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PG-FRAMES IN BANACH SPACES

M. R. ABDOLLAHPOUR, M. H. FAROUGHI, AND A. RAHIMI

ABSTRACT. For extending the concepts of p-frame, frame for Banach spaces and
atomic decomposition, we will define the concept of pg-frame and g-frame for Banach
spaces, by which each f € X (X is a Banach space) can be represented by an
unconditionally convergent series f = > g;A;, where {A;};cs is a pg-frame, {g;} €
(- @Y )i, and % + % = 1. In fact, a pg-frame {A;} is a kind of an overcomplete
basis for X*. We also show that every separable Banach space X has a g-Banach
frame with bounds equal to 1.

1. INTRODUCTION

Various generalization of frames for Hilbert spaces have been proposed recently. For
example, frame of subspaces [3], pseudo-frames [14], bounded quasi-projectors [10], oblique
frames [7], [8] and so on. The most recent of these belongs to Wenchang Sun. In this ge-
neralization, W. Sun chose a family of bounded operators on a sequence of Hilbert spaces
and called this system a generalized frame or a g-frame. By his extension, if {A;};c; is
a g-frame then every element f € H can be represented as f =} . ; AN ST

The concept of frames in Banach spaces have been introduced by Christensen and
Stoeva [5], Casazza, Han and Larson [4] and Grochenig [11]. In the present paper,
by using Sun’s extension and some techniques in a frame for Banach spaces, we shall
introduce pg-frames and g-frames for Banach spaces that allows every element f € X to
be represented by an unconditionally convergent series f = ), ; gi\; f, where {A;}ics
is a pg-frame, {g;}ics € (3_®Y;*);, and % + % =1

Throughout this paper, J is a subset of N, H is a separable Hilbert space, {H;}ics
is a sequence of separable Hilbert spaces, X is a Banach space with dual X* and also
{Y:}ics is a sequence of Banach spaces.

Definition 1.1. We call a sequence {A; € B(H,H;) : i € J} a g-frame for H with
respect to {H;};cs if there exist two positive constants A and B such that

AlFIZ <D At < BIFIP, f e R
icJ
We call A and B the lower and upper g-frame bounds, respectively.

We call {A;};cs a tight g-frame if A = B and Parseval g-frame if A= B = 1.
The following proposition was proved in [18] and gives a representation for each f € H.

Proposition 1.2. Let {A; € B(H,H;) :i € J} be a g-frame for H. The operator

S:H—MH,
Sf=3 A
icJ
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is a positive invertible operator and every f € H has an expansion
F=Y SN =) AASTS.
ieJ ic€J
The operator S is called the g-frame operator of {A;}icy.

Definition 1.3. Let 1 < p < co. A countable family {g;}ics C X* is a p-frame for X,
if there exist constants A, B > 0 such that

Alflx < O lg(HIP)F < Bllflx, feX.

We will use the following lemma; its proof can be found in [13].

Lemma 1.4. IfU : X — Y is a bounded operator from a Banach space X into a Banach
space Y then its adjoint U* : Y* — X* is surjective, if and only if, U has a bounded
inverse on Ry.

2. DUALS OF g-FRAMES
Definition 2.1. Let {A;}ics and {©;}ics be two g-frames for H such that
=Y einif, fen,
ic€J
then {©;};cs is called an alternate dual of {A;}ic .

We have the following situation which shows that if {©;};cs is an alternate dual of
{A;}icy then {A;}ics is an alternate dual of {©;};c ;.

Proposition 2.2. Let {A;}ics and {O;}ics be g-frames for a Hilbert space H with respect
to {H;}ics such that

f=> A6if, feH,
ieJ
then for each f € H, f =3 .c; O7Aif.
Proof. Let us define T : H — H by T'f = > .., ©; A f. If the upper g-frame bounds of
{A;}ics and {O©;};c; are B and B’ respectively, then

1T = Sup, (Tf,

< sup (ZHA f2)2<2||®if|2)2 < VBP.

icJ ieJ
Hence T € B(H). For f,g € H, we have

(Tf,9) = O OiAif,9) = > (Aif,Oif).

i€J ic€J
Also,
9) = (£,>_A;0ig) = (Aif, Oig).
ieJ icJ
So (T'f,g) = (f,g) for all f,g € H, which implies that T = TI. O

Let {f;} be a frame for a Hilbert space H and V : H — H be an invertible operator.
Then {V f;} is a frame for H and the same result holds for g-frames.

Proposition 2.3. Let {A;}ics be a g-frame for a Hilbert space H with respect to {H;}ics
and V' € B(H) be an invertible operator. Then {\;V };cy is a g-frame for H with respect
to {H;}ics and its g-frame operator is S = V*SV.

Proof. Let {A;}ics be a g-frame for H. We have

AIVAR <Y IAVP < BIVF?, fen.
i€J
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Since V is invertible,
AIVHIIAR < SOINVAR < BIVIPIA®,  fen,
i€J
so {A;V}iey is a g-frame for H.
For each f € H, we have
SVE=> ANV,
ieJ
therefore
VESVE=Y V'AIAVY.
=
Let S’ be the g-frame operator of {A;V };c s, then for each f € H,
S'f=> VAAVS,
=

hence " = V*SV. O

Note that when {A;};cs is a g-frame for a Hilbert space H with respect to {H;}ics
and {©; € B(H,H;)}ics is a family of bounded operators such that f = 3, OFA; f
for each f € H. Then {©;};c is not necessarily a g-frame. For instance, let H = C and
K; = C, choose sequences {¢;} and {d;} in C such that >, [d;|* = o0, >_,c;/ |ci]* =1
and ), ; cid; = 1. If A\jf = c;f and ©;f = d;f then {A;};cs is a normalized tight
g-frame for C and

Yo=Y 0= adif=f feC.

ieJ ieJ ieJ
Also we have
S0P =D Ndif 1P =D 1dil I f1I* = oo.
ieJ ieJ ieJ

Therefore {©;};c is not a g-frame for {¢;}.
Let {H;}ics be a sequence of Hilbert spaces. Then, the orthogonal sum of {H;}ics is
the Hilbert space

GicsHi = {{fi} 1 fie Hi,z I1fill? < 00}
ieJ
with the inner product defined by
{fitAgih) = Z<fivgi>‘

Let for all ¢ € J, A; € B(H,H;). Then, we define the operator ®;csA; on @;c;H; by
@iesNi({fi}) = {Aifities.
Proposition 2.4. Let {A;}ics and {©;}icy be two g-frames for Hilbert spaces H and K
with respect to {H;}ics and {K;}icy, respectively. Then {A; ® ©;}ics is a g-frame for
H ® K with respect to {H; ® K;}ics and

Saee = SA ® Se,
where Sygpo, Sa and Se are the g-frame operators of {A;®O;}icy, {Ai}ics and {O;}icy,

respectively.

Proof. Let {A;}ics be a g-frame for H with bounds 4; and By with respect to {H; }icJ,
then

(2.1) AFIP < YD IAFIP < Bill £

i€
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for all f € H. Suppose that {©;};c; is a g-frame for K with bounds As and By with
respect to {K;}ics, we have

(2.2) Aollgl* <D 18gl* < Balgll?
icJ
for each g € H. From (2.1) and (2.2) we conclude that for each f € H and g € K,
ALIFI? + Azllgl® < D IIAFI? + 19igll* < Bl fII* + Bellgll*.
=
Let A =min{A;, As} , B=max{B;,B2} and f g € H ® K. We have

Allf @ gl* <Y lI(A @ 0:)(f @ 9)I* < Bllf @ gl

e
So,
Srae(f ®g)=> (M@ 6,) (A ®O)(fdg) =) (A ®O])(Aif ©Oyg)
ieJ ieJ
=S (A0 0))(Aif © i) = S (MIAf © ©0,9)
iceJ icJ
:(Z A*Af) (Z@ @Zg> (Sa @ Se)(f @ g).
ieJ ieJ
Hence, SAQ;@ = Sp & Se. U

Corollary 2.5. If A; = {Aij}jes is a g-frame for a Hilbert space H,; with respect to
{Hi;}jes, with bounds A; and B; such that inficyjA; = A > 0 and sup,c;B; = B <
0o. Then A = {®ienA;} is a g-frame for the Hilbert space @;enM; with respect to
{®ienHijtics with bounds A and B.

3. PG-FRAME

As mentioned earlier, a p-frame for Banach spaces was introduced by Christensen
and Stoeva [5] and a p-frame of subspaces by Faroughi and Najati [15]. The following
definition is a generalization of g-frames that helps for every f € X™* to be represented
as an unconditionally convergent series.

Definition 3.1. We call a sequence {A; € B(X,Y;) : i € J} a pg-frame for X with
respect to {Y; : ¢ € J} if there exist A, B > 0 such that

(3.1) A||x||x<<2||Ax||p) < Ble|x, xe€X.

i€J

A, B is called the pg-frame bounds of {A;};cs.
If only the second inequality in (3.1) is satisfied, {A;};cs is called a pg-Bessel sequence
for X with respect to {Y; : ¢ € J} with bound B.

Similar to frames and g-frames [16], the following propositions show that the image
of a pg-frame under a bounded operator is also a pg-frame.

Proposition 3.2. Let {A;}ics be a pg-frame for X with respect to {Y;}icy. Let S be a
bounded invertible operator on X and T'; = A;S. Then {T;}icy is a pg-frame for X with
pg-frame bounds A||S~Y||~t and B||S||.

Proof. Let {A;}ics be a pg-frame for X. Then

AllSz|x < (Z ||Ain||p> " < B|Sz|lx, xeX.

i€
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Since S is invertible,

g =

ALY el x < (Z ||nx|p> < BISllelx, e X,
eJ
so {T'; }ic is a pg-frame for X. O

Corollary 3.3. Let {A;}ics be a pg-frame for X with respect to {Y;}icy and S : X — X
be an isometry. If T'; = A;S then {T';}ics is a pg-frame for X with the same bounds.

Proposition 3.4. Let {A;}ics be a pg-frame for X with respect to {Y;}icy and S : X —
X be a bounded operator. Then {\;S}ics is a pg-frame for X if and only if S is bounded
below.

Proof. Let {A;S}ics be a pg-frame for X with bounds m,n. We have

m|z|x < (Z A sx||p> <n|z|x, ze€X.

icJ
Let A, B be pg-frame bounds of {A;};cs. Since

%
Alsells < (S Iasalr)” < Blsely, wex,
ieJ
m|z|x < B||Sz|x. Thus, for each z € X, [|Sz|x > £|/z| x. Now, suppose there exists

d > 0 such that for each x € X, ||Sz||x > d||z||x. Since

Azl < AllSz]x < (Z 1A, anp) < B||Sallx < BI|S||e]lx,
ieJ
{A;S} is a pg-frame for X with bounds Ad and B||S]. O

Definition 3.5. Let {Y;};c; be a sequence of Banach spaces. We define
1
<Z@Y> {{xz}zeﬂﬂfz €Yi,<z ”xin)p <+00}-
i€J
Then (3, @Yi)l, is a Banach space with the norm

lobesly = (2 ||mz||p)

i€J

Let 1 < p,q < oo be conjugate exponents, i.e. %+% =1 Ifo* = {2} }ics € (X ics OV,
then an easy computation shows that the formula

(,0%) = Sai,af), @ = {ai} € (Z@m)l

i€ i€J P

defines a continuous functional on (3, ; @Y;);, whose norm is equal to [|z*[|, and its
dual can be characterized with the following lemma whose proof can be found in [1].

Lemma 3.6. Let 1 < p,q < oo be such that % + % =1. Then

(z@y) (z@y) ,

ieJ lp icJ
where the equality holds under the duality

(w,a™) =Y (wi,a)).

ic
Definition 3.7. If {A;};c; is a pg-frame, we define the operators T and U, by
U: X — <Z EBYi> ,
i€J lp

(2 9) T7T — IA. L.
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(Z@Y )l — X",

i€J
(3.3) T{gi}ics = > _ gili
icJ

The operators U, T are called the analysis and synthesis operators of {A;}ic .

Now, we characterize pg-Bessel sequence and pg-frames by the operator T defined by
(3.3).
Proposition 3.8. {A; € B(X,Y;) : 1 € J} is a pg-Bessel sequence for X with respect to
{Y:} if and only if the operator T defined by (3.3) is a well defined and bounded operator.

Proof. Suppose that {A;};cs is a pg-Bessel sequence with bound B, then we show that
for each {fi}ics € (3 ;c; ®Y; )1, the series ), ; fil\; is convergent unconditionally. For
finite subsets Jq, Jo C J and Jy g J1, we have

120 fiki = D fili] = || Z fiill = sup || D7 fidia

i€y i€Js 1€J1\J2 flzll=1 i€J1\J2
< sup. > lfilllAl|
llzll= ZEJ1\J2
1 1
q P
<( ) s (3 Iaal)
i€J1\J2 =1\ e s\
1
q
SB( 3 ||fi||q) ,
i€J1\J2

80, Y ;e fil\i is unconditionally convergent. By the same argument,

I ZfiAiH < B(Z ||fz'||q)(11

icJ icJ
Hence,

1
Irtsded < 8( L IAI7)" = BIL,
=
so, T is bounded and ||T|| < B.
For the converse, assume that T is well define and bounded. For x € X, consider

F,: (Z@Y;“)l —>(C,

ieJ q

i€J
then F, isin (3, @Yi*)?q’ S0

(A} € (Z eam)l

iceJ P

and

1E({gi DI < 1T 1HI{g: gl
By the Hahn-Banach theorem, there is {g;} € (3 ,c; ®Y;");, with [{gi}|l < 1 such

that ’
{As}lp = | Y gitiz]-
ieJ
Therefore,

(anw) Ay < s | gk = 1B < [Tlz]. O

i€ {gi}llq<1 icJ
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Lemma 3.9. If {A;}ics is a pg-frame, then the operator U has closed range.
Proof. Let {A;}ics be a pg-frame. Then there exist A, B > 0 such that

Alells < (I, xv’) <Blallx. weX.
i€J
So,
Allz|| < |Uz]| < Bl|z|.
If Uz = 0 then z = 0, hence U is one-to-one and so X ~ Ry, therefore U has closed
range. ]

Lemma 3.10. If all of Y;’s are reflexive and {A;}icy is a pg-frame for X with respect
to {Y;}ics then X is reflexive.

Proof. By lemma (3.9), Ry is a closed subspace of (Ziej @Yi)z and X ~ Ry so X is
reflexive. O

Lemma 3.11. Let {A;}ics be a pg-Bessel sequence for X with respect to {Y;}icy. Then

(i) U =T.
(ii) If {A;}ies has the lower pg-frame condition and all of Y;’s are reflexive, then
T =U.

Proof. (i) For any # € X and {g;}ics € (X, @Yi*)z , we have
(Uz,{gi}ies) = {Niz}ics, {gitics) = Z (N, gi) Z%A T

ieJ icJ
and
<.27 T{gz ZEJ Zgz 7 :Zngzxa
i€J ieJ
soT* ="U.
(ii) By Lemma (3.9) Ry is a closed subspace of (}_,.; ®Y;);, and so is reflexive, so
U™ =T" hence U =T". O

Theorem 3.12. {A;}ics is a pg-frame for X with respect to {Y;}ics if and only if the
operator T' defined by (3.3) is a surjective bounded operator.

Proof. Tt {A;}ics is a pg-frame, by Proposition (3.8), T is well-defined and bounded. The
proof of Lemma (3.9) shows that U is injective, so by Lemma (1.4) and (3.11)(1) U* =T
is onto.

Conversely, assume that 7" is bounded and onto. Then Proposition (3.8) implies that
{A;}iec is a pg-Bessel sequence. Since T'= U* is onto, by Lemma (1.4) , U has a bounded
inverse . So there exists A > 0 such that for all x € X, ||Uz|| > A||z||. In other words,
{A;}ics satisfies the lower pg-frame condition. |

Corollary 3.13. If {A; € B(X,Y;) :i € J} is a pg-frame for X with respect to {Y;}ics
then for any x* € X* there exists a {gi}ics € (O ®Y)1, such that

ieJ
Definition 3.14. Let 1 < ¢ < co. A family {A; € B(X,Y;) : ¢ € J} is called a gg-Riesz
basis for X* with respect to {Y;}ic s, if

(1) {f:Aif =0,i€ J} ={0} (ie. {A;}ics is g-complete);
(ii) there are positive constants A, B such that for any finite subset J; C J and
g €Y’ ieJy,

A( > ||9i‘1>‘1‘ <> g < B( 3 Hgin)é

i€Jy i€Jy i€Jy
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The assumptions of definition (3.14) imply that 3, ; g;A; converges unconditionally
for all {g;} € O_,c; ®Y;")1,, and

1 1
A(Slalr) " < I ail < 5( L lale)
icd icJ =
Therefore {A; € B(X,Y;) : i € J} is a gg-Riesz basis for X, if and only if, the operator
T defined by (3.3) is an invertible operator from (3, @Yi*)zq onto X*.
The following Proposition shows that a gg-Riesz basis for X™* is a special case of
pg-frames for X.

Proposition 3.15. Let {A; € B(X,Y;) : i € J} be a qg-Riesz basis for X* with respect
to {Y:}ies with the optimal upper qg-Riesz basis bound B. Then {A; € B(X,Y;) :i € J}
is a pg-frame for X with respect to {Y; }ics with optimal upper pg-frame bound B.

Proof. Assume that {A; € B(X,Y;) : i € J} is a qg-Riesz basis for X*, the operator T' de-
fined by (3.3) is a bounded and invertible operator. Theorem (3.12) implies that {A;};c
is a pg-frame for X. By Proposition (3.8) the upper gg-Riesz basis bound coincides with
the upper pg-frame bound. O

Theorem 3.16. Let {Y;}ics be a sequence of reflexive Banach spaces. Let {A; €
B(X,)Y;) : i € J} be a pg-frame for X with respect to {Y;}ics. Then the following
statements are equivalent:
(1) {Ai}ies is a qg-Riesz basis for X*.
(ii) If {gi}ics € (Xics @Y;*)M and Y, ;9i\s = 0 then g; =0, i € J.
(ili) Ru = (3 ;e BYi)i, -

Proof. It is clear that (i) =(ii).
Suppose that (ii) holds. By Theorem (3.12), the operator T" is bounded and onto, by
(ii), T is also injective, therefore, T' has a bounded inverse 7! : X* — (ZZEJ @Yl*)

and so {A;}ics is a gg-Riesz basis for X.

(i) = (iii) Since {A; };e s is a qg-Riesz basis for X*, T has a bounded inverse on Ry. By
Lemma (1.4) the adjoint T* : X** — (3, @Yi)lp is surjective on Ry. By Lemma (3.10)
X is reflexive, and so Theorem (3.12) and Lemma, (3.11) imply that Ry = (3_,., ®Y3)1, -

(iii) = (i) Since the operator U is bijective, by Theorem 4.12 in [17], T = U* :
(Xies ®Y7),, — X* is invertible, O

lq

4. G-BANACH FRAMES

A Banach space of vector-valued sequences (or BV-space) is a linear space of sequences
with a norm which makes it a Banach space. Let X be a Banach space and 1 < p < oo
then

1
Y = {{zi}iEJ|zi € X, <Z||zz||19> <+OO}
ieJ
and
1%° = {{z;}| sup ||zi|| < o0, x; € X}
ieJ

are BV -space for X.

In [11] Grochenig and in [4] Casazza, Han and Larson generalized frames to Banach
spaces and defined Banach frames for Banach space X with respect to a BV-space, and
in this paper we shall extend its definition to g-Banach frames for a Banach space X
with respect to a BV -space.
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Definition 4.1. Let X be a Banach space and H be a separable Hilbert space. Let Xy
be an associated Banach space of vector-valued sequences indexed by N. Let {A;};en C
B(X,H) and S : X4 — X are given. If
(i) {Aix}tien € X for each z € X,

(ii) the norms |z||x and ||{A;z}ien||x, are equivalent, and

(iii) S is bounded and linear and S{A;z};ey = « for each z € X,
then ({A;}ien, S) is a g-Banach frame for X with respect to H and X4. The mapping S
is the reconstruction operator. If the norm equivalence is given by

Allz|lx < [{Aiz}ienllx, < Bllzllx

for all # € X, then A, B are called the frame bounds for ({A;}ien, ).

Theorem 4.2. Let H be a separable Hilbert Space. Then every separable Banach space
has a g-Banach frame with respect to ‘H with frame bounds A = B = 1.

Proof. If X is a separable Banach space, there exists £ C X such that £ = X and E is
a countable set. Let {e;};en be an orthonormal basis for H. We define the operators A;
from E into H by
Ai(zj) = dijllzjlle;, jeN.
Then
sup [[Ai(z;)[| = [l

Since E = X, A; can be extended to a bounded operator A; on X such that
(4.1) sup [ A (2)]| = [|l=fl, =€ X.
K3

Let X, be the subspace of [*°(X) given by
Xg={{Aiz}:z € X}

Let S: Xq — X be given by S({A;z}) = x. Now, by equality (4.1), S is an isometry of
X onto Xy and ({A;},5) is a g-Banach frame for X with respect to Xj. O

Perturbation of frames as a type of Paley-Winer theorem was proved by Casazza and
Christensen [2], for Banach frames by Christensen and Heil [9] and for g-frames in Hilbert
spaces by Faroughi, Najati and Rahimi [16]. In this section we present the perturbation
of g-Banach frames.

Theorem 4.3. Let ({A;}ien, S) be a g-Banach frame for X with respect to X4. Let
{Ti}ien € B(X,H). If there exist \, ;x> 0 such that

@) MUl +p<[SI7

(i) [{Ai(z) = Ti(2)}Hlzy < A{A(2) 2y + pllzlx, =€ X,
then there exists an operator T' such that ({I';}ien,T) is a g-Banach frame for X with
respect to Xq with frame bounds ||S|| — (A|U|| + p) and |U|| + (A|U|| + 1), where U is
the operator Ux = {A;(x) }ien, x € X.

Proof. Let us define the operator V : X — Xy by Va = {I';(x) }ien. Since ({A;}ien, S)
is a g-Banach frame for X hence there exist A, B > 0 such that

Allzllx < [{Ai(2)}x, < Blzlx, z€X.
So U is bounded and by (ii) for every z € X,
Uz = V| x, < MUzllx, + pllellx.
Therefore,

Vellx, < U1+ AU+ )=l x,

so the upper g-frame bound is (||U| + A||U]|| + p). For the lower bound, we have SU = I

SO
1= SVII < [ISIIU = VI < [SIANUI + 1) <1,
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therefore, SV is invertible, and ||[(SV)~!|| < (1 — |U]| + p) < 1. If we consider T =
(SV)71S then TV = I,

[
[zl x < THIV2lx, < 1Vallx,,
T 1I=QAU+ S| !
and so
(IS~ = AU+ p) Izl x < [V x,,
and this concludes the proof. O
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