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INVERSE SPECTRAL PROBLEMS FOR COUPLED OSCILLATING
SYSTEMS: RECONSTRUCTION FROM THREE SPECTRA

S. ALBEVERIO, R. HRYNIV, AND YA. MYKYTYUK

Dedicated to M. G. Krein, with admiration.

ABSTRACT. We study an inverse spectral problem for a compound oscillating system
consisting of a singular string and N masses joined by springs. The operator A
corresponding to this system acts in L2(0,1) x CV¥ and is composed of a Sturm—
Liouville operator in L2(0,1) with a distributional potential and a Jacobi matrix
in CV that are coupled in a special way. We solve the problem of reconstructing the
system from three spectra—namely, from the spectrum of A and the spectra of its
decoupled parts. A complete description of possible spectra is given.

1. INTRODUCTION

The main aim of the present paper is to solve an inverse spectral problem for a class
of oscillating systems composed of a singular string and N masses joined by springs.
Mathematically such a system is described by a Sturm-Liouville operator S coupled in
a special way to a Jacobi operator J.

Namely, assume that g is a real-valued distribution from W5 1(O7 1) and denote by S a
Sturm—Liouville operator in Ly(0,1) that is formally given by the differential expression

d2

dx?
and the Robin or the Dirichlet boundary condition at the point z = 0. The precise
definition of S is based on regularisation of [ by quasi-derivatives [19, 20] and goes as
follows. We fix a real-valued distributional primitive o € L2(0,1) of ¢ and rewrite ly as

l:= +q

loy:=—(y —oy) —oy
on the natural domain
D(l,) ={y € W (0,1) |y — oy € W{(0,1), loy € L2(0,1)}.

In what follows, we shall abbreviate the quasi-derivative y' — oy to y([;l] or simply to y!!

when o is fixed by the context. We define now the operator S by Sy = [,y on the domain

D(S) = {y € D(l,) | y!/(0) = hy(0)}

for some h € RU{oo}, h = oo corresponding to the Dirichlet boundary condition y(0) = 0.

Assume that J is a Jacobi matrix in CV, N € N, i. e., that J in the standard basis
e1,...,en of CN is a symmetric matrix with real entries by, ..., by on the main diagonal
and positive entries a1, ...,ay_1 on the main sub- and super-diagonals.

Denote also by B the intertwining operator between Ly(0,1) and CV given on D(S)
by By = apy(1)e; for some ag > 0.

Finally, we consider the operator

(1.1) A= (g 3)
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that acts in the product space H := L2(0,1) x CV on the domain
D(A) = {(y.d)" € H|y € D(S5), d = (d(1),...,d(N)), y(1) = apd(1)}.

It is known [1] that A is self-adjoint and bounded below in H and has a simple discrete
spectrum. Adding if necessary a sufficiently large constant to the potential ¢ and to the
numbers by, ..., by, we can make the operator A positive and shall assume this without
loss of generality.

Remark 1.1. We observe that although the Sturm-Liouville differential expression [,
is independent of the particular choice of the primitive o, the quasi-derivative y! in
the interface condition and in the boundary condition for S if h is finite, and thus the
whole operator A, do depend on 0. We notice, however, that A is invariant under the
simultaneous change ¢ — o + C, h — h+ C, and b; — by + aoC for any real C'. This
invariance will be used in Section 4.

Along with A we consider two operators, Ag := Sx @ J and A := Sp @ J(1), where
Sy and Sp are the restrictions of S by the “Neumann” boundary condition 3 (1) = 0
and the Dirichlet boundary condition (1) = 0 respectively, and J(;) is the Jacobi matrix
obtained by removing the top row and the most-left column of J. The operators Ay and
Ao formally correspond to two extreme cases of the coupling not allowed in A: first
with no coupling at all, and the second with infinite, i.e., rigid coupling. It is easily seen
that A and A are self-adjoint extensions of the same symmetric operator with deficiency
indices (1, 1) specifying the interface condition at the point = 1, and the same holds
for A and A.. Therefore, as in the papers [8, 13, 16, 17], it is natural to study the
question, to which extent A is determined by the spectra of A and A, or those of A and
Aoo. As in the purely continuous case of a Sturm-Liouville operator [8, 13, 17] or of a
purely discrete case of a Jacobi matrix [16], one has to know the spectra of Sy and J or
those of Sp and J(;) separately—and not just their union—in order to reconstruct A.

Thus the inverse spectral problem we are going to solve is that of the reconstruction
of the operator A from the spectra of A, Sy, and J or from those of A, Sp, and J).
It generalizes the inverse spectral problems by three spectra for the standard Sturm-—
Liouville operators or for Jacobi matrices treated in the above-cited papers and is related
to the inverse spectral problem for Sturm—Liouville operators with rationally dependent
boundary conditions, see [1, 3, 4, 5, 6].

We shall solve the above inverse problem by reducing it to that of reconstructing A
from its spectrum and the sequence of the corresponding norming constants. The latter
problem was studied in detail in [1] (see also [3, 4, 5] for the related inverse problem
for a Sturm-Liouville operator with rationally dependent boundary conditions), and
this allows a complete description of the spectra for the operators involved. We shall
prove that the operator A is recovered uniquely if and only if the three spectra do not
intersect. This establishes in this special case the conjecture raised in [8] for Sturm-—
Liouville operators, which was later proved in [13]; the case of finite Jacobi matrices was
studied in [16].

The treatments of the Dirichlet boundary condition (h = c0) and the Robin boundary
condition (h € R) at the point = 0 are completely analogous, and we shall consider in
detail only the Dirichlet case. In the next section we shall derive some useful formulae
(e.g., for the resolvent of A and the norming constants) that will be used in the subsequent
analysis. In Sections 3 and 4 we reconstruct the operator A from the spectra of A, Sp,
and J(;) and from the spectra of A, Sy, and J respectively.

Notations. Throughout the paper, the prime will denote the derivative in z € [0, 1],
and the overdot will stand for differentiation in the complex variable A or z. Given
two strictly increasing (finite or infinite) sequences (a,) and (b,), we shall denote by
(¢n) := (an )1 (b,) the non-decreasing sequence obtained by amalgamating the sequences
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(an) and (b,) and listing the common elements twice. We shall write o(7T') for the
spectrum of a linear operator T acting in a Hilbert space.

2. PRELIMINARIES

It is known [1] that the operator A of (1.1) is self-adjoint, lower semi-bounded, and has
discrete spectrum A\; < Ay < ...; we recall our standing and nonrestrictive assumption
that Ay > 0.

For every nonzero A € C, we define the “fundamental system of solutions” Y_(-, \)
and Y4 (-, A) corresponding to the eigenvalue problem AY = A\Y. Namely, the element
Y_ (4, A) :== (y—(-,N\),d—(-, A))" belongs to D(A), is normalised by the initial conditions
y—(0,A) = 0, y[}} (0,\) = Vv, and satisfies the relation AY = AY in the Ly(0,1)-
component and in the first N — 1 components of CV. In other words, there is a unique
¢ = ¢(A) € C such that

-t =( )

in particular, ¢(\) = 0 if and only if X is in the spectrum of A, in which case Y_(-, \) is
a corresponding eigenelement. The element Y (-, A) := (y. (-, A),d4 (-, A))* is normalized
by the terminal condition dy(N,\) = 1, satisfies the system

lyy —Ayy =0,
aoyl (1ey + (J = N)dy =0,

and the interface condition y4 (1, A) = agd4 (1, ), but needn’t satisfy the initial condition
y+(0,A) = 0. Moreover, y4(0,\) = 0 holds if and only if X is in the spectrum of A, in
which case Y (-, \) is a corresponding eigenelement.

Using the elements Yi(-, ), it is possible to construct the Green function of the
operator A and to find the explicit form of its resolvent, similarly to such constructions
for a Sturm—Liouville equation.

Lemma 2.1. Assume that A € C belongs to the resolvent set of the operators J and A
and that (g,v)" is an arbitrary element of H. Then the element

(&) =-2()
is given, by

_ y—(xv)\) /1 B y+(z,/\) /z
y(.]?) - W()\) |: . Y+9 + (Uad-‘r( ’/\))(CN + W()\) 0 Y-g,
- dy (kN[ [ (1,0 <
d(k) = (J — \) "ok ++U y_g+ (0, de (- 0)) x|
where W(A) := y+(z,)\)y[_1] (x, ) — yE] (x,Ny—(z,\) is the Wronskian of the solutions
Yy and y_.
Proof. The function y solves the equation Sy = Ay + ¢g and thus is equal to yo + ay_,

with
y—(z,A) [T yp(z,\) [*
Yo(x) := WOy /Iy+g+;v</\) /Oy—g

being a particular solution to the above non-homogeneous problem and « some complex
number. Since d; (-, \) = faoyE](l, A)(J — A)"Ley, the relation

(2.1) aoyM(Ver 4+ (J = N)d = v

implies that d = dy + Bd (-, \) with do := (J — A\) v and some 3 € C.
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The constants « and 3 must be such that the interface condition y(1) = apd(1) and
relation (2.1) hold. By virtue of the relation

(Uv d+('7x))cz\r

do(1) = ((J— )\)—11},61) = — aoy[l](l N

the interface condition transforms into

ay_(1,A) = By (1,A) = —

y (17>‘) ! (U7d+('
WO / y=9= '

Similarly, equation (2.1) can be recast as

(1] 1
1 [ yy (1,A)
ay (LA) = By (LA) = ————— | y-g.
( + ) W()\) 0
The above two equations form a linear system for o and 3, solving which we find that
_ ('Uad%—("x))(cN _ fol y-g yE](lvA) (U,d+(',X))CN
vy T wey ey Wy

and the required formula for (y,d)* follows. a

g

The sequence (Y,(-, )\n))n en forms an orthogonal basis of the space H. We denote by
Q= ||Y_(-, \n)|| 72 the norming constant corresponding to the eigenvalue \,,. A useful
formula for the norming constants is given by the following lemma.

Lemma 2.2. Assume that A, € o(.A) is not in the spectrum of J. Then the corresponding
norming constant ay, = |Y_ (-, \,)|| 72 satisfies the equalities
_ Y (1, An)
V'XnyE](IaAn)y+(OaAn)
Similarly, if A, € 0(A) is not in the spectrum of Ji1y, then
_ y+(17 An)
VARY— (1, A0)9+(0, An)

Proof. We take an arbitrary function g € L2(0,1), put G := (g,0)*, and calculate the
Lo-component § of the element (A—\)"1G in two ways. On the one hand, the resolution
of identity of the operator A gives

(2.2) ay =

(2.3) oy =

. > o (9, - (5 M) en U= (@, Ak)
gx) = ; Y :

On the other hand, using Lemma 2.1, we find that
~ 7y_($,>\) /1 y+($,>\) /:v
Equating the residues at the point A = )\, and noting that the functions y_ (-, A,) and
Y+ (-, An) are collinear and that A, is a simple zero of W, we conclude that
Y+ (.’L‘, )‘Tl)
T T, N Y I— 'a)‘n )
252 gy
or, on account of the relation W(\) = v Ay, (0, ),
_ Y+ (35, )‘71) 1
VAnY— (CC, )\n) er(Oa )\n)
Finally, the ratio y4(x, A,)/y—(x, \,) does not depend on z, and, moreover,
y+(x, /\n) _ y+(17 /\n)

y,(:c,)\n) y7(17>‘n)

AnlY— (LL', )\n) (ga y*('? /\n))cN =

Ay =

if y_(1,A,) # 0 and
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if yE](l, An) # 0, and the required formulae follow. It remains to recall [1] that, for A,
in the spectrum of A, the equality y_(1, A,) = 0 holds if and only if A, is an eigenvalue

of J and that y[_ll(l, An) = 0 if and only if A, is an eigenvalue of J(y). O

It is known (see [6] for the case ¢ € Li(0,1) and [1] for the case ¢ € Wy (0,1))
that the eigenvalues (\,) and the corresponding norming constants (cv,) determine the
operator A uniquely. Moreover, the cited papers give the algorithm of reconstruction of
A from these spectral data. The next proposition gives also the complete description of
the spectral data, cf. [1, 6].

Proposition 2.3. The eigenvalues (\,) of A and the corresponding norming constants
(an) obey the asymptotics

M= [r(n=N)+ )% an =2+ an,

where the sequences (\,) and (&) belong to Co.
Conversely, any sequences (\,) and (ay,) of real numbers such that
(a) the A, strictly increase and have the representation A, = [r(n — N) + A,)? for
some N € N and an ly-sequence (Ay);
(b) the au, are positive and equal 2 + &, for some la-sequence (Gu,)

are the sequences of eigenvalues and the norming constants for a unique operator A of
the form (1.1).

In the following, we denote by p, p (resp. pn n) the eigenvalues of the operator Sp
(resp. of the operator Sy), and by vy j,...,vn .y (resp. vi,...,v4 ) the eigenvalues of J
(resp. of J(1)), all labeled in increasing order. It is well known that the operators Sp
and Sy and the Jacobi matrices J and J(;) have simple discrete spectra. We recall and
derive next some properties of these spectra.

Proposition 2.4. ([10, 19, 20]). There exist sequences (fin,n) and (fin,N) belonging to
l5(N) such that
(a) Hn,D = [7”7' + ,an,D]Qf
(b) g = [w(n — 3) + finN]*-
We observe that the numbers p, p are zeros of the function y_ (1, A) and p,, N—those of
[_1] (1,X). Since both functions are exponential in A of order %, they can be reconstructed

from their zeros in the following way.

Proposition 2.5. ([11]). The following equalities hold:

_ CT MkD — A U Mk N —
y_(l, A) == \/X W, 1 )\ H
k=1

Simple considerations show that the functions y4 (1, A) and yE] (1, A) are related to the
eigenvalues of J and J() as follows.

Lemma 2.6. The following equalities hold:
N—1

_ o 1 (1]
- —VE) ) -
y4+(1,2) [T -vh), v =

a1 --aN—1 i

*VkJ

u::]z

aoal

Proof. To find the representation for yE](l, A), it suffices to establish an analogous for-
mula for d (1, A). Using the relation (J—X)dy(-,\) = —aoyu (1, A)e; and the normaliza-
tion d4 (N, A) = 1, we find recursively that d; (N — k, \) is a polynomial in X of degree k
with leading coefficient (an_1---ay—_x)~!. Therefore yE](l, A) is a polynomial in A of
degree N with leading coefficient (aga; ---an_1)~!, and since it vanishes at the points
vi3,...,VnN,J, the above formula follows.
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Analogously y4(1,\) = apd4(1,) is a polynomial in A of degree N — 1 and with
leading coefficient ag/(ay ---an—1). Since d;(1,)) vanishes at the points v{,...,vA_,
the result follows. O

Finally, we find below an explicit expression for y4(0,\) in terms of the eigenvalues
A of the operator A.

Lemma 2.7. The following holds:
y+(0,0) = —(agas -+~ ay_1) H (A= Ap) HM-
7 T

Proof. In what follows, A is an arbitrary nonzero complex number. We recall that
y+(z, A) is a solution of the equation ly = Ay satisfying the terminal conditions y(1) =

Y4 (1,2) and yl(1) = yE](l, A), whence

Y (2, A) = yo (L Nu(a, A) + P (1, Nz, A),

where u(-, A) and v(-, \) are solutions of the problems

lou = du, lsv = v,
u(l) =1, v(l) =0,
ull(1) = 0, ot(1) =1.

Recalling [12] that u(z, A) and v(x, A) have the integral representations
1
u(z, \) = cos VA(z — 1) + / ki (z,t) cos VA(t — 1) dt

sinvA(z — 1) ! sinvVA(t — 1)
v A e e

for some upper-diagonal kernels k; such that k(z, -) belongs to L2 (0, 1) for every = € [0, 1],

v(z,\) = dt

and that by Lemma 2.6 yE](l, A) and y4(1,\) are polynomials in A of degrees N and
N — 1 respectively, we find that

1
\N-3
2 sin v/
Y (0,0 = -2 "Y1 4 o1
L0 =2 oy
as A — —oo.
Since y(0,)) is an entire function of A of exponential type i and since its zeros

2
coincide with the eigenvalues of A, we conclude that

ClH(“*)

keN
for some constant C; € C. Now we find that

1 pyy %o01an— y+(0,\)

A= oo )\Nfésin\f
= i St T (- ) M1 (- 5e)

keN
N
. C’laoal N1 A )‘k+N - A 7T2]€2
= 1 - - T 1 - —
e AN g( )\k) ]EN Nean  m2RZ A

_ (_1)N01a0a1~~-aN_1 H 7T2]{12’

ALc AN L AREN
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since the above products converge uniformly on C, whence

N 0o
(“DNA; - Ay A Aetn — A
0,0) = - SUUAN (- S TT 20 22
y+(0,2) agay - an-1 - Ak’ m2k?
N e} A A

- _ .. -1 _ | I AktN T A

= (aoal aN_l) H(A )\k) 7T2]€2 .
k=1 k=1

The lemma is proved. O

We shall use several times the following statement about integral representations of
some entire functions, cf. [15, Lemma 3.4.2].

Proposition 2.8. ([11]). Assume that the numbers a,, and by, are such that a,, = mn+an
and b, = 7(n — 3) + b, with some ly-sequences (a,) and (b,). Put
a? —z b2 -z
o) =TT s v = T] i

neN neN

then there exist functions (5 and 1& in L2(0,1) such that
1 1
¢(z) = siny/z + / o(t)sin/ztdt, (z) = cosvz+ / p(t) cos /=t dt.
0 0

3. RECONSTRUCTION FROM A, Sp, AND J(1)

Given an arbitrary operator matrix A of the form (1.1), we denote by (An)nen,
(ttn,D)nen, and (V}L)g:_f the eigenvalue sequences of A, the operator Sp, and the Jacobi
matrix .J(1) respectively. Put also (A},)nen := (tin,D) I (v))N=! where the amalgamation
operation II was defined in the Introduction. An interesting property of the spectra in-
volved is that every multiple element of (X\])) is an eigenvalue of A and any eigenvalue of A
that belongs also to (A\],) occurs therein twice. In other words, the following statement

holds true.
Proposition 3.1. ([1]). o(A)No(Sp) = a(A)Na(Jay) = o(Sp) Na(J)-

This allows us to establish the weak interlacing property of the sequences (A,) and
(N),) in the following sense.

Lemma 3.2. The sequences (A,) and (X)) weakly interlace, i.e., \y < A} and for every
n €N either X, < App1 < X1 o1 A, = Ay = A4

Proof. Denote by §; the Dirac delta-function at the point z = 1 and put D; := (d1,0)".
It is known that the domain of the Sturm-Liouville operator S is contained in W3 (0, 1);
in particular, the functions y4(-,A) belong to W3 (0,1). The explicit formula for the
resolvent of the operator A derived in Lemma 2.1 shows that the expression

FO) = {(A=X)"'Dy, D)
makes sense for any A not in the spectrum of A and, moreover, that
y+ (L) (1, A)
A = .
Since f(A) is a Nevanlinna function, its zeros and poles interlace. On the other hand,
the zeros of f coincide with A}, and the poles with those A\;, which do not appear in (\},).

In view of Proposition 3.1 and the known asymptotics of A, and pu, p this justifies the
claim. |

The asymptotics of A, and p, p shows that A\,+n — pn,p = 0(n) as n — oo. In fact,
this result can be improved, cf. [5] for the case ¢ € L1(0,1).
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Lemma 3.3. There exists an la-sequence (by,) such that
/\n—i-N — Hn,D = 20/8(1 + bn)

Proof. 1t suffices to consider only large enough n such that A\,;y is not in the spec-
trum of J(;) and thus formula (2.3) for the norming constant e,y holds. Using the
representation of the functions y (0, A) and y4 (1, A), we find that

2 T7N-1 1
a (A, —v A - A
(3.1)  apin = 0L (N N =) /d)\ (\fH kHZVkQ )‘ )

Y= (1 A ) Ty v = Ak) A=Antn
Due to the asymptotics of A\, and Proposition 2.8 the function

\/*H )\k+N A

T2k
keEN

can be represented in the form
1
d(\) = sin VA + / £(t) sin VXt dt
0

for some f € Lo(0, 1), whence

Q.s(/\n+N) =

1 ( /
————(cos /AN + tf(t) cos v/ Apint dt)
2 \/ )\n+N " 0 -

By Propositions 2.5 and 2.8, there is also g € Ly(0,1) such that

WO =y (1, A)—smf+/ g(¢) sin VA dt.

0
In view of the mean value theorem there are numbers &,, between p,, p and A,y such
that

w(An+N) = (>‘n+N - ,un,D)@j)(fn)

:AW;%GOS et / tg(t) cos /Ent dt).

Due to the asymptotics of \,, and &, the sequences (cos \/AntNt)nen and (cos vEnt)nen
form Riesz bases of Ly(0,1) [9] and hence

cos )\n+N+/ tf(t) cos \/Apsntdt = (=1)" "N (1 + ¢,),
0

1
cos £n—|—/ tg(t) cos /Ent dt = (—1)""N (1 +d,,)
0
with square summable sequences (¢, )nen and (dp)nen. Therefore (3.1) can be recast as

4&% v An+nEn H n—i—N_V]i
A

)
An4N = HnD AntN — AN n+N — Ak

antiN(1+cen)(1+dy,) =

which, on account of the asymptotics of «,, of Proposition 2.3, 1mphes that

2a3
— 014G, (Gn) € b,
)\nJrN — Hn,D " ( 7l)

and the result follows. O

Definition 3.4. We denote by £y the set of all triples A := ((An)5y, ()51, () N2 )
of strictly monotone sequences such that the following holds:

(1) there is an fy-sequence (\,) such that A\, = [1(n — N) 4+ A,|%;

(2) the sequences (A,) and (X)) := () II (v,) weakly interlace in the sense of

Lemma 3.2;

(3) there exist o > 0 and a sequence (7,) € ¢35 such that A\grn — px = Y0 + V&-
For a given A € £y, we denote by Ap the set of n € N such that A\, = A}, and put
Bp :=N\ Aj,.
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The results of this and the previous sections show that, for any operator A of the
form (1.1), the corresponding spectral triple (), (1n,p), (v1)) forms an element of £y.
In the reverse direction, we shall prove that any element of £y is the spectral triple of
the above form.

Theorem 3.5. For any A := ((An), (1tn), (vn)) € £ there exists an operator A of the
form (1.1) such that (A\,), (pn), and (v,) are the eigenvalues of the operators A, Sp,
and J1y respectively. Such an operator A is unique if and only if the set Ay is empty.

Proof. We start with constructing the functions

)\n - n -
o) = VE[[ 5= )= vE[] By
neN neN

and for n € By put (cf. (3.1))

By = 2 H%il((;:)_ = /j)\ ((b()‘) ,}L:[l(A - Ak)) ‘,\:,\n'

Due to the weak interlacing property of A the numbers 3, are positive and the proof of
Lemma 3.3 shows that 3, = 2+ 3,, for a sequence (3,) belonging to ¢2(By).

Now we define the sequence (ay,) with a,, = 8, if n € By and take «, to be an
arbitrary positive number if n € A5. The sequences (A,,) and («,) satisfy all the require-
ments of Proposition 2.3 and thus there exists an operator A of the form (1.1) whose
eigenvalues and norming constants coincide respectively with (A\,) and (o).

It remains to prove that the sequences (jin)nen and (v,)Y-}! we have started with co-
incide with the eigenvalues (fi, p)nen and (v1)N-! of the related operator Sp and Jacobi
matrix J(1) respectively. Since for the norming constants o, with n € By formula (2.3)
holds, we conclude that, for such n,

a3 Iy O =) _ 20 1lesy G — ve)
y—(1, M) 2¢(An) ’

i.e., that
2030 (M) T 1y d0y-( ) T
(3.2) o A —vj) — ——=——- (A — ) =0.
Now kl;[l g Vi kl;[l
Recalling that ¢(\,) =0 = kN:_ll()\n —vy) for n € Ay, we conclude that equality (3.2)
holds for all n € N. We observe that (3.2) takes the form ®(A,) = 0, where the function
® satisfies the relation

(3-3) B(2) = O(|z[N*/2eltm VAI)

as |z| — co. We shall prove that ® = 0.
Assume not, and observe that ® has then no zeros other than A,, n € N. Indeed, in
view of (3.3) Jensen’s formula gives

T 1 2 )
/ @dt < —/ log |®(re)| df + Cy
1 t 2 0

2m
(3.4) < (Ng)longr;ﬁ/ |sin@/2]df + Cy
T Jo
2yr

r
= (N— %)logr—i— T +CQ7
where n(t) denotes the number of zeros of ® in the closed circle of radius ¢ centered at
the origin and C; and Cs are some positive constants. On the other hand, if ® had at
least one additional zero, then for any € > 0 and all sufficiently large ¢t we would have

vt vt

t
n(t) > [7—E}+N+127+N—6,
s T
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which contradicts (3.4). Now ®, being of exponential type %, equals

®(2) 031%[(1;)

for some constant C3. Using the canonical product for sin /2 and the asymptotics of A,
we conclude that

im 2 o 0,
T N2 sing/z
which contradicts (3.3).
Thus we have proved that & = 0, i.e., that
N oo _ N
QG%HM;%Q H(z—z/,i)z*yo % H(z—uk).
keN k=1 k=1 k=1

It follows that every v, that does not occur in (uy) is an eigenvalue of .J(;) and, similarly,
every (i, that does not occur in (v;) is an eigenvalue of Sp. Since the sequences (Ay)
and (u,,p) I (v)) weakly interlace in the sense of Lemma 3.2, and since the same is true
of (A,) and (A]), simple considerations show that every multiple element of (\),) belongs
to the spectra of both Sp and Jiyy, cf. [13, Sect. 6]. Thus all p, are eigenvalues of Sp
and all v,—those of J(1). Since neither J(;y nor Sp can have other eigenvalues due to the
size and asymptotics limitations respectively, A is the spectral triple for the operator A
found.

If the set Ap is empty, then the norming constants «, are uniquely determined by A,
so that A is unique in view of Proposition 2.3. If A is non-empty, then different choices
of a,, for n € A, lead to different operators A. The proof is complete. |

Remark 3.6. It follows from the proof of Theorem 3.5 that the set of A-isospectral
operators A of the form (1.1) (i.e., the set of operators A such that the spectra of A,
Sp, and J() form the prescribed triple A € £x) is a manifold of dimension equal to the
cardinality of the set Aj,.

4. RECONSTRUCTION FROM THE SPECTRA OF A, Sy, AND J

Treatment of the inverse problem of reconstructing the operator A from the spectra
of the operators A, Sy, and the Jacobi matrix J parallels in general that of the inverse
problem of Section 3. One essential difference is that the invariance of A with respect
to changing the primitive o to o + C and by to by + agC (mentioned in Remark 1.1) is
important here as it changes the spectra of both the operator Sy and the Jacobi matrix
J. Thus the more correct inverse problem should be not only to reconstruct the operator
A per se, but also to fix the appropriate quasi-derivative o of the potential ¢ and the
corresponding Jacobi matrix J.

Given an arbitrary operator matrix A of the form (1.1) (with fixed o), we denote
by (An)nen, (fn.N)nen, and (v, 5)N_; the eigenvalue sequences of A, Sy, and J respec-
tively. Put also (A, )nen = (n.p) I (4,3)Y_;. The above three spectra have the same
intersection property as those of Section 3, namely

Proposition 4.1. ([1]). oc(A)No(Sx) =o(A)No(J) = o(Sx) Nao(J).

Lemma 4.2. The sequences (\,) and (\,) weakly interlace, i.e., for every n € N either
Ap <A <A or A=A =N

Proof. We observe that (\]) is the sequence of eigenvalues of the operator Ay = Sy & J
counting multiplicities and that A and Ag are self-adjoint extensions of the symmetric
operator A’, which is the restriction of A onto the domain

D(A) = {(y,d)" € D(A) | y(1) = 0}
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and has deficiency indices (1,1). We denote by H’ a maximal subspace of D(A’) that is
invariant with respect to A’ and put H” := H © H’. The restrictions of the operators A
and Ag onto H' coincide (with A’) and dim H’ < N since if Y = (y, d)" is an eigenvector
of A that belongs to H', then d is an eigenvector of J. It follows from [7] (see also |2,
Ch. 1.2]) that the spectra of the restrictions of A and A4y onto the subspace H” strictly
interlace. Combining the two parts together, we see that either X/, < \,, for all n € N or
An < X for all n € N; however, the inequality A, < X, is ruled out for all n sufficiently
large by the asymptotics of A, and p,, n, see Propositions 2.3 and 2.4. Taking into account
the intersection property of Proposition 4.1, we conclude that the spectra weakly interlace
in the specified sense. O

Definition 4.3. We denote by £ the set of all triples of strictly monotone sequences
A= (()‘n)nENa (tn)nen, (Vn)ibvzl) satisfying the following properties:
(1) there is an fy-sequence (\,) such that \, = [1(n — N) 4+ An|%;
(2) there is an fo-sequence (fi,,) such that p, = [1(n — 3) + fin)?;
(3) the sequences (\,) and (\)) = (u,) II (v,) weakly interlace in the sense of
Lemma 4.2.

We denote by Ap the set of n € N such that A, = A}, and put By := N\ A,.

The results obtained so far show that, for any operator A of the form (1.1), the
corresponding spectral triple ((An), (ftn,N), (n,3)) form an element of £}. In the reverse
direction, we shall prove that any element of £/ is the spectral triple of the above
form. The approach lies in reducing the problem to that of reconstruction of A from the
eigenvalues and the norming constants. Lemmas 2.2, 2.6, and 2.7 imply that the three
spectra determine uniquely the norming constants «,, for n € By. Hence, if a given triple
A € £ is composed of the spectra of some A and its two parts, then the corresponding
norming constants must be related to A via the formulae established in Section 2. As
a preliminary, we show that any triple in £/ produces in this way the numbers with
correct asymptotics.

Lemma 4.4. Assume that A = ((\), (i), (1)) € £y and define the functions ¢,v,
and x by the formulae

- S Apen — A
() = kl;[l()\ - Ak)kl;[l —
_ T Mk — A
w()\)_\/xgﬂa(lﬁ—%)Q’
N
XA =TT =w)
k=1

Then the numbers
(4.1) Bn =

have the asymptotics
Bn =2+ Bn
where the sequence (3,) belongs to £y(By).

Proof. Tt clearly suffices to prove that

1V AeQen) 1,
BT xOw) 2l

n
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for some sequence (Bn) € ly. In view of the asymptotics of (\;) and Proposition 2.8,
there exists a function f € L5(0,1) such that

sin 1 sin N
o) = ( ff+ / £ () V?tdt)kr_[lu—xk)

and thus, for n > N,

cos vV A\ + fol tf(t) cos v/ Ant dt ﬁ

(A= Ag).
k=1
Similarly, for some g € L2(0,1) it holds

¥(A) = VAcos VA + \5\/1 g(t) cos VAt dt.
0

Since the system {sin /A, t},~y forms a Riesz basis of L2(0,1) [9], for any h € L(0,1)
the sequence

1
/ h(t) cosVAptdt, n> N,
0

is square summable. The asymptotics of \, implies that cos v\, = (=1)"*N(1 4 b,),
where the sequence (b,,) is in £2. Combining these relations, we arrive at the representa-
tion
An®(An)Y(An 1 -2
VAWV 11 7 A b
X(An) 2 he1 An — Vg
with (d,,) € £2, which yields the result. a

Theorem 4.5. For any A := ((A\n), (1), (vn)) € £y there exist ag > 0, a function
o € Ly(0,1) and a Jacobi matriz J of size N such that (A,) is the spectrum of the
corresponding operator A in L2(0,1) x CN of the form (1.1), (u,,) is the spectrum of the
operator Sn, and (vy) is the spectrum of the Jacobi matriz J. The operator A is unique
if and only if the set Ay is empty.

Proof. We start with constructing the functions ¢, ¢, and x of Lemma 4.4 and defining
the numbers 3, as in (4.1). Next, we put a,, = (3, for n € By, and take «,, arbitrary
positive for n € Ap. According to Lemma 4.4, a,, obey the asymptotics a,, = 2 + &,
with some (&) € £s.

By Proposition 2.3, there exists an operator A of the form (1.1), whose eigenvalues are
Arn and the corresponding norming constants are a,,. We claim that one can fix a primitive
of the potential ¢ of the operator S and a Jacobi matrix J in the representation of A in
such a way that u, are the eigenvalues of the operator Sy and v, are the eigenvalues
of J.

We take k* such that ug- is not an eigenvalue of A just found, fix the unique prim-
itive o of the potential ¢ of the Sturm-Liouville operator S such that the relation
(y_ — oy—)(1, ug=) = 0 holds, and determine the corresponding Jacobi matrix J giv-
ing the representation (1.1) of A. We denote by p,n and v, ; the eigenvalues of Sy
and J and observe that the above choice of o makes pg~ an eigenvalue of Sy. Due to the
construction of 3, and formula (2.2) for a,,, we have the equality

L T e TI0 -

for all n € By. Recalling that (A n) =x(An) =0 for n € Ay, we see that

ad HEN — An
(An) H()\n — Vi, J \/>X Ni_l)g

i *(k

for all n € N.
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Put

N o0
Py(2) == H(Z — k), ®a(2) = x(2) H HkN 2

- n2(k — %)2;
then ®1(\,) = ®2(A,) for all n € N, and also @ (pug~) = P2(pr+) = 0 (the latter relation

follows from the fact that pg- is among u,n by the construction of Sy). In view of
Proposition 2.8 the functions ®; have the form

D;(z) =p;(2) (cos Vz+ /01 g;(t) cos\/zt dt)

for some monic polynomials p; of degree N and some functions g; € L1(0,1), j = 1,2.

N
=
Il
—
b

It follows that ® := ®; — ®, is an entire function of exponential type 3 with zeros
{An}nen U {p+} such that
(4.2) D(z) = O(ZN e\Imﬁ|)

as |z| — oco. Next we show as in the proof of Theorem 3.5 that ® = 0 by noticing that
otherwise ® would have no zeros other than \,, n € N, and ug«, and that the canonical
product for ® then would contradict the estimate (4.2).

Thus ®; = O, which together with the weak interlacing property of (A,) and (X\]) as
well as of (A,) and (pn,~) I (vy,,5) shows that p, = p, N for all n € N and that v, = vy 5
for K =1,..., N. Uniqueness statement follows from Proposition 2.3, and the proof is
complete. O

We remark that the set of A-isospectral operators A is again a manifold of dimension
equal to the cardinality of the set Aj.

Acknowledgments. The authors express their gratitude to DFG for financial support
of the project 436 UKR 113/84. The research of R. Hryniv was partially supported by
the Alexander von Humboldt Foundation.

REFERENCES

1. S. Albeverio, P. Binding, R. Hryniv, and Ya. Mykytyuk, Inverse spectral problems for coupled
oscillating systems, Preprint no. 217, SFB 611, Bonn, 2005.

2. S. Albeverio and P. Kurasov, Singular Perturbations of Differential Operators. Solvable Schréd-
dinger Type Operators, Cambridge University Press, Cambridge, 2000.

3. P. A. Binding, P. J. Browne, and B. A. Watson, Recovery of the m-function from spectral data
for generalized Sturm—Liouville problems, J. Comput. Appl. Math. 171 (2004), no. 1-2, 73-91.

4. P. A. Binding, P. J. Browne, and B. A. Watson, Equivalence of inverse Sturm—Liouuville prob-
lems with boundary conditions rationally dependent on the eigenparameter, J. Math. Anal.
Appl. 291 (2004), no. 1, 246-261.

5. P. A. Binding, P. J. Browne, and B. A. Watson, Sturm-Liouville problems with boundary
conditions rationally dependent on the eigenparameter. I, Proc. Edinb. Math. Soc. (2) 45 (2002),
no. 3, 631-645.

6. P. A. Binding, P. J. Browne, and B. A. Watson, Sturm-—Liouville problems with boundary
conditions rationally dependent on the eigenparameter. 11, J. Comput. Appl. Math. 148 (2002),
no. 1, 147-168.

7. W. F. Donoghue, On the perturbation of spectra, Comm. Pure Appl. Math. 18 (1965), 559-579.

8. F. Gesztesy and B. Simon, On the determination of a potential from three spectra, in Differential
Operators and Spectral Theory, Amer. Math. Soc. Transl. Ser. 2, Vol. 189, Amer. Math. Soc.,
Providence, RI, 1999, pp. 85-92.

9. X. He and H. Volkmer, Riesz bases of solutions of Sturm~—Liouville equations, J. Fourier Anal.
Appl. 7 (2001), no. 3, 297-307.

10. R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm-—Liouville operators
with singular potentials, Inverse Problems 19 (2003), 665-684.

11. R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm-—Liouville operators
with singular potentials, 11. Reconstruction by two spectra, in Functional Analysis and its Ap-
plications, V. Kadets and W. Zelazko, eds., North-Holland Mathematics Studies, Vol. 197,
North—Holland Publishing Co., Amsterdam, 2004, pp. 97-114.



13.

14.

15.

16.

17.

18.

19.

20.

INVERSE PROBLEMS 123

R. O. Hryniv and Ya. V. Mykytyuk, Transformation operators for Sturm—Liouville operators
with singular potentials, Math. Phys. Anal. Geom. 7 (2004), 119-149.

R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm—Liouville operators
with singular potentials. I11. Reconstruction by three spectra, J. Math. Anal. Appl. 284 (2003),
no. 2, 626-646.

B. M. Levitan, Inverse Sturm-Liouville Problems, Nauka, Moscow, 1984 (Russian); English
transl.: VNU Science Press, Utrecht, 1987.

V. A. Marchenko, Sturm—Liouville Operators and Their Applications, Naukova Dumka, Kiev,
1977 (Russian); English transl.: Birkhauser Verlag, Basel, 1986.

J. Michor and G. Teschl, Reconstructing Jacobi matrices from three spectra, in Spectral Methods
for Operators of Mathematical Physics, Oper. Theory Adv. Appl., Vol. 154, Birkh&user, Basel,
2004, pp. 151-154.

V. N. Pivovarchik, An inverse Sturm-—Liouville problem by three spectra, Integr. Equ. Oper.
Theory 34 (1999), no. 2, 234-243.

J. Poschel and E. Trubowitz, Inverse Spectral Theory, Academic Press, Orlando, Florida, 1987.
(Pure and Applied Mathematics, Vol. 130, Academic Press, Massachusetts, 1987).

A. M. Savchuk and A. A. Shkalikov, Sturm-—Liouville operators with singular potentials, Mat.
Zametki 66 (1999), no. 6, 897-912. (Russian); English transl.: Math. Notes 66 (1999), no. 5-6,
741-753.

A. M. Savchuk and A. A. Shkalikov, Sturm—Liouville operators with distributional potentials,
Trudy Moskov. Mat. Obshch. 64 (2003), 159-212. (Russian); English transl.: Trans. Moscow
Math. Soc. 66 (2003), 143-192.

INSTITUT FUR ANGEWANDTE MATHEMATIK, UNIVERSITAT BONN, WEGELERSTR. 6, D-53115, BONN,
GERMANY; SFB 611, BoNN, GERMANY; BiBOS, BIELEFELD, GERMANY; IZKS; CERFIM, LOCARNO,
SWITZERLAND; AND ACCADEMIA DI ARCHITETTURA, MENDRISIO, SWITZERLAND

E-mail address: albeverio@uni-bonn.de

INSTITUTE FOR APPLIED PROBLEMS OF MECHANICS AND MATHEMATICS, 3B NAUKOVA, Lviv, 79601,
UKRAINE
E-mail address: rhryniv@iapmm.lviv.ua

Lviv NATIONAL UNIVERSITY, 1 UNIVERSYTETSKA, Lviv, 79602, UKRAINE
E-mail address: yamykytyuk@yahoo.com

Received 10/11/2005



