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RECURSION RELATION FOR ORTHOGONAL POLYNOMIALS ON
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Dedicated to dear M. L. Gorbachuk on the occasion of his 70th birthday.

ABSTRACT. The article deals with orthogonal polynomials on compact infinite sub-
sets of the complex plane. Orthogonal polynomials are treated as coordinates of
generalized eigenvector of a normal operator A. It is shown that there exists a recur-
sion that gives the possibility to reconstruct these polynomials. This recursion arises
from generalized eigenvalue problem and, actually, this means that every generalized
eigenvector of A is also a generalized eigenvector of A* with the complex conjugated
eigenvalue.

If the subset is actually the unit circle, it is shown that the presented algorithm
is a generalization of the well-known Szeg6 recursion from OPUC theory.

1. ORTHOGONAL POLYNOMIALS ON R. CLASSICAL JACOBI MATRICES

We start with a brief overview of the corresponding results from OPRL (Orthogonal
Polynomials on the Real Line) and classical theory of Jacobi matrices.

Let us have a probability Borel measure p : B(R) — [0;1] with infinite compact
support. Consider the following sequence of functions

(1) LN,

belonging to L2(R,dp(\)). Construct an orthonormal basis P(A\) = (P,(\))%, from
this sequence using the standard Gramm-Schmidt orthogonalization procedure. Now
construct the matrix of the operator of multiplication by the independent variable in
this basis,

an = [ APLPaO)dp). b = [ AP o),
R R
n €Ny = {0,1,...} = {O}UN

It is easy to see that a, > 0,n € Ny. Thus we have a self-adjoint three-diagonal Ja-
cobi matrix with uniformly bounded elements and non-zero coefficients on the adjoint
diagonals,

(2)

b() ao 0 0
aon b1 al 0

(3) J = 0 al b2 as

This matrix generates a Hermitian operator A in 5. Its domain is the set of finite se-
quences f € fg, C fa; denote the selfadjoint closure of this operator by the same letter A.
The sequence of polynomials P(\) = (Pn()\))zozo is a generalized eigenvector of A and
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corresponds to the eigenvalue A € R and p is a spectral measure of A. The following
Fourier transform (after extending by continuity) gives a unitary mapping between /5
(where the initial operator A acts) and L?(R,dp(\)) (where its image, the operator of
multiplication by A acts),

(4) L D lin 3 f = (fa)iZo = FN) := D faPu(X) € LA(R,dp(N)).
n=0

The polynomials P, (\) can be recovered as solutions of the equation JP(A) = AP(X).
That is, Vn € Ny

(5) anflpnfl()\) + ann()\) + CLnPn+1()\> = )\Pn()\), Po()\) =1, P,l()\) =0.

Here a, > 0,n € Ny, so it is easy to construct a two-terms recursion that recovers all
P, (\) step by step.

A similar situation takes place for normal operators A (see [2]). Instead of ¢; =
CoC@---, it is necessary touse I, = C' @ C?* @ C>@C*@ - - - . the matrix J has, in this
case, a block three-diagonal structure and is normal. The corresponding polynomials
P,(z) of the variable z € C (actually of z and Z) constitute an orthonormal basis of
L?(C,dp(z)). They cannot be reconstructed from (5), because the matrix coefficients are
non-invertible in this case. Now it is necessary to use two corresponding equations, from
which we can find P,(z) step by step. Let us explain the situation in more details. In
the normal case, the sequence P(z) = (Pn(z))zo:o, similar to P()), is also a generalized
eigenvector of the operator A and corresponds to the eigenvalue z. But the operator A is
normal, therefore P(z) is also a generalized eigenvector for its adjoint operator A*, with
the eigenvalue Z. As a result, in this case we have two analogical equations for A and
A*, instead of one equation (5). The details can be found in [2], but the proof in this
article of the corresponding result (Lemma 7) is only an outline. In Section 2 we give a
complete proof of this Lemma (see Theorem 1 below).

If the spectral measure p is concentrated on the unit circle, then the corresponding
operator A will be unitary. In this case, the polynomials P, (z) become orthonormal on
the unit circle (see [1]), which plays an important role in the OPUC theory. In Section
3, we show that the well-known Szegé recursion [4, 5, 6] (which recovers orthogonal
polynomials on the unit circle in OPUC) is actually the two relations of type (5) that is
written for a unitary operator.

2. ORTHOGONAL POLYNOMIALS ON THE COMPLEX PLANE. THREE DIAGONAL BLOCK
JACOBI-TYPE NORMAL MATRICES

Let p be a probability Borel measure on C with compact support and L?(C, dp(z)) be
the space of square integrable complex-valued functions defined on C. We suppose that
the support of this measure is an infinite set such that the functions C 3 z +— 2™2z",
m,n € Ny are linearly independent in L?(C, dp(z)). Let

(6) PO(Zv 2); Pl;O(Za Z)v Pl;l(za 2); PQ;O(Z, Z)a P2;1(Za 2)7 P2;2(Zv Z); oo

be polynomials obtained by using the standard Gramm-Schmidt orthogonalization pro-
cedure in L?(C,dp(z)) applied to the system of functions

(7) 1; 2120, 2021, 2220 1zt 2022, ..

These polynomials have the form P,.o(2) := Ppa(2,2) = kpoz™ “2% 4+ ..., n € Ny,
a=0,...,n; ky.o > 0. The support supp p is a compact set. This implies that the family
(7) is total in L?(C, dp(z)). Thus polynomials (6) make an orthonormal basis in the space
L2(C, dp(2)).

According to [2], Theorem 5, the bounded normal operator of multiplication by the
variable z in the space L?(C,dp(z)), with respect to basis (6), has a three diagonal block
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Jacobi-type normal matrix J = (a;, ;c)‘szo. This matrix generates a normal operator A in
lo=Ho&H1®H2®..., Hyp = C*! n € Ny. The norms of all operators ajr: Hi — H;
are uniformly bounded with respect to j, k € Ny, where a;; is a (j +1) x (k + 1)-matrix
and

aj,k:;a,ﬁ:/Zpk;ﬁ(z)Pj;a(z)dp(z)7 a:Oa"'ajv ﬂ:Oaak
C

Let ap, := apt1,n: Hn = Hpt1, by = anpn: Hy — Hy and ¢, := appt1: Hot1 — Ha
then J has the form

bo Co 0 0
ao b1 C1 0
(8) J=1o0 a; by co
and matrices a.,, ¢, have the form
(9)
Qn;0,0 * co- Qnion
0 Cn;0,0 Cn;0,1 0 N 0
Gp;1,1 -+ Qnjln 0
Cn;1,0 Cn;1,1 Cpy1,2  ---
ap = : : e : y Cn = . . . . . s
0 0 et Gpinn
N Cn: Cn: Cn: . Cp:
0 0 o 0 n; n,0 n;n,l n;n,2 n; n,n+1
where an; 0,0 > 0, Cnia,0+1 > 0, a =0,...,n. The adjoint operator A* is also constructed

by a similar three-diagonal block Jacobi type matrix J* in the basis (6). The matrices
J, JJT act as follows: Vf = (f,)5, € Lo,

(Jf)n = a'n—lfn—l + bnfn + Cnfn+1a
(J+f)7t = C:L—lfn—l + b:lfn + a;fn+1a n €Ny, [f-1=0, a;,k;a,ﬂ = k. j;8,a-

The following result is contained in [1], Lemma 7; we give here a complete full proof.

(10)

Theorem 1. Let 0(2) = (pn(2))5g, ©n(z) € Hp,z € C, b/e a generalized eigenvector of
the operator A. Then o(z) is a solution, which lies in (lg,) , of the two equations

(11) (Jo(2))n = an—19n-1(2) + bnpn(2) + cnpnt1(2) = 20n(2),

(T 0(2)n = cr_1Pn-1(2) + b0 (2) + anpnt1(2) = Zpn(2), @-1(2) =0

with the initial condition @g € C. The vector v, (z) has the form

(12) on(2) = Qn(2)po = (Qn;O(z)v Qn;l(z)a sy Qn;n(z))@Ov

Qnia(2) = 102" %2% + gnia(2,2), a=1,...,n,

where lp.q > 0 and ¢n.o(2) is a linear combination of Pk 0<j+k<n-1, and
Enf(afl)za—l'
Moreover, the following equality holds true:
(13) Qnia(2) = Ppol(z), VzeC, a=1,...,n, neNp
Proof. For n =0, system (11) has the form
bowo + cop1 = 2o,
boo + agp1 = Zpo,
where Vn € N, ¢, (2) = (0n:0(2), - - - s @nin(2)) € Hn; @0 = o,0. From (9) we obtain

p1.0(2) = (Z — bo;0,0) 00 = Q1,0(2) %0,

a0; 0,0
@1:1(2) = (r1(Z — bo;0,0) + r2(2 = bo;0,0) + 73) 0 = Qu1(2)o0,

where 71 > 0, 79 and r3 are some constants. Therefore, solutions have the form (12).
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Suppose, by induction, that for n € N the coordinates ¢,,—1(2) and ¢,(z) of our
generalized eigenvector p(z) = (¢n(2))52, have the form (12), and prove that ¢,1(2)
has the same form (12).

The eigenvector (z) satisfies system (11). This system is overdetermined. According
to (9), a and ¢, act on ¢,11 € H,, as follows:

Qn; 0,0 0 ce 0 0
. 671;1,0 dn;l,l 0 0

an"/}nJrl(Z) = . . .. : : "/’nJrl(z)v
an;n,() dn;n,l e dn;n,n 0
Cn;0,0 €n;0,1 0 . 0
Cn;1,0 Cn;1,1 Cns1,2 - - 0

CnPnt1(2) = . . . . 0 VYnt1(2).
Cn;n,0 Cnyn,l Cnyn2 .- Cpinndtl

Construct a (n 4 2) x (n + 2)-matrix A, of the form

an;0,0 0 N 0

Cn;0,0 Cn;0,1 --- 0
(14) Ay = ,

Cn;n,0 Cnyn,l  --- Cnynntl

The matrix in (14) is invertible, thus it is possible to find ¢,+1(z). Rewrite identities

(11) as
0 ons1(2) = Zon(z) — € 1(2) — Bripn(2),
(15) roena() = 20 (2] — e a(2) — b, BN,

From (14), (15) we reconstruct ¢,41(z) using the formula
Dppnia(?) :(EQn;O(z) — (n—1@n—-1(2))ns0 — (b7,Qn(2))ns0,
(16) ZQ”;O(Z) - (anlenfl(Z))n;O - (ann(Z))n,O» ceey
an;n(Z) - (an—lQn—l(z))n;n - (ann(Z))n;n) ¥o-

From (14) and (16) we obtain

(17)
©n+1;0(2) = Qny1,0(2)p0 =
= ! (E(In;oin + QH;O(Z)) - (Cq*z—lanl(Z))n;O - (b:an(Z))nw) ®o,

Gn; 0,0

) =
) =

1

(n;0,0

(5@no(2) = (€21 Qu-1(2))m0 = (B3 Qu(2))mo ) 0

so the main summand in (17) is equal to "502"“ 20, therefore it has the form (12).

Suppose, by induction, that ¢,41,; has the form (12) for any fixed j = 0,...,n.
Let us show that 50n+1,g+1( ) has the same form. According to (14)—(16) we have that
Vi=0,...,n

1

Cji4.9+1

Putig(2) = (202" + G2 2)) = (@n-1Qn-1 (2
(18)

— (0,Qn(2))ny ch 5,1Qn+1; 1)4,00 = Qnt1;+1(2)p0-

=0
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So the main summand in (18) is equal to Cl"i;j,i”“_(j“)zjﬂ and ¢,41,541 has the

n; j,j+1
form as in (12), because the main summand in Q11 is 2" 17727 = znH1=(U+D=DG+) -1
and the rest of the terms are 2"z, 0 < m+k < n. So we prove by induction that ¢, 1(2)
is of the form (12). The equality (13) was proved in [2], p. 25-26. |

From Theorem 1 we obtain the following corollary. For the basis (6) the following
identities take place: Vz € C,

p—1Pn—1(2) + by Pp(2) + cn Pry1(2) = 2P, (2),

(19)
¢ _1Pn_1(2) + b, Pp(2) + a) Pry1(2) = ZP,(2).

From the second identity we obtain

Cn—1;0,0Pn-1;0(2) + Cn-1;1,0Pn—1:1(2) + - + Cpn—1;n—-1,0Pn—1:n-1(2)

+ Bn;O,OPn;O(Z) +--+ Bn;n,OPn;n(Z) + an;O,OPn+1;O(Z) = zPn;O(Z)-

Consider this equation and the first equation in (19). Let

Cn—1,0,0 Cn—-1;1,0 Cn—1;n-1,0
an—1;0,0 Gn-1;0,1 Gn—1;0,n—1
0 Ap—1;1,1 Ap—1;1,n—1
Apq = ’
Gp—1;n—1,n—1
0 e 0
bn;0,0 bn; 1,0 bn;n,O QUn; 0,0 0 0
bn;0,0 bn;O,l bn;O,n Cn;0,0 Cn;0,1 0
B, = . . , Cp =
bn;n,O bn;n,l bn;n,n Cn;n,nt1
z 0 0
z 0 0
_10 =z 0
W<Z) - ’
0 R

where A, _1 is an (n+2) x n-matrix, B, is an (n+2) X (n+ 1)-matrix, C, is an (n+2) x
(n+2)-matrix and w(z) is an (n+2) x (n+ 1)-matrix. Then the identity A,,_1P,—1(z)+
B, P, (2) + CpPpy1(2) = w(2)P,(2) takes place. Since det Cy, = an0,0 [[—q Cnyisit1 > 0,
C, 1 exists for all n € Ny.

Therefore (11), i.e. (19), can be rewritten in the form of one matriz equality (as the
Szegd recursion),

(20) Poi1(2) = Cpnt(w(2) = Bp)Po(2) — Cit A1 Po_1(2),
07

P_1(z) = (Z) = 1,

(here the conjugation over a matriz means conjugation of each element of this matriz).

B

n € Ny

3. ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE AND SZEGO RECURSION.
THREE DIAGONAL BLOCK JACOBI TYPE UNITARY MATRICES

Consider a special case of the situation described in Section 2. Let T = {z € C :
|z| = 1} be the unit circle, p a probability Borel measure on T such that its support is
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an infinite set. Thus, for z € T, we have z = % and z = € 0 € [0,27). Consider the
following family of functions:

(21) 12,27 %22 272 .

The power functions (21) belong to L?(T,dp(z)). Apply the standard Gramm-Schmidt
orthogonalization procedure to this family. Since the system (21) is total in L?(T, dp(z)),
we obtain an orthonormal basis in L?(T, dp(z)) of polynomials which we denote as follows:

Po(z) =13 Pro(z) = kioz + -+, Pra(2) = kpaa ™+ 5o

(22) _
Pn;O(Z) = kn;02n+"' ,Pn;l(z) = kn;lz L Teee

where k.0 > 0,k,;1 > 0.

As is the normal case, the unitary operator A of multiplication by independent variable
in space L?(T,dp(z)), in the basis (22), has the form of a three diagonal block Jacobi
type unitary matrix J = (aj,k);ok:m which acts in the space 15 of the previous type (see
[1],Theorem 1), Ho = C,H,, = C2,n € N. The norms of all the operators a;x: Hy — H;
are uniformly bounded with respect to j, k € Ny. If a,,, b,, and ¢, are defined as in Section
2, then J has the form (8), where by is a scalar (a 1 x 1-matrix), ag = (ap,a)a—o (@ 2 X 1-
matrix), co = (o:a)a—o (a 1 X 2-matrix) and for n € N, the elements a, = (ana.8)a s—0»
b, = (bn;a,ﬁ)a,g:w Cp = (Cn;a,ﬁ)éﬁzo are 2 x 2-matrices. Some elements of this matrix
are positive or equal to zero, ag,0 > 0, ag;1 = 0, co;1 > 0, ap;1,0 = apy1,1 = 0, ano0 > 0,
€n;0,0 = Cno,1 = 0, cp;11 > 0, n € N. A* has the form of a three-diagonal block Jacobi
type unitary matrix J* in the basis (22) where J, JT act on V.f = (f,,)>%, € 1z according
to (10).

For the matrices J, JT, an analog of Theorem 1 ([1], Lemma 5) takes place. Namely,
the system of equations

p—1Pp_1(2) + bnPp(2) + ¢nPry1(2) = 2P, (2),
Cr_1Pn-1(2) + b, Pu(2) + a5, Poy1(2) = 2P, (2)

(23)

recovers the orthonormal polynomials P,,..(2),n € Ng,a =0, ...,n, where P_1(z) = 0.
We will use this Jacobi block representation instead of the 5-diagonals representation
of a unitary operator discovered in [3].
Let us define monic orthogonal polynomials ®,(z) : ®_; =0,Vn € Ny

@n(Z) =2z" +wn—lzn71 + /Zijq)n(z) dp(Z) - 07 .] = Oa 1) s, 1a
T

and the anti-unitary map *" : f*"(z) = 2"f(2), f € L*(T,dp(z)). For ®,, the Szegd
recursion ([6], p. 5) takes place,

(24) D,11(2) = 29,(2) — @, D) (2),

where a,,,n € N, are the Verblunsky coefficients
n—1

(25) an ==, 1(0) and [ @, = [](1—[ay?)2, @o(2) =1.
j=0

To simplify the notation, we use * instead of *™ (this notation is standard; note that
depends on n). Let ¢, (2) = ﬁ&;(jl). Then (¢,,)%, is an orthogonal system in L?(T,dp(z))
but it is not a basis (see [6], §2). The Szegé recursion (24) can be rewritten in the following

form [6], formula (2.28):
(Bm(5) = e (5265

_ z —Qp,
A(ZVO[TL):pnl < 1 ), Pn=(1—|an\2)1/2, n € No.

(26)
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According to [6], Proposition 5.1,
(27) D3n(2) = 2" Pria(2),  d2n-1(2) = Z(n_l)Pn;O(Z)v neN.

If we apply the transformation *2" to the first equation and the transformation *27~1
to the second equation, then (26) can be rewritten as
P (2) 27 Pro(2)
. = A 9 - * / 9 l S N 5
(1) = At (7l :
szm+1-o(Z)> P (2)
*,m+1 =A 2, Q2m mm,l , m € Np.
(ermity)) =t amm (273 0
From these recurrence relations we obtain the following inverse recursion formulae:
1 -
(28) Prt10(2) = T(zpm;l(z) - anPm;l(Z))a
2m
1T -
(29) Prt1a(z) = 5 (Pmt1:0(2) = @2my1Pmi10(2)), m € No.
2m—+1

Theorem 2. Systems of equations (23) and (28), (29) are equivalent.

Proof. According to [6], Theorem 5.2, the operator A in L?(T,dp(z)), in the basis (22),
has the form (8) in terms of the Verblunsky coefficients. Here a,, by, ¢,, are found as

bo =, co = (@1po, p1po); ao = <%0> ;

[ P2nP2n—1 —P2n02n—1 [ —Qopn_10op_2 —pP2pn_1Q2p_2
(30) fn = ( 0 0 > » o= < QonPon—1 —QlgnQ2n—1 ) ’

o 0 0
" Qont+1P2n  P2n+1P2n )

Let us show that (28), (29) imply (23). From (29) we have Pp,;1(2) = —— (P;0(2) —

P2m—1

®2m—1Pm;0(z)). Substitute this expression into (28) to obtain

B)  Porna) = o (S { Prale) - ST P31 | = B2 P ()

P2m \ P2m—1

From (28) we get Py.0(z) =
(31) we obtain

p,n+1;0(z):1< & {Pm;o(z)—ozzm_l[ L Pz

(EPm,l;l(z) - agm,ng,l;l(z)); substituting this into

P2m—2

P2m \ P2m—1 P2m—2
- O42771—2F)1ﬂ—1;1(Z)):| } - a2um;1(Z)) .

Take pa,,—1 out of brackets,

1 1
Pm+1;0(z) - ({me,[)(z) — 202m—1 |: (Zmel;l(Z)
P2mpP2m—1 P2m—2

- 0‘2m2pml;1(2))] } - P2m1a2mpm;1(z)>~

Now we use the fact that zz =1,

1 1
Prhi1.0(z) = —— [ 2Pn.0(2) — Qg P_11(2
+150(2) pr— ({ 0(2) —az 1{p2m_2( 1:1(2)

_ agmng)] } _ pgmlazmpm(z)).
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Use (28) again, 2Py, —1.1(2) = p2m—2Pm:0(2) + @2m—2Pm—_1.1(2), and therefore

Prito®) = ——— ({Pole) - w71 2 (Pcaa)

P2mP2m—1 P2m—2

- sz—lanPm;l(Z)) .

The last step is to use the identity oy, —o@2m—2 = |Qam—2|> =1 — p3,,_ 5. We get

1
Perl;O(Z) e ({me,o(z) — O0gm—1 [ - a2m72Pm;O(Z)
P2mpP2m—1

+ ,02m72Pm71;1(Z)} } - p2mflanPm;1(z))~
This is just the one of the four equations in (23),

(32) (J*P)  =7Puy.

;0
Other three equations can be obtained in the same way. It is necessary to note that (23)
is overdetermined.

Let us show that equations (28), (29) follow from (23). Consider the polynomial
Pp+1.0(2). It is obtained by orthogonalization of (21), so, by the definition, Pp,41.0(z) L
2% o= —m,...,m. Similarly P,,.1(z) L 2%, a = (—m+1),...,m. Multiplication by z is
a unitary operator in L?(T, dp(z)). Thus

0 = (Pni1(2),2%) L2(dp(z)) = (2% Pmi1(2)) L2(T,dp(2)) = (2 2%, 2P;1(2)) 12(T,dp(2))»
a=(—m+1),...,m.

Finally we have 2P,,.1(2) L 2'7% a = (—m~+1),..., m. But this is the same as 2P,,.1 (z) L
2% a = (—=m+1),...,m. These observations are necessary in order to obtain the following
conclusion:

1 P, ;1(2) m —m—1 _m—1
(kPm_H;o(z) - zig ) L{zmzm )

m—+1;0 m;l
1
k7n+1;0
Prt1.0(2) — zﬁPm;l(z) is a linear combination of 2% o = —m, ..., m).

It is easy to see that

1
km+150
The last identity can be rewritten as

Pri1.0(2) — zﬁ;lﬁm;l(z) = Ym:1 Pm.1(2) (note that the poly-

nomial

km+10 | 5=
(33) Pry10(2) = Z+ = (2Pmia (2) + Ymi1kma P (2)),
m;1
where 7.1 is a complex constant. From (23) we obtain k41,0 = aml-O = am,—ll-o —. Flo’
kma = Cm}“ e CO% and using (30) we get
(34) knL-{-l;O _ Cm—1;1,1 - - Co;1 _ P2m—1P2m—2 " - - - P1P0 _ 1
km;l Am;0,0 * - -+ Q0;0 P2mP2m—1P2m—2P2m—-3 * -+ - * PO P2m

So if we show that Ym1km;1 = —@2m we will finish the proof. From (25) and (27) we

obtain ag,, = —(szm+1;0(z))‘Z:O H?ZO p;. Using (33) we have (Zum-H;O(Z))’Z:O =
kz:_llp 7m;1k72n;1 = ?m;lkm-i-l;okm;l. Note that km—i—l;O = 71_[2%) o (thiS follows from (25))
; il

Now it becomes obvious that the identity holds true.
So we have shown that (28) can be obtained from (23). Let us show that from (23)
one can find (29) too. In the same way as we did it before for P,,+1.0(2), here we have

S
(35) Ppi1a(z) = 55

A (Perl;O(Z) + ’Ym+1;0km+1;opm+1;0(z)),
m+1;0
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. . = 2m—+1

where 7,,11,0 is a complex constant. Since agpy1 = —(Zm+1Pm+1;1(Z))|z:0 Hj:(;r Pjs
Fom 41, .

we see that —agm+1 = Ym+1;,0km+1,0 and also ﬁ = p2,1+1' So (35) yields (29). a

Note that using (30) we can express the Verblunsky coefficients in terms of elements
of the matrices ay, by, Cp,

Qom bm;l,O bm+1;0,1
= = — ,  m € Ng.
P2m am;0,0 Cm;1,1

. . B
Therefore we can obtain several representations for as,,. For example, ag,, = —==% (1 —
’ am;0,0

bm;1,0
afn;o,o"“bm;l,o‘

bm;1,00m+41;0,1

1
-2
or « =
Am;0,0Cm;1,1 ) 2m

—. Similarly,

Q2m+1 _ Cm;1,0 Am+1;0,1
= Tl o ZmAl0L oy e N
P2m~+1 Cm;1,1 Am+1;0,0
Cm;1,0

Thus agpm41 = The coefficient p,, can also be expressed using formulae

an,;1‘1+|cm;1,0‘2 '
of type (34). It is necessary to note that these representations are not unique.
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