Methods of Functional Analysis and Topology
Vol. 13 (2007), no. 3, pp. 211-222

THE ¢,,-PRODUCT OF A b-SPACE BY A QUOTIENT
BORNOLOGICAL SPACE

BELMESNAOUI AQZZOUZ

ABSTRACT. We define the eoo-product of a Banach space G by a quotient bornological
space E | F that we denote by Geso(E | F'), and we prove that G is an Loo-space
if and only if the quotient bornological spaces Geo (F | F) and (GeE) | (GeF) are
isomorphic. Also, we show that the functor .. : Ban x gBan — gBan is left
exact. Finally, we define the eoo-product of a b-space by a quotient bornological
space and we prove that if G is an eb-space and E | F is a quotient bornological
space, then (GeE) | (GeF) is isomorphic to Geo (E | F).

1. INTRODUCTION AND BASIC NOTIONS

The e-product of two locally convex spaces was introduced by L. Schwartz in his
famous article on vector-valued distributions [13], where he also looked at the e-product of
two continuous linear mappings. Many spaces of vector-valued functions or distributions
turn out to be the e-product of the corresponding space of scalar functions and the range
space. Also, e-products allow to reduce the treatment of many spaces of functions or
distributions on product sets to the one dimensional case.

L. Waelbroeck [14], rediscovered the e-product of two Banach spaces much later, with-
out giving any explicit reference to the e-product of Schwartz (we guess that Waelbroeck
simply forgot to quote Schwartz). But his objective was to give a different approach to
the e-product of Schwartz in his special case.

It is well known that the e-product by a Banach space is always a left exact functor
but in general is not right exact. To study this problem for space of vector-valued
functions that can be interpreted as an e-product, Kaballo [8] introduced e-spaces as
locally convex spaces G for which the e-product of the identity map of G with any
surjective continuous linear mapping between Banach spaces is surjective and showed
that a Banach space is an e-space if and only if it is an L.-space. As a consequence,
if G is an L-space, the left exact functor Ge. : Ban — Ban, I — GeFE is exact,
and then by Theorem 4.1 of [17], it admits an exact extension Ge. : qBan — gqBan,
E|F — Ge(E | F) = (GeE) | (GeF), where gBan is the category of quotient Banach
spaces and Ban the category of Banach spaces. But there exist many important Banach
spaces which are not L.-spaces. For example, Khenkin [9], showed that if U is an open
subset of IR, n > 2 and r € IN*, the Banach space C"(U) is not an L.-space and
Pelsczynski [11], proved that A (D), the Banach space of continuous functions on the
closed unit disc of € and holomorphic on the open unit disc of €, is not an L.-space.

Now our interest in this paper is to discuss the following question:

Let G be a b-space and E | F be a quotient bornological space, such that Ge(E | F) is
not isomorphic to (GeE) | (GeF), is Ge(E | F) a quotient of a b-space by a b-subspace?
What is the relation between (GeFE) | (GeF) and Ge(E | F)?
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Clearly, our question arises from the problem of lifting in the category of quotient
bornological spaces of Waelbroeck [17], and the present paper is aimed to give a positive
answer to this problem.

Recall that in [2], we defined the e-product of an L.-space by a quotient Banach
space and we established a necessary and sufficient condition under which the e-product
is monic. Also, the e.-product of a Schwartz b-space by a quotient Banach space had
been defined and some examples of applications were given. However, it is not clear how
to define the e.-product of an arbitrary b-space by a quotient bornological space.

To do this, we shall define and study a new e-product in the category of quotient
bornological spaces of Waelbroeck [17] that we call the e,.-product and which coincides
with the e-product of Waelbroeck [14] for the class of Lo-spaces and the class of eb-
spaces. It is also isomorphic to the e.-product of the class of Schwartz b-spaces defined
in [2]. This ex-product is useful to describe some spaces (X )e(E | F) as a quotient of
a b-space by a b-subspace.

To prove our results, we need to recall some definitions and notations. Let EV be the
category of vector spaces and linear mappings over the scalar field IR or C.

1. Let (E,| || z) be a Banach space. A Banach subspace F' of E is a vector subspace
endowed with a Banach norm || ||z such that the inclusion map (F,| ||z) — (E,| | )
is bounded. A quotient Banach space E | F' is a vector space E/F, where E is a Banach
space and F' a Banach subspace. If E | F and E; | F; are quotient Banach spaces, a
strict morphism v : E' | F — Ej | F} is a linear mapping v : ¢+ F —— wuq(z) + F1, where
uy; : E — Ej is a bounded linear mapping such that w;(F) C F;. We shall say that
uy induces u. Two bounded linear mappings uy, us : E — FE; both inducing a strict
morphism, induce the same strict morphism iff the linear mapping w1 — us : E — F} is
bounded. A pseudo-isomorphism w : F | F — Ey | F} is a strict morphism induced by
a surjective bounded linear mapping u; : E — Ej such that ul_l(Fl) =F.

We call gBan the category of quotient Banach spaces and strict morphisms, it is a
subcategory of EV and contains Ban, which is not abelian, in fact, if F is a Banach
space and F a closed subspace of E, the quotient Banach space E | F' is not necessarily
isomorphic to (E/F') | {0}.

Waelbroeck introduced in [16] an abelian category qBan generated by gBan and
inverses of pseudo-isomorphisms. For more information about quotient Banach spaces
we refer the reader to [16].

2. A b-space (E,f3) is a vector space E with a bounded structure 8 such that

E=JB,

Bep

with B € 8 if B C By U Bs whenever By, By € 8, without any non-null vector subspace
of E belonging to 3, and in which for every B € (3 there exists a B; € 8 with B C By, By
absolutely convex, and Ep, , the subspace absorbed by B; with the norm-gauge associated
to Bj, being a Banach space.

A subspace F of a b-space E is bornologically closed if FF N Eg is closed in Ep for
every completant bounded B of F.

Given two b-spaces (F, 8g) and (F, OF), a linear mapping u : E — F' is bounded, if
it maps boundeds of E into boundeds of F'. The mapping u is bornologically surjective
if for every B’ € F, there exists B € g such that u(B) = B’.

We denote by b the category of b-spaces and bounded linear mappings. For more
information about b-spaces we refer the reader to [5], [6] and [15].

Let (E,Bg) be a b-space. A b-subspace of E is a subspace F with a boundedness 8p
such that (F,(Br) is a b-space and Sr C Bg. A quotient bornological space E | F' is a
vector space E/F, where E is a b-space and F' a b-subspace of E. If E | F and Ey | F;
are quotient bornological spaces, a strict morphism v : £ | F — E; | F; is induced
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by a bounded linear mapping u; : E — FE; whose restriction to F' is a bounded linear
mapping F' — F;. Two bounded linear mappings ui,v; : £ — FEj, both inducing
a strict morphism, induce the same strict morphism E | F — Ey | Fy iff the linear
mapping u; — vy : E — F} is bounded.

The class of quotient bornological spaces and strict morphisms is a category, that we
call q. A pseudo-isomorphism u : E | F — FEj | F is a strict morphism induced by a
bounded linear mapping u; : £ — FE; which is bornologically surjective and such that
u ' (Fy) = Fie. B € Bp if B € g and ui(B) € fr,. As for the category GBan, there
are pseudo-isomorphisms which do not have strict inverses, Waelbroeck constructed in
[17] an abelian category q that contains q and in which all pseudo-isomorphisms of q are
isomorphisms.

3. The e-product of two Banach spaces E and F' is the Banach space EcF of linear
mappings Fy — F whose restrictions to the unit ball of E; are o(E;, E)-continuous,
where FEj is the topological dual of E. It follows from Proposition 2 of [14], that the
e-product is symmetric. If F; end F; are Banach spaces and u; : F/; — Fj; are bounded
linear mappings, i = 1,2, the e-product of u; and wusy is the bounded linear mapping
uieug : B1eFy — FieFy, f —— ugo fou) , where u is the dual mapping of u;. It is
clear that if GG is a Banach space and F' is a Banach subspace of another Banach space
FE, then GeF is a Banach subspace of GeE. For more detail about the e-product we refer
the reader to [7] and [14].

4. A Banach space E is an L, y-space, A > 1, if and only if every finite-dimensional
subspace F' of E is contained in a finite-dimensional subspace F; of F such that d(F},15°) <
A, where n = dim Fy, {2 is K" (K = IR or €) with the norm sup;;<,, |;|, and
d(X,Y) = inf{||T||[|T7!||, T : X — Y isomorphism} is the Banach-Mazur distance
of the Banach spaces X and Y. A Banach space E is an L-space if it is an L x-space
for some A > 1. For more information about £..-spaces we refer to see [10].

2. THE £,,-PRODUCT OF A BANACH SPACE

A Banach space G is called injective if the restriction mapping Ban(.,G) : Ban(E, G)
— Ban(F, G) is surjective, as soon as E is a Banach space and F is a closed subspace
of E, where Ban(H, G) is the Banach space of all bounded linear mappings from H into
G, H = E, F. Well known examples of injective Banach spaces are [*°(I), I being any
set. By [10], every injective Banach space is an £..-space.

As the e-product is a left exact functor on the category Ban, we shall consider strongly
left exact sequences. A complex 0 — E - F - G is left exact in Ban if Ker(v) =
Im(u). The complex 0 — E - F % G is strongly left exact in Ban if it is left
exact and the image of v is closed in G.

Definition 2.1. Let G be a Banach space and I, J be sets. Then the strongly left exact
complex 0 — G —% [°°(I) - 1°°(J) will be called a [*°-resolution of G.

Proposition 2.2. Fvery Banach space G has [°°-resolutions.

Proof. Let I be a dense subset in the closed unit ball Bgs of the topological dual space
G’ of G. It is obvious that the linear mapping v : G — [*°(I), x — u(zx) such
that u(x)(g) = g(z) for all g € I, is an isometry. Since u(G) is a closed subspace of
1°°(I), we identify G with u(G). Then there exists a dense subset J in B (;),g)y and
an isometric mapping (*°(I)/G — [°°(J) where (I°°(I)/G)’ is the topological dual of
[°°(I)/G. The mapping v : [°°(I) — [°°(J) is the composition of the quotient mapping
[°(I) — 1*°(I)/G and the isometry {*°(I)/G — [°°(J). Its image is closed in [*°(J).
It follows that 0 — G —% [°°(I) - [°°(J]) is a [*°-resolution of G. O
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Below, we define the e-product of a Banach space by a quotient bornological space. For
this we let 0 — G — [°°(I) —= 1°°(J) be a [*°-resolution of G. Since [*°(I) and [*°(.J)
are Loo-spaces, it follows from [7] that the functor {*°(K)e. : Ban — Ban is exact for
K =1,J. On the other word, the inductive limit functor is exact on the category of b-
spaces [6], hence the functor [*°(K)e. : b — b is exact for K = I, J. Now, by Theorem
4.1 of [17], this functor admits an exact extension [*°(K)e. : ¢ — q. As a consequence, if
E | F is a quotient bornological space we have {®(K)e(E | F) = (I°(K)eE) | (I*°(K)eF)
for K=1,J.

On the other hand, the bounded linear mapping veldg : [*°(I)eE — [°°(J)eE in-
duces a strict morphism veldg)p : (I(I)eE) | (I°(I)eF) — (I%°(J)eE) | (I°°(J)eF),
and as the category q is abelian, the object Ker(veldg|p) exists, and then we obtain the
following left exact sequence:

ueldp|p

0 — Ker(veldgp) — (I®)eE) | (I°()eF)

veldp|
—

(I=(J)eE) | (I>°(J)eF)
where
Ker(vsIdE|F) = (veldg) = (1°°(J)eF) | (I°°(I)eF)

and (veldg)~1(1°°(J)eF) is a b-subspace of the b-space [*°(I)eE for the following bound-
edness: a subset B of (veldg)~1(I1°°(J)eF) is bounded if it is bounded in (°°(I)eE and
its image (veldg)(B) is bounded in [*°(J)eF.

We let Geges(E | F) = Ker(veldgp). This defines a functor Geges. : q— q,
E | F — Gepes(E | F).

While the Banach space G has several [*°-resolutions, we will prove that the object
Gepes(E | F) does not depend on [*°-resolutions of G.

Vi

Proposition 2.3. Let Gi, Gy be two Banach spaces and 0 — G; —5 1°°(1;) -5
[°(J;) be a l*®°-resolution of G;, i = 1,2. Let u : Gy — G2 be a bounded linear
mapping. Then there exist bounded linear mappings v : 1*°([;) — [°(I3) and w :
1°°(Jy) — 1°°(J2) making the following diagram commutative:

1 1 1Y
0 — Gy =2 [®() 2 1))
Proof. By the construction of [*°-resolutions of the Banach spaces G; and G5 (proof of
Proposition 2.2), we have the following sequences:

O—>GZ‘ LZOO(IJ —>lOO<IZ)/’U,l(G1) —>loo(Jl), 1= 1,2.

Since G; is a closed subspace of [°°(I;) and [*°(J2) is an injective Banach space,
the mapping us ou : G; — [°°(l2) can be extended to a bounded linear mapping
v : (1) — [°°(I3) such that the left square of the above diagram is commutative. The
mapping v induces a bounded linear mapping v : [°°(I1)/u1(G1) — 1°°(I2) /u2(G2). As
[°°(.J2) is injective, we can extend the composition (% (I1)/u1 (G1) — 1%°(I2) /uz(G2) —
[°°(J2) to a bounded linear mapping w : [°°(Jy) — {*°(J2) such that the right square
of the above diagram is commutative. O

Now, we prove that the strict morphism defined by u is independent of v and w occur-
ing in Proposition 2.3. In fact, let E | F be a quotient bornological space. By applying
the functor .€(E | F') : Ban— q to the right square of the diagram of Proposition 2.3
and taking the kernels of the horizontal arrows vieldg|r, ¢ = 1,2, we obtain the following
commutative diagram:
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Id
0 — Ker(veldgyp) — 1°I)e(E|F) =" 1(J)e(E| F)
l lUEIdE\F lwsIdE“:
voeld
0 — Ker(veldpp) — I®(L)e(E|F) “257 1=(L)e(E | F)

where the strict morphism Ker(vieldgp) — Ker(vaeldg|p) in the above diagram is
induced by the restriction of veldg to the b-space (vieldg)~1(I%°(J1)eF). We call it
’UJEResIdE‘F : Glt’:‘Res(E ‘ F) — GQERes(E | F)

We must show that ueresIdgp does not depend on the choice of the mappings v
and w.

Indeed, if u = 0, then there exists a bounded linear mapping 3 : [*°(J;) — 1*°(13)
such that the following square is commutative:

1°(I) =% 1% (Jy)
1Y /B 1Y
1°(I) 2 1% (Jy)

Now, by applying the functor .e(E | F') : Ban— q to the above square, we obtain
a strict morphism feldgp : [*°(J1)e(E | F) — [*(I2)e(E | F). Finally, it is easy to
prove that the strict morphism uegesIdpp = 0. Hence the morphism uegesldg|p is well
defined.

Now, we are in position to prove that the object Geges(E | F) is independent of

[*°-resolutions of G. Namely, we have the following result:

Theorem 2.4. Let G be a Banach space and 0 — G —5 [°(1;) 25 1°°(.J;), i = 1,2,
be two 1 -resolutions of G. Then, for every quotient bornological space E | F, the objects
GeRes, (E | F) and Geges, (E | F) are naturally isomorphic.

Proof. Let us consider the following commutative diagrams:

U1

lldc lu lv
0 — G =5 I%(L) 5 1®(h)
lIdG lu lv

0 — G 5 1°) 5 =)
and
0 — G o) 1)
lIdG lu,ou lv/ov
0 — G o) B 0o
By applying the functor .e(E | F') : Ban—q to the above diagrams and by using the
identities (f eldy) o (feldy) = (f o fleldy for f = uw and H = E, F, we obtain
(IdgeRes, 1 1dg|r) o (IdgeRes, ,1dE|r) = ldgeRres,  1dp|r = 1daep,. (BF)-
Also, using a similar argument, we have the following identity:
(IdgeRes, »1dg|r) o (IdgeRes, 1 1dE|F) = IdGeRes, ,1dp|r = 1dGep, ., (B]F)-

And this finishes the proof of Theorem 2.4. (|
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Definition 2.5. The e,.-product of a Banach space G and a quotient bornological space
E | F is the object Geoo(E | F) that we define as Geges(E | F) for some [*°-resolution
of G.

In [2], we proved the following result.

Proposition. ([2], Proposition 2.2). If G1,Gs are Loo-spaces and u : G1 — G3 is a
bounded linear mapping, then w is injective with a closed range if and only if for every
quotient Banach space E | F, the strict morphism ueldgp : Gie(E | F) — Gae(E | F)
18 injective.

This proposition is still valid in the category of quotient bornological spaces. In fact,
if G is an Lo.-space and (E; | F;);.; is an inductive system of quotient Banach spaces,
since the category q is stable under inductive limit, we can show that Ge(lim; (E; | F)) ~
lim; (Ge (E; | F3)).

On the other hand, a quotient bornological space E | F can be considered as an
inductive limit of quotient Banach spaces F; | F;. Indeed, let (B,C) be a couple of
bounded completant sets, B bounded in E, C bounded in F' and C C B. This set of
couples is ordered by the relation (B, C) < (By,C4) if and only if B C By and C' C Cj.
For such an order, the set of couples (B,C) is a net and the family (Ep | Fo),c) is
an inductive system in the category q. Then we can write £ | F' ~ limp ¢)(Ep | Fo).
It follows that if G is an Lo-space and E | F is a quotient bornological space, then
Ge (E| F)) ~limp ¢ (Ge (Ep | Fo)).

Thus Proposition 2.2 of [2] holds in the category of quotient bornological spaces.

An important characterization of L£.,-spaces by the e,,-product is giving by the fol-
lowing result.

Theorem 2.6. A Banach space G is an Loo-space if and only if whenever E | F is a
quotient bornological space, the objects (GeE) | (GeF) and Gexo(E | F) are isomorphic.

Proof. Let 0 — G % 1°°(I) - 1°°(J) be a [*®-resolution of G. By a dual result of
Proposition I1.5.13 of [10], the Banach space {°°(I)/G is an L.-space. We consider the
following exact sequence:

0— G -5 1°(I) = 1°(1)/G — 0.

If F | F is a quotient bornological space, by applying the e-product functor, we obtain
the following commutative diagram:

0 0 0
1 | 1

0 — GeF — I®(I)eF — (*()/G)eF — 0
1 | 1

0 — GeFE — 1®(I)eFE — (I*(I)/G)eE — 0
1 1 1

0 — Ge(E|F) — I®Me(E|F) — (I°I)/@e(E|F) — 0
1 | 1
0 0 0

where the three columns are exact (because G, [*°(I) and [*°(])/G are L.-spaces). By
Proposition 2.5 and the example 2.4(i) of [8], the sequence

(1) 0 — GeK — [°(I)eK — I*°(J)eK

is exact for K = Epg, Fe.



THE e,.-PRODUCT OF A b-SPACE BY A QUOTIENT BORNOLOGICAL SPACE 217

On the other hand, F = lii>nBEB and F' = lii>nCFC, and since the inductive limit
functor is exact on the category of b-spaces [6], it follows that the first and the second
lines are exact. Finally, we deduce from Theorem 4.3.6 of [12] that the third line is exact.

If we consider the isometry vy : [°°(I)/G — [°°(J) such that v = vy o 7, the strict
morphism vieldgp : (I°°(1)/G)e(E | F) — 1°°(J)e(E | F) is injective (Proposition 2.2
of [2]) and veldg|p = (vieldg|p) o (meldgr). Then Ker(veldg r) = Ker(reldgp), and
this shows the result.

Conversely, if a; : X — Y is a surjective bounded linear mapping between Banach
spaces, it induces an isomorphism a : X | a;*(0) — Y | {0}. Let 0 — G %
1°°(I) =% 1°°(J) be a [*®-resolution of G. By applying the left exact functors .c..(X |
a7*(0)), .£00(Y | {0}) : Ban — q (Theorem 3.1 of this paper) to the above left exact
[*°-resolution (1), we obtain the following commutative diagram:

0 — Gfoo(Xlafl(O)) — ZT(I)€(XIG1—1(0)) — ZT(J)f(Xlafl(O))
0 — Geso(Y[{0}) — DY [{0}) — I®())e(Y [{0})

As [°°(I) and [*°(J) are Loo-spaces, the strict morphisms Id;e(yyea and Id;(sea are
isomorphism. Now, by using Lemma 4.3.3 of [12], we deduce that the morphism Idge..a
is an isomorphism.

On the other hand, it follows from the left square of the above diagram that

(2) ((Idgee(1y)ea) o (ueId(Xlafl(O))) = (ueldy/qo}) o (Idgea)

and by the commutative square

fs(Xlafl(O)) B lf"(I)S(Xlafl(O))
Ge(Y' | {0}) —  I=(D)e(Y [{0})

we have

(3) (Idjs(ryea) o (U5Id(X|a;1(o))) = (ueldy|{o}) o (Idgea).
By using the equalities (2) and (3), we obtain

(ueldy q0y) o (Idgea) = (ueldy q0y) o (Idgeca).

Finally, since the strict morphism ueldy oy is injective, we deduce Idgea = Idgea.
This proves that Idgea : GeX | (Gea;*(0)) — Ge(Y | {0}) is an isomorphism, and
then the mapping Idgea; : GeX — GeY is surjective. This proves the result. ]

3. THE LEFT EXACTNESS OF THE FUNCTOR .Eqo-

To show that for every quotient Banach space E | F, the functor .o (E | F)) changes
a left exact complex of the category Ban into a left exact complex of the category qBan,
we need the following lemma.

Lemma 3.1. Let 0 — G — Go — G5 — 0 be a short exact complex of the
category Ban. Let by : G; — 1°°(X1) and b3 : G5 — 1°°(X3) be isometric embeddings.
Then there exists an isometric embedding by : Go — 1°°(X1) @I°°(X3) such that the
diagram
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0 0 0
1 ! !

0 — Gy = Go SLAN Gs — 0
J,bl lbg lbg

0 — I°(X)) 5 I®(X)@I®(X3) = 1°(X3) — 0
is commutative, where 7 : 1% (X1) — (X)) @1 (X3) and s : 1™°(X;) PI>*(X3) —
[°(X3) are the classical bounded linear mappings into and from a direct sum.

Proof. We assume that GG is a closed subspace of G5 and G35 is the Banach space G2 /G1.
Let G C 1*°(X;) and G3 C I°°(X3) be isometric embeddings. Since [*°(X7) is injective,
the bounded linear mapping by : G; — [*°(X;) can be extended to a bounded linear
mapping b : Go — [°°(X7) such that b5 o uw = by. On the other hand, G5 is mapped
into G'3, and G35 is mapped in {*°(X3). The composition of these mappings is a bounded
linear mapping b3 : Go — [°(X3). We let by = by @D b,. Let xo = 25 Py € ba(Ga);
xfy € b3(G3), we let g3 € G5 be the element mapped onto x4, the”n we see that || g3 ||, =
|| 25 ll1e(x;)- And g3 can be lifted to g5 € Ga such that v(gy) = g3 and || g5 [|¢,<
(1+¢) |l g3 llgz= (1 +¢) || 25 [li=(x5)- The element 3 belongs to b5(Gs2), then an
element g; € G exists such that bi(g1) = x5. Of course, || g1 |la,= || 2% [;(x,) and

u(g1) = g5 € Gy is such that [| u(g1) [|a,= [| 25 [|i (xy)-
We have lifted zo € ba(G2) to go = gb+ 95, || 92 lc,< (1 +¢) || @2 ||. The bounded
linear mapping be : Go — 1°°(X1) @ 1°°(X3) is isometric and then has a closed range.
(Il

Now, we are in position to prove the following result.

Theorem 3.2. Let 0 — G —5 Gy —2 G5 be a left exact complex of the category
Ban. Let E | F be a quotient Banach space. Then 0 — Giex(E | F) — Gaeoo(E |
F) — Gseoo(E | F) is a left exact complex of the category qBan.

Proof. By Lemma 3.1, b1(G1), b2(G2) and b3(G3) are closed subspaces of the Banach
spaces [*°(X1), [°(X;1) @ 1°°(X3) and [°°(X3) respectively, and then the sequence 0 —
b1(G1) — ba(G3) — b3(G3) — 0 is a short exact complex. We obtain the following
commutative diagram:

0 0 0
1 1 1

0 — bl(Gl) — bg(Gg) — b3(G3) — 0
1 1 1

0 — I*°(X1) —  1°(X7) @I (X3) —  1°(X3) — 0
1 1 1

0 — I®(X1)/bi1(G1) — (I°(X1) ®1%°(X3))/b2(G2) — 1°(X3)/b3(G3) — 0
l 1 1
0 0 0

where the three columns are exact and the first and the second lines are exact. One
of the several 3 x 3 Lemmas [12] shows that the sequence 0 — [*°(X7)/b1(G1) —
(I°(X71) ®1°(X3))/b2(G2) — 1°(X3)/b3(G3) — 0 is a short exact complex.

The Banach spaces [*°(X1)/b1(G1) and (I°°(X1) @1°°(X3))/b2(G2) are included in an
isometric way in [°°(Y7) and [*°(Y3). By Lemma 3.1, there exists an isometric mapping
¢y (I1%°(X1) ®1°°(X3)) /b2 (G2) — 1°°(Y1) @ 1°°(Y3) such that the following diagram is
commutative:

0 0 0
! 1 1

0 — I®(X1)/0i(G1) — (%(X1) ®I>(X3))/b2(G2) — 1%(X3)/b3(G3) — O
1a 1¢2 1°3

0 — > (Yl) — 1°>° (Y1) @I (Y3) — 1>° (Y3) — 0
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We let c¢o be the composition of the projection [°°(X;) @ (®°(X3) — (I°(X1) &
loo(Xg))/bg(Gg) with the embedding (loo(Xl) &) lOC(X3))/b2(G2) —_— loo(yl) D loo(Yg)
The sequence (0, by, c2) is a [°°-resolution of G such that the following diagram is com-
mutative:

0 0 0
1 l 1
0 — Gl L) G2 L) G3 — 0
lbl le lbg
1 1”2 1%

0 — M) — PM)el>~®;) — 1=°(;) — 0

‘We have chosen one [*°-resolution of Ga, but we have proved that the quotient Banach
space Geo, (F | F) does not depend on the [*°-resolution (modulo a natural isomorphism).
Instead of using the chosen [*°-resolution, we use the [*°-resolution above. By applying
the functor .5 (F | F') to the above diagram, we obtain

0 0 0
0 — Gleoo(lE |F)  — GQEOo(lE | F) — Ggeoo(lE | F)
0 — 1% (Xl)lé(E |F) — (X))o lml(Xs))E(E | F) — = (X3)l€(E | F)
0 — I~ (Yl)i(E [F) — (Mo l“i(Y:a))E(E | F) — (Ys)i(E | F)

another 3 x 3 Lemma of [12], shows that the complex 0 — G1eoo(E | F) — Gaeoo(E |
F) — Gzexo(E | F) is left exact.

Now, let 0 — G; — G2 — H be a left exact complex and let G5 ~ Ga/u(G1),
the complex 0 — Gieo(E | F) — Gaeoo(E | F) — Gsex(E | F) is left exact in
gBan. Since G3 is (isomorphic to) a closed subspace of H, we have a second short
exact complex 0 — G3 — H — H/G3 — 0 in Ban, and the complex 0 —
G3exw(E | F) — Heo(E | F) — (H/G3)exo(E | F) is left exact. In particular,
the strict morphism Gseoo(E | F) — Heoo(E | F) is injective. Hence, the complex
0 — Giew(E | F) — Gaeo(E | F) — Heoo(E | F) is left exact in gBan. O

Finally, if we consider the functor Ge,. : qBan — qBan, where G is a Banach
space, we have the following property:

Proposition 3.3. Let G be a Banach space and 0 — E, | Fy — Ey | F, —
Es | F3 — 0 be a short exact complex of quotient Banach spaces. Then the complex
0 — Geoo(E1 | F1) — Geoo(Es | F3) — Geoo(E3 | F3) is left exact in qBan.

Proof. Let 0 — G — [ (I) — [*°(J) be a [*°-resolution of G. Since [*°(I) and
[°(J) are Loo-spaces, the functors I*° (I)e. and [*° (J)e. are exact on qBan, and it
follows that, in the diagram
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0 0 0
l ! !

0 — GEOO(El ‘ Fl) — [® (I) €(E1 | Fl) — [® (J) €(E1 | Fl)
! 1 !

0 — Gews(By | F) — 1®°(De(By|F) — 1%(J)e(Bs | Fy)
l ! !

0 — GEOO(Eg ‘ Fg) — ™ (I) €(E3 | Fg) — ™ (J) E(Eg | Fg)
! 1 !
0 0 0

the last two columns are exact. On the other hand, by the definition of the e,.-product,
the three lines are left exact. A 3 x 3 Lemma of [12] show that the first column is left
exact. ]

4. THE £,,-PRODUCT OF A B-SPACE

Let G be a b-space, then every completant bounded B of G is included in a completant
bounded A of G such that the inclusion mapping iap : Gg — G4 is bounded [5].

Let 0 — Go 25 [>*(I¢) Ze, [°(Jc) be a [*-resolution of the Banach space G¢,
C = A, B. By Proposition 2.3, there exist bounded linear mappings vap : (®(Ig) —
[°(I4) and wyp : [*°(Jp) — 1°°(J4) making commutative the following diagram:

(0,@3,\1’3): 0 — Gp — lOO(IB) — ZOO(JB)
liAB | vas |war

(0,24,T4): 0 — Ga — [®{Ua) — 1°(Ja)

If £ | F is a quotient bornological space, by applying the functor .€(E | F') : Ban — q
to the right square of the above diagram and adding the kernels of the horizontal arrows
Veeldgp, C = A, B, we obtain the following commutative diagram:

Ppesold Upeld
0 — Gpew(E|F) =587 o(Ip)e(B|F) "= 1°(Jp)e(E | F)
liABSOQIdE\F l ’UABEIdE‘F lwABEIdE\F
b peo0ld U 4eld
0 — Gaeoo(E|F) =557 po(1)e(B|F) "S5 10(J0)e(E | F)

where the strict morphism iapeocldpip @ Gpen(E | F) — Gaco(E | F) is in-
duced by the restriction of v4peldg to the b-space (Vgeldg) 1 (1°°(Jp)eF). The system
(GBexo(E | F), iaBeccldg p)p is inductive in q, and then has an inductive limit which
is a quotient bornological space.

Definition 4.1. The ey -product of a b-space G and a quotient bornological space E | F
is the quotient bornological space Geso(E | F) = li_n)lBGBeoo(E | F).

Since the inductive limit functor is exact on the category of b-spaces [6], it follows
from Theorem 4.1 of [17] that this functor admits an exact extension to the category of
quotient bornological spaces.

Our aim now is to show some properties of this e..-product.

Proposition 4.2. Let G be a b-space and E | F be a quotient bornological space. Then
there exists an injective strict morphism (GeE) | (GeF) — Gexo(E | F).

Proof. Let G = limpGp. Then by the same proof as in Proposition 2.12 of [3], we show
the existence of an injective strict morphism (GpeFE) | (GpeF) — Gpeso(E | F).
Now, by applying the functor lil>n3(.) which is exact on q, we obtain the injective
strict morphism limp((GpeE) | (GpeF)) — limp(Gpess(E | F)). On the other hand,
the quotient bornological space (GgeFE) | (GpeF') defines the following exact sequence:
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0— GBEF — GBEE — (GBEE) | (GBEF) — 0.
Its image by the functor limp(.) is the following exact sequence:
0— h_r)nB(GgsF) — lii)nB(GBEE) — lii)nB((GBEE) ‘ (GBEF)) — 0.
This shows that
limp(Gpek) [ limp(Gpel) = limp((GpeE) | (Gpel))

and hence, we obtain an injective strict morphism limp(GpeE) | limp(GpeF) —
limp(Gpea(E | F)). O

Now, we introduce the class of eb-spaces. A b-space G is an eb-space if the mapping
Idgeu : GeE — GeF is bornologically surjective whenever u : F — F' is a surjective
bounded linear mapping between Banach spaces.

For example, each L. ,-space is an eb-space, and if the b-space G is an inductive limit
of L..-spaces in the category b, then G is an eb-space.

Theorem 4.3.

1. If a b-space G is a bornological inductive limit of Lo-spaces and E | F is a quotient
bornological space, then (GeE) | (GeF) = Geoo(E | F).

2. Let G be a b-space. If for each quotient bornological space E | F, we have (GeE) |
(GeF) = Gexo(E | F), then G is an eb-space.

Proof. 1. Since G = limpGp, where each G is an Loo-space, it follows from Theorem
2.6, that (GpeE) | (GpeF) = Gpe(E | F). As the functor limp(.) is exact, we obtain
limp((Gpek) | (Gpel)) = limp(Gpes(E | F)), and hence (GeE) | (GeF) = Geoo(E |

2. Let u; : X — Y be a surjective bounded linear mapping between Banach spaces,
it induces a pseudo-isomorphism u : X | u;*(0) — Y | {0}. As G = limpGp, let

0— Gp 251%°(I5) L2 1°(J5) — 0

be a [*-resolution of the Banach space G . By applying the left exact functors .e4, (X |
u;1(0)), e0o(Y | {0}) : Ban — q to the above [*®-resolution of Gz, we obtain the
following commutative diagram:

0 — Gpeo(X [u7(0)) — 1®(UIp)e(X [u7(0) — 1=(Jp)e(X | ui'(0))
lIdGBEO"’u lIdeUB)Eu lIdloo(JB)Eu

0 — Gpex(Y [{0}) — @Up)e(Y [{0})  — I®(Jp)e(Y [{0})

Since [°°(I) and [*°(.J) are Lo-spaces, the strict morphisms Id;e (7, )eu and Ids (5, )cu
are isomorphism. It follows from Lemma 4.3.3 of [12], that the strict morphism Idg ,€c0u
GBeoo(X | u;1(0)) — Gpeao(Y | {0}) is an isomorphism.

Now, by applying the exact functor li_ngg(.)7 we obtain the isomorphism

lim p (Idg  €oo) : limp (Gpeoo(X | uy(0))) — limp(Gpex(Y | {0}))

ie. Idgesot : Geoo(X | upt(0)) — Geoo(Y | {0}) is an isomorphism. As (GeX) |
(Ge(u71(0))) = Geoo(X | u7'(0)) and Geo (Y | {0}) = (GeY') | {0}, the bounded linear
mapping Idgeu : GeX — GeY is bornologically surjective, and hence G is an eb-space.
This ends the proof. (|
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Remark 4.4. In [3], we defined the b-space Op (U, E) as the kernel of the following
morphism 0 : £ (U, E) — & (U, E) @ C™*, where £ (U, E) = limyec, (€(V)ek) and C™
is the space of antilinear forms on C". We proved that if U is an open pseudo-convex
subset of C", E a b-space and F' a bornologically closed subspace of E, then the b-
spaces O1 (U, E/F) and O (U, E) /O (U, F) are naturally isomorphic. (Proposition 2.14
of [3]). This result proves that the functor O; (U,.) : b — b C q is exact. Then it
admits an unique and exact extension O; (U,.) : @ — q (Theorem 4.1 of [17]). As a
consequence, for each quotient bornological space E | F, we obtain Oy (U, E | F') and
O(U,E) | O (U, F) are isomorphic in the category q.

On the other hand, the b-space O (U) is nuclear (i.e. all bounded completant subset B
of O (U) is included in a bounded completant subset A of O (U) such that the inclusion
mapping iap : O (U)z — O (U) 4 is nuclear), and then O (U) is a bornological inductive
limit of Banach spaces O (U) g, where each O (U)p is isometrically isomorphic to the
Loo-space ¢g (i.e. the space of sequences which converge to 0) ([5]). Hence, by Theo-
rem 4.3 (1), we have O (U,E) | O(U,F) =0 (U)ex(E | F).

Finally, for each quotient bornological space E | F, the spaces O1 (U, E | F) and
O (U)ex(E | F) are isomorphic in the category q.
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