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QUASILINEAR PARABOLIC EQUATIONS WITH A LEVY
LAPLACIAN FOR FUNCTIONS OF INFINITE NUMBER OF
VARIABLES
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To dear Myroslav Gorbachuk on his 70th birthday.

ABSTRACT. We construct solutions to initial, boundary and initial-boundary value
problems for quasilinear parabolic equations with an infinite dimensional Lévy Lapla-

cian Ap,
6U((91;,m) = ALU(t,2) + fo(U(t,z)),

in fundamental domains of a Hilbert space. The solution is defined in the functional
oU (t,z)
ot

class where a solution of the corresponding problem for the heat equation
ALU(t, x) exists.

1. INTRODUCTION

In 1919 P. Lévy considered a quasilinear elliptic equation
ApU(z) = f(U(2)),

where U(x) is a function defined on a Hilbert space H and f(£) is a function of a scalar
argument. P. Lévy showed in [1] that a general solution of this equation is given implicitly
by the relation

P(U()) — 5 el = W(a),

where p(¢) = [ % and ¥(x) is an arbitrary harmonic function, and reduced solution of
the Dirichlet problem for this equation in a bounded domain of the Hilbert space to the
Dirichlet problem for the Lévy Laplace equation. Later these problems were described
in the book by P. Lévy [2].

Solution of the Cauchy problem for a quasilinear parabolic equation with the Lévy
Laplacian were constructed by M. Feller in paper [3]. One can find more references in
the book by M. Feller [4].

In this article we construct a solution of a boundary value problem and an initial-
boundary value problem for quasilinear parabolic equations with the Lévy Laplacian

U (t,x)

= AU(t) + fo(U (),

(here fo(€) is a function defined on R!) for a fundamental domain in a real infinite
dimensional Hilbert space. To make the article self-consistent we give the expression of
the solution of the Cauchy problem for a quasilinear parabolic equation with the Lévy
Laplacian.
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2. PRELIMINARIES

Let H be a real infinite dimensional Hilbert space.

The infinite dimensional Laplacian defined by P. Lévy can be described as follows. If
a scalar function F' defined on H is twice strongly differentiable at a point xy then the
Lévy Laplacian of F' at the point xq is defined (if it exists) by the formula

n

s 1 "
(1) ApF(zo) = lim - ;(F (x0) fr, fx)
where F(x) is the Hessian of F'(x), and {fx}5° is an orthonormal basis in H.
We shall recall an important property of the Lévy Laplacian described in [2] that we

will need in the sequel. Assume that

F(z) = f(UL(x), - -, Un(2)),

where f(uq,...,um) is a twice continuously differentiable function of m variables in
a domain {Uj(z),...,Un(z)} C R™, where (Ui(z),...,Un(z)) is a vector of values
of functions Ui(z),...,Un(z). We assume that U;(x) are uniformly continuous in a

bounded domain @ C H and strongly twice differentiable functions, and ApU;(z) exist
(j=1,...,m). Then ApF(z) exists and

Of (u)
ou;

ALU;(x).
u;=Uj (z) 2Ui()

(2) ApLF(z) = Z

We deduce two consequences from (2).

1) If the functions Ug(z) are harmonic in some domain Q (k = 1,...,m), then the
function F'(z) is also harmonic in Q.

2) The Lévy Laplacian is a "derivative”. Namely, for F(z) = Uy(z)Usz(z) we have
AL[U1(.13)U2(J?)] = ALUl(a:) . UQ(Q?) + U1(x) . ALUQ(QL‘)

Let © be a bounded domain in the Hilbert space H (that is a bounded open set in
H),and Q2 = QUT be a domain in H with boundary T
Consider the domain 2 in H with boundary I" of the form

Q={reH:0<Q(z)<R*, T={zxecH:Q() =R},

where Q(x) is a twice strongly differentiable function such that ApQ(x) = v, where v > 0
is a positive constant. Such domains are called fundamental domains.

Examples of fundamental domains are

1) aball Q= {zr € H : ||z||} < R?},

2) an ellipsoid Q = {z € H : (Bz,z)y < R?}, where B = vE + S(z), E is the identity
operator and S(z) is a compact operator acting in H.

Consider the function

7(r) = L2,

that will be used in the sequel. The function T'(x) possesses the following properties:

2
0<T(x) < R—, ApT(x)=—-1 if ze€Q,
Y

T(z)=0 if zel.
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3. THE CAUCHY PROBLEM

Consider the Cauchy problem
oU (t, x)

3) 5

(4) U(0,z) = Uo(),

where U(t, ) is a function on [0, %] X H, fo(£) is a given function of one variable, Uy (z)

is a given function defined on H.

Theorem 1. Let fo(&) be a differentiable function in the domain {U(t,z)} ({U(t,x)} is
a domain in R, where the function U(t, ) takes its values).
Assume that there exists a primitive o(§) = [ fj—é) and the inverse function @~

= ALU(t,x) + fO(U(t’z))7

Assume in addition that in a certain functional class F there exists a solution of the
Cauchy problem for the heat equation

o) W) _ Avitw), Vi0.2) = Unla)

Then the solution U(t,x) of the Cauchy problem (3), (4) in the same class F is given
by the equation

(6) (Ut z)) = t+o(V(t,2)),
ie., Ut,x) =7 (t + o(V(t, 2))).
Proof. We deduce from (6) that

v, ) L7

For m = 1, we deduce from (6) using (2) that
Ce(U(t,2)ALU(t, ) = P (V (¢t 2)) ALV (t, ).
But ¢ (¢) = #(&), hence

oV (t,x)
ot

=1+ ¢(V(t,x))

oU(t,x) folU(t,z)) OV (t,x)
" o VDTG o
(8) ALU(t,z) = m ALV (t,z).

Substituting (7) and (8) into (3), we derive
FolU(t,2)) + ;Z(U (?w ) V(tz) _ folULk,

) _ ) ) )
Vo) 0~ foViLa) tVbo)+hlUte),

i.e., (6) satisfies equation (3).
Choosing t = 0 in (6) and taking into account that V(0,z) = Up(z), we deduce that
U(0,z) = Up(x). 0
Ezxample 1. Let us construct a solution of the Cauchy problem
oU (t, )
9
(9) 5

(10) U(0,2) = h(3llal%),

where h(A) is a smooth function on (—oo < A < 00).

Note that in (9) fo(¢) = —&3 that yields p(¢) = —fg—§ = %, and hence p~1(z2) =
1

V2z'

= ALU(t,z) — U(t,2)),
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A solution of the Cauchy problem for the heat equation
oV (t,x)
ot

1
= ALV(ta), V(0,2) = h(ll})
has the form
L2
Vit,a) = h(t+ Slall}).
Thus, by (6) we obtain a solution of the problem (9), (10) in the form
1

o[+ S+ 2elon]

4. BOUNDARY VALUE PROBLEM

Ut,z) =

Consider a boundary value problem

(11) 8Uétt, x)

— ALU2) + fo(Ulta) in Q

(12) U(t,z) =G(t,x) on T,
where U(t,z) is a function on [0,%] x H, fo(§) is a given function of one dimensional
argument and G(t,z) is a given function.

Theorem 2. Let fo(§) be a differentiable function in the domain {U(t,z)}.

Let there exist both the primitive (&) = [ fod—é) and its inverse function @'

Let, in addition, Q be a fundamental domain.
Assume that in a certain functional class F there exists a solution of the boundary
value problem for the heat equation,
oV (t,x)
ot
Then, in this class F, a solution of the boundary value problem (11), (12) is defined
by the formula

(13)

=AV(t,z) in Q, V(tzx) F:G(t,z).

(14) e(U(t,x)) =T(x) + o(V(L, x)),
e, Ult,2) = o7 (T(2) + o(V(t,2))). Here T(z) = T=9E) (see p. 2).

Proof. We deduce from (14) the relation

et e) 0 v, D

For m = 1, we deduce from (14) using (2) the relation
Pe(U(t2)ALU(t ) = ALT(2) + @ (V (L 2)) ALV (t, ).
Since ArT(z) = —1 and ¢¢(§) = ﬂ%(g)’ we get

ou(t,z) _ fo(U(t,z)) oV(t, )
(15) TR R T
B fo(U(t, x))

Substituting (15) and (16) into (11), we derive
foUt,z) oV(t,x) . fo(U(t,x))
i) o PO Rwe)

i.e., (14) satisfies equation (11).

ALV(tx) + fo(U(t x)),
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At the surface T' we obtain T'(z) = 0. Substituting T'(x) = 0 into (14) and keeping in
mind that V (¢, x) = G(t,z), we deduce the equality U(¢, x) = G(t,z). O

Ezample 2. Let us construct a solution of the boundary value problem without initial
data in the ball of the space H, Q = {z € H : ||z||% < R*},

(17) % =ApU(t,z) —U3t,2) in Q
(18) Utta)| =t 5 lely).

where g(A) is a smooth function on (—oo < A < c0).
2 2
For the considered domain Q = {z € H : ||z||% < R?}, we have T(z) = %.
In the equation (17) we have fo(¢) = —&3, which yields ¢(§) = %, o Hz) = \/127
A solution of the boundary value problem without initial data for the heat equation

ov(t,z) B 1, 9
or AV, V(t’x)‘nxnzzm_g(t 2"“;“’{)’

has the form
Vitx) = g(t+ e} — R
(t.) = gt + S lally — B?).
Hence by (14) we obtain a solution of the problem (17), (18) in the form
1

Ut,z) = .
172 = Ll + oo+ el - 7o)

5. INITIAL-BOUNDARY VALUE PROBLEM

Consider the initial-boundary value problem

(19) % =ALU(tz) + fo(Ut,z) in Q,
(20) U(0,z) = Up(z),
(21) U(t,z) =G(t,xz) on T,

where U (t, z) is a function defined on [0, 7] x H, fo(£) is a given function of one variable
and Up(x), G(t, z) are given functions.

Theorem 3. Let fo(€) be a differentiable function in the domain {U (¢, z)}.
Let there exist the primitive ¢(§) = f fgd—é) and the inverse function ¢~ 1.
Let the domain Q be fundamental.
Assume that, in a certain functional class F, there exist solutions of the initial-
boundary value problems
vV (t,x)
ot

Then a solution of the initial-boundary value problem (19)—(21) in this class F is given
by the formula

(22) =AV(t,z) in Q, V(0,z)=Uy(z), V(tzx) = G(t,x).

(23) pUt ) = 7(t,T(2)) + o(V(t,2)),
ie, Ut w) = o= (r(tT(@) + ¢(V(E,2))), where 7(8,T(z)) = t = g(t = T(x)), g(A) = A
if/\ZOandq():Ozf)\<O T(x) = T=9),
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If the initial-boundary value problem (22) possesses a unique solution in the same func-
tional class then the solution of the initial-boundary value problem (19)-(21) is unique
in this class.

Proof. We deduce from (23) that

Wtz) _01t2) o s 2)

/
AU (t,a) 20D L T |
For m = 1, we deduce from (23) using (2) that
e (Ut 2))ALU(t x) = Apt(t,x) + we(V(t, 2)) ALV (t, x).

Recall that @E(g) = f%(&)’ which yields

oV (t,x)
ot

ou(t,z) or(t,z)  fo(U(t,x)) OV (L, x)
_ fo(U(t, x))
(25) ALU(tax) - fO(U(taI))ALT(taI) + fE(V( ,.’E)) ALV(tvx)

Substituting (24) and (25) into (19), we obtain
or(t,x U(t,z)) OV (t,x
ot fo(V(t,x)) ot
foU(t, =)
fo(V(t,x))
i.e., (23) satisfies equation (19) (since % = ALV (t, x), 8Tg’t’T) =Ap7(t,T) +
Setting ¢ = 0 in (23) and taking into account that V(0,z) = Up(x), and 7(0,T
we obtain the equality U(0,x) = Up(x).
Since V(t,z) = G(t,z), 7(t,T) = 0 on the surface I', we deduce from (23) that
u(t, z)‘F: G(t, ).
The final statement of the theorem is obvious. O

= fo(U(t,z))AL7(t, ) + ALV (t,z) + fo(U(t, x)),

Ezample 3. Let us construct a solution of the initial-boundary value problem in the ball
Q= {xe€H: |z||% < R?} of the space H,

(26) 6Ugt’x) — AUt ) — Ut 2) i Q
(21) U(0,2) = h(3llel%),
(28) vt = ot 5lel).

where h(A) is a smooth function on the positive half axis with the support [0, RTZ], and
g(\) is a smooth function such that g(A) = 0 for A < 0 (note that comparing with
Examples 1 and 2 we need some additional assumptions concerning the functions h(\)
and g(X)).
J— 2 2

In the considered domain Q = {z € H : |z||% < R?*}, we have T(z) = %.

In equation (26), fo(£) = —&* and, hence, p(§) = — [ g—g = 5% and ¢~ 1(2) = \/12?

Consider the initial-boundary value problem for the heat equation in the Shilov class
of functions

oV (t,x)
ot

. 1
=ArV(ta) in Qo V(0,2) = h(Glel}).
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(29) Vi), .= o(t=glelh):
Its solution has the form
V(t,x) = h(t+ %Hx”?{)—kg(t + %quz - R?).
It results from (23) that the solution of the problem (26)—(28) has the form
Ult,z) = ! .
\/2{tq<t el 8y 4 4T L)) ot + lell—B2)] )
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