Methods of Functional Analysis and Topology
Vol. 14 (2008), no. 2, pp. 142-158

DOUGLIS-NIRENBERG ELLIPTIC SYSTEMS IN THE REFINED
SCALE OF SPACES ON A CLOSED MANIFOLD

ALEKSANDR A. MURACH

Dedicated to Professor Gorbachuk on the occasion of his 70th birthday.

ABSTRACT. Douglis-Nirenberg elliptic systems of linear pseudodifferential equations
are studied on a smooth closed manifold. We prove that the operator generated
by the system is a Fredholm one on the refined two-sided scale of the functional
Hilbert spaces. Elements of this scale are the special isotropic spaces of Hérmander—
Volevich—Paneah. The refined smoothness of a solution of the system is studied. The
elliptic systems with a parameter are investigated as well.

0. INTRODUCTION

In this paper we consider Douglis-Nirenberg elliptic systems [1] of linear pseudodif-
ferential equations on a smooth closed manifold. L. Hormander [2, Sec. 1.0] proved
a priori estimates for solutions of these systems in appropriate pairs of Sobolev spaces.
These estimates are equivalent to the fact that the linear operator A corresponding to the
elliptic system is bounded, Fredholm, and establishes a complete collection of topological
isomorphisms in the two-sided scale of Sobolev spaces [3, 4]. This fact has important
applications in the theory of elliptic boundary-value problems [5, 3], in the index theory
for elliptic operators [6], in the spectral theory [7, 8, 9] and others (see survey [4]).

In contrast to the papers cited above, we investigate the operator A on a Hilbert scale
of special isotropic Hormander—Volevich—Paneah spaces [10-13],

(0.1) HS¥ .= I{é)sﬁo(())7 <€> — (1 + |£‘2)1/2-

Here s € R and ¢ is a functional parameter slowly varying at +oco in Karamata’s sense.
In particular, every standard function

o(t) = (logt)™ (loglogt)™ ... (log...logt)™, {ri,re,...,rn} CR, neN,

is admissible. This scale was introduced and investigated by the authors in [14, 15].
It contains the Sobolev scale {H®*} = {H*!} and is attached to it with the number
parameter s, and is considerably finer.

The spaces of form (0.1) naturally arise in different spectral problems including con-
vergence of spectral expansions of self-adjoint elliptic operators almost everywhere in the
norm of the spaces L, with p > 2 or C (see survey [16]); spectral asymptotics of general
self-adjoint elliptic operators in a bounded domain, the Weyl formula, a sharp estimate
of the remainder in it (see [17, 18]) and others. We also think that they can be useful
in other "fine” questions. Due to their interpolation properties, the spaces H®¥ occupy
a special place among spaces that define generalized smoothness and which are actively
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investigated and used today (see survey [19], recent articles [20, 21] and the bibliography
given there).

The main result of this paper is a theorem on a collection of topological isomorphisms
established by the operator A on refined scale (0.1). The refined local smoothness of
a solution of the elliptic system is obtained as a significant application. The elliptic
systems with a parameter are investigated in the refined scale as well. We also give some
auxiliary results which may be of interest by themselves.

The case of scalar differential operators was investigated earlier in [15, 22-26].

1. THE STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Let T' be a closed (compact and without boundary) infinitely smooth manifold of
dimension n > 1. We suppose that a certain C*°-density dz is defined on I'. By D'(T)
we denote the linear topological space of all distributions on T, i.e., D/(T") is the space
antidual to the space C'*°(T") with respect to the sesquilinear form

(h,w)r ::/Fh(x)mdx.

This form can be extended by continuity to the form (h,w)r of h € D/(T") and w € C*°(I)
which is equal to the value of the distribution h at the test function w.

According to [4, Sec. 2.1] we denote by W1 (I') the class of polyhomogeneous (in other
words, classical) pseudodifferential operators (PsDOs) of the order m, defined on the
manifold I Note that for a PsDO from the class W7} (I"), the principal symbol is defined
on the cotangent bundle T*T"\ 0 (here 0 is the zero-section). This principal symbol is
an infinitely smooth and complex-valued function which is positively homogeneous of
the degree m with respect to £ in every section T;T'\ {0}, x € I'. We assume that the
principal symbol can be equal to zero identically. Then \II;’L(F) C \Il;h(l“) form<r. A
linear differential operator of the order < m on the manifold I' with infinitely smooth
coefficients is a particular and important case of a PsDO from the class W7} (I') with
m > 1. Note that the PsDOs under consideration are linear and continuous in both
topological spaces, C*°(T") and D'(T").

We consider the system of linear equations

P
(1.1) ZAchuk:fj on I', j=1,...,p.
k=1
Here p € N and A;j, where 5,k = 1,...,p, is a scalar classical PsDO defined on the
manifold I'. Equations (1.1) are understood in the sense of the distribution theory.
Further we suppose system (1.1) to be elliptic in Douglis-Nirenberg’s sense [4, Sec. 3.2],
i.e., the following two conditions are fulfilled:

a) there are sets of real numbers {l;,...,l,} and {m,...,mp} such that A, €
\I/if}jmk (T") for all indices j,k=1,...,p;
. . . . 0
b) for each point # € I and covector ¢ € T;T'\{0}, the inequality det( a;,z(:v, €))
# 0 holds; here ag-?]z(% €) is the principal symbol of the PsDO A; ;.

Let us write down the system of equations (1.1) in a matrix form, Au = f on T
Here A := (A;x) is a square matrix of the order p, and u = col (u1,...,up), f =
col (f1,..., fp) are function columns. We study the mapping v — Au on the refined scale
of spaces over the manifold I". This scale consists of the Hilbert spaces H*%(I"), where

the number parameter s is arbitrary real and the function parameter ¢ runs over a certain
class M of functions slowly varying in the Karamata sense at +0o0. The definition of the

p
jk=1
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refined scale is given in Sec. 2. Now we only note that this scale contains the Hilbert
scale of the Sobolev spaces H*(I') = H*!(I') and is much finer than the Sobolev scale.

Let us formulate the main result of the paper. Denote by A% the matrix PsDO
formally adjoint to the operator A with respect to the density dx. The ellipticity of
the system Au = f is equivalent to the ellipticity of the adjoint system A%tv = g (in
Douglis-Nirenberg’s sense). We set

N:={ue (C®T)?: Au=0 on T},

(1.2) Nt :={ve (C®T))P: ATv=0 on T'}.

Since the systems Au = f and ATv = g are elliptic, the spaces N and NT are finite-
dimensional [4, Theorem 3.2.1].

Theorem 1.1. Let us assume that the spaces N and Nt are trivial. Then, for arbitrary
parameters s € R and ¢ € M, the following topological isomorphism holds true:

P P
(1.3) A T aormee(@) o [ H#79#(D).
k=1 j=1
A more general statement is given in Sec. 4. We can see that the matrix PsDO A
leaves the parameter ¢ invariant. Theorem 1.1 refines the known result [4, Theorem 3.2.1]
concerning properties of elliptic system (1.1) in a Sobolev scale (the case where ¢ = 1).
This theorem permits us to investigate the local smoothness of a solution of the system
in the refined scale.

2. THE REFINED SCALE OF SPACES

The refined scale was introduced and studied in [15, 26]. We formulate (for reader’s
convenience) the definition and some properties of this scale.
We denote by M the set of all Borel measurable functions ¢ : [1,4+00) — (0,400)
such that:
a) the functions ¢ and 1/¢ are bounded on every closed interval [1,b], where 1 <
b < +o0;
b) ¢ is a slowly varying function at +oco in the Karamata sense, i.e. [27, Sec. 1.1]

\ lirf w(At)/p(t) =1 foreach X>0.

Let s € R and ¢ € M. We denote by H*¥(R") the space of all tempered distributions
w in the Euclidean space R™ such that the Fourier transform @ of the distribution w is
a function locally Lebesgue integrable in R™ and satisfies the condition

| @) P de < o

Here (¢) = (14+£24---+£2)/? is the smoothed modulus of a vector € = (£1,...,&,) € R™.
We define the inner product in the space H*#(R™) by the formula

(11,02) gy = [ E763(1€)) T Tl e

This inner product induces a norm in H*¥(R"™) in the usual way.

The space H*¥(R"™) is a special isotropic Hilbert case of the spaces introduced by
L. Hérmander [10, Sec. 2.2], [11, Sec. 10.1] and L. R. Volevich, B. P. Paneah [12, Sec. 2],
[13, Sec. 1.4.2]. In the simplest case where ¢(-) = 1, the space H*¥(R™) coincides with
the Sobolev space H?(R™). Inclusions

U B ®R™) = HF(R") € H*#(R") C H*~(R") := [ | H**(R")
e>0 e>0
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imply that, in the collection of spaces
(2.1) {H*?(R"):seR,p e M},

the functional parameter ¢ defines an additional (subpower) smoothness with respect
to the basic (power) s-smoothness. In other words, ¢ refines the power smoothness s.
Therefore the collection of spaces (2.1) is naturally called a refined scale over R™ (with
respect to the Sobolev scale).

The refined scale over the manifold I' is constructed from scale (2.1) in the usual
way. Let us choose a finite atlas from the C*°-structure on I, consisting of local charts
aj :R" < Uj;, j=1,...,r. Here the open sets U; form a finite covering of the manifold
I'. Let functions x; € C=(T'), j =1,...,r, form a partition of unity on I' satisfying the
condition supp x; C Uj.

We set

H*?{T):={heD'(I'): (xjh)oa; € H¥?(R") Vj=1,...,r}.

Here (x;h) o i is a representation of the distribution x;h in the local chart a;. The
inner product in the space H*¥(T") is defined by the formula
(h1,h2)sp =Y ((xjh1) 0 gy, (Xjh2) © @) eve (n)
j=1
1/2

oo In the Sobolev case where ¢ = 1 we omit the

and induces the norm ||Alls,, := (h, h)
index ¢ in the notations.

The Hilbert space H*#(T") is separable, continuously embedded into the space D'(T"),
and independent (up to equivalent norms) of the choice of the atlas and the partition of

unity. The collection of function spaces
{H**([):s€eR, p € M}

is called the refined scale over the manifold I'. We note the following properties of this
scale [15, Theorem 3.6].

Proposition 2.1. Let s € R and ¢, 1 € M. The following assertions are true.

(i) The set C>=(T") is dense in the space H*¥(T).
(ii) For each € > 0 the following embeddings are compact and dense:

HVE(T) — HY?(T) = H*5(T) and H*"=%(I) = H*#(T).
(iii) Suppose that the function @/1 is bounded in a neighborhood of +oco. Then
the embedding H*¥(T') — H*¥?(T') is continuous and dense. It is compact if

o(t)/e1(t) = 0 as t — +oo.
(iv) For every fized integer p > 0 the inequality

too dt
(2.2) /1 7“02(0 < 00

is equivalent to existence of the embedding HPT"/%¢(T) < CP(T'). This embed-
ding is compact.

(v) The spaces H>#(T') and H=>Y#(T) are mutually dual (up to equivalent norms)
with respect to the sesquilinear form (-, - )r.

In connection with assertion (v) we note that ¢ € M < 1/¢p € M. Hence the space
H=51¢(T) is well defined.

At the end of this section, let us give the following alternative (and equivalent) de-
scription of the refined scale over a closed manifold I' [26, Theorem 3.8].
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Let a Riemannian structure on the manifold I', which defines the density dz, be given
(this is always possible), and let Ar be the Beltrami-Laplace operator on I'. We define
the function

@s(t) =120t /?) for t>1 and @,(t):=p(1) for 0<t<l1.

We consider the operator ¢,(1 — Ar) on the space Ly(I") = Lo(T', dzx) as a Borel function
of the self-adjoint positive operator 1 — Ar.

Proposition 2.2. For arbitrary s € R and p € M, the space H*¥?(T') coincides with the
completion of the set of functions u € C°°(I") with respect to the norm [|ps(1—Ar) ul| 1, 1)
which is equivalent to the norm |[ulls ..

3. THE INTERPOLATION WITH A FUNCTION PARAMETER

An interpolation, with a function parameter, of couples of Hilbert spaces is a natural
generalization of the classical Lions-Krein interpolation method to the case where a more
general function then the power function is used as an interpolation parameter [28-31,
14, 26]. Now we give a definition of this interpolation. For our purpose, it is sufficient
to restrict ourselves to the case of separable Hilbert spaces.

An ordered couple [X(, X1] of complex Hilbert spaces X and X is called admissible if
the spaces X and X; are separable and there is a continuous dense embedding X; — X.
If, in addition, || ul|x, < ||u]|x, for each u € X, then the admissible couple [Xo, X1]
is called normal. Note that we can transform every admissible couple [Xo, X1] into the
normal one by replacing the norm || ||x, with the equivalent norm c || u||x, where ¢ is
a sufficiently large positive number.

Let an admissible couple X = [X ¢, X;] of Hilbert spaces be given. It is known [32,
Ch. 1, Sec. 2.1] that for this couple X there exists an isometric isomorphism J : X; < X
such that J is a self-adjoint positive operator on the space X with the domain Xj.
The operator J is called a generating one for the couple X. This operator is uniquely
determined by the couple X.

We denote by B the set of all positive functions defined and Borel measurable in the
open positive semiaxis (0,400). Let ¢ € B. Since SpecJ C (0,400), generally the
unbounded operator ¥(J) is defined on the space X as a function of J. The domain of
the operator ¢(J) is a linear manifold which is dense in X,. We denote by [Xo, X1]y or
simply by X, the domain of the operator 1(J) endowed with the graph inner product
and the corresponding norm,

(. v)x, = (,0)x, + WD) p(N)x,, I llx, = (uu)y

This makes X a separable Hilbert space.

A function v is called an interpolation parameter if the following condition is satisfied
for all admissible couples X = [Xy, X1], Y = [Yp, Y1] of Hilbert spaces and an arbitrary
linear mapping 7" given on Xj: if the restriction of the mapping T" to the space X is a
bounded operator T : X; — Y; for each j = 0, 1, then the restriction of the mapping T'
to the space Xy is also a bounded operator T': Xy — Y.

In other words, 1 is an interpolation parameter if and only if the mapping X — X,
is an interpolation functor given on the category of all admissible couples X of Hilbert
spaces. In the case where 1 is an interpolation parameter, we say that the space Xy, is
obtained by the interpolation with the function parameter ¢ of the admissible couple X.

The classical result of J.-L. Lions and S. G. Krein in the interpolation theory consists
in the fact that the power function 1(t) = ¢ with the index 6 € (0, 1) is an interpolation
parameter (see e.g. [32, Ch. 1, Sec. 5.1]). In this case the index 6 plays the role of
numerical interpolation parameter. However the class of interpolation parameters is not
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exhausted by power functions. We use the following functions as interpolation parameters
(see [14, Theorem 2.1], [24, Lemma 7.1]).

Proposition 3.1. Let a function ¢ € B be such that:

a) ¢ is bounded on every closed interval [a;b] where 0 < a < b < +00;
b) ¥ is a function regularly varying in Karamata’s sense at +oo with the index 6
where 0 < 6 < 1, d.e. [27, Sec. 1.1]

im0 /(1) = A for each X > 0.

Then 1 is an interpolation parameter. Moreover, there is a number ¢y > 0 such that
1T 1 —ve < ey max { | T [ x,; : 5= 0,1}

Here X = [Xo,X1] and Y = [Yo,Y1] are arbitrary admissible couples of Hilbert spaces

and T is an arbitrary linear mapping on X such that the operators T : X; — Y; are

bounded for j =0, 1. The number cy, > 0 does not depend on T' and on the couples X,
Y if these couples are normal.

The interpolation with a function parameter establishes a closed connection between
the classical Sobolev scale and the refined scale. Namely, we have the following proposi-
tion [15, Theorem 3.5].

Proposition 3.2. Let a function ¢ € M and positive numbers €,6 be given. We set
P(t) =t/ (V19 for t > 1 and (t) := ¢(1) for 0 <t < 1. Then
(i) The function tp € B satisfies the all conditions of Proposition 3.1 with 6 =
e/(e +9) and, therefore, 1 is an interpolation parameter.
(ii) For an arbitrary s € R, we have

[H°—5(T), HS'“S(I’)]w = H*¥(T") with the equivalence of norms.
This implies the following fact used below repeatedly.

Lemma 3.1. Let T be a PsDO from the class ¥}, (I') where r € R. Then the restriction
of the mapping u — Tu, u € D'(T), to the space H>%(T') is a bounded operator

(3.1) T:H>%(T)— H™"?T) forevery seR, ¢ M.

Proof. In the case where ¢ = 1 this result is known [4, Theorem 2.1.2]. Let us choose
arbitrary parameters s € R and ¢ € M. We consider the linear bounded operators

T:H*FYT) — H*F'77(T).

Let us use the interpolation with the function parameter v from Proposition 3.2 where
e =6 = 1. We obtain the bounded operator
T:[HTHD), HHYD) ], — [H71(D), (D) ],
Proposition 3.2 (ii) implies boundedness of the operator (3.1). O
We also need the following two propositions on interpolation of Fredholm operators
and direct products of spaces [33, Sec. 5. We recall that a linear bounded operator
T:X — Y is called Fredholm if its kernel is finite-dimensional and its range T'(X) is
closed in the space Y and has finite codimension. Here X,Y are Banach spaces. A
Fredholm operator T has finite index defined by ind T := dimker T' — dim(Y/ T'(X)).

Proposition 3.3. Let two admissible couples of Hilbert spaces X = [X ¢, X1] and Y =
[Yo,Y1] be given. Moreover, let a linear mapping T on Xo be such that there exist
bounded Fredholm operators T : X; — Y, for j = 0, 1 which have a common kernel N
and the same index k. Then, for an arbitrary interpolation parameter 1) € B, the bounded
operator T : Xy, — Yy, is Fredholm and has the kernel N, the range Y, NT(X ), and the
same index k.
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Proposition 3.4. Let [Xék),Xl(k)], k =1,...,p, be a finite collection of admissible
couples of Hilbert spaces. Then, for every function, 1 € B we have

p p p
[ H X(gk), H ka)} = H [X(()k), ka)] with equality of norms.
k=1 k=1 v v

4. THE ELLIPTIC SYSTEM IN THE REFINED SCALE

Let us return to the elliptic system (1.1) which is written in the matrix form Au = f.
We study properties of the matrix PsDO A in the refined scale of spaces. First note that

lj+my

by Lemma 3.1 the condition A; ) € ¥ (T") implies boundedness of the operator

P P
(4.1) A: H HsTme9(T) — H H*"'%#(T) for each s € R, ¢ € M.
k=1 j=1

We assume that the finite-dimensional spaces N and N7 given by formula (1.2) are, gene-
rally, not trivial. We have the following assertion containing Theorem 1.1 as a particular
case.

Theorem 4.1. For arbitrary parameters s € R and p € M, the bounded operator (4.1)
is Fredholm. Its kernel coincides with the space N, whereas the range consists of all
vector-valued functions

J

P
(4.2) f=col(fr,....f,) € [ H ()
j=1
such that
P
(4.3) (fi,wj)r =0 for each w = (wi,...,w,) € NT.

1

The index of operator (4.1) is equal to dim N — dim NT and independent of s, ¢.

Proof. In the case where ¢ = 1 (the Sobolev scale) this theorem is known [4, Theo-
rem 3.2.1]. From this, the general case ¢ € M is deduced by using interpolation with a
function parameter in the following way. Let s € R and consider the bounded Fredholm
operators

P P
(4.4) A: [T g7y — [ B4 (D)

k=1 j=1
which have the common kernel N, the common index s := dim N — dim N and the

closed ranges

(4.5) A( ﬁ HEFAm (1")) = {f =col(f1,...,fp) € ﬁ HSF6(T) 2 (4.3) is true}.

k=1
Let 9 be an interpolation parameter from Proposition 3.2 in which ¢ = § = 1. We apply
the interpolation with the parameter ¢ to operators (4.4). We get the bounded operator

p p p p

A [ IT 2@, ] Hs“*m’“(l“)h - [H HoUU(), [ B (F)}

k=1 k=1 j=1 j=1 v

that coincides with operator (4.1) by virtue of Propositions 3.2 and 3.4. Hence according
to Proposition 3.3, operator (4.1) is Fredholm and has the kernel N and index xk =
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dim N — dim N*. Moreover, the range of this operator is equal to

(ﬁ () ) 0 A( ﬁ H =5 (r) ).

j=1 k=1

From this it follows with a use of (4.5) that the range is as needed. O

According to this theorem, NV is a deficiency subspace for operator (4.1). Note that
the operator

P P
(4.6) At H Hsthl/er) - H H—s=mw:1/#(T)
J=1 k=1

is adjoint to operator (4.1) in view of Proposition 2.1 (v). Since the adjoint system
Aty = g is elliptic, bounded operator (4.6) is Fredholm and has the kernel Nt and the
deficiency subspace N, in virtue of Theorem 4.1. We also note that, in the scalar case
p = 1, the indices of operators (4.1) and (4.6) are equal to 0 provided that dimT' > 2
(see [6], [4, Sec. 2.3 {]).

If the spaces N and N7 are trivial, then operator (4.1) coincides with topological
isomorphism (1.3). This follows from Theorem 4.1 and the Banach theorem on inverse
operator. In general, it is convenient to define the appropriate isomorphism with the
help of the following projections.

Let us represent the spaces in formula (4.1) as the following direct sums of closed
spaces:

p
HH”’”’”" N+{u€HH5+m’““” Zuk,ka—OVUEN}
k=1 k=1

p P P
HHs—lj,@(l-\):N+_i_{feHHs—l_ﬂP Z f]’wJF—O A4 wGN“'}
j=1 Jj=1

j=1 —
As above, we write u = col (u1,...,up), f =col(f1,..., fp), and also let v = (v1,...,vp),
w = (wi,...,wp). These decompositions into direct sums exist because the spaces N and

N are finite-dimensional. We denote by P and P, respectively, the oblique projections
of the spaces

P P
[T #tme@) and ] H'#(T)
j=1
onto the second terms in the sums. These projections do not depend on s and .

Theorem 4.2. For arbitrary parameters s € R and ¢ € M, the restriction of operator
(4.1) to the subspace P([[h_y H*T™x#(T)) is the topological isomorphism

(4.7) A P( ﬁ Hs+mk’«>(r)) o P+(ﬁ HS*“"/’(F)).
k=1 j=1

Proof. According to Theorem 4.1, N is the kernel and P‘*‘(Hé’:1 H*=b#(I)) is the
range of operator (4.1). Therefore operator (4.7) is a bijection. Moreover, this operator
is bounded. Thus it is a topological isomorphism by virtue of the Banach theorem on
inverse operator. O

Theorem 4.2 implies the following a priory estimate of a solution of elliptic system

(1.1).
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Theorem 4.3. Let s € R, ¢ € M. Assume that the vector-valued function
P
(4.8) u=col(u,...,up) € H HeHme ()
k=1

is a solution of the equation Au = f on T', where f in the right-hand side satisfies
condition (4.2). Then for the chosen parameters s, ¢ and an arbitrary number o > 0,
there exists a number ¢ > 0 independent of u, f such that

P P P
(4.9) Skl < (Sl + 3 Nty )
k=1 j=1 k=1

’

Proof. We denote for brevity by ||- and ||-||,_,, respectively, the (non-Hilbert)

norms in the spaces

1"
s llse

p p

p
H HS+77Lk,Lp(F)7 H HS—lj,SO(F>7 and H Hs—o+7nk(F)

k=1 j=1 k=1

used in (4.9). Since N is a finite-dimensional subspace of these spaces, the norms men-
tioned above are equivalent on N. In particular, we have for a vector-valued function
u — Pu € N the inequality

lu=Pul,, < ellu=Pull,_,

with a constant ¢; > 0 independent of u. Therefore we can write the following:

Felly, < lu=Pull,, + | Pl

< allu=Pull _, +[|Pul,, < ceful,_,+[|Puf,,-

Here ¢, is the norm of the projection 1 — P in the space [[7_, H*~°+t™*(T). Thus

(4.10) fullyy = 1Pully, +erelfull,_,
Now let us use the condition Au = f. Since N is the kernel of operator (4.1) and
u — Pu € N, we have APu = f. Therefore, Pu is the preimage of the vector-valued
function f under topological isomorphism (4.7). Hence,

HPUH < C3||st,ga’

s, —

where ¢3 is the norm of the inverse operator to (4.7). The last inequality and (4.10) yield
estimate (4.9). O

Now note the following: if N = {0}, i.e., the equation Au = f has at the most one
solution, then the term > }_; |l uk ||s—otm, in the right-hand side of estimate (4.9) is
absent. Generally (if N # {0}), this term can be made arbitrarily small for every fixed
vector-valued function u by choosing the parameter o large enough.

5. LOCAL REFINED SMOOTHNESS OF THE ELLIPTIC SYSTEM SOLUTION

Let us pose the following question. Assume that the right-hand side of the elliptic
equation has a certain local smoothness in the refined scale in a given open subset I’y
of the manifold I'. What can we say about the local smoothness of a solution u of the
equation? The answer to this question will be given below. First, let us consider the
case where I'g =T.
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Theorem 5.1. Suppose that the vector-valued function u € (D'(I‘))p is a solution of the
equation Au = f on the manifold T' where

(5.1) fi € HS7LW?2(T) forall j=1,...,p
and some parameters s € R, o € M. Then
(5.2) up, € HST™2(T)  forall k=1,...,p

Proof. Since the manifold T' is compact, the space D’(T") is the union of the Sobolev
spaces H?(I'), o € R. Hence for the vector-valued function u € (D’ (F))p, there exists a
number ¢ < s such that u € [[}_; H°*™*(T'). By virtue of Theorem 4.1 we have the
equality

P
([ ve0) 2 a( [ ) < a( [ o),
k=1
Therefore it follows from condition (5.1) that
P
f=Aue A( 11 HH%@(F)).
k=1
Thus the equality Av = f holds true on I'" for some vector-valued function

D
ve [[ B2 ()
k=1

as well as Au = f. Hence, A(u—v) = 0 on I and by Theorem 4.1 we have w := u—v € N.
However,

C (C®(I) C f[ H e (1),

k=1
Therefore,
P
u=v+wée H HeTme9(T),
k=1
i.e. property (5.2) is verified. |

Now we consider the general case where I'y is an arbitrary nonempty subset of the
manifold I'. For 0 € R, ¢ € M, we denote

H}?(Ty):={heD'(I'): xhe H*¥() ¥V x € C>(T"), suppx C ['o}.

loc

Theorem 5.2. Suppose that a vector-valued function u € (D’(F))p s a solution of the
equation Au = [ on the set Iy, where

(5.3) fi € HE?(Ty) forall j=1,...,p
and some parameters s € R, o € M. Then
(5.4) up € HIT"9(Ty)  forall k=1,...,p

Proof. We will show that condition (5.3) implies that smoothness of a solution u increases,
that is, for every number r > 1

loc loc

p
(5.5) ue H Hi " m2(Tg) = we [[ Hig (o).
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Let us chose arbitrary functions x,n € C°°(I") such that supp x, suppn C I'p and n =1
in a neighborhood of supp x. Rearranging the matrix PsDO A and the operator of

multiplication by the function x we can write the following:
56 Axu = Axnu = x Anu + A'nu = x Au+ x A(n — )u+ A'nu
(5.6) =xf+xA(n—1u+Anu on T.

Here the matrix PsDO A" = (A4, )‘;_k,:l is the commutator of these operators. Since
Al € \I/lﬁmk_l(l"), there exists (by Lemma 3.1) the bounded operator

ph
p p
A/: H Hs—r+mk,<p(1-\) N H Hs—r—t—l—lj,«p(r).
k=1 j=1
Therefore,
p
(57) = H Hleocr-‘rmk N 0) = A’nu c H HS_T+1_I-7’¢(F).

Jj=1

Further, according to condition (5.3) and in view of Proposition 2.1 (ii) we have

P P
(5.8) xfe [ B7e@m = [[ #be).

j=1 j=1
In addition, since the supports of the functions x and n — 1 are disjoint, we get
(5.9) X A(n —Du e (C>=(I))".
It follows from (5.6)—(5.9) that

p
ue H Hytme?(Ty) = Ayue [[ HH e (D).
j=1

Moreover, according to Theorem 5.1 we have

P P
Axue [[ HH9#() = yue [[ HTHEmAT).
j=1 k=1
Therefore implication (5.5) holds true because the function x € C*°(I") satisfying the
condition supp x C I'g is chosen arbitrarily.

Now it is easy to deduce property (5.4) with the help of implication (5.5). As has
been noted in the proof of Theorem 5.1, there is a sufficiently large integer r¢ such that

P
we J[ B () H v mee (1),
k=1

From this by applying implication (5.5) for r = ro,r9 — 1,...,1 successively, we deduce
property (5.4),

loc

= H S0t (To)

S oue H HEZroHF s (D) oo e H HEEm# (1

loc loc

Theorem is proved. O
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This theorem specifies, with regard to the refined scale of the spaces H*¥(T"), the
known propositions on the local increase of interior smoothness of a solution to an elliptic
system in the Sobolev scale (see e.g. [1, 10, 34]). Note that the refined local smoothness
 of the right-hand side of the elliptic system is inherited by its solution.

Theorem 5.2 and Proposition 2.1 (iv) imply immediately the following sufficient con-
dition for a chosen component uy of the solution of system (1.1) to have continuous
derivatives of a prescribed order.

Corollary 5.1. Suppose that vector-valued functions u, f € (D’(F))p satisfy the equation
Au= f on Tgy. Let integers p > 0 and k € {1,...,p} be given and a function ¢ € M be
such that inequality (2.2) holds true. Then

(fj e HPTMTlEn 2Ry Y = L...,p) = uy, € C°(Ty).

loc

6. ELLIPTIC SYSTEM WITH A PARAMETER

Elliptic operators with a parameter were studied by S. Agmon, L. Nirenberg [35],
M. S. Agranovich, M. I. Vishik [36], A. N. Kozhevnikov [8] and their successors (see
survey [4] and the literature cited therein). They found that a parameter-elliptic operator
establishes a topological isomorphism in appropriate pairs of the Sobolev spaces for
all values of the complex parameter large enough in modulus. Moreover, the norm of
this operator admits a certain two-sided estimate with constants independent of the
parameter. We specify this result for an elliptic system with a parameter with regard
to the refined scale of spaces over a closed manifold. Note that scalar parameter-elliptic
PsDOs were studied on the refined scale in [25], whereas elliptic boundary-value problems
with a parameter (for a differential equation) were studied in [24].

We recall the definition of an elliptic system with a parameter given in survey [4,
Sec. 4.3 ¢|. Let us fix arbitrarily numbers p,q € N, m > 0, and mq,...,m, € R. We
consider the matrix PsDO A(\) which depends on a complex parameter A in the following
way:

(6.1) AN = Zq: AT A,
r=0

Here A(") = (Aylz )p is a square matrix formed by scalar PsDOs A;T,i from the class

Jik=1
\I/;:errmj (T'). Moreover, we set A®) = —T where I is the identity matrix.

We consider the parameter-depending system of linear equations
(6.2) AMNu=f on T.

Here, as above, u = col (u1,...,up), f = col(f1,..., fp) are function columns components
of which are distributions on the manifold I".

Let K be a fixed closed angle in the complex plain with the vertex at the origin (we do
not exclude the case where K degenerates into a ray). Further we suppose that system
(6.2) is elliptic with a parameter in the angle K, i.e., the following condition is fulfilled:

q
det > AT a"(x,€) £ 0
r=0
forall zeT, £e€T,;T, A€ K suchthat (&) #0.

(6.3)

Here a™%(x,§) := (agjg(x,f) )51@:1 is a square matrix formed by the principal symbols

a;’z(x, £) of PsDOs Ay,g. Furthermore, in the case where r > 1 we agree that the function
a;’z(x, £) is equal to 0 at £ = 0 (such an agreement is connected with the fact that the
principal symbols are not initially defined at & = 0).
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The ellipticity of system (6.2), with a parameter in the angle K, implies its Douglis-
Nirenberg ellipticity for every fixed A € C. Indeed, due to (6.1), the matrix A()) is
formed by the elements

q
(6.4) Z ANTTAY) k=1,

which are scalar PsDOs from \Ill N (T'), where l; := —m;, m}, := mqg + my. The
principal symbol of PsDO (6.4) is equal to ag”,g(x,f) for every fixed A. According to
condition (6.3) with A = 0 we have the following:

det (af (acg))ch A0 forall zeT, ¢eT,;T\{0}.

This means that system (6.2) is Douglis-Nirenberg elliptic for every A € C.
Therefore Theorem 4.1 holds true for elliptic system (6.2) and, according to this
theorem, the bounded operator
P P
(6.5) AN« [ Hofratmee(@) — [ H#(T)
k=1 j=1
is Fredholm for arbitrary A € C, s € R, ¢ € M. Moreover, since system (6.2) is elliptic
with the parameter in the angle K, this operator possesses the following additional
properties.
Theorem 6.1.
(i) There is a number Ao > 0 such that for every A € K satisfying the condition

|A| > Ao we have the topological isomorphism
P P
(6.6) AN : H Hstmatmee([) s H H*T™M?(T)  forall s€R, @& M.
k=1 j=1
(ii) For each fized parameters s € R, ¢ € M there is a number ¢ > 1 such that for
every A € K, || > Ao, and arbitrary vector-valued functions

P
u=-col(ug,...,up) € H HsHmatmiee (1),
(6.7) kp 1
f—COl fh"'afp H S+mJ‘P
satisfying equation (6.2), we have the two-sided estimate
p P P
C_l Z H fj H5+mﬂ"‘p = Z H Uk H5+qurmk,<P T ‘)\|q Z H Uk Hs+mk#’
(6.8) = k=1 k=1

P
<c Z H fj ||s+mj,4p'
j=1

Here the number ¢ does not depend on the parameter A and the vector-valued
functions u, f.

In the case where ¢ = 1 (the Sobolev scale) this theorem is known [4, Sec. 4.3 e].
Note that the left-hand side inequality in the two-sided estimate (6.8) holds true without
the assumption about ellipticity, with a parameter, of equation (6.2) (compare with [36,
Proposition 2.1]).

We will prove separately assertions (i) and (ii) of Theorem 6.1. We deduce the general
case of ¢ € M from the Sobolev case of p = 1.
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Proof of assertion (i). Let s € R and ¢ € M. Since system (6.2) is Douglis-Nirenberg
elliptic for every A € C, the bounded operator (6.5) has both a finite-dimensional kernel
N(A) and a deficiency subspace NT()\) which are independent of s and ¢. This follows
from Theorem 4.1. Next we use the mentioned above fact that Theorem 6.1 is true in
the case where ¢ = 1. So there is a number A\g > 0 such that for every A € K satisfying
the condition |A| > A, we have the topological isomorphism

P p
AN = [ #ormatmel (@) < ] HEmHD).
k=1 j=1

Therefore for this A, the spaces N(A) and N*(\) are trivial, i.e., the linear bounded
operator (6.5) is a bijection. This yields topological isomorphism (6.6) by the Banach
theorem on inverse operator. Assertion (i) is proved. (Il

We will prove assertion (i) with the help of the interpolation with a function para-
meter. For this purpose we need the following space.

Let a function ¢ € M and numbers ¢ € R, p > 0, § > 0 be given. We denote by
H7¢(T, p,0) the space H>¥(T") endowed with the norm which depends on the number
parameters p and 6 in the following way:

1/2
[y P 0 [ P

This definition is correct because of the continuous embedding H%#(T') < H7~%%(T). Tt
also follows from this embedding that the norms in the spaces H7? (T, p, ) and H>#(T")
are equivalent. The norm in the space H7?(I', p, 0) is induced by the inner product

(hih2) oo pg) = (Pash2), 4 0% (haha),_,

Therefore this is a Hilbert space. As above in the case where ¢ = 1, we omit the index
¢ in the notations. Returning to assertion (ii) of Theorem 6.1, we note that

Huk||H'*+’"q+m'k>¢(F,\)\|q,mq) < ||ukHs+mq+mk,<p + |A‘q HukHermk,gp
< \/iHu’f’|H8+m<1+ww(r,\)\|q,mq)'
According to Proposition 3.2, the spaces
[H7=*(T,p,0), H""°(T,p,0)],, and H”?(T,p,6)

are equal with equivalence of the norms in them. Here the numbers ¢ and § are positive,
whereas the function parameter v is the same as in Proposition 3.2. We can chose the
constants in the estimates of these equivalent norms such that the constants do not
depend on the parameter p. Namely the following holds true [25, Lemma 6.1].

Proposition 6.1. Let 0 € R, p € M and positive numbers 0, €, § be given. Then there
is a number cog > 1 such that for arbitrary p > 0 and h € H>¥(I") we have the following
two-sided estimate of the norms:

¢ H h ||H"«¢(F,p,9) < || h ||[Hrf—s(r,p,e),Hc+5(r,p,9)]w << || h ||Hw(r,p,9)'

Here 1 is the interpolation parameter from Proposition 3.2, whereas the number cy does
not depend on p and h.

This proposition will play a decisive role in the proof of assertion (ii) of Theorem 6.1.
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Proof of assertion (ii). Let s € R and ¢ € M. We recall that Theorem 6.1 holds true in
the Sobolev case where ¢ = 1. Therefore there is a number Ay > 0 such that for every
A € K satisfying the condition |A\| > Ao we have the topological isomorphisms

p p
(6.9) AN = [T BTt (A9 mg) < [ HTH(D).
k=1 j=1

Moreover, the norm of operator (6.9) and the norm of the inverse operator are uniformly
bounded with respect to the parameter A\. Let 1 be the interpolation parameter from
Proposition 3.2 where we set ¢ = § = 1. Applying the interpolation with this parameter
to (6.9) we get the topological isomorphism

p p
AQ) s [ ] #o e (0N mg), T[S (@ A, ma) |
k=1

(6.10) =t

p p
= [T, [T aemm)]
” , P

Jj=1 Jj=1

In addition, by Proposition 3.1 the norm of operator (6.10) and the norm of the operator
inverse to (6.10) are uniformly bounded with respect to the parameter A. (Note that
the couples of spaces written in formula (6.10) are normal.) We obtain from this, by
Proposition 3.4, the following topological isomorphism

P
H Hs 1+mq+mk(r I\, mq), HST1Hmatmy (T, |A9, mq)]
(6.11) =1

P
H Hs 1+m] ), Hs+1+mj (F) ]w )

Here the norms of operators (6.10) and (6.11) are equal as well as the norms of the
operators inverse to them. Now we need Proposition 6.1 where we set

oc=s+mqg+mg, p:=|\% O:=mq, e=6=1

and Proposition 3.2. Using them we see that operator (6.11) gives the topological iso-
morphism

P P
(6.12) A s T Hotmatmes (0,31, mg) < [T Home(r)
k=1 i

such that the norm of operator (6.12) and the norm of the inverse operator are uniformly
bounded with respect to the parameter A. This means that the two-sided estimate (6.8)
with the constant ¢ is independent of the parameter A and vector-valued functions (6.7).
Assertion (ii) is proved. O

Theorem 6.1 (i) implies the following proposition on the index of the operator corre-
sponding to an elliptic system with a parameter (compare with [36, Sec. 6.4]).

Corollary 6.1. Let system (6.2) be elliptic with a parameter on a certain closed ray
K :={\ € C: arg XA = const}. Then operator (6.5) has the zero index for every A € C.

Proof. System (6.2) is Douglis-Nirenberg elliptic for every fixed A € C. Therefore, by
Theorem 5.1, operator (6.5) has a finite index independent of s € R and ¢ € M.
Moreover, this index does not depend on the parameter A as well. Indeed, by virtue of
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(6.1), the parameter X\ influences only the lowest terms of the elements of the matrix
PsDO A(N),

q—1 q—1
AQ) =A@ = 3 A = (Ll )
r=0 r=0

)
J,k=1

where
q—1
—r r m(qg—1)+mgr—m;
ST nrAl) e wnlem ey,
r=0
Therefore, in view of Lemma 3.1, we have the bounded operator

P P
AN = A(0) : [ mormatmee@) — [ HETe(D).
k=1 j=1

However Proposition 2.1 (i) and the condition m > 0 imply compactness of the embedding
of the space H*T™*+™i-¢(T") into the space H*T™4:#(T"). Thus the operator

p p
AN = A) = [T sesmasmeer) — [T et
k=1 j=1

is compact. This implies that the operators A(\) and A(0) have the same index, i.e., the
index does not depend on the parameter X (see [3, Corollary 19.1.8]). Further, according
to Theorem 6.1 (i) we have topological isomorphism (6.6) for every A € K large enough
in modulus. Hence the index of the operator A()) is equal to zero for A € K, |A\| > 1,
so it is for all A € C. Assertion (ii) is proved. O
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