ON SOME APPROXIMATIONS AND MAIN TOPOLOGICAL
DESCRIPTIONS FOR SPECIAL CLASSES OF BANACH SPACES
WITH INTEGRABLE DERIVATIVES
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ABSTRACT. We consider some classes of Banach spaces with integrable derivatives.
An important compactness lemma for nonreflexive spaces is obtained. However some
main topological properties for the given spaces are obtained.

Method of monotony and method of compactness represent fundamental approaches
to study nonlinear differential-operator equations, evolutionary inclusions and variational
inequalities in Banach spaces. The general idea is the following: using the corresponding
approximation scheme the approximate solutions of a problem are constructed, for them
some approaching a priori estimations are established, at last they prove the existence of
a sequence of approximate solutions, that converges to an exact solution of problem. In
many cases the aim is obtained by using both a method of compactness and a method
of monotonicity.

In the present paper we obtain a new of compact embedding theorems for Banach
spaces, suggested by researches about differential-operational inclusions in function spaces.
Moreover, we introduce some constructions to prove the convergence of Faedo—Galerkin
method for evolution variation inequalities with wx—pseudomonotone maps (7], [8], [11],
[14], [5].

In the following referring to Banach spaces X,Y, when we write

X CY,

we mean the embedding in the set-theory sense and in the topological sense.
For n > 2 let {X;}}_, be some family of Banach spaces.

Definition 1. An interpolation family refers to a family of Banach spaces {X;}"_; such
that for some locally convex linear topological space (LCLTS) Y we have

X;cY foral i=1,n.
If n = 2, then the interpolation family is called an interpolation pair.

Further let {X;} ; be some interpolation family. By analogy with ([3], p. 23), in the
linear variety X = N, X; we consider the norm

(1) lzllx == llzllx, V€ X,

i=1

where || - ||x, is the norm in X;.
Proposition 1. Let {X,Y, Z} be an interpolation family. Then
XN¥nNnZ)=(XnY)NnZ=XNnYNZ, XNnY=YnNnX
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both in the sense of equality of sets and in the sense of equality of norms.

We also consider the linear space

with the norm

z; € X;, Zwl:z} Vz € Z.

i=1

©) 41 =t { s,
Proposition 2. Let {X;}?, be an interpolation family. Then X = N, X, and Z =
S X; are Banach spaces and it results in
(3) XCX;CZ foral i=1,n.

The proof is similar to the proof of the corresponding statement from ([3], chapter I).
Remark 1. ([3], p. 24). Let Banach spaces X and Y satisfy the following conditions:

X CY, XisdenseinV,
lzlly <7llzllx VreX, -~ =const.

Then
Yoo X, |fllx <Allflly VfeY™

Moreover, if X is reflexive, then Y* is dense in X*.

Let {X;}!; be an interpolation family such that the space X := N}, X; with the norm
(1) is dense in X; for all i = 1,n. Due to Remark 1, the space X} can be considered as
a subspace of X*. Thus we can construct > ; X} and

(4) g_:x c (OX)

n —_
Under the given assumptions X is dense in Z := Y X for every i = 1,n. So X is dense
i=1
in Z, too. Thanks to Remark 1 we can consider the space Z* as a subspace of X for all
i =1,n, and also as a subspace of N}, X7, i.e.,

(5) (g_:x) céxg‘.

Theorem 1. Let {X;}?, be an interpolation family such that the space X = NI, X;
with the norm (1) is dense in X; for all i =1,n. Then

> xi= (%)
i=1 =1

and
n * n
i=1 i=1
both in the sense of equality of sets and in the sense of equality of the norms.

The proof is similar to the proof of the corresponding Theorem 1.5.13 from [3] and
based on the next lemma.
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Lemma 1. Let f € N?_, X. Then for every k = 2,n and z;, y; € X; (i = 1,k) such
that Zle T = Ele yi =: T, we have

k k
(6) > f@) =D fly) = f(x).

i=1 i=1

Now let Y be some Banach space, Y* its topological conjugate space, S be some
compact time interval. We consider the classes of functions defined on S with values in
Y (orin Y*).

The set L,(S;Y") of all Bochner measurable functions (see [3], [4]) for 1 < p < +o0
with natural linear operations and the norm

1/p
ol = ([ Itol )
S

is a Banach space. For p = 400, L (5;Y) with the norm
19l (s:v) = veaimax|ly(t)]ly

is a Banach space.

The next theorem shows that under the assumption of reflexivity or separability of
Y, the space (L,(S;Y))* conjugate to L,(S;Y), 1 < p < +o0, can be identified with
L,(S;Y™*), where g is such that p~! +¢71 = 1.

Theorem 2. ([4], Theorems 8.18.3, 8.20.5). If the space Y is reflexive and 1 < p < +0o0,
then each element f € (L,(S;Y))* has the unique representation

fly) = / (W) yO)ydt for cvery y € Ly(S:Y)

S

with a function € € Ly(S;Y*), p~t + ¢! = 1. The correspondence f — &, with f €
(Lp(S;Y))* is linear and

I £1lz,cs:v)) = 1€l Ly (s5v+)-

We remark that in the latter theorem, (L,(S;Y))* is considered to be the Banach
space of all linear continuous functionals that map L,(S;Y") into R.

Now let us consider a reflexive separable Banach space V' with a norm | - ||y and
a Hilbert space (H,(-,-)g) with a norm || - ||z and, for the given spaces, let the next
conditions be satisfied:

(7) V C H, YV isdensein H,
Iy >0 : |ollg <Alvllv VYveV.

Due to Remark 1, under the given assumptions we can consider the space H* conjugate
to H as a subspace of V* that is conjugate to V. Since V is reflexive, H* is dense in V*
and

[fllv- <ANflla- VfeH,

where || - ||y+ and || - || g+ are the norms in V* and in H*, respectively.
Further, we identify the spaces H and H*. Then we obtain
VcHCV”

with a continuous and dense embedding.

Definition 2. The triple of spaces (V; H; V*), which satisfy the latter conditions, will
be called an evolution triple.
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Let us point out that identifying H with H* and H* with some subspace of V*, an
element y € H is identified with some f, € V* and

(y,x)z <fyax>V VZ‘E‘/,
where (-, )y is the canonical pairing between V* and V. Since an element y and f, are
identified, under condition (7), the pairing (-,-)y will denote the inner product on H
('7 )

We consider p;, 7, @ = 1,2, such that 1 < p; <r; < 400, p; < +oo. Let ¢; > 7} > 1
be defined by

piltg =t =1 vi=1,2.
Remark that 1/00 = 0.

Now we consider some Banach spaces that play an important role in the investigation
of differential-operator equations and evolution variational inequalities in non-reflexive
Banach spaces.

Referring to evolution triples (V;; H; V;*) (i = 1,2) such that
(8) the set V4 N V5 is dense in the spaces Vi, Vo and H
we consider the functional Banach spaces (proposition 2)

Xi = Xi(8) = Lq,(S;Vi") + Ly (S: H), i=1,2

’
i

with the norms

X, = inf{max{ y1llL,, (s:v)s ||y2||LT;(S;H) }
‘ Y1 € Lo, (S;V7), y2 € L (S5 H), y =11 +y2},

1y

for all y € X, and
X = X(8) = L4 (S; Vi) + Loy (S; V') + Ly (S5 H) + Ly (S; H)
with
Iyllx = inf { max { lylle,, sivers Dyille, sim 3 | v € L (S:V),
Y2i € Loy (S5 H), i = 1,25 y = y11 + y12 + Y21 +y22},

for each y € X. Since r; < 400, due to Theorem 1 and Theorem 2, the space X; is
reflexive. Analogously, if max {r,r2} < 400, the space X is reflexive.
Under the latter theorems we identify the space conjugate to X;(S), X = X (9),
with L, (S; H) N Ly, (S; V;), where
]
and, respectively, the space conjugate to X (S), X* = X*(S), we identify with
Ly, (S;H) N Ly, (S5 H) N Ly, (S5 V1) N Ly, (S5 V2),

x; = WYlle,, s +lYlle,, sviy) Yy € X7,

where

Il x=s) = Yllr,, (s:m) + 1Yl L., s:m) + Wl z,, (s5va) + Wl L,,5002) Yy € X7
On X (5) x X*(S) we denote

(f:9) = {f,9)s =/(f11(7)7y(7))H dT"‘/S(fm(T)vy(T))H dr

S

4 /S (for (7), 9y, d7 + /S (Faa (), y())y, d
=/S(f(7),y(T))dT VieX, ye X,

where f = fi1 + fi2 + fo1 + fa2, f1i € Ly (S5 H), fai € Lo, (S;V;), i =1,2.
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Let V =V1 NV, F(V) be a filter of all finite-dimensional subspaces of V. Since V is
separable, there exists a countable monotone increasing system of subspaces {H;}i>1 C
F (V) complete in V, and consequently in H. On H,, we consider the inner product
induced from H, which we denote again by (-,-). Moreover let P,, : H — H,, C H be an
orthogonal projection from H onto H, defined by

for every h € H, P,h =argmin ||h — hy| #.
hn€H,,

Definition 3. We say that the triple ({H;}i>1;V; H) satisfies condition (), if

sup || Pl cov,vy < 400,
n>1

i.e., there exists C' > 1 such that, for every v € V and n > 1,
(9) [Pavlly < C - Jv]lv.
Some constructions that satisfy condition () were presented in [9].

Remark 2. It is easy to notice that there exists a complete orthonormal in H vector
system {h;};>1 C V such that, for any n > 1, H, is a linear capsule stretched on
{hi}~;. Then condition (y) means that the given system is a Schauder basis in the
space V (see [6], p. 403).

Remark 3. Due to the identification of H* and H, it follows that H: and H,, are identified
too.

Remark 4. Since P, € L(V, V) for every n > 1, we get Py € L(V*,V*) and || P||z(v,v) =
| Pyllzove,v=). It is clear that, for every h € H, P,h = P;h. Hence, we identify P, with
its conjugate P for every n > 1. Then, condition () means that for every v € V' and
n > 1, we have

(10) [Prollv < C-luflv and |[Prol

ve < C-lofly-.
For each n > 1, we consider the Banach spaces
Xn=Xn(8) = Lg(S; Hy) C X, X, =X,(5) = Lp,(S; Hy) C X7,

where pg := max{ry,r2}, qo_1 + pal = 1 with the natural norms. The space Ly, (S; Hy,)
is isometrically isomorphic to the space X! conjugate of X,, and, moreover, the map

X, % X535 for— /S (f(r), 2(r)) s, dr = / (f(r)a(r)) dr = (.2},

s
is the duality form on X,, x X. This statement is correct due to
Lo (S5 Hn) C Lgo(S; H) C Ly (S; H) + Ly (S5 H) + Lgy (V1) + Loy (S5 V).

Let us remark that (-, '>S}Xn(5)><X;;(S) = (4 )X.(5)-

Proposition 3. For everyn >1 X, = P, X, i.e.,

Xn={Pf() | f(-) € X}.
Moreover, if the triple ({H;};>1;Vi; H), i = 1,2, satisfies the condition (v) with C' = Cj,
then
forevery f € X andn>1 ||P,f||x <max{C1,C2} - ||f|lx-
Proof. Let us fix an arbitrary number n > 1. For every y € X let y,(-) := Poy(+), i.e.,

yn(t) = Pyy(t) for almost all t € S. Since P, is linear and continuous on V;*, on V5" and
on H we have that y, € X,, C X. It is immediate that the inverse inclusion is valid.
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Now let us prove the second part of this statement. We suppose that condition ()
holds, let us fix f € X and n > 1. Then from condition () it follows that for every
fi1i € LTQ(S;H) and fo; € Ly, (S;V;*) such that f = fi11 + fiz + fo1 + fa2 we have

1Bnfrallz,, s:m) + [1Pnfrzlle,, (sim) + [1Bn forlley, (siviy + 1 Pafazllng, sivp)

< max{C1,Cs} - (||fll||Lr/1 (1) + 1 fr2llz, (i) + 1 f2llzy, sy + ||f22||Lq2(S;V2*)) ,
because C1,Cy > 1. Therefore, due to the definition of the norm in X we complete the

proof. O

Proposition 4. For every n > 1 it results in X, = P, X™, i.e.,
Xo ={Puy() | y(-) € X"},
and
(fs Poy) =(f,y) Vy€ X" and f € X,,.
Furthermore, if the triple ({H;};>1;Vi; H), i = 1,2 satisfies condition () with C = Cj,
then we have

I1Poyllx~ < max {C1,Co} - |lyl|lx+ Yy € X andn > 1.

Proof. For every y € X*, we set y,(-) := Poy(-), i.e., yn(t) = Poy(t) for ae. t € S.
Since the operator P, is linear and continuous on Vi, on V5 and on H we have that
Yn € X*, C X*. The inverse inclusion is obvious.
Due to condition () and the definition of |- ||z, (s;vi) and || ||z, (s;m), it follows that
lynllz,,svi) < Ci- WYlle,,siviy  and ynlle,. (s;m) < MYlle., s;m)-

Thus [[yn]|lx- < max{C1,Ca} - [ly]lx-
Now let us show that, for every f € X,

(fsyn) = (f,0)-
Since f € Ly, (S; Hy), we have

(fry) = /3 (f(r). y(r)) dr = /S (F(7), Pay(r)) dr
- [S (), yn(r)) dr = (f, ),

because for every n > 1, h € H and v € H,,, it follows that
(h — Puh,v) = (h — Poh,v)g = 0.
The proposition is proved. U
Proposition 5. Under the condition max{ri,r2} < +o00, the set |, 5, X, is dense in
(X lxe)-
Proof. a) At first we prove that the set Lo (S;V) is dense in the space
(X5 lxe)-

Let us fix x € X*. Then for every n > 1 we consider

(11) Ta(t) = {x@, le(®)lv < n,

0, elsewhere.

Obviously, for alln > 1, x, € Lo (S; V). The continuous embedding of V' into H assures
existence of some positive « such that for i = 1,2 and a.e. t € S we have

len () — ()l g < yllan(t) —z@)]lv — 0,
12 { an(t) — z(t)llv, < |n(t) —2()]ly =0 as n— oo,
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(13) len @l < llz(@)lers  llzn(t)

Further, let us set
O () = len(t) — 2N, v, (1) = llza(t) — 2(t)
So, from (12) and (13) we obtain

v, < [lz(t)

V-

Pi
Vit

(14) ¢%(t) =0, ¢y.(t) =0 asn —oo forae teS
and for almost every t € S
(15) loh )] < 27|z = ou(t), oy, (@) < 2P 2@V, =: dv. (b).

Since z € X*, we have ¢g, ¢v,, dv, € L1(S). Thus, due to (14) and (15), we can apply
the Lebesgue theorem with integrable majorants ¢, ¢y, and ¢y, respectively. Hence it
follows that ¢ — 0 and ¢7, — 0in L1(S) for i = 1,2. Consequently, ||z, — || x- — 0
as n — oo. /

b) Further, for some linear variety L from V' we set

Y(L):={y € (S — L) | yis asimple function}

(see [3], p. 152). Let us show that the set Y(V) is dense in the normalized space
(Loo (S, V), |l - llx+)- Let = be fixed in Lo (S,V); so, there exists a sequence {zy}n>1 C
T (V) such that

(16) Zn(t) = x(t) inV  asn—oo forae tes.

Since € Loo(S,V), we have esssup,eg ||z(f)||lvy =: ¢ < 4o00. For every n > 1, let us
introduce

(17) iy = {

From (16) and (17) it follows that v, € T(V) as n > 1 and, moreover,

lea(®)llv < 2,
else.

yn(t) — x(t) in V. asn — oo forae. t€S.

Hence, taking into account that V' C H asi = 1,2, for a.e. t € S we obtain the following
convergences

yn(t) = x(t) in H, yp(t) = 2() in Vi, yn(t) = x(t) in Vo asn — occ.
As in a), assuming that
o = dv, = oy, = max{(3c)P, (3¢)P2, (3cy)P°} € L1(S))
we obtain that y, — x in X* as n — oo. So, T(V) is dense in
(Loo (S, V), [+ llx+)-

c) Since the set span{hp},>1 = Un21 H, is dense in (V]| - ||v) and V C H with
continuous embedding it follows that the set

T( U Hn) = (J Y(H,)
n>1 n>1
is dense in (Y(V), | - ||x*)-
In order to complete the proof we point out that, for every n > 1, T(H,,) C X*,,. The
proposition is proved. ]
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Now we consider the Banach space W* = {y € X*| ¢/ € X} with the norm

lyllw= = llyllx- + Iyl x,

where the derivative ' of an element y € X* is taken in the sense of the scalar distribution
space D*(S;V*) = L(D(S); V), where V¥ is equal to V* with the topology o(V*; V)
[12].

Together with W* = W*(S), we consider the Banach space

Wi =W (S) ={y € L, ($: V)|’ € X(9)}, i=12
with the norm
1yllwy = 1Yllz,, sivi) + 1¥'llx Yy € WY
We also consider the space Wi = Wi (S) = Wi (S) N W5 (S) with the norm
lyllws = Mllz,, s;vi) + 19llL,, sive) + 18 lx - Yy € Wy
The space W* is continuously embedded in W;* for i = 0, 2.

Theorem 3. It follows that W C C(S;V™*), where the embedding is continuous for
i=0,2.

The proof is similar to the corresponding proof for lemma IV.1.11 from [3].

Remark 5. From the definition of the norms in the spaces W* and W, we obtain that
W* C C(S;V*) with the continuous embedding for the compact S in the natural topology
of the space W*.

Having in mind applications to evolution equations and inclusions we need to give
some generalization and some improvement of the results in [3], [13], [10].

Theorem 4. The set CH(S; V)N W is dense in W .
The proof is similar to the proof for the Lemma IV.1.12 from [3].

Theorem 5. Wi C C(S; H) with continuous embedding. Moreover, for every y,& € W§
and s,t € S, the next integration by parts formula takes place:

(18) (v10).€0)) ~ (). €6) = [ {0,800 + (). ¢ (7)) o

In particular, when y = &, we have

5 (1 = 1vIE) = [ @@.um)ar

Proof. Similarly to the proof for the Theorem IV.1.17 from [3] we consider S = [a, ] for
some

—o0o < a<b<+oo.

The validity of formula (18) for y,& € C1(S;V) is checked by a direct calculation. Now
let ¢ € C*(S) be fixed such that p(a) = 0 and (b) = 1. Moreover, for y € C*(S; V) let
& =y and n = y — @y. Then, due to (18),

(6. y(1)) =/ {@’(S)(y(S),y(S)) +290(8)(y'(8),y(8))}d8,
b
~(n(t),y(®) = / {9/ ) (0(3),u(s)) +2(1 = 9() (v (), y(s)) }ds.
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This shows that for & € Lg(S;V;*) and n; € L (S;H) (i = 1,2) such that y' =
&1+ & +m +n,
b

b
Ol / {6 (s),0() + 20()(0/ (5), y(s)) pds — 2 / (4/ (), y(s)) ds

< max ()] Iyl - 1ol +2 [ (o(6) = 10/ (5) () s

< ! . e - .
_Igleag|<ﬂ(5)| lyllecsve) - 1WllL,s;vy

+2max|o(s) — 1] - (||£1||Lq1(s;vl*) Yllz,, sy + 1€ellz,, svollylle,, sva)
Hlimllz,, s:mllyle,, s + ”nQ”Lré(S%H)HyHLW(S;H))

< maxl!(5)| [l - (19le,, sy mes(S) + [yl 5w mes($)"/
+2max|p(s) = 11 (Il sve) + €2l oy sivi)

+||771||L7./1 (s;H) + ||772||L,ré(S;H)) ) (”Z/”Lm(s;vl) 19l vy
+||y||C(S;H)meS(S)1/r1 + ||y||c(s;H)mes(S)1/r2) .

Hence, due to Theorem 3, the definition of || - || x, taking ¢(t) = =2 for all ¢ € S in last
inequality we obtain

(19) 19118521y < Ca - Hy”%/g +Cs - lyllwg - yllees;m),
where C1 is the constant from the inequality [|y||c(s,v+) < Ch - ||ly[lw; for every y € W,
o .
CHy=2 , C3=2- { S l/mm{rl,rz}’l}.
2 + min {mes(S)1/7*, mes(S)1/7> } 3 max { mes(.S)

Remark that +%.O =0, C3,C5 > 0. From (19) it obviously follows that

(20) Iyllecs;m < Ca- lylwg  forally € CH(S;V),
where Cy = SCRAVAS sl ”g‘%% does not depend on y.

Now let us apply Theorem 4. For arbitrary y € W{, let {y,}n>1 be a sequence of
elements from C'(S; V) converging to y in W. Then, in virtue of relation (20), we have

lyn — yxllocs:my < Callyn — yrllwy — 0

and, therefore, the sequence {y,}n>1 converges in C'(S; H) and its limit x € C(S; H)
such that, for a.e. t € S, x(t) = y(t). So, we have y € C(S; H) and now the embedding
Wy C C(S; H) is proved. If we pass to the limit in (20) with y = y,, as n — oo we obtain
validity of the given estimate for all y € W;. This proves continuity of the embedding
of W* into C(S; H).

Now let us prove formula (18). For every y,& € Wj and for corresponding approx-
imating sequences {y,,&,}n>1 C C(S;V) we pass to the limit in (18) with y = y,,
& =¢&, as n — oo. In virtue of Lebesgue’s theorem and Wi C C(S;V*) with continuous
embedding, formula (18) is true for every y € W{.

The theorem is proved. O

Since W* C Wy with continuous embedding and due to the latter theorem the next
statement is true.

Corollary 1. W* C C(S; H) with continuous embedding. Moreover, for everyy,& € W*
and s, t € S formula (18) takes place.
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For every n > 1 let us define the Banach space W} = {y € X| v/ € X,,} with the

norm
Iyl = llyllx; + 19 1x...
where the derivative y' is considered in the sense of the scalar distributions space D*(S; Hy,).
Since
D*(S; Hy) = L(D(S); Hn) € L(D(S); V) = D*(S; V"),

it is possible to consider the derivative of an element y € X* in the sense of D*(S; V™).
Remark that, for every n > 1, Wy Cc Wy, C W*.

Proposition 6. For every y € X* and n > 1, we have P,y = (Pny)’, where the
derivative of an element x € X* is understood in the sense of the scalar distributions
space D*(S; V™).

Remark 6. We remark that in virtue of the previous assumptions, the derivatives of an
element x € X in taken the sense of D(S;V*) and in the sense of D(S; H,,) coincide.

Proof. Tt is sufficient to show that, for every ¢ € D(S), P,y (¢) = (Pyy) (¢). In virtue
of the definition of the derivative in the sense of D*(S; V*), we have

Vo € D(S) Puy'(¢) = —Pay(y)) = —P, /5 y(r)g (r)dr =

== [ P (e = ~(Pa(¢!) = (Puy) (o).
The proposition is proved. O
Due to propositions 4, 3, 6 we have the following.
Proposition 7. For everyn >1 W} = P,W*, i.e.,
Wo ={Puy() [ y(-) e W7}

Moreover, if the triple ({H;}i>1; V53 H), j = 1,2 satisfies condition () with C = Cj.
Then for everyy € W* andn > 1

[1Pny()llwe < max{Cy, Ca} - [y (-)[lw--

Theorem 6. Let the triple ({H;}i>1;Vj; H), j = 1,2 satisfy condition () with C' = Cj.
We consider bounded in X* set D C X* and E C X that is bounded in X. For every
n > 1, let us us consider

Dy, = {yn € X;;|yn € D and y,, € P,E} C W}.
Then
(21) lynllwe < IDlly +C - Ell+  for alln =1 and y, € Dy,
where C' = max{C1, Ca}, | D[4 = supyep llyllx- and [|El[+ = supsep [ f]x-
Remark 7. Due to Proposition 3, D, is well-defined and D,, C W.

Remark 8. A priori estimates (like (21)) appear when studying solvability of differential—
operator equations, inclusions and evolutional variational inequalities in Banach spaces
with maps of wy-pseudomonotone type by using Faedo—Galerkin method (see (7], [8])
at boundary transition, when it is necessary obtain a priori estimates for approximate
solutions y,, in X* and its derivatives y/, in X.

Proof. Due to proposition 3, for every n > 1 and y,, € Dy,
[ynllwe = lynllx- + lynllx < ID)+ + [|1PaEll+ < | Dll+ + max{C1, Co} - [ E||+.
The theorem is proved. g
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Further, let By, By, B2 be some Banach spaces such that
(22) By, Bs are reflexive, By C B; with compact embedding,

(23) By C B1 C By with continuous embedding.
The next result and its proof is some variations on Theorem 5 and Theorem 7 from [13].

Theorem 7. Let conditions (22)-(23) for By, By, Ba be satisfied, po,p1 € [1;+00), S be
a finite time interval and K C Ly, (S; By) be such that
a)
K is bounded in Ly, (S; By);

b) for every e > 0 there exists such § > 0 that from 0 < h < § it follows that
(24) / |u(T) —u(r +h)|Bdr <e YucK.
5

Then K is precompact in Liin {p:p,}(S; B1)-
Furthermore, if K is bounded in Lq(S;B1) for some g > 1, then K is precompact in
Ly(8; By) for every p € [1,q).

Remark 9. Further we consider that every element z € (S — B;) is equal to 0 outside
the interval S.

Proof. At the beginning we consider the first case. For our goal it is enough to show,
that it is possible to choose a Cauchy subsequence from every sequence {yn}n>1 C K in
Limin {po;pr} (S5 B1). Due to Lemma 9 from [13] it is sufficient to prove this statement for

Lmin {po;pl}(S; B2)
For every x € K Vh > 0 Vt € S we put

t+h
zp(t) := %/t x(7) dr,

where the integral is regarded in the Bochner sense. We point out that Vh > 0 zp €
C(S; Bg) C C(S; Ba).
Fixing a positive number € we construct, for the set
K C L,,(S;Bo) C Ly, (S; Ba),

a final e-net in Ly, (S; Bz). For € > 0, we choose 6 > 0 from (24). Then, for every fixed
h (0 < h < 4), we have

1 t+u-+h t+h
lzn(t +u) — x2n(t)|| B, = EH/ x(1)dr —/ x(7)dr
t+u t

11 t+h t+h
= EH/ x(r+u)d7—/ x(r)dr
¢ t

Moreover, from the Holder inequality we obtain

B2

1 t+h
<3/ e+ 0 = a)a,dr
t

B>

%/ttﬂ" lz(7 +u) — 2(7)|| B dT < <%> g (/tH—h |z(T +u) — $(7)||’§’2d7) 7o

< (%)(/OT lz(r + ) —a:(7’)|’§)2d7')plo < (%)

Vee K VO<u<d Vielb.

Therefore the family of functions {xp}.ecx is equicontinuous.
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Since Vx € K Vt € S,

1 t+h 1 t+h
fantlles =5 [ arar| <3 [ hamar
t Ba t

<) ([ o)™ < () ([ o)™ < (§)

the family of functions {xp, },cx is uniformly bounded, because the constant C' > 0 does
not depend on € K. Hence, Vh : 0 < h < § the family of functions {xp}.cx is
precompact in C(S; Bz), 80 in Liingp,,p,}(S; Be) too.

On the other hand, VO < h < § Vo € K Vt € S,

t+h
o) = zn s < 5 [ llo(®) = a(psdr

<3 [ 1)~ 204 Dlmar < (%)_(/ (1) —x(t+7-)||’§)2d7-)%

From here, taking into account 1nequahty (24) we obtain

(/T||x()—xh()|lpodt> </ / | z(t) —xt+7)”p0det>$
( / / l(t) —xt+7)||p°dtd7) g <<%/O ng)” L

Hence, in virtue of precompactness of the system {4 }rerx i Limingp,p,}(S; B2) V0 <
h < 6 we have that K is a precompact set in Liin{p,,p,}(S; B2)-

Let us consider the second case. Assume that for some ¢ > 1 the set K is bounded in
L,(S;By). Similarly to the previous case, it is enough to show that for every p € [1;¢)
and {yn}n>1 C K there exists a subsequence {yn, }k>1 C {yn}n>1 and y € L,(S; B1)
such that

Yne — Yy In Ly(S;B1) as k— oc.

Because yn, — ¥ in Luyin{pe,p:}(S; B1), passing to a subsequence for n — oo, we
have FH{yn, te>1 C {Yn}n>1 such that A\(B,,) — 0 as k — oo, where B, = {t €
S| lyn(t) — y(t)||B, > 1} for every n > 1, X is the Lebesgue measure on S. Then, for
every k > 1,

/Ilynk - )Il%ldS—/A [ (s) = y(s)l5 ds+/B [yn (s) = y(s)l5, ds

"k
g —
< [ e = w s+ ([ o) = (61,05 ) OB )T =
nk

where A,, = S\ B, for every n > 1.

It is clear that J,, — 0 as k — oo. Let us consider I,,, . Since {yn, }x>1 is precompact
in Linin{po,pi}(S; B1), there exists {ym, tk>1 C {yn, }r>1 such that y,, (1) — y(t) in By
as k — oo almost everywhere in S. Setting

0, otherwise,

_ p
VE>1 VEES  om,(t) = { [y (&) =y (DI, ¢ € An

using definition of A,,,, we see that the sequence {,, }x>1 satisfies the conditions of
the Lebesgue theorem with the integrable majorant ¢ = 1. So ¢, — 0 in Lq(S) as
k — oo. Thus, within to a subsequence, ¥, — y in Ly(S; B1).

The theorem is proved. g
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Let Banach spaces By, By, By satisfy all assumptions (22)—(23), po,p1 € [1;+00) be
arbitrary numbers. We consider the set with the natural operations,

W={ve Ly, (S; Bo) |'Ul € Ly, (S;B2)},

where the derivative v' of an element v € L,,(S; By) is considered in the sense of the
scalar distribution space D(S; Bs). It is clear that

W C Ly, (S; Bo).
We remark that the set W with the natural operations and the graph norm

[ollw = 0]l £, (5:80) + 1V |2, (5:B2)

is a Banach space. Under conditions (22)-(23), W C C(S; Bz) with the continuous
embedding. (The proof clearly follows from the proof for Theorem 1.11 from ([3], p. 173)
using Theorem 2.2 from ([2], p. 19).)

The next result represents some generalization of the compactness lemma [10] (Theo-
rem 1.5.1, p. 70) to the case pg,p1 € [1;+00). A Similar proposition formulated in [13]
on p. 89 (see (10.6)) without a valid proof. The author remarks that the proof is based
on Theorem 7 (an analogue of Theorem 7) and on Lemma 4 (an analogue of Lemma 2).
The proof of the given lemma is based on the inequalities (1.3)—(1.5) that are given in
author’s paper without a substantiation (the reference to paper [13] is groundless). We
remark that the proof of an analogue of (25) for the spaces L, (S; B2) with p > 1 is easier
and essentially differs from the proof for the case p = 1. We remark also that we do not
assume the that (10.1) from ([13], p. 87) holds. So, we try to give a formal proof for an
analogue of (10.6) given in paper [13].

Theorem 8. Under conditions (22)—(23), for all po,p1 € [1;400), the Banach space W
is compactly embedded in Ly, (S; By).

Proof. At the beginning we prove that the embedding of W into L1(S; B2) is compact.
For every y € W and h € R let us take

[ yt+h), ift+hes,
yn(t) = { 0, otherwise.

In virtue of the continuous embedding W C C(S; Bs), the given definition is correct.
Lemma 2. For everyy € W and h € R,
(25) 1y = ynllLisime) < B Y lnucsims)-

Proof. Let y € W be fixed. Then
t+h
Iy = lescsie = [ e+ 0 =u@llmae= [ | [ o]
t

Let us put

B2

t+h
gy(t):/ V(F)dr =yt +h)—y(t) WEeS, i=1,2.
t

Since the embedding W C C(S; Bs) is continuous, g, € C(S;Bz). Hence, as S is a
compact set, we have that g, € L;(S; B2). Therefore, due to Proposition ([1], p. 191) with
X = L1(S; B2) and using Theorem 2 it follows that there exists hy € Loo(S;B3) = X*
such that

/S gy (0)]| 3t = /S (y(t). 9y (®) 5t and [yl (sims) = 1.
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Hence,

M[+ (ryar|| it = /Hgy g, dt = /<h (£),94(1)) , dt
:/<hy(t) /tt+ r)dr) Bth //Hh (1), drd
/ / , @)y (7)), dt dr = /S / _hhy<t>dt,y’<f>>32dr

- /S 1/ (O Badr < b 19112 (5:50).

<esssup ||hy(t)| 5;
tes

So, we have obtained the necessary estimate (25).
The lemma is proved. O

Let us continue the proof of the theorem. Let K C W be an arbitrary bounded set.
Then, for some C > 0,

(26) 9l 2 (5580) < Cs YL, (5:8,) <C Yy € K.

In order to prove precompactness of K in L1 (S; B1), let us apply Theorem 7 with By =
By, By = By, Bo = By, pg = 1, p1 = p1. Due to estimates (25) and (26), all conditions
of the theorem are satisfied. So, the set K is precompact in L1(S; B1) and, hence, in
L1(S; B2). In virtue of W C C(S; B2) with the continuous embedding and the Lebesgue
theorem it follows that the set K is precompact in L,,(S; Bo). Hence, due to Lemma 9
from [13] we obtain the necessary statement.

The theorem is proved. O

Proposition 8. Let Banach spaces Bo, Bi, Ba satisfy conditions (22)-(23), po,p1 €
[1;+00), {un}ner C Ly, (S; Bo), where I =(0,0) C Ry, S = [a,b] such that

a) {un}ner is bounded in Ly, (S; Bo);

b) there exists ¢ : I — R4 such that lim c(%2) =0 and

Vhel / lun(t) — wn (t + 1) 22 dt < c(hyhvo.
S

Then there exists {hn}n>1 C I (hy N\, 0+ as n — 00) such that {up, tn>1 converges in
Lmin {po,pl}(S; Bl)
Remark 10. We assume that uy(t) =0 for ¢ > b.

Remark 11. Without loss of generality let us consider S = [0, 1].

Proof. At first we prove this statement for Ly, (S; B2). In virtue of the Minkowski in-
equality, for every h = 2% €land k>1,

(/ Jun(t) —un()I%;dt)o (/ lun(t) _uh(Hh)”podt)%
(/ ”uhHh)_””(”hﬂ?zdt)l (/ us ( t+h)—uh()|15’302d,5>L0
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1+ 1
u;}i( + ok h)

L2k

< 7o (R)h + (/h Jun(®) = u g (8 ||§;zdt) 2 (/
—us <t+ Q'kh) 1:2 dt>;0 < Pi(h)h+2’€2hcpO (h/2")
([ w0 = ) m (A + e /2 )

(/ len(t) —uh(t+h)|’§)2dt)l (/ |uht—|—h)_u”(t+h)|%)2dt>%

- (/h s, (£ + h) —u;(t)”%ozdt) Tol< Qh(cplo(h)—kcplo(hmk))

1 pL 1 1
+ (/ [lun(t) —uh(t+h)|§’3°2dt> ’ <. < 2Nh(c%(h) +c%(h/2k))
2h
— 70 () + c7a (h/2%).
So, for every N > 1 and k > 1, it results in

1 o % a1 (1 1 1
([ s 0 = wnpomntlitar) ™ < e (5 ) + e (52 )

In virtue of assumption b) we can choose {hy}n>1 C {%}m>1 NI such that c¢(hy,) — 0
asn — o0o. So, the sequence {uy, }n>1 is fundamental in Ly, (S; Ba). Because of By C By
with compact embedding, the sequence {up,, }n>1 is bounded in Ly {py,p,3(S; Bo); due
to the lemma 9 from [13] it follows that {up, }n>1 is fundamental in Ly {py,p,3(S; B1).

The proposition is proved. U

Now we combine all the results to obtain a necessary a priori estimate.

Theorem 9. Let all conditions of Theorem 6 be satisfied and V- C H with compact
embedding. Then (21) holds and the set

U D, is bounded in C(S; H) and precompact in L,(S; H)

n>1
for every p > 1.

Proof. Estimate (21) follows from Theorem 6. Now we use the compactness Theorem 8
with By =V, By = H, B, = V* py = 1, p1 = 1. Remark that X* C L1(S;V) and
X C L1(S;V*) with continuous embedding. Hence, the set

U D,, is precompact in L1 (S; H).
n>1

In virtue of (21) and Theorem 5 on continuous embedding of W* in C(S; H), it follows
that the set

U D, is bounded in C(S; H).

n>1
Further, by using standard conclusions and the Lebesgue theorem we obtain the necessary

statement.
The theorem is proved. g
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