B")g(4)) = ¢(g(B)g(A))
= [ @) OB ar(e) = (04905 a0

Proposition 4.4. The set {Aw|A € A} is dense in .

Proof. Tt is sufficient to prove that the set {E,(A)wla € £, A € B(C)} is dense in $.
Let f L E,(A)w Va € £, YA € B(C), then

(@s.£)o = (Ve s = [ (BN, g = 0.
Thus f L a*xw Ya € £, but this set is dense in £, so f = 0. (]

Corollary 4.5. There exists an isometric isomorphism G : §——L2Z(M,dv) with the
property
(7) G(Aw) =g(A) VAec A

Proof. Define G on the dense (due to Proposition 4.4) set A = {Aw|A € A} C $ using
the formula (7).

Due to the properties of the Gelfand-Naimark isomorphism g, we have Rang =
CC(M). And from (7) it is obvious that Rang = RanG. So RanG = G() = CC(M).

Due to Proposition 4.3, G is an isometry and can be continued to an isometry G with
the domain Dom G’ = §. Since the range G(2) = C%(M) is dense in LZ(M,dv), we
obtain Ran G = LZ(M,dv). Thus G is an isometric isomorphism between the spaces $
and L(%(M ,dv). We shall preserve the old notation G for this isometry. (]

Proposition 4.6. Under the action of the isometry G, each operator A € A is mapped
into the operator of multiplication in LE(M,dv) by a continuous function (g(A))(-),

(GAN)) = (g(A)) () - (GF)(), YfeH, VAeA
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Proof. Fix any f € $. Due to Proposition 4.4, 34, € A: A,w Il5 f- All the following

limits are taken with respect to the norm || - [|12(az,av)
G(Af) = lim G(AA,w) = lim g(AA,) = lim g(A)g(A,)

=9(4) lim g(4,) = g(A) lim G(Aw) = g(A)(Gf).

Note that the equality lim, o g(A)g(A4,) = g(A) lim,—« g(A,) follows from compact-
ness of M,

l9(A)g(Am) = g(A) lim g(An) L2 (a1,a)
< max lg(A)| - lg(Am) — lim Q(An)HLg(M,du) =0,
n—oo
0

Corollary 4.7. Take in the previous statement A = FE,(A) for some fixed a € £,
A e B(C),

(G(E(D))) () = (9(Ea(A))) () - (GF) ()

This formula corresponds to the statement b) of our theorem. Making another step,
we conclude that due to the former equality being valid for every A € B(C) we have the
equality of the measures,

dG(Ea(-)f) = (dg(Ea(-))(GS),
and we are able to determine the image of the operator of multiplication Y, under the
action of the isometry G,

. cano =6( [ aamng) = [racEon = ( [ raeo) @
= lo( [ram.0)0)] - @00 = GRatra)

This formula is valid because both G and g are linear and continuous. Thus Y, belongs
to the C*-algebra A and is mapped into the operator of multiplication by a continuous
function g(Yy,)(+). O

5. REPLACEMENT OF THE BASE CHAIN

Now we are able to replace the abstract algebraic chain (5) with a chain of functional
spaces and make sure that this construction in essence is still quite general.

First we should build complexifications of the spaces H and L. Denote them by $ = H¢
and £ = L¢. In accordance with the just proved theorem and (8) we can map Hg into
the space L2(M,dv) and Lc into the subset {g(Y,) | a € Lc} € CC(M). By taking real
subspaces we obtain an isometric isomorphism between the real parts of these spaces,
H = L} (M,dv), L — CR°(M). Recall that the real part of an algebra with involution
is the set of elements that are invariant with respect to this involution.

The main purpose of the replacement of the base chain is that the abstract multi-
plication turns into the usual scalar multiplication. This allows us to use a wide range
of well-known properties of L? instead of dealing with quite obscure properties of the
abstract H.

By restricting the isometric isomorphism G from H onto its dense subspace H; we
obtain a bijection between H, and some subset ffu C L% .(M,dv). Since Hy C L and
all images of elements of L are continuous functions we can conclude that E@ consists
of continuous functions. Taking, by definition, [|G(a) 7, = llalln. Va € Hy we obtain a

new Hilbert space (Hy., || - |77, )R isometric to H,. In the same way we build H_ < H_.

As a result, the original chain (5) turns into

(9) H_ > L3, (M,dv) > CR(M)> H,.
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We finish this section with the proof of an essential fact that plays an important role in
the whole paper and is not obvious.

Theorem 5.1. The space L%, (M, dv) is separable.

Proof. We shall use the following well-known fact ([14, Chapter 11.4, Theorem 4]):

Let (X, F, \) be a space with a o-finite measure, F = ca(K), K the semiring of subsets
of X. (Here we denote oga(7) the sigma-algebra spanned over the class of sets 7.) Then
forany f € L (X, F,\) and Ve > 0 there ezists a function h(z) = >"1_, cika, (), t € X,
A; € K,c; € R such that ||f — h|lL» <e.

Corollary 5.2. If the semiring K consists of a countable set of subsets then the set
{31 cika,(t): ¢; €Q, t € X, A; € K, j € N} is countable and dense in L (X, F,X).
Thus LP is separable.

In C, the set K = {(a,b] x (¢,d] : a,b,¢,d € Q} is a countable semiring. It is easy to
prove that the Borel o-algebra B(C) = oa(K). Denote by G(C) the class of open sets in
C. By definition, B(C) = ga(G(C)).

The topology of M was built as the weak topology, the open sets from M are preimages
of open subsets from C for the functions g(4) : M — C, VA€ A

G(M) = {(9(A))"'(U): U€g(C), Ae A} ={(g(4))"(G(C)), Ae A}.
By definition, B(M) = oa(G(M)). It’s not difficult to check that
B(M) = oa({(9(4))7'(K), A€ A}).

From the properties of preimages, it follows that each class of sets (g(A))"1(K), A€ A
is a countable semiring. There is only left to prove that it is sufficient to take only a
countable part of A € A to build B(M).

If the algebra A is separable (it is really so because L is separable from the very
beginning) the problem is solved. Let (A4,,)32; be a dense countable set of elements from
A. Take any A € A and choose a corresponding subsequence A,,; that approximates it,
Ap; — A. The following equality takes place:

max [g(A)(t) = 9(An,) ()] = l9(A) = 9(An,)llcar) = 14 = An, |4 =0,
This means that images of g(A) and g(A,,) tend to coincidence.
Let e = W, k € N. Here the function m : N — N is defined recursively,
m(1) =1, m(k+ 1) = 2m(k)(m(k) + 1) — 1. There exists M € N such that
1
Vi = M, A) —g(An, _—.
5> My a(4) = (4o < o
Take two rectangles (ay, bx] x (ck, di] C (a,b] X (¢, d], where

1 1 1 1

—— bp=b-——— = —, dp=d— ——.

m@m T mm T T )

Denote T = (97" (An,))((ak, bx] % (c,dx]). We have maxteT 4w 19(A) () — g(An,)(t)]
< maxeenr [9(A)(8) — 9(An,) ()] = [lg(A) = 9(An))llcan) < gy But (9(An ))( k)
= (ag, bx] x (cx, dg] C (a,b] X (¢,d]. Moreover, by the construction,

ar = a -+

i - max —
e (ak,gzl]lnx (ck’dk] |T_S| - m(k:) > m(k)—|—1 >t€TJk|g( )(t) g(AnJ)(t)‘

s € 9(a,b] x (c,d]
We can conclude that Vj > M,
9(A)(Tjk) C (a,b] x (¢, d],
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: 1 1 1
r € g(A)(T,) Pl 2 S T M 1 T me R + 1)

s € 9(a,b] x (¢,d]

And if we take next €41 = m(k+11)+1 = 2-m(k)(in(k)+1) and build the corresponding
set g(A)(Th, k) we will have the following inclusion g(A)(Tar, k) C 9(A)(Tar 1 k+1)
C (a,b] x (¢,d]. So we have a monotone sequence of sets that span (a,b] x (c,d] from
inside. Thus (g(4)) " ((a,b] x (¢, d]) = Upex 9(A) (Tar 1)

We have shown that any element from {(g(A4))~1(K), A € A} can be represented as
a countable union of elements of {(g(A,))"1(K), n € N}. That’s why

aa({(g(A))"1(K), A€ A}) C ga({(g(A,))"(K), n € N}).
The opposite inclusion is obvious, because A,, € A. Thus
B(M) = oa({(9(An))"(K), n € N}).

The family in braces is countable and derive o-algebra (it can be checked that the ring
K = k(K)) is also countable). So the linear combinations with rational coefficients of
indicators built over sets from K with values in Q will form a dense subset in L3 (M, dv).
Thus L? is separable. O

6. SPECTRAL MEASURE FOR A FINITE-DIMENSIONAL SUBSPACE

The main purpose now is to adapt ideas from [10] to the chain (9) and then to apply
the obtained results to the original chain (5). The main difference between the case under
discussion and the case described in [10] is that the zero Hilbert space L? is built over a
compact set M instead of the real axis.

Consider some fixed finite partition of the compact set M into Borel sets 71, ...,7q4.
Consider x;(t) = k4,(t), t € M,j =1,...,d and build a d-dimensional subspace Hy C
L%, (M, dv) of functions ¢(t) = Z‘;Zl @;#;(t). By associating each function ¢(-) € Hy
with a d-tuple of real numbers (1, ..., pq) € R? the space Hy, can be interpreted as the
space R<.

The initial Jacobi field J = (J(¢)),en, that acts on the Fock space F(H) is mapped
under G into the Jacobi field J = (j(s"))@elh that acts on the Fock space F =

F(L%,(M,dv)). Note that Hy; ¢ H, because the indicators are not continuous. But
the spaces H, and ﬁ+ have the same multiplication (the ordinary pointwise complex
multiplication, that is the image of the algebraic multiplication under G).

Consider two families of Jacobi matrices. Construct J = (J(p)) perr, that act in the

Fock space F. Consider then the same set of matrices .J; acting as restriction of J (p) € J
to the subspace F (I:Id) c F.Itis possible to calculate the spectral measure of J; and
then prove that it is common for both families Jy and Jd The next step will be passing
to the limit with respect to d to carry the obtained result from Jd over J. At last we
shall go back to the original Jacobi field .J by applying G~1.

Construct an orthonormal basis of space Hy,

K:’Yj (t)

, j=1,...,d, teM,
v(75)

ej = €;(t) =
the orthonormal basis of n-particle subspace ]—"n(lfld),

]!
Ca = EaPM RSV e, eq =4 —— i,
arlas! -+ - ag!
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where a = (aq,aa,...,0q) € Z‘j_,ﬁm o] = a1 +ag+ -+ ag = n, e?o =1 and the
corresponding BON (Basis of Occupation Numbers) of f(ﬁd),

€a =(0,...,0,€4,0,...).

||
Construct J () € Jg as follows:
0 0

0 0

J+(6¢)éa = J_;,_(Bi) (9 = 0 =va; + 1éa+17~,
0 Vel + 1le;®eq
0

0

| (Ja|+1D)! +1)!
because \/|a| + leq = /|a + \/al'a2' aad al!zz‘!...gxd! = \/oq!agl..(.‘g!z-.»)ai)...ad!
1)! df .
Vi + \/al'ag‘ (1 2‘a|a+, ()a F)oag! VY a; + 16(01,--47%-"—1,--4&@ =Vait+ 1€a+1i' It is

quite simple to find the action of J_(p) = (J4(¢))*.
For every

F=>" > 5:18|=n f8€8 € F(Hy) the following equality is true:

(f,J_(ei)éa) Z Z Ja(J4(ei)és, €qa) Z Z Fo(\/Bi + 1ép11,,6a)

n=0 g3:|p|= n=03:|8|=n
= fafli (a’i - 1) + 1(é(a—1i)+17‘,7é04)
= fa—1.V/0i - 1 = fa_1,/i(€a—1,,€a—1,)

=3 S Vaifs(es o) = (for/aitar,).

n=03:|6|=n

Thus J_(€;)€n = \/@i€a—1,. Analogously, B(e;)én = qja;éq where ¢; = (v(v;)) /2. As
a result we have

J(ej)éa = \/aj + 1éay1; + qjojéq + \/OjEq_1;.

Let (H; )] 1 be a sequence of some complex infinite-dimensional separable Hilbert
spaces, (k(] ))z o a set of their orthonormal bases. Build the tensor product H® =
®j:1 Hj as the Hilbert space spanned by the formal products as an orthonormal basis,

kgl) ®~--®k&‘? =ka, a=(a1,...,0q) EZi.
Build the isomorphism

K:HYD — F(Hy)

kOé éOL

and the corresponding operator J(e;) = K lo j(ej) oK :

T (ej)

H(D) ) ()
Il K K|
F(Hy) "9 F(dy)

So we obtain the following expression:

Vko = \/mka+1j + giojka + /jka—1;-
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Note that kqx1; = k:(gl) Q...Q® k&jjj) ® kg_)ﬂ ® k:((f]i) Q...Q® k:g?. So the operator
A(e;) (that is the closure of the operator generated by the matrix J(e;) in H(®) is not

identity only in the space H; and this operator can be represented as a tensor product
of operators,

Alej)) =1®...910L;®1®...®1: Dom(A(e;)) — HD.

d

Here the operator L; has the following form:

0 v1 0 0 0
V1 1g; V2 0 0
L= 0 Vv2 2 V3 0
0 0 V3 3¢ V4

In the article [10] it is proved that the spectral measure of the operator

0 Vi1 0 0 0

VvVl 1 Viv2 0 0

M — 0 Vw2 2  Vh/3 0
0 0 Vhv3 3  Vhv4

is the measure 7§ ({k — h}) = ’}Tl;e*h, k € Z4. Denote by M; = qj_le. Then we have the
following spectral measure:

O'j(xj) :ngz(xj)7 T € R.
Here we use the following fact: if p(\) is a spectral measure of a self-adjoint operator
A, then for ¢ € R, ¢ # 0 the measure p(c~ 1)) is a spectral measure of the operator cA.

In our case, L; = ¢q; M, thus for spectral measures of the operators L;, we obtain the
following expression:

pjlx;) = ﬂ;;rz(q;lxj), z; € R.

Finally, the spectral measure of the Jacobi field (.A(ej))j-l:l and the spectral measure of
the field .J, is the following product:

p(x) = p1(z1) X -+ X pa(zq), == (x1,...,2q) € R

Calculate the Fourier transform for the obtained measure. The characteristic function
of the measure 7§ (sx) is

; N (ke —hpk i i\
/ e A dr (sx) = Ze’)‘(%) ¢ = exp {h (e-3 —-1- Z) } , AeR, h>0.
R =0 k! S
It is not difficult to find the characteristic function of the measure p;(z;),
/ ™% dp;(z;) = / e edn s gy wy) = exp {q; ('Y — 1 —ipjq;) } .
R R i

Note that

d d
/Rd 62(17W)dp(x) = /Rd exp (ZZ$]¢J>dP1($1) A dpd(xd) = H/Rezrgﬁojdpj(mj)
j=1

j=1
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the Fourier transform of the spectral measures has the following form:

/Rd e dp(x Hexp{q €'t —1 —ip;q;) }
(10) = exp { ;@2 (€% =1 —ip;q;) }
— exp { /M (eW) 1 w(t)) du(t)}

The last formula is obtained in the following Way Build the function ¢(-) as a lin-
ear combination of indicator functions, ¢(t) = Z] L — m K, () = ijl ©;qik;(t).

Then rewrite the sum in braces in an integral form using the measure v.

7. THE SPECTRAL MEASURE OF jg;

In this section we prove that the spectral measures of Jy and jé’ are identical.
Let P, be the projector from L2 (M, dv) into HS (here C denotes the complexification),

(11) Vo € LA(M,dv), Py = Z v, €e)e

Then the operator chn) acts from F,, (L%, (M, dv)) into F,,(Hy). Let

Vi€ FulLgo(M,dv)), f= Y faleat?"®.. 8™ 8. .].
a€LTg,
la] =n

Here the part of vectors that is denoted as the last dot sequence belongs to the orthogonal
complement F,, (L3, (M,dv)) © F,(Hg). Then for P(") we have the following expression:

PPf= 3 faleac!™®... 85 € Fu(Ha), m<n.
o€ Z+ fin
la] =n

Construct the following projector P :
P =@ P : F(LE (M, dv)) — F(Hy).

Proposition 7.1.
Vo € Hy, Vf € Fan(Lg(M,dv)) J(p)Pf = PJ(¢)f.

Proof. Recall that J(¢) = J+(¢) + B(p) + J_(¢). So the equality can be checked for
each component of J(p) separately.
Ji(p): Yo € Hy, Vfy € Fu(LE (M, dv))

Py (an(@)fu) = PYTV (VI F 18 £0) = Vi Tod(Py™ fu) = an(0) (P o).
To obtain the same result for J_(y), it is sufficient to form the adjoint of the equality
just proved, P\"™a, (¢) = an(p) P

an ()P = P (o).
There is only left to prove the same equality for B(cp) It is sufficient to show that
Vo € Hy,p € LE(M,dv)  Piy(p-4) =@ - Pyp.
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This can be done by an explicit calculation using (11) and the property of orthogonality
of e;. |

Now we can prove that the spectral measures of Jy and j(j are identical.

Proposition 7.2. The family jfi’ has the spectral measure

plx) =p1(x1) X -+ X pa(xq), == (x1,...,24) € R?,

where

¢ o (q; ;).

pila;) =m

Proof. Take the Jacobi matrix J(¢), ¢ € Hy. This matrix generates an operator A(y) :
Fiin(Lo(M,dv)) — Fgn(L,(M,dv)). By taking the closure of this operator in the
space F(L%,(M,dv)) obtain the operator A(p). By taking closure of A(y) in F(Hy) we
obtain the operator A’(p). Since F(H,) is a subspace in F(L3 (M, dv)) it is obvious
that DomA’(p) C A(p). On finite vectors both operators act identically, so the following
equality is true: . ~
A(p)Pf =A'(p)Pf, f € Dom(A(p)).

Note that for f € Dom(A(y)), we have Pf € Dom(A’(¢)) C Dom(A(p)).

Denote by E,, the resolution of identity of A(y) and consider the measure E,(-)P. Its
range consists of projectors in the space F (ﬁd). E,(-)P is some resolution of identity,
because the operators P and A(y) strongly commute (see the previous statement).

Since Vf € Dom(A(¢)) C F(Hy)

A(o)f = X(o)Pf = A(p)Pf = /R ME,(\ P,

the measure E[(-) = E,(-)P is a resolution of identity for A’(). The corresponding
spectral measure p/, was found in the previous section. Since Q € F (Hy) we have
PQ=Q.

From the procedure of construction of the joint resolution of identity for commuting
self-adjoint operators (see [10, Sec. 3]) we have YA € B(R9)

PL(A) = (L (A)Q) 1) = (Eo(D)PRQ) 1) = (B D), Q) 512, (a1, = PolD).

Here p,(-) is the spectral measure of the operator A(¢). Thus both spectral measures
are identical. g

8. PASSING TO THE LIMIT

We have found the spectral measure for the family JS = (J()) . Here the op-

pEH,
erators generated by J() act in the Fock space F = F(L% (M, dv)). In this section
this result will be extended to the family J = (J(¢))
F=F(L} (M, dv)).

Here is the final result:
The spectral measure p of the field Jis a probability measure on %(I:I_) for which the
Fourier transform has the form

/ﬁ, e ?)dp(x) = exp (/M(ew(t) —1—1ip(t)) dy(t)>’ peH,.

pefl, that acts on the Fock space

The angle brackets (-, -) denote a pairing between the positive fI+ and the negative H_
spaces.
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_ We shall use the notations from the previous section. Each operator of the family
A= (A(¥)) e fr, can berepresented as a spectral integral in two ways: using the standard

resolution of identity and using the corollary of the spectral projection theorem (see [10,
p. 125]),

Ao = [ O dBo) = [ XdB),

Here E(-) is the joint resolution of identity of the family A (see [10, Section 3]). Thus
Vo € H, the following equality takes place:

iA(p) p _ i) _ ix
e f /ﬁ[,e P AEN) f /Re dE,(N)f.

The Fourier transform for the spectral measure p of the field A has the following form:

/A ei<x’“">d[)(x)< /A e“’\’“")dE()\)Q,Q)
H_ H F(LE (M,dv))

= </ eiAdE¢(A)Q,Q> _ (em(“")QQ) .
® F(LE,(M,dv)) F(L2 (M,dv))

Since fI+ C CRe(M), each function ¢ € fLr can be uniformly approximated by step
functions ¢,, from the space L (M, dv) (see [13, p. 78]).
Build the corresponding operators A(e,,). In [10, p. 136] it is proved that, in the weak
sense,
E

Note that this proof uses the fact that v is a finite measure. Continue the chain of
transformations for the Fourier transform of the spectral measure,

(e@W)Q, Q) — lim (eif‘(%m, Q)
F(L%,(M,dv)) n—00

on — Ly, m— o00.

F(L%,(M,dv))

= lim [ e*d(E,, (\)Q,Q)

n—oo Jp f(Lf{e(M,dz/))

= lim [ e™dpy,, (N).
n—oo R

Associate the step function
dn
Pn(t) =Y Xk - Liey (1)
k=1

with the vector (x1,...,Xd,) € R%. Then the operators A(g,) belong to the family
(A(¢))perin - Transform the last integral to the form that is convenient for applying the
corresponding result for the finite-dimensional case (formula (10)),

/ Ndp,, (V) = ( / e“dEW(A)Q,Q)
R R F(LR(M.dv)

- ( / i (#n)gan dEn(x)Q,Q) :/ e!oemlsin dpy, (x),
Rim F(L3 (Mdv))  JRin

where pa, (6) = (En(0)Q, Q)72 (mav)), 0 € B(R9") is the spectral measure of the
family (A(Qp))tpER’% = Ay, . After applying (10) we finally obtain

[ i) = e ([ (@ 1 i) avio)

n—oo

= exp ( /M(ew“) —1—ip(t)) du(t)).
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The last equality is obtained using the classical Lebesgue theorem: ¢ & ftﬂ - L%C(M, dv),
n are integrable and tend pointwise to . Here we have even uniform convergence. ¢ is
a continuous function on the compact set M, so this function is bounded and the family
¢p, is uniformly bounded: 3C € R:Vn € N,Vt € M : |p,(t) < C|. Here C is a constant
that can be used as majorant in the Lebesgue theorem. It is integrable because the
measure v is finite. The proof is finished.

The last thing left is to build the preimage of the spectral measure dp onto the space
H_. Denote $f = G~ (B(H_)) = {G"1(A) : A € B(H_)} and the corresponding mea-

sure image o(9) g p(G(9)) Vo € i In accordance with the theorem about change of
variables in spectral integrals obtain the final result.
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