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ON WHITNEY CONSTANTS FOR DIFFERENTIABLE FUNCTIONS

T. TUNC

ABSTRACT. Some estimates of the constants in Whitney inequality for the differen-
tiable functions are obtained.

1. INTRODUCTION

Let Ny := NU {0}, P,, be the space of algebraic polynomials of total degree at most
n € Ny, C'[a,b] the space of the real valued continuous functions on the closed interval
[a,b] equipped with the uniform norm,

||fHC[a,b] = m%l[%ﬁ] |f (@),

and C" [a,b], 7 € Ny, be the set all r-times continuously differentiable functions f €
C [a,b], C°[a,b] := C [a,b]. The deviation of f € C [a,b] from P, is defined by

E, (fv [(L,b]) = Plrég} Hf - Pn”C[a,b] .

The purpose of the paper is to estimate the constants W (k,r), k € N, in the well
known Whitney Inequality: if f € C" [a,b], then

Erir1 (, [a,B]) < W (k,7) (b‘k“)rwk <b =LY [a,b]) 7

where

wi (t,g,[a,b]) = sup  sup |Afg ()]
0<h<t z€la,b—kh]

is the k-th modulus of smoothness of the function ¢, and
k o
At =3 0" (5 ot in)
§=0
is an m-th finite difference of g.

Many mathematicians have tried to estimate the Whitney constants: see, say, [1-8]
for the references. Burkill [1] obtained the only known precise result: W (2,0) = 1/2.
Whitney [2] proved that W (k,0) < oo for each k and gave numerical estimates for
W (k,0) when k£ < 5. In 1982, Sendov [3] conjectured that W (k,0) < 1 for all k.
However, this conjecture has been proved only for ”small” k’s: Whitney [2] for k& = 3,
Kryakin [4] for k = 4 and Zhelnov [5,6] for k = 5,6, 7,8. In general case, the most recent
result is due to Gilewicz, Kryakin and Shevchuk [7] who proved that

1
W (k,0) <2+6—2, keN.

It follows from Lemma 1, below, which belongs to Zhuk and Natanson [8] that

1
W (k1)< —, keN,

€0
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where o, = 14+1/24---+1/k. For r > 2 the estimates of W (k,r) are not known, except
those, that readily follow from the estimates W (k,0) and W (k, 1).
The main results of the paper are the following.

Theorem 1. We have

9 2
W(k,2)<( ) , kel
€0k+1

Theorem 1 follows from Theorem 2.

Theorem 2. For any f € C?[—1,1], there is a polynomial Py, 1 € Pj1 such that

k
£0) = P @] < ey (1= ) 0@+ g ) (50 1-1,11).
ze[-1,1],
where 11 (z) := H] olx+1—=25/k).

Remark 1. The method of proof of Theorem 1 carries over to the case r = 3 and r = 4,
so that one can obtain the inequality:

W (k,r) < <r> . keN.
E0k4r—1

Theorem 3. Forr € N, we have
1

Wl < r122r+1 cog

2(7"11) .

Remark 2. Similar arguments in the proof of Theorem 3 provide
1

127 cos? 5

where r* = 2[(r + 1)/2] + 1, where [a] stands for the integral part of a.

W(2,r) <

We prove Theorems 1-3 in section 3.

2. AUXILIARY RESULTS

In this section we shall give some auxiliary facts and notations which we will need in
the proofs of the theorems. First let us give the following lemma which we will generalize
in the end of this section.

Lemma 1. [8, Lemma 3]. Let f be an absolutely continuous function on [a,b] and
zj=a+jh, j=0,1,2,....k h="2 Then
k
(x — ;)

f(@) = L@ fizo, @, a) = = /A pf (au+ 2z (1 —w))du.

hkk'

Let k£ € N and {y; }520 be a collection of distinct points y; € [a, b]. Recall, the divided
difference of a function g : [a,b] — R is defined by

k
g\Y;

[y07y17"'7yk;g]zz % (J) .

§=0 Hi:o,igéj (y; — vi)

Denote by L (z; g; yo, Y1, - - - » Y ) the Lagrange polynomial of degree < k, that interpolates
the function g at the points y;. Then, as well known

k
g(‘r)_L(x;g;y07yl7"'7yk>:[may07y17"'ayk7 H m_yj 33759]’ J:O7
7=0
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Now, let n € N and {z;};_, be a collection of points x; € [a,b] that may coincide. Let
{yj}?:() be a collection of distinct points y; € [a,b] such that each of n + 1 points z;
coincides with one of the points y;. Let a point y; coincides exactly with s; points z;, then
the number p; = s; — 1 is called “multiplicity” of the point y;. Clearly, Z?:o s; =n+1,
that is E?:opj = n — k. Let a function g € Ca,b] have p; first derivatives at a
neighborhood of each point y;. The Lagrange-Hermite divided difference of order n of
the function g at the points x;, ¢ = 0,1,...,n, is defined by

ﬁ 1 anfk
[I07I1,...,$n'g] = ( ) [y()vyla"'ayk’.g}'
=\ o) s ’

For n = 0 set [z9;9] = g (z9). The Lagrange-Hermite divided differences possess the

same properties as the ordinary divided differences. Say, if xg # x,, then

[1'171:2’ s 7$nag] _ [$0,1'1, s axn—l;g]
(n — x0)

(1) [x07$13-"axn;g] = )

if ¢ is a constant and g(z) = (z — ¢) f(z) then

(2) [l’o,l’l, R axfug] = [Il,-TQ, s 7$n7f] + (:CO - C)[x()?zla s a‘rn;fL

and then, let L (z;g;zo, 21, ..., 2Zy) be the Lagrange-Hermite polynomial of degree < n,
that interpolates the function g at the points yg, 91, ...,yx and interpolates all first p;
derivatives of g at the each point y;. Then

k
(3) g(gj) *L(l’;g;Io,lﬂl,...,Ik) = [‘raanxlv" '7Ik;g} H (I*I]),
j=0

r#z;, j=0,n.

Lemma 2. Let r € Ng, n € N, 7 < n and {z;},_, be an arbitrary collection of points
x; € [a,b]. If, a function f € C[a,b] has the the r — 1-st absolutely continuous derivative
on [a,b], then

(4) [:vo,xl,m i 1 = [T, Trgrs o T £l

where fo(z) = f(x), fi(z ff’ (xt + (1 —t)xo)dt and, for r > 1,

t1

1 tr—
) = // / TN @ty 4 (g — ty) Ty 4 - + (b1 — ta)zy 4+ (1 — t1)20)
0 0

1

X dtr v dtgdtl.

Proof. The proof is by the induction on r. If » = 0, then the equality (4) is trivial. We
assume that it has been established for a number r — 1, that is

(5) [x()?Il;"'vxn;f]:[IT’—laxrv-"vxn;f’r‘—l]~
Since
froi(@) = (=) fr(x) + a1
where ¢ = 2,1 and ¢; = fr_1(2y—1), then for the number r, (4) follows from (2)
and (5). O

The same arguments provide

Lemma 3. Let rg € N, n € N, rg <n, and {z;}]_, be a collection of points z; € [a,b]
such that at most ro+ 1 points x; may coincide. If a function f € C'[a,b] has the r —1-st
absolutely continuous derivative on [a,b], then (4) holds for each r =0,1,...,79

)
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The following lemma generalizes Lemma 1 (which is for » = 1) and follows immediately
from previous lemma and equality (3).

Lemma 4. Letr € N, n € N, r <n and {z;},_, be a collection of points x; € |a,b] such
that for j=r,r+1,.

zj =z, +h(j—r),
where h=2/(n—r). If f € C"[a,b], then

.T*Ij 1

tr—1
f($>_L(m;f;x1>x25-~-7xn) = hn r nir '// / Aitrg(xr)dt,«---dtgdtl,
0 0

where g(u) = f) (uty + (tr—1 — tp) Tpo1 + -+ (1 — ta) 21 + (1 — 1) 2).

3. PROOFS OF THEOREMS

From now on [a,b] := [—1,1]. For simplicity of notations, we write ||g|| and wy (g)
instead of [|gflo(_; 1) and wy (2/k, g, [-1,1]), respectively.

Proof of Theorem 2. Let x; = —1+ 2j/k and Ly1o be the Hermite-Lagrange interpola-
tion polynomial of degree < k + 2, which interpolates f at the points xq, xg, x1,22,...,
Tk, k1, Tk, Tk, that is Lyio(x;) = f(x;) for j =0,1,... Kk, L5 (x0) = f' (x0) and

k+2

Lj, o (1) = [’ (21). By Newton’s formula, the coefficient Ag 2 of %7 in the polynomial

Lk+2 is
(6) Apyo = [T0,T0,T1, T2, . . ., Thy2, Th—1, Ty Ti; f] -
Consider the polynomial

A
Pis1 (2) = Ltz () — 557 Toyz ()

of degree < k + 1, where Ty 2(x) = cos ((k + 2) arccos x) is Chebyshev polynomial. The

polynomial Py is the desired one in Theorem 2. Indeed, since ||Tk12|| = 1, we conclude
that

| Agt2] o
(7) |/ (@) = Pir (@)] < If (2) = Liya ()| + o = +

First we estimate i5. Using (6) and Lemma 3, we obtain

1 ty

Ak_;,_g Z//[.%‘Q,xl,...,l‘k;g] dtgdtl,
0 0

where g (u) = f" (ute + (¢1 — t2)xk + (1 — t1)x0). Since

k¥ k" 2
< ka (k7g7 [_la 1])

|[$L’O,J]17. .. ,wlﬁg“ = WAé/kg (.’L'0>
k- 2 kk
S (ktz,f -11]) < g (),

. | Apt2 | Ek
(8) 2= R 22k+1k| wi, (f") dtzdty = Pk (-
0 0
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Let us now estimate 1. By (1), (3) and the Lemma 3, we obtain

f(ﬂ:) _Lk+2 (I) = (IQ - 1) H(I) [IO,Io,iL’l,...,Ik_l,.fk,l'k,x;f]
B (:L'2 - 1) II (x)
N 2
X ([’130,331,. .. ,Ik_l,fﬂk,l‘k,l';f] - [$0,$0,$1,. sy L1, Tk, T3 f])
B (x2 — 1) II (x)
1 tl 1 t
(// Loy L1y Tk g1 dtgdtl—// Loy L1y---yLhkyg— 1]dﬁ2dt1>
00
where g; (u) = f" (uta + (t1 — t2)z + (1 — t1)1), I = —1,1. Hence
|f (z) = Lit2 ()]
1 ty
(9) 1—22) |0 (z
< ()'()'//(on,xl,...,xk;gln+|[xo,x17...,xk;g_ln)dtzdtl.

- 2

As in the estimation of io, the inequality (9) gives

kk 2
= 17 @) = L () < U EIM@L gy

After adding this inequality to (8), by (7), we obtain the desired assertion. O

Proof of Theorem 1. In order to prove Theorem 1 it is enough to check the inequality

(10) (e mes o) < (-2 serny
ok+1[] v v 2k+1 ) =\ ekopyr ) v T

We first prove the estimate
kF | (2% = 1) I (2)| 4 2
11 < , ~1,1].
(11) 2k+1E! (e(kak—i-l)) zel ]

Indeed, put h = 2/k. Since, for —1+h <y < —h/2 and k > 4,

(y+n)? D)Wy +h)| _ (y+h+1) (A= +1)*)
(y* = 1)) I(y) (1-y)(1-y?) 7
then
2 _ 2
e | (% = 1)) ()| pe e | (2 = 1)) T()|.
If-1l<ax<-1+2/kand u=k(z+1)/2then 0 <u <1 and
a2
i w?(1-3) (1-4)-(1-35) (01— %)
ok+1! |<.’£2 - 1) H(x)| = k2
k+1
4u? |:]. — %} 4u267(0k+1/k)u

<

k? b k?

On the other hand, applying similar arguments to the case —1 + h < z < —1 + 2h, we
obtain (11). Now, taking into account (11) and the inequality k! > k*e~*v/27k which
follows from Stirling’s formula , we get

W (k,2) < (e(ok +1/k

2 )2 N VkeF
) 4k+2./971 "
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It is easy to check that

(com) + s < ().
e(ox +1/k) 42210 ~ \eopyr)

say, for k > 33. Thus, (10) is proved for k > 33. For 1 < k < 4 and 10 < k < 33 we
check (10) by the direct calculations. For 4 < k < 10 we also use the direct calculations,
replacing ”1/2¥1” by 7 (1/28+1) | Ty 45(2)|” in (10). O

Proof of Theorem 3. Denote by y; = cos (22(3:'_:1);, j=0,1,...,7, the zeros of the Cheby-
shev polynomial T,_;. Let L, be the Lagrange interpolation polynomial of f at the

points y;. Then it follows from (3) and Lemma 3, that

T, T

@) - Lo = | P2 o1, 1)
< llwo,ari fo)l = s fo(w0) — fo(@)
= o Lo, Lyrs Jr|| = 2T(:,130 _mr) r\L0 r\Lr

1 1 t tr—1
— 9rt+lcog T ///w ((Z‘o _mr)traf(r)a[_Ll])dtr"'dthtl
2(r+1) 5 b 0
1 T
< (r)
= prgr1 O 2(r+ 1)w (f ) ’
where

t1 tr—1

1
ﬂ(u)::Z}/.” Jﬁf”“u@¢+(u_l—tﬁxp4—%~~+—@1—t@x1+(1—tﬂx)

X dtr cee dtgdtl.
]
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