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THE SET OF DISCONTINUITY POINTS OF SEPARATELY
CONTINUOUS FUNCTIONS ON THE PRODUCTS OF COMPACT
SPACES

V. MYKHAYLYUK

ABSTRACT. We solve the problem of constructing separately continuous functions on
the product of compact spaces with a given set of discontinuity points. We obtain
the following results.

1. For arbitrary Cech complete spaces X, Y, and a separable compact perfect
projectively nowhere dense zero set £ C X X Y there exists a separately continuous
function f: X XY — R the set of discontinuity points, which coincides with E.

2. For arbitrary Cech complete spaces X, Y, and nowhere dense zero sets A C X
and B C Y there exists a separately continuous function f : X X Y — R such
that the projections of the set of discontinuity points of f coincides with A and B,
respectively.

We construct an example of Eberlein compacts X, Y, and nowhere dense zero
sets A C X and B C Y such that the set of discontinuity points of every separately
continuous function f : X XY — R does not coincide with A x B, and a C H-example
of separable Valdivia compacts X, Y and separable nowhere dense zero sets A C X
and B C Y such that the set of discontinuity points of every separately continuous
function f: X X Y — R does not coincide with A x B.

1. INTRODUCTION

It follows from Namioka’s theorem [1] that for arbitrary compact spaces X,Y and a
separately continuous function f : X x Y — R, the set D(f) of discontinuity points of f
is a projectively meagre set, that is, D(f) C A x B where A C X and B C Y are meagre
sets. In this connection, a problem on a characterization of sets of discontinuity points
of separately continuous functions on the product of two compact spaces was formulated
in [2]. In other words, it is required to establish for which projectively meagre F,-set
in the product X x Y of compact spaces X and Y there exists a separately continuous
function f : X xY — R with D(f) = E. This leads to solving the inverse problem of sep-
arately continuous mappings theory consisting in a construction of separately continuous
function with a given set of discontinuity points.

The inverse problem on [0,1]? and on the products of metrizable spaces was studied
in papers of many mathematicians, W. Young and G. Young, R. Kershner, R. Feiock,
Z. Grande, J. Breckenridge and T. Nishiura. The most general result in this direction
was obtained in [3]. It gives a characterization of the set of discontinuity points for
separately continuous functions of several variables on the product of spaces each of
which is the topological product of separable metrizable factors. This result for function
of two variables in compact spaces was proved in [4, Theorem 4] and it can be formulated
in the following way.
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Theorem 1.1. Let (X, :s€5), (Y :t €T) be arbitrary families of metrizable compact

spaces, X = [[ Xs and Y = [ Y:. Then, for any set E C X x Y, the following
ses teT
conditions are equivalent:

(i) there exists a separately continuous function f: X xY — R with D(f)=E;
(i) there exists a sequence (E,)S%, of projectively nowhere dense zero sets E, C
o0
X XY such that E= |J E,.
n=1

Recall that a set A in a topological space X is called a zero set if there exists a
continuous function f : X — [0, 1] such that A = f(=1(0), and a co-zero setif A = X\ B
for some zero set B C X. A set F in the product X x Y of topological spaces X and
Y is called a projectively nowhere dense set if E is contained in the product A x B of
nowhere dense sets A C X and BCY.

On other hand, the problem of constructing a separately continuous function with a
given oscillation was solved in [5]. It follows from [5] that for an arbitrary separable
projectively meagre F,-set E in the product X x Y of Eberlein compacts X and Y there
exists a separately continuous function f : X xY — R with D(f) = E. Besides, examples
of nonseparable closed sets E; and Ey in the products of two Eberlein compacts such
that F; is a set of discontinuity points of some separately continuous function and Fs is
not a set of discontinuity points for every separately continuous function on the product
of the corresponding spaces.

Note that the following Price-Simon type property of Eberlein compacts (see [6,
p. 170]) plays an important role in the proof of the results of [5]. For every Eberlein
compact X and zy € X there exists a sequence of nonempty open sets, which converges
to 2o (a sequence (A,)52 of sets A, CY converges to yo €Y in a topological space Y,
that is A,, — xo, if for every neighbourhood U of yg in Y there exists a number ny € N
such that A,, C U for all n > ny).

The problem of constructing a separately continuous function on the product of two
compact spaces with a given one-point set of discontinuity points was solved in [7] using
a dependence of functions on some quantity of coordinates. It was obtained in [7] that
for nonisolated points xg and yy in compact spaces X and Y, respectively, there exists
a separately continuous function f : X x Y — R with D(f) = {(zo,v0)} if and only if
there exist sequences (U, )22 ; and (V,,)52; of nonempty co-zero sets U, C X and V;, CY
which converge to xg and yg respectively, besides, xg & U,, and yg & V,, for every n € N.

oo
Note that solving the inverse problem for a F,-set £ = |J E, is reduces to a con-
n=1
struction of a separately continuous function f with D(f) = E,, where E,, is a closed set.
Therefore the following questions arise naturally in connection with the results mentioned
above.

Question 1.2. Let E be a projectively nowhere dense zero set in the product X XY of
compact spaces X andY . Does there exist a separately continuous function f: X XY —

R with D(f) = E ?

Question 1.3. Let E be a projectively nowhere dense zero set in the product X xY
of Eberlein compacts X and Y. Does there exist a separately continuous function f :
X XY —>Rwith D(f)y=FE ¢

Question 1.4. Let E be a separable projectively nowhere dense zero set in the product
X XY of compact spaces X and Y. Does there exist a separately continuous function
f: X XY —>RwithD(f)y=E?

Besides, theorems on characterizations of sets of discontinuity points of separately
continuous functions, which were obtained, have been formulated in terms of properties
of projections. Therefore, it is important to study a weak inverse problem of constructing
a separately continuous function with given projections. It is connected with special
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inverse problems of constructing a separately continuous function with a given set of
discontinuity points, E, of a special type (E = Ax B, E = {z¢} x {yo}, etc.), which have
been studied in [8, 9]. In particular, a special inverse problem was solved in [8] in the
following cases: for a set A x {yo} where A is any nowhere dense zero set in a topological
space X and yo is any nonisolated point with a countable base of neighbourhoods in a
completely regular space Y; and for a set A x B where A and B are nowhere dense zero
sets in a topological space X and a locally connected space Y respectively. Thus the
following question arises naturally.

Question 1.5. Let A, B be nowhere dense zero sets in compact spaces X and Y respec-
tively. Does there exist a separately continuous function f : X XY — R such that the
projections on X and Y of the set of discontinuity points of f coincide with A and B
respectively ¢

In this paper we give affirmative answers to Question 1.2 if E is a separable perfect set,
and to Question 1.5. Further, we construct an example which gives a negative answer to
Question 1.3 (thus to Question 1.2), and an C' H-example which gives a negative answer
to Question 1.4.

2. THE INVERSE PROBLEM ON THE PRODUCT OF COMPACT SPACES

Recall some definitions and introduce some notations.
A set A in a topological space X is called a Gs-set if there exists a sequence (G,)%2

oo . —
of open in X sets G,, such that A = [ G,, and G, +1 C G, for every n € N where B
n=1
means the closure of a set B in the corresponding space.

A set A in a topological space X is called a perfect set if A is a perfect space in the
topology induced by X, that is every closed in A set is a Gs-set in A.

A function f : X — R defined on a topological space X is called a lower semi-
continuous function at an xg € X if for every € > 0 there exists a neighbourhood U of
2o in X such that f(z) > f(xg) —e€ for any « € U, and a lower semi-continuous function
if f is lower semi-continuous at any point x € X.

Let X,Y be arbitrary sets. The mappings pry : X XY — X and pry : X xY — Y are
defined as follows: pry(x,y) = z and pry (x,y) = y for every € X and y € Y. Besides,
let f: X xY — R be a function. For every zyp € X and yo € Y the functions f* : Y — R
and fy, : X — R are defined as follows: f*(y) = f(zo,y) and f,,(x) = f(z,yo) for any
reXandyey.

Let X be a topological space, A C X and f : X — R. The restriction of f to A
we denote by f|a. The real ws(A) = sup |f(z') — f(a”)| is called the oscillation of

z! x'"eA

fon A, If xg € X and U is a system of all neighborhoods of xg in X then the real
wy(zo) = I}n{{wf(U) is called the oscillation of f at xy.
€

For a function f : X — R defined on a set X the set supp f = {x € X : f(x) # 0} is
called a support of f.

A completely regular space X is called a Cech complete space if for every compactifi-
cation c¢X of X the set X is a Gs-set in cX (see [10, p. 297]).

Let X be a topological space. We say that a point zo € X has a weak Price-Simon
property in X if there exists a sequence (U,)S2; of nonempty open in X sets U, such
that U, — z¢, and X has a weak Price-Simon property if every point © € X has the
weak Price-Simon property in X.

The following result takes an important place in solving the inverse problem and the
method used in the proof is similar to the method which was used in [11] for the product
of separable metrizable spaces.
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Theorem 2.1. Let X, Y be completely reqular spaces, A C X and B CY be nowhere
dense sets, E C Ax B be a Gs-set in Z =X xY and P = {p, :n € N} C E be a dense
in E set such that p, has the Price-Simon property in Z for every n € N. Then there
ezists a lower semi-continuous separately continuous function f: X XY — Z such that

D(f) = E.

Proof. Let (Gy,)52; be a sequence of open in Z sets such that E' = ﬂ Gpand Ghi1 C Gy

for every n € N. Since A and B are nowhere dense and each pomt Pn has the weak Price-
Simon property in Z, for every n € N there exist sequences (Upk)52, and (Vor)52, of
nonempty open in X and Y sets U,r and V,; respectively such that Wy, = U,i X
Vok L P Uk NA =V, NB =0 and W, C G}, for every k € N. For every n,k € N

pick a point z,; € W, and a continuous function f, : Z — [0, 1] such that frx(znx) =1
and fnr(z) = 0 for any z € Z \ Wy. Show that the function f : X x Y — [0,400),

flzyy) = > Y far(z,y), has the desired properties.

n=1k=n

For every n € N put W,, = Z \ G,. Since fix|w, = 0 for all i € N and k > n,

oo o0 n n
flw, = 323 fiklw, = D° >° fiklw, . Therefore f is continuous at every point of the
i=1 k=i i=1k=i

set U W,=Z\E.

n=1

Besides, since Wy, N (A X Y)U (X x B)) = O for any n,k € N, f* = f, = 0 for
any a € A and b € B. Therefore, in particular, f is a lower semi-continuous separately
continuous function.

It remains to show that E C D(f). Since f(p,) = 0 for each n € N, f(znx) >
fok(znk) = 1 for each k > n and Znk =2 Py Pn € D(f), besides, wy(p,) > 1. Since

F={z€Z:ws(z) >1}isclosedin Z and F C D(f), weobtain E=P C F C D(f). O

For a set which is the union of a sequence of zero sets we obtain the following solution
to the inverse problem.

Theorem 2.2. Let X, Y be completely reqular spaces, (E,)S2_, be a sequence of separable
— o]
projectively nowhere dense Gs-sets By, in X XY and E = |J E,, besides, every point of

n=1
E has the weak Price-Simon property in X XY . Then there exists a separately continuous

function f: X xY — R such that D(f) = E.

Proof. By Theorem 2.1 for every n € N there exists a lower semi-continuous separately
continuous function g, : X x Y — R such that D(g,) = E,. Fix any strictly increasing
homeomorphism ¢ : R — (=1, 1). Clearly, the functions f, : X xY — (=1,1), fu(z,y) =
©(gn(z,y)), are lower semi-continuous separately continuous and D(f,) = E, for every
n € N. By [12, Corollary 2.2.2] for a separately contlnuous function f : X xY — R,

f(z,y) = ;1 5ifn(2,y), we have D(f) = L:JID(fn) U E,=F. O

The following result gives an affirmative answer to Question 1.2 under some additional
conditions on F.

Theorem 2.3. Let X, Y be Cech complete spaces, (En)Se be a sequence of separable
compact perfect projectively nowhere dense Gs-sets E, in X XY and E = U FE,. Then

there exists a separately continuous function f: X XY — R such that D(f) E.

Proof. Let X, Y be the Stone-Cech compactifications of X and Y respectively. Since
X and Y are Cech complete spaces, X and Y are Gg-sets in X and Y respectively.
Therefore all the sets E,, are Gg-sets in X x Y. Every one-point subset of E,, is a G-set
in the perfect compact F,,. Thus every one-point subset of E is a Gg-set in the compact
space X x Y. Hence every point p € E has a countable base of neighbourhoods in X x Y.
Then by Theorem 2.2, there exists a separately continuous function f : X xY — R such
that D(f) = E.
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Put f=f |xxy. Clearly that f is a separately continuous function and D(f) C E. Tt
remains to show that E C D(f).

Pick a point p = (20,%0) € E, neighbourhoods U and V' of zp and yo in X and Y’
respectively. Since X and Y are dense in X and Y respectively, U = U and V =V are
neighbourhoods of z¢ and Yo in X and Y respectively. Using the separate continuity of
f we obtain that wf(U x V) = wi(U x V) =ws(U x V). Therefore ws(p) = wz(p) >0
and p € D(f). O

Note that the Cech completeness of X and Y in Theorem 2.3 cannot be weakened to
the complete regularity. Indeed, it was shown in [9, Theorem 1] that an analog of this
theorem for completely regular spaces X, Y and one-point set E does not depend of the
Z FC-axioms.

The method which we use to solve the weak inverse problem is similar to the method
from [8]. The following proposition gives a possibility to remove the connection type
conditions.

Proposition 2.4. Let X be a compact space, A C X be a zero set in X which is not
open in X. Then there exists a separately continuous function f : X — [0,1] such
that A = f=1(0) and for every open in X set G 2O A there exists ng € N such that

{2% :n>ngt C f(G).

Proof. Let g: X — [0,1] be a continuous function such that A = g=*(0). Since A is not
open in X, g71([0,€))\ A # @ for every € > 0. Therefore there exists a sequence (x,,)%;
of points z,, € X such that g(zn+1) < g(z,) < 1 for every n € N and lim g¢(z,) = 0.

Pick any strictly increasing continuous function ¢ : [0,1] — [0, 1] such that ¢(g(z,)) =
. Put f(z) = ¢(g(z)) for every z € X. Clearly that f : X — [0,1] is a continuous
function and A = f~1(0). For every n € N put G,, = f~*((5=,1]). Let G be an
arbitrary open in X set with A C G. Choosing a finite subcover from the open cover
{G}U{G, : n € N} of compact space X we obtain an ng € N such that GU G, = X.

Since f(zn) = 5= 4 < for every n > ng, {%:nzno}:{f(xn):nZno}gG. O

2"0
The following theorem gives a positive answer to Question 1.5.
Theorem 2.5. Let X, Y be Cech complete spaces, (An)S,, (B,)2%, be sequences of
o0
nowhere dense compact Gs-sets A,, and By, in X and Y respectively, A = |J A, and

n=1

o0
B = |J Bn. Then there exists a separately continuous function f : X xY — R such
n=1

that pry D(f) = A and pry D(f) = B.

Proof. Note that it is sufficient to prove this theorem for nowhere dense compact Gs-sets
A and B in compact spaces X and Y respectively and a lower semi-continuous separately
continuous function f analogously as in the proof of Theorem 2.3.

Since A and B are zero sets in X and Y respectively, by Proposition 2.4 there exist
continuous functions g : X — [0,1] and h: Y — [0,1] such that A = g=1(0), B = h~1(0)
and for every open sets G; 2 A and G2 O B in X and Y respectively there exists an
no € N such that {2% :n >ngt C g(Gy) and {2% :n > ngt C h(Ga).

Consider the function

oy = | #H i (ny) € Ax B,
, 0, if (z,y) € AxB.

It is easy to see that f is a lower semi-continuous separately continuous function and
D(f) C Ax B.

Suppose that pryD(f) # A, that is, there exists an xg € A\ pryD(f). Since f
is continuous at every point of the compact set {xg} x B and f(xzo,y) = 0 for every
y € B, there exists a neighbourhood U of zg in X and an open in Y set GG such that
flz,y) < % for any x € U and y € G. It follows from the choice of h that there exists
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an ng € N such that {5= : n > ng} € h(G). Since A = g~1(0) is nowhere dense,
(9710, 5%5)) NU) \ A # @, that is, there exists an 21 € U such that g(z1) € (0, 525).
Choose an n > ng and a y; € G such that g(z1) € [5257, 5= ) and h(y1) = 5. Then
29(x1)h(y1) 2yirrae _ 4
o) = ey ) = e &
but this contradicts the choice of U and G.
The equality pry D(f) = B can be obtained analogously. O

The reasoning similar to the one given after the proof of Theorem 2.3 shows that
the Cech completeness of X and Y in Theorem 2.5 cannot be weaken to the complete
regularity.

3. SEPARATELY CONTINUOUS FUNCTIONS ON THE PRODUCT OF EBERLEIN COMPACTS

In this section we construct an example which gives a negative answer to Question 1.3.

Recall that a compact space X which is homeomorphic to some weakly compact subset
of a Banach space is called an Eberlein compact. The Amir-Lindenstraus theorem [13]
states that a compact X is an Eberlein compact if and only if it is homeomorphic to some
compact subset of the space ¢o(T) (co(T) is the space of all functions = : T — R such
that for every € > 0 the set {¢t € T : |z(t)| > €} is finite with the topology of pointwise
convergence on T).

An idea of the corresponding space construction is closely related to the following
simple fact.

Proposition 3.1. Let f : [0,1]2 — R be a separately continuous function. Then there
exist strictly decreasing sequences (a,)>2y and (by)02; of reals an,by, € (0,1] such that
lim a, = lim b, =0 and |f(an,bm) — f(0,0)| < m for every n,m € N.

n—oo k]

n—oo

Proof. Since fy is continuous at 0, there exists an a; € (0,1) such that

1£(a1,0) — £(0,0)] < %

Using the continuity of f° and f% at 0 we choose b; € (0,1) such that
1 1
|f(07b1)7f(070)|<§ and |f(a17y)7f(a170)|<§
for every y € [0,b1]. Further, using the continuity of fo and f, at 0 choose an as €
(0,min{%,a:}) so that
1 1
Fa2,0) = F0,01 < 5 and [f(,ba) ~ F0,b)] < 5
for every z € [0, ao]. Since fO and f? are continuous at 0, there exists by € (0, min{3,b1})
such that

7(0,82) = FO.00 < § and [f(az,y) ~ Faz,0)] <

for every y € [0, bs).
Continuing this procedure to infinity we obtain strictly decreasing sequences (a,)5 4
and (b,)52, of reals ay, b, € (0,1] such that lim a, = lim b, =0 and

/(@ 0) = J0.0] < 5. 17(0.b0) = F0,0)] < 5,
Flans) = flan O < 5o and | b) = £(0.00)| < o

for every y € [0,b,] and = € [0, an41]. Then for m > n we have

|f(@n7bm) - f(0’0)| < |f(an7bm) - f(an70)| + ‘f(anao) - f(0’0)|
1 1
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And for n > m we have

| f (@, bm) — f(0,0)] < |f(@n,bm) — f(0,bm)] + |f(0,bm) — £(0,0)]
1 1 1
Somtom T

O

For the topological product X = [] X, of a family (X : s € S) of topological spaces
ses
X, and a nonempty basic open set U = [[ Us put R(U) = {s € S : Us # X;}. Let,
ses

besides, Y be a subspace of X. An nonempty open in Y set V is called a basic open set
if there exists a basic open set U = ¢(V') in X such that V. =U NY. For any nonempty

basic open set V in Y we put R(V) = R(¢(V)).
The following theorem is the main result of this section.

Theorem 3.2. There exist Eberlein compacts X and Y and nowhere dense zero sets A
and B in X and Y respectively such that D(f) # A X B for every separately continuous
function f: X xY — R.

Proof. Denote the set of all strictly decreasing sequences s = ()22, of reals a, € (0,1]
such that lim a, =0 by Sp and S = {0} U Sy. For every s = (a,) € Sp and n € Ny =

N U {0} the function z(s,n) € [0,1]7 is defined as follows: if n € N, then

1, if t=s,
x(s,n)(t) =4 0, if te S\ {s},
an, if t=0,

and
, if t=s,

1
r00={ 5 i (28 o)
)

Put Xo = [0,1] x {0}, X, = {x(s,n) : n € Ny} for every s € Sy and X = |J X,.
s€S
Show that X is a closed subspace of Z = [0, 1] x {0, 1}%°.

Since for every x € X the set {s € Sy : x(s) = 1} has at most one element, all
functions z € X have the same properties. Therefore it is sufficient to prove that for
every z € Z \ X with |[{s € Sy : z(s) = 1}| < 1 there exists an open neighbourhood U of
z in Z such that UNX = 0.

Pick zg € Z\ X such that |{s € Sp: z(s) = 1}| < 1. Note that [{s € Sy : z(s) = 1}| =
1. Indeed, if zo(s) = 0 for every s € Sy then 2z € Xy which contradicts the choice of zg.
Pick s = (o) € Sp such that zo(s) = 1. Since zg # x(s,0), 20(0) > 0. Note zg # z(s,n)
for every n € N, therefore z¢(0) # a,, for every n € N. Choose an open neighbourhood I
of z9(0) in [0,1] so that 0 € I and «, & I for every n € N. For the open neighbourhood
U={z€Z:2(0)€1,z(s) =1} of zp in Z we have UN X = Q.

Thus X is a compact. Since the supports of all functions x € X are finite, X is an
Eberlein compact by [13].

Put A= {z € X : (0) = 0}. Clearly that A is a zero set in X. Since Xy = X\ A
for every s € S, X \ A is a dense in X set. Therefore A is a nowhere dense in X set.

Denote Y = X, B = A and suppose that there exists a separately continuous
function f : X x Y — R such that D(f) = A x B. Note that the function ¢ :
Xo — [0,1], ¢(z) = x(0), is a homeomorphism, therefore the function g : [0,1]* — R,
g(u,v) = f(p~t(u), o 1(v)), is separately continuous. By Proposition 3.1 there ex-
ist strictly decreasing sequences (u,)52; and (v,,)22, of reals uy,v, € (0,1] such that

. T _ 1
nan;o up = lim v, = 0 and |g(un,vm) — ¢(0,0)] < TS for every n,m € N.

For every n € N put x,, = ¢~ (uy,) and y,, = ¢~ 1(v,). Since for every n,m € N f is a
jointly continuous function at (x,, ), there exist basic open neighbourhoods U, and
Vim of @, and y,, in X and Y respectively such that |f(x,y) — f(@n, ym)| < m
for every z € Uy, and y € Vi,
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oo

Consider an at most countable set T = |J (R(Upm)U R(Vim)). Since the set of

n,m=1
all subsequences of some sequence has the cardinality 2%, there exists an increasing
sequence (ng)72, of ni € N such that s = (o), t = (Bk)52, ¢ T, where oy = uy,
and (3 = v, for every k € N. Note that zg = z(s,0) € A and yo = z(¢,0) € B. Show
that f is continuous at (xg,yo), which is impossible.

Fix ¢ > 0 and choose a number ky such that % < % Note that the sets U =
0

{r e X :2(s) = 1L,z(0) < ar,} ={z(s,k) : k=0 or k>kpandV ={yeY:
y(t) = L,y(0) < Biy} = {x(t,k) : k=0 or k > ko}} are neighbourhoods of z and
Yo in X and Y respectively. Pick i,j > ko. It follows from s &€ R(Up,n,), t € R(Viun; ),
7,,(0) = o; and y,,(0) = B;, that x(s,i) € Up,n, and z(t,j) € Vpn,. Therefore
|f(x(s,7), 2(t,5)) = f(Tn; Yn,)| < m It follows from f(2n,,yn;) = g(tn,,Vn,)
and the choosing of sequences (u,)22 ; and (v,,)52 ; that

2

min{n;,n;}

|f(x(s,z),x(t7j)) - g(0,0)| <

Since f is a separately continuous function, zp = lim z(s,n) and yo = lm z(¢,n),
n—oo n—oo

|f(17(3ai)’90) - 9(070)‘ < %a |f(l'0,17(t7])) 79(0a0)| < % and f(x07y0) = g(0,0) Thus
59) = f . 0)| < 72 < for every () € U x V. =

4. SEPARATELY CONTINUOUS FUNCTIONS ON THE PRODUCTS OF SEPARABLE
VALDIVIA COMPACTS

Recall that a compact space X is called a Corson compact if it is homeomorphic to a
compact Z C RT such that |[supp z| < N for every z € Z, and a Valdivia compact if it is
homeomorphic to a compact Z C RT such that the set {z € Z : |[supp z| < Rg} is dense
in Z. Clearly that any Corson compact is a Valdivia compact. Besides, it follows from
[13] that any Eberlein compact is a Corson compact.

Since every separable subset of a Corson compact is metrizable, it follows from The-
orem 2.3 that Question 1.4 has a positive answer for Corson compacts. Therefore it is
naturally to establish whether is it true for Valdivia compacts.

In this section we show that in C H-assumption Question 1.4 has a negative answer
even for separable Valdivia compacts.

The following notation is an important tool for the construction of the corresponding
example.

Let X C [0,1]%, Y C [0,1]T be arbitrary spaces, so € S, tp € T and f: X x Y — R
be a function. We say that sequences (u,,)52 1 and (v,)52 of reals u,, v, € (0,1] nullify
f in the coordinates sg and tq if the following conditions hold:

(ln) |f(xay1)7f(xay2)| < %
for every n € N, z € X with x(sg) = un, m > n, y1,y2 € Y with y;(t) = ya(¢) for
t €T\ {to}, y1(to) = v, and ya(to) = 0;

(2) F@1y) — fony)| < &
for every m € N, y € Y with y(to) = vm, n > m, 21,22 € X with z1(s) = za(s)
for s € S\ {so}, 1(s0) = uy, and z2(sg) = 0.

Proposition 4.1. Let X C [0,1]%, Y C [0,1]T be compacts, so € S, tg € T, A= {z €
X :xz(s0) =0}, B={y €Y :y(to) = 0}, (an)s>y and (b,)52, be strictly decreasing
sequences of reals an,b, € (0,1] with lim a, = lim b, =0 and f : X xY — R be

n—oo n—0o0

a function with D(f) C A x B. Then there exist subsequences (u,)22 1 and (v,)22, of
sequences (an)2, and (by)22, respectively which nullify f in the coordinates so and tg.
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Proof. For every n € Nput A, ={x € X : 2(sg) = an} and B, = {y €Y : y(to) = b, }.
Since f is jointly continuous at any point of compacts A, x Y, for every n € N there
exists €, > 0 such that
1
‘f(xayl) - f(xay2)| < ﬁ
for any x € Ay, y1,y2 € Y with y;(¢) = yo2(¢) for t € T'\ {to} and |y1(to) — y2(to)| < €n.
Analogously, for every m € N the joint continuity of f on the compact X x B,,, implies
the existence of a §,, > 0 such that

Feny) — fanp) <

for any y € By, z1,22 € X with 1(s) = z2(s) for s € S\ {so} and |z1(s0) —z2(s0)| < Ipn.
Denote 73 = 1 and choose strictly increasing sequences (i,,)52 5 and (j,,)5° ; of numbers
in,Jjn € N such that b;, <eg;, and a;,, , <J;, for every n € N.
It remains to put u, = a;, and v, = b;, for every n € N. O

Now describe a method of the construction of Valdivia compacts.

Let A be a system of sets A C [0,1], S = {0} U A, Xy =[0,1], X; = {0,1} for every
s€ Aand X = [[ X,. For every finite set T C A put

ses
Zr={zxeX:xz(s)=1Vse T, z(s) =0Vs € A\ T, z(0) € ﬂ A},
AeT
it T # @, and
Zp={z € X :a(s)=0Vs € A 2(0) € JA}.

The compact subspace X4 = U{Zr: T C A, T is finite} of the space X is called a

compact generated by the system A. Clearly that X 4 is a Valdivia compact.
We use the following properties of compacts generated by systems.

Proposition 4.2. Let A be a system of sets AE [0,1), X = X4 and s9 = Ay € A.
Then for every x € X 4 if x(s9) =1 then x(0) € Agp.

Proof. Tt follows from the definition of X 4 that for every x € U{Zr : T C A, T is finite}
if (sgp) =1 then x(0) € Ap. It remains to apply the closure operation. O

Proposition 4.3. Let A be a system of sets A C [0,1) such that the set Ag =|J A is at
most countable. Then X 4 is a separable compact.

Proof. Let Ag = {a, : n € N}. For every n € Nput A, = {4 € A:a, € A} and
Xp={r € Xa:2(0) =an, z(s) =0Vs € A\ A, }. Note that for every finite set T' C A,
the function

an, if s=0,

zr(s)=¢ 1, if seT,

0, if se A\T,

belongs to X 4. Therefore X,, = {a,} x [] {0,1} x T[] {0}. Since |A,| < 2%, X,
s€EAR sc A\ A,

is a separable space by Hewitt-Marczewski-Pondiczery theorem [10, p. 133].

oo

Since Zr C |J X, for any finite set T'C A, X4 = X,,. Thus X 4 is a separable
1 =1

n= n—=

space. U

Proposition 4.4. Let A be a system of sets A C [0,1) and B C A such that |JB = |J A.
Then p(X 4) = X where ¢ : X4 — RIOUB (1) = r|f01uB-

Proof. The inclusion X5 C p(X 4) follows immediately from the definition of a compact
generated by a system.

Fix a finite subsystem T'C A. f TNB = O, then |JB = |J A implies p(Zr) C Xp. If
T N B # @, then the inclusion ¢(Zr) C Xp follows from the definition of Z.
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Since the set | J{o(Zr) : T C A, T is finite} is dense in (X 4), Xp is dense in (X 4).
Thus (X 4) C X35. O

We use also the following two facts.

n
Proposition 4.5. Let (A,)$2, be a sequence of infinite sets A, C N such that [ Ak
k=1
is an infinite set for every n € N. Then there exists an infinite set B C N such that
|B\ A,| < Ng for every n € N.
k+1
Proof. Tt is sufficient to put nqy = min Ay, ny = min( () 4; \ {n1,...,nk_1}) for every
1

1=

k>2and B={ng:keN} O

Proposition 4.6. Let w be the first ordinal of some infinite cardinality. Then there
exists a bijection ¢ : [1,w)? — [1,w) such that p(&,m) > € for every £,m € [1,w).

Proof. Note that |[1,w)?| = |[1,w)| by Hessenberg’s theorem [14, p. 284], that is, there
exists a bijection 9 : [1,w) — [1,w)?. For every £ € [1,w) denote (g, B¢) = 1(&).

Using the transfinite induction we construct a bijection ¢ : [1,w) — [1,w) such that
@(&) > ag for every € € [1,w).

Put ¢(1) = ;.

Assume that ¢(n) is defined for all ) € [1,£) where £ € (1,w). Put ¢(§) = min([oe, w)\
{6n) 1< n < €}).

Clearly that ¢ is an injection and ¢(§) > ag for every £ € [1,w). Show that ¢ is a
surjection.

Fix a £ € [1,w). Choose an 1 € [1,w) such that ¢(n) = (£, 1), that is a, = £ and
by = 1. If ¢(n) # &, then £ € {p(C) : 1 < < n}.

It remains to put ¢ = oL, (I

Let Z, S be arbitrary sets, X C R% and f : X — Z. We say that f depends upon a
countable quantity of coordinates if there exists an at most countable set T C S such
that f(z') = f(z") for every 2/,2” € X with o'|r = 2”|p. It is easy to see that for
any compact X C RS every continuous function f : X — R depends upon a countable
quantity of coordinates. It follows from [7, Theorem 1] that if X C R® and Y C R” are
separable compacts, then every separately continuous function f : X x Y — R depends
upon countable quantity of coordinates as a mapping defined on X x Y, that is there
exist at most countable sets Sy C S and Ty C T such that f(z',y") = f(z”,y"”) for every
' 2" € X with 2'|g, = 2"|s, and v/, 3" € Y with ¢'|1, = ¢v"'| 1, -

The following theorem is the main result of this section.

Theorem 4.7. (CH) There exist separable Valdivia compacts X andY, nowhere dense
separable zero sets E and F in X and Y respectively such that D(f) # E x F for every
separately continuous function f: X xY — R.

Proof. Put Ag = By = {0} U{L : n € N}. Using the transfinite induction we construct
families (A¢ : 1 <& <wj) and (Be : 1 <& < wy) of sets A = {0} U {agf) :n € N} C Ay
and By = {0} U {bﬁf) :n € N} C By where (agf))fle and (b%))j;o:l are strictly decreasing
sequences which satisfy the following conditions:

(1) A¢\ A, and Be \ B, are finite sets for every 0 <7 < § < wy;

(2) for every £ € [1,w;) and separately continuous function g : X4, x X5, — R
with D(g) C E¢ x F¢, where Ae = {A¢; : 0 < ( < ¢}, Be = {B: : 0 < ¢ < &}
Ee = {z € X4, :2(0) =0} and Fr = {y € Xp, : y(0) = 0}, there exists an € [1,w;)
such that the sequences (a'”)22, and (b")2°, nullify g in the coordinates so = 0 and
to = 0.

Using Proposition 4.6 choose a bijection

[lvwl) 3¢ A (@1(5)7902(5)) € [17w1)2
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so that p1(£) < & for every € € [1,wy), in particular, ¢1(1) = 1.

Since X 4, and Xp, are separable by Proposition 4.3, every separately continuous
function g : X 4, X X, — R is determined by its values on some at most countable dense
subset of X 4, X Xp,. Therefore the system JF; of all separately continuous functions
g: X4, x X, — R with D(g) C Ey x F} has the cardinality 2%, that is F; = {90, :

1 <n < wi}. Using Proposition 4.1 choose subsequences (ag))j’f:l and (bg))j’f:l of the
sequence (1)2; which nullify g, (1) in the coordinates sy = 0 and ¢y = 0.
Assume that the sets A, and B, for 1 < n < { < w; are constructed such that

condition (1) holds and for every n € [1,£) the sequences (CL£Z7))OO and (b;"))oo nullify

n=1 n=1
Je(n) in the coordinates so = 0 and to = 0 where F;; = {g(,.¢c) : 1 < < wi} is the system
of all separately continuous functions g : X4, x X, — R with D(g) C E;, x F,.
It follows from Proposition 4.3 that X 4, and Xp, are separable. Therefore the system
Fe¢ of all separately continuous functions g : X4, x X5, — R with D(g) C E¢ x F¢ has

the cardinality 2%, that is F¢ = {9¢e,n) : 1 <n < wi}. Besides, since ¢1(£) <, we have

3
9oe) € U Fy. Using Proposition 4.5 choose strictly decreasing sequences (a, )5, and
n=1
(bn)pe; of reals an, b, € Ag such that for every n € [1,£) the sets {a, : n € N} \ A4, and

3]

{b,, : n € N} \ B, are finite. Now using Proposition 4.1 choose subsequences (a’)32

n=1
and (b%))%‘;l of sequences (a,);Z; and (b,);Z; respectively which nullify g,) in the
coordinates sop = 0 and tg = 0.

Clearly that the families (A¢ : 1 < ¢ < wq) and (Bg : 1 < € < wy) satisfy (1). Show
that the condition (2) holds.

Fix £ € [1,w;) and g € F¢. Then there exists a ¢ € [1,w;) such that g = g ¢). Since
¢ is a bijection, there exists n € [1,w;) such that p(n) = (&,{). Then the sequences

(a%"));’f:l and (bgf));’f’:l nullify g ¢y in the coordinates so = 0 and to = 0.

Put A={A::0<E&<wi}, B={Be:0<{<wi}, X=X4,Y =Yg, E={zecX:
2(0) =0} and F = {y € Y : y(0) = 0}. Note that compacts E and F are homeomorphic
to {0,1}*1. Therefore E and F are separable. It easy to see that E and F' are nowhere

dense in X and Y respectively. Besides, by Proposition 4.4 for every £ € [1,w;) we have
ﬂgi)(X) = X4, and wég) (Y) = Xp, where 7T§£) : X — R{OUAe ’/ng)(x) = z|{oua,, and

my” Y = ROWE () = gl oy,

Suppose that f: X x Y — R is a separately continuous function with D(f) = E x F.
Since X and Y are separable, f depends upon a countable quantity of coordinates, that
is, there exist a £ € [1,w;) and a function g : X4, x X5, — R such that f(z,y) =

g(ﬂf) (x),ﬂgg)(y)) for every x € X and y € Y. Note that mappings 77%5) and 7755) are

perfect, therefore g is a separately continuous function and D(g) = E¢ x F¢ by [T,
Proposition 2]. Thus, g € F¢. Using (2) choose an 1 € [{,w1) such that the sequences

(aﬁf’));’f:l and (bg{i));’f’:l nullify ¢ in the coordinates sg = 0 and tq = 0.

Put sy = Ay, t1 = By, up = a&f’) and v,, = bg{') for every n € N. Clearly that the
sequences (u, )22 ; and (v,)22; nullify f in the coordinates sy = 0 and ¢y = 0.

It follows from Namioka’s theorem [1] that for the separately continuous functions
hi: ExXY — R, hy = flpxy, and hy : X X F — R, hs = f|xxF, there exist dense in
E and F respectively Gs-sets Fy C E and Fy C F such that hp is jointly continuous at
any point of Ey x Y and hy is jointly continuous at any point of X x Fj. Note that the
sets {x € E : z(s;) = 1} and {y € F : y(¢t1) = 1} are open and nonempty in E and F
respectively. Therefore there exist an xg € Ey and a yg € Fy such that z¢(s1) = 1 and
Yo(t1) = 1.

Show that f is jointly continuous at (zg,yo).
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Fix ¢ > 0 and k£ € N so that % < £. Using the continuity of h; and ho at (xg,yo)

choose I €N, s9,...,8 € A, ta,...,t; € B and 6 < min{ug, v} such that

[F(ey) = o)l < 5
for every (z,y) e (UNE)x V)U (U x (VNF)), where U = {z € X : 2(0) < d§,z(s;) =
xo(s;) for 1 <i<l}and V={yeY :4(0) < y(t;) =yo(t;) for 1 <i<I}.

Show that |f(z,y) — f(zo,y0)| < e forevery x e U and y € V. Fix x € U and y € V.
Clearly that it is sufficient to consider the case of xz(0) > 0 and y(0) > 0. Note that
Proposition 4.2 implies 2(0) € A, and y(0) € B,. It follows from the choice of ¢ that
there exist n,m > k such that z(0) = u,, and y(0) = vp,.

Assume that m > n. Since the function

_ 0, if t=0,

y(t) = { y(t), if teB,
belongs to VN F and the sequences (u;)52; and (v;)$2; nullify f in the coordinates s = 0
and tg = 0, we have

N

1 1 ¢
T —flz,g)) < — < =< =,
[f(2,y) = fl@9)l <~ < 2 <5
Then
~ ~ e g
|f(z,y) = f(zo, yo)l < [f(x,90) = f(z. 9+ |f(2,9) = flzo. o)l < 5+ 5 =e
If n > m, then we reason analogously.
Thus f is jointly continuous at (g, yo), which is impossible. O
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