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THE INVOLUTIVE AUTOMORPHISMS OF -COMPACT
OPERATORS AFFILIATED WITH A TYPE I VON NEUMANN
ALGEBRA

K. K. KUDAYBERGENOV AND T. S. KALANDAROV

ABSTRACT. Let M be a type I von Neumann algebra with a center Z, and a faithful
normal semi-finite trace 7. Consider the algebra L(M, 7) of all 7-measurable operators
with respect to M and let So(M,7) be the subalgebra of T-compact operators in
L(M, 7). We prove that any Z-linear involutive automorphisms of So(M, 7) is inner.

1. INTRODUCTION

The present paper is devoted to an investigation of x-automorphisms of 7-compact
operators affiliated with a type I von Neumann algebra.

It is well known [5] that, if M is a type I von Neumann algebra and ® : M — M is
an x-automorphism such that ®(zx) = z®(z) for all central elements z in M, then ® is
inner, i.e., ®(x) = uzu* for some unitary element v € M. Some results of such a kind
for unbounded operator algebras were obtained in [9]. Namely, it was proved that any
x-automorphism of the maximal O*-algebra is inner.

One of important classes of unbounded operator algebras are algebras of T-compact
operators affiliated with a von Neumann algebra.

In the present paper, using the description of the algebra of 7-measurable operators
affiliated with a type I von Neumann algebra obtained in [1] and also the description of
automorphisms of standard subalgebras of the algebra of bounded linear operators acting
in Banach-Kantorovich modula from [2], we prove that any Z-linear #-automorphism of
the algebra of T7-compact operators affiliated with a type I von Neumann algebra is inner.

2. PRELIMINARIES

Let (2,5, ) be a measurable space with a o-finite measure p, i. e., there is family
{Qi}ics €%, 0 < pu(Q) < 00, i € J, such that for any A € ¥, u(A) < oo, there exists a
countable subset Jy C J and a set B with zero measure such that A= |J (ANQ;) UB.

i€Jo

We denote by L° = L°(Q, %, 1) the algebra of all (classes of) complex measurable
functions on (£2, %, 1) equipped with the topology of convergence in measure. Then L°
is a complete metrizable commutative regular algebra with the unit 1 given by 1(w) = 1,
w € Q.

Denote by V the complete Boolean algebra of all idempotents from L°,i.e., V = {x4 :
A € ¥}, where x4 is the characteristic function of the set A.

A complex linear space E is said to be normed by LY if there is a map || || : E — L°
such that for any z,y € E, A € C, the following conditions are fulfilled:

[z 20, |zl =0<=2=0, |zl| = [Alzll, [lz+yl] <[]+ Iyl
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The pair (E,||-|)) is called a lattice-normed space over L°. A lattice-normed space E is
called d-decomposable, if for any x € E with ||z|| = A1 + A2, where A1, \a € L%, A\ Ap = 0,
there exists x1,z2 € F such that © = 1 + 29 and ||z;|| = Ai, i = 1,2. A net (x,) in E is
(bo)-converging to = € E, if ||z, — z|| — 0 p-almost everywhere in L°. A lattice-normed
space E which is d-decomposable and complete with respect to the (bo)-convergence is
called a Banach-Kantorovich space.

It is known that every Banach-Kantorovich space E over LY is a module over L° and
|IAz]| = |A|[|z] for all X € L°, z € E (see [6]).

A module F over LY is said to be finite-generated, if there are xi,zs,...,z, in F
for any x € F there exists \; € L° (i = 1,n) such that = Az + ... + \yzy,. The
elements x1, xa, ..., x,, are called generators of F. We denote by d(F') the minimal number
of generators of F.

A finite-generated module F over L is called homogeneous of type n, if for every
nonzero e € V we have n = d(eF).

Let K be a module over L°. A map (-,-) : K x K — L is called an L°-valued inner
product, if for all x,y,z € K, A € LY, the following conditions are fulfilled: (x,z) > 0;
(z,2) =0z =0; (z,y) = (y,2); Az,y) = Mz, y); (& +y,2) = (,2) + (Y, 2).

If (-,-) : K x K — L% is an L%valued inner product, then ||z|| = \/(x,z) defines an
L%-valued norm on K. The pair (K, (-,-)) is called a Kaplansky-Hilbert module over L°,
if (KC, ] - ||) is a Banach-Kantorovich space over L° (see [6]).

Let X be a Banach space. A map s: ) — X is called a simple, if

s(W) =D xa, (W)en,
k=1

where Ay, € 8,4, NA; =0,i#j, ck € X, k=1,n,ne€N. Amap u:Q— X is said to
be measurable, if there is a sequence (s,,) of simple maps such that ||s,(w) — u(w)|| — 0
almost everywhere on any A € Y with u(A) < cc.

Let £(£2, X) be the set of all measurable maps from € into X, and let L°(€2, X) denote
the factorization of this set with respect to equality almost everywhere. Denote by
the equivalence class from L°((2, X') which contains the measurable map u € £(£2, X).
Further we shall identity the element uw € L(€Q,X) with the class @. Note that the
function w — ||u(w)|| is measurable for any u € L(2, X). The equivalence class containing
the function |u(w)|| is denoted by ||@||. For 4,9 € L°(Q,X),A € LY put 4 + o =
u(w)/—ij(w)7 A = )\(mw).

It is known [6] that (L°(£2, X), | - ||) is a Banach-Kantorovich space over L°.

Put L>®(Q, X) = {z € L°(Q, X) : ||z| € L**(2)}. Then L> (£, X) is a Banach space
with respect the norm [|z[|oc = |[[|2]||| Lo (q)-

If H is a Hilbert space, then L°(Q, H) can be equipped with an L°-valued inner

product (z,y) = (x(mw)), where (-, ) is the inner product on H.

Then (L°(Q, H), (-,-)) is a Kaplansky-Hilbert module over L°.

Let E be a Banach-Kantorovich space over L°. An operator T : E — E is called
LO%-linear if T(/\1£E1 + /\212) = )\1T(£C1) + )\QT(I’Q) for all )\1,A2 S LO,Il,fEQ € E. An
LO-linear operator T : E — E is called L°-bounded, if there exists an element ¢ € L°
such that || T(z)|| < ¢||z| for any € E. For an L%bounded linear operator T we put
[T = sup{[|T ()] - [J«]} < 1}

An L°-linear operator T : E — FE is called finite-generated (homogeneous of type n)
it T(E) = {T(z) : x € E} is a finite-generated (respectively homogeneous of type n)
submodule in E.

We denote by B(E) the algebra of all L%-linear L°-bounded operators on E and F(FE)
be the set of all finite-generated L°-linear L°-bounded operators on E.
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An algebra Y C B(E) is called standard over L°, if U is a submodule in B(E) and
F(E)CU.

Recall that bijective linear operator ® : U — U is said an automorphism, if ®(xy) =
O(2)®(y) for all z,y e U

Theorem 2.1. [2]. Let U be a standard algebra in B(L°(Q, H)) and let ® : U — U
be an L° — linear automorphism of the algebra U. Then there is an invertible element
a € B(L°(2, H)) such that

®(A) = axa™!
forall zel.

3. THE MAIN RESULT

A linear subspace D in H is said to be affiliated with M (denotes as DnM), if

u(D) C D for any unitary operator u from the commutant
M ={y € B(H): zy =y'z,Vz € M}

of the algebra M.

A linear operator z on H with domain D(z) is said to be affiliated with M (denoted
as znM) if u(D(z)) C D(x) and uz(§) = zu(€) for all w € M’, € € D(z).

A linear subspace D in H is called 7-dense, if

1) DnM;

2) given any € > 0 there exists a projection p € P(M) such that p(H) C D and
T(pt) <e.

A closed linear operator z is said to be 7-measurable (or totally measurable) with
respect to the von Neumann algebra M, if znM and D(z) is 7-dense in H.

We will denote by L(M, 7) the set of all 7-measurable operators affiliated with M. Let
| - l|ar stand for the uniform norm in M. The measure topology, t,, in L(M, 1) is the one
given by the following system of neighborhoods of zero:

V(e,0) ={x € L(M,7):3e € P(M),7(et) < 6,ze € M, ||we||pr < e},

where € > 0, > 0.

It is known [8] that L(M, 7) equipped with the measure topology is a complete metriz-
able topological *-algebra.

In the algebra L(M, ) consider the subset Sy(M, 7) of all operators x such that given
any € > 0 there is a projection p € P(M) with 7(pt) < oo, zp € M and |jzp| < e.
Following [10] let us call the elements of So(M, T) T-compact operators affiliated with M.
It is known [12], [7] that So(M, 7) is a *-subalgebra in L(M,7) and an M-bimodule, i. e.
ax,xa € So(M,7) for all x € So(M,7) and a € M. Tt is clear that if the trace 7 is finite
then So(M, 1) = L(M,T).

The following properties of the algebra So(M,7) of 7-compact operators are known
10], [3].

Let M be a von Neumann algebra with a faithful normal semi-finite trace 7. Then

1) L(M,7) = M + So(M, 7);

2) So(M,7) is an ideal in L(M, ).

Let L (Q)®B(H) be the tensor product of von Neumann algebra L>°(Q2) and B(H),
with the trace 7 = p ® Tr, where Tr is the canonical trace for operators in B(H) (with
its natural domain).

Denote by L°(Q, B(H)) the space of equivalence classes of measurable maps from {2

into B(H). Given 4,9 € L°(Q, B(H)) put b = u(mw),a* = m
Define
L>(Q, B(H)) = {z € L(Q, B(H)) : ||z]| € L*(Q)}.
The space (L*°(2, B(H)),| - |loo) is a Banach #-algebra.
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It is known [11] that the algebra L>°(Q)&®B(H) is #-isomorphic to the algebra L (€2,
B(H)).
Note also that

(@) = [ To(a(w)) duw).
Q

Further we shall identity the algebra L*>°(Q)®B(H) with the algebra L>(Q, B(H)).

Denote by B(L°(2, H)) (resp. B(L* (£, H))) the algebra of all L%linear and L°-
bounded (resp. L>(Q)-linear and L°°(Q2)-bounded) operators on L°(€2, H) (resp.
L>(Q, H)).

Given any f € L*>(Q, B(H)) consider the element ¥(f) from B(L*>(, H)) defined
by

V(f)(x) = fw)(x(w)), =eL>Q H).

Then the correspondence f — W(f) gives an isometric *-isomorphism between the
algebras L>(Q, B(H)) and B(L>(Q, H)) (see [6]).

It is known [1], that the algebra L(L*°(Q)®B(H),7) of all 7-measurable operators
affiliated with the von Neumann algebra L>°(Q)®B(H) is L°-linear *-isomorphic with
the algebra B(L°(Q, H)).

Therefore one has the following relations for the algebras mentioned above:

L(L™(Q)®B(H)),7) = L°(Q, B(H)) = B(L°(Q, H)).

Let mix (So(L>®°(Q)®B(H), 7)) be the cyclic hull of the set So(L>*(Q)QB(H), 1), i. e.
it consists of all elements of the form x = (bo) — > maxa, where (7,) is a partition of

the unit in V, (z4) C So(L>°(Q)®B(H),T).
Since So(L>®°(Q)®B(H),7) is a module over L> () and L° = mix (L>°(2)), we have
that mix (Sp(L>(Q)®@B(H), 7)) is a module over L°.

Proposition 3.1. mix (So(L>*(Q)®B(H), 7)) is a standard algebra in L(L>®(Q)®
B(H),).

Proof. First suppose that the measure p is finite. Consider a finite-generated operator x
from the algebra L(L>(Q)®B(H), 7). Let p be the orthogonal projection onto the image
of z and n be the number of its generators. By ([4], Theorem 2), Tr(p(w)) = dimp(w) < n
for almost all w € Q. Therefore 7(p) = [ Tr(p(w)) dp(w) < nu(Q), i. e. 7(p) < .

Q

It is clear that zpt = 0. Thus 7(p) < co and xpt =0, i. e. € So(L>(Q)QB(H), 7).
Now suppose that p is o-finite and z is a finite-generated operator from L(L*(Q)®
B(H), ). Since the measure p is o-finite, there exists a partition of the unit (eq)
in V such that e, = xa.,40 € X, u(Ay) < oo. From the above it follows e,z €
eaSo(L®(Q)®B(H), ) and therefore z = (bo) — > eqx belongs to mix (So(L>®(Q)®

B(H),7)). Thus mix (So(L>*(Q)@B(H), 7)) is a standard algebra. The proof is com-
plete. O

Proposition 3.2. Let ® be an x-automorphism of the algebra So(L*> (2, B(H)), 7).
Then there exists an unitary element v € L (Q), B(H)) such that ®(x) = uxu* for all
x € So(L>*(Q, B(H)), 7).

Proof. First show that s-isomorphism ® is continued till mix (So(L>*°(92, B(H)),7)).
Put
q~3(x) = (bo) — Zeaq)(xa)7 x € mix (So(L> (92, B(H)), 1)).

In the standard way, one can proved that ® is defined correctly and it is isomorphism.
Now, show that ® is LO-linear.
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Let A € L% 2 € mix (So(L>®(Q, B(H)),7)). Take a unit decomposition (e,) in V
such that e, A € L®(Q), eqx € So(L>(2, B(H)), ) for all a. Since ® is L (Q)-linear,
then ®(eaAz) = P(egAeqr) = eqAP(eqx). Therefore ®(A\x) = (bo) — > e P(egAz) =
Y ead®(eqz) = AD(2), i.e. D(Ax) = AD().

Since mix (So(L*> (€2, B(H)), 7)) is a standard algebra, then by Theorem 2.1, there ex-
ists an invertible operator a € B(L°(Q, H)) such that ®(x) = aza™!, x € mix (So(L>(,

B(H)),)).
Show that a*a is a central element. Since ® is x-automorphism, then ®(z*) = ®(z)*.
Hence az*a™! = (awa™1)* = (a YH)*z*a* = (a*)"lz*a*, ie. ar*a™! = (a*) " lz%a*.

That’s why a*ax* = z*a*a. If we change = to z*, then we have a*ax = xa*a for all
x € mix (So(L>°(Q2, B(H)),7)). Therefore ea*aexe = exea*ae for all z € eL°(Q, B(H))
where e is a projector with the finite trace. That’s why ea*ae is a central element in
eL°(Q, B(H)). Hence a*a is a central element in L°(2, B(H)).

Since the center of L°(€2, B(H)) is isomorphic to L°, then a*a = Ae for any \ € L°.
Since a is an invertible operator, then A is also an invertible element in LY. Put u =
A"2q. Then u*u = e. Hence u is an unitary element. Moreover, ®(z) = uzu* for all
x € mix (So(L>* (2, B(H)), 7)), particularly, for all z € So(L>°(Q2, B(H)), 7). The proof
is complete. O

Recall that a von Neumann algebra M is an algebra of type I if it is isomorphic to a
von Neumann algebra with an Abelian commutant.
It is well-known [11] that if M is a type I von Neumann algebra then there is a unique

(cardinal-indexed) orthogonal family of projections (¢o)acr € P(M) with > ¢, = 1
acl
such that g, M is isomorphic to the tensor product of an Abelian von Neumann algebra

L>*(Qq, tta) and B(H,) with dim H, = «, i. e.

57
GoM =Y L®(Qa, f1a)OB(Hy).

Consider the faithful normal semi-finite trace 7 on M, defined as

T(.I) = ZTa(-ra)’ Tr = (xa) eM, x>0,

where 7, = po ® Try,.
Let

H SO(LOO(Qm Ma)®B(Ha)v Ta)

be the topological (Tychonoff) product of the spaces So(L>® (R, tia)®B(Hy), Ta)-
Then (see [7]) we have the topological embedding

So(M.7) € [T So(L* (s p10) D B(Ha). 7).

Theorem 3.3. If M is a Type I von Neumann Algebra, then any Z-linear *-automor-
phism of the algebra So(M,T) is inner.

Proof. Let q, is a central projector in M, such that ¢g,M = L*(Q,, B(H,)). Then
GaSo(M,7) =2 So(L>®(Qq, B(Hy)), 7o) for all a. Since ® is Z-linearly then ®(g,z) =
¢a®(x) for all a. Hence ® maps any algebra g,So(M, ) into itself. By Proposition 3.2
there exists unitary elements u, € g,M such that

(I)(Q(lmoz) = UaTaUa

for all 24 € qaSo(M,T).
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Put u = (u,). Then u is an unitary element in M. For x € S°(M, 1) we have ¢, ®(z) =
D(ga) = Uagalll, = @Quurgat™ = go(uzu®), ie. ¢oP(x) = ¢o(uau*) in all a. Therefore
®(x) = uzu*. The proof is complete. O
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