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ON THE APPROXIMATION TO SOLUTIONS OF OPERATOR
EQUATIONS BY THE LEAST SQUARES METHOD

MYROSLAV L. GORBACHUK AND VALENTYNA I. GORBACHUK

Dedicated to the centenary of S. I. Zuchowvitsky.

ABSTRACT. We consider the equation Au = f, where A is a linear operator with
compact inverse in a Hilbert space. For the approximate solution wu, of this equation
by the least squares method in a coordinate system that is an orthonormal basis
of eigenvectors of a self-adjoint operator B similar to A (D(A) = D(B)), we give a
priori estimates for the asymptotic behavior of the expression R, = ||Auy, — f]| as
n — oo. A relationship between the order of smallness of this expression and the
degree of smoothness of the solution u with respect to the operator B (direct and
converse theorems) is established.

0. Let $) be a complex separable Hilbert space with inner product (-, -) and norm || - ||,
and let A be a linear operator in §), D(A) = $, 0 € p(A), where D(-) and p(-) are the
domain and the resolvent set of an operator, respectively.

We consider the equation

(1) Au=f, fe9,

and seek an approximate solution u, of this equation by the least squares method [1],
n

that is, in the form u,, = Z ajer, where {eg }ren is a given linearly independent system
k=1
of vectors in D(A) (a so-called coordinate system), and oy, € C are such that

R: = || Auy, — f|?
assumes the least value. The numbers «j are uniquely determined by the system of
algebraic equations
n
Zak(Aek,Aei) =(f,4e;), i=1,...,n.
k=1
If the system {eg}ren is complete in the Hilbert space

51(‘4) :D(A)a (fag)fjl(A) = (AfaAg)a fagED(A)7
then (e.g., see [1]),
T = |lu—un| =0, R,=|Au,—f[| -0 as n— oc.

As it will be shown below, the value R,, can tend to zero at infinity in an arbitrary way.
So, it is important to have a priori estimates for this value. As a rule, such estimates
are of an asymptotic character and indicate an order of smallness of R,,. For the Ritz
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method, such kind estimates were established under a certain choice of a coordinate
system and some conditions of smoothness for the solution u of equation (1) (see [1-3]).

The purpose of this paper is to obtain similar estimates for the least squares method.
It should be noted that in a number of specific cases, such questions were being con-
sidered by many mathematicians (we refer to [4] for details). But their considerations
concerned only direct theorems and only power decreasing of R,,. To do this in the gen-
eral situation and to obtain not only direct but also converse theorems for an arbitrary
order of convergence of R, to zero, we use the operator approach proposed in [2,5,6],
with some generalizations and refinements of the results contained there, which we shall
present some later. The results of this paper is partially announced in [7].

We would like also to remark that the significant role in application of the operator
theory to the approximation problems belongs to S. I. Zuchovitsky (in this connection
see, for example, [8,9]).

1. Let B be a closed densely defined operator in $. Denote by C'°°(B) the space of
infinitely differentiable vectors of the operator B:

c*B)= () 9B,
n€Ng=NJ{0}
where 9™ (B) = D(B") is a Hilbert space with respect to the inner product
(f,9)smm) = (f,9) + (B"f, B"g).
Let {my}nen, be a nondecreasing sequence of positive numbers (there is no loss of

generality in assuming that mgo = 1). We put

Cpm.y(B) = | O, (B), Cimny(B) = [ Cph (B),

a>0 a>0

where
Ce (B)={feC>®B)|3c=c(f) >0, Vk € Ny : |B*f|| < cakmk}

is a Banach space with the norm

|B* Il
fllee (By = sup .
s, ) = sup it

The number

n 1/n
o(f,mp,B)=inf{a: f € C%n(B)} — Tm (M)

n—oo My,
is called the type of the vector f for the operator B and the sequence {my}nen,. It is
evident that o(f,m,, B) =0if f € C,,)(B).

In the cases when m,, = n! or m,, = 1, we arrive at the well-known spaces of analytic
(Cin13(B)), entire (C(,1)(B)), and entire of exponential type (Cy13(B)) vectors of the
operator B (see [10-12]). If § = La(a,b), —0o < a < b < oo, and B = %, D(B) =
W (a,b) (Sobolev space), then C>°(B) is the set of all infinitely differentiable functions
on [a,b], Cray(B) (Crmyy(B)) is the space of analytic on [a,b] (entire) functions, the
spaces C,ns)(B) and Ci,ney(B) (8 > 1) coincide with the usual Gevrey classes. If
B < 1, Cguney(B) is the space of entire functions of order ﬁ In particular, if 8 = 0,
we have the space Cy1y(B) of entire functions f of exponential type, whose exponential
type is equal to o(f, 1, B).

Consider the functions

AP 0 /\Qn 1/2 0 n
(2) p1(A) = sup —, p2(A) = (Z ) 5 P3(A)=Zm—a A>0.

neNg Mn mn2 ne0

n=0
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Under the condition

(3) lim {/m,, = oo,

n—oo

the series for p3(\) converges in the whole complex plane and gives an entire function.
All the functions in (2) are not less than 1 and tend monotonically to co as A — oco. It
is not hard also to verify that for any 5, > 6 > 1,

(4) p1(A) < p2(A) < p3(A) < egpa(BA) < cg g, p1(BiA), A >0,

where
o5 = p FR < ()
N G SR
Throughout further, ¢ denotes various numerical constants.
If, in addition, for the sequence {m,, }nen, there exists a number h > 1 such that

(5) Vn € Ng : mpp1 < ch™my,

0 < ¢(f) = const.

(for example, the sequences m,, = n™ and m,, = (n!)? with 8 > 0 satisfy (3) and (5)),
then, as it is easily seen,

(6) de > 0: p(A) > cAp(ao)),
where ag = h~! < 1. By p()\) we mean any of the three functions p;(\) (i = 1,2, 3).

Proposition 1. Let the sequence {my,}nen, satisfy the condition (3) and for any (some)
h > 1 the inequality (5) is fulfilled. Then for any (some) a > 1,

< p(A)
(7) / Lo ir <o

Proof. As it follows from (6),
Je > 0: pz(a)) > cA?p3(N),

> p3(A) 1/°° 1
A< - | —=d\< .
/1 ps(ar) T c)p A

where ¢ = h2. Then

p(A)
p(al)

ensured. 0

Since the function is continuous on [0, 1], the finiteness of the integral (7) is

Suppose the operator B to be nonnegative and self-adjoint. Using the function p()\),
we construct the family of Hilbert spaces associated with this function as follows:

Va>0:9,(B) =D(p(aB)), (f,9)s:8) = (p(aB)f,p(aB)g).
Here
paB) = [ pla b,

E\x = E(]0,]]) is the spectral measure of B. Because of p(A\) > 1 and p(A) — oo
monotonically as A — oo, we have

VI €H,(B): [ flsam) < [fllrm) as a<b,
and these norms are compatible. So, the embedding
$5(B) € $5(B)
is dense and continuous. We put

91 (B) = J 95(B) and 9, (B) = ) 9,(B).

a>0 a>0
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In view of (4),
011} (B) = 915} (B) = 9451 (B), - 9p1)(B) = 9(ps) (B) = () (B)-
As it was shown in [13],
(8) Cima}(B) = 91,1(B),  Cim,)(B) = 9, (B).
2. As above, in this section the operator B is assumed to be nonnegative and self-

adjoint.
For an arbitrary f € $ we put

gr(f)ZET(va) inf Hf g”

9€C1y(B)io

where o(g) = o(g,1, B) is the type of the vector g for the operator B and the sequence
my, = 1. Since C] = E,.9, we have

(9) ) =If - Bl = [ aEa )

Theorem 1. Let G(\) be a continuous on [0,00) and continuously differentiable on
(0,00) function such that G(A) > 0 and G'(A) > 0 as A > 0. Then the equivalence

(10) f € D(G(B)) — /ODO GG (NEX(f)d) < oo
holds, and
(11) IG(B)f|I* = 2/00 GG (NEX(f) dX+ G*(0)E ()

Proof. Let f € D(G(B)). As G(\) is nondecreaslng on (0,00), we have

v >0 E2(f / A(Ert, f) < G2 / G2\ d(EAf, f),
whence
(12) G*(r)E2(f) -0 as 7 — oo.

Taking into account that

/ G2(\) d(Exf, f) = / G2(\) dE2(f
= —G*(r)EX(f) + G*(0)EF(f) +2 /OT GG (NEL(S) dA,

and there exists the limit of the integral in the left hand side of (13) as r — oo, we
conclude, by virtue of (12), that the integral

/0 T eNE WE(f) dx

is finite, and the equality (11) is true.
Conversely, let fooo (NG (N)EZ(f) d\ < oo. Then the equality (13) implies

[ ewaenn < o vz [ ememen
It follows from here that [;~ G2(A)d(Exf, f) < oo, that is, f € D(G(B)). Then the
equality (11) is a direct consequence of (13) and (12). O
Corollary 1. Let G(\) satisfy the conditions of Theorem 1. Then
(14) feD(G(B) = &(f) = o(G7(r), r— o0
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Setting in Theorem 1 G(A) = A* (a > 0), we obtain the next assertion.

Corollary 2. For an arbitrary o > 0,

feD(BY) = &(f)=o(r ),
fEDBY) = [7TNT1EL(f)dA < cc.

Moreover,
BeAIP =20 [ g
Note that the relation &.(f) = o(r~®) does not yet imply the inclusion f € D(B?).

But the following statement is valid.
Corollary 3. If for some ¢ > 0,

rTEE(f) = 0(1)  (r — o0),
then f € D(BY).
Proof. Taking in (13) G(\) = A%, we obtain for any r > 0

|2 d@as, g = —reei )+ 2a [ g i
0 0
" d\
2(a+e) 02
< 205/0' A (ot )g)\(f) \1+2e
TodA
<2a sup [(NHete)g? f / —_—,
,\e[o,oo)( A )) o ALt

whence f € D(BY). O

Corollary 4. Let G(\) satisfy the conditions of Theorem 1, and

(15) /oo G(fy) d\ < 0

with some 7o > 0,a > 1. Then
Ex(f) = O(G™HaN)) (A — 00) = f € D(G(B)).

Proof. Assume that the condition (15) is fulfilled, and Ex(f) = O(G~'(a))). Then for
sufficiently large A (we may consider A > rg)

Je>0:E\(f) < G aN),

and, as it follows from (13), for r > ro we have
| s <ctogn +2 [ 66 me o
< G2(0)E3(f) + 2/0 i GG (NE(f)dX + 2c/ % dX,

whence [;° G2(A) d(Exf, f) < oo, that is, f € D(G(B)). a

Corollary 5. If the sequence {my, }nen, satisfies the conditions (3) and (5) with h > 1,
then
p(PNEX(f) = O(1) (A — o0) = [ € D(p(B)),

where, as before, p(\) stands for any function from (2).
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Proof. In view of (4), it is sufficient to consider only the case p(A\) = ps(A). Since h > 1,
we have n < ch®™, n € Ny. Hence, for A > 1,

nA"—L > (h2\
Z 62_31( )

n

= Cp3 (hQ/\)v

and, by Proposition 1,

- o ey
| mswgn < [ paNeaN) s = | s aex

In view of Theorem 1, f € D(p3(B)). O

Remark 1. It is not hard to see that the proof of Corollary 5 is suitable for the case
where the function p, () = p(uA) (1 > 0) is taken instead of p(A), that is,

p(R*uNEN(f) = O(1) (X — 00) = f € D(p(uB)).
For a nondecreasing on [0, 00) function F(\) such that limy_,o, F'(A) = oo, we put
s(f,F,B) = sup{a € (0,00) : /00 F%(aX)d(Exf, f) < co}.
0

Theorem 2. Let p(\) be one of the functions p;(A), i =1,2,3. If f € Cyp, 3 (B), then
_
s(f.p, B)’

Proof. We shall prove the theorem only for p(A) = p2(A). The rest follows from the
inequalities (4).

Assume that f € Cypp,,1(B). Due to (8), f € H;,,1(B). So, f € D(p2(aB)) with some
a >0, and

> a2 00 N
o)1 = [ Z (B N=3 0 [ wraEsn

= Z m2 HB”J‘H2 < 00

n= 0

(16) o(f,mn, B) =

(17)

Therefore ,
n Bn
Vn € Ny : M <ec,
mn
1

that is, f € Cfln/f The latter means that o(f, m,, B) < —. As a is an arbitrary positive
a

number for which f € D(p2(aB)), we can conclude that

1
o(f,mn, B) < 7s(f,p2,B)'

Conversely, let a > o(f, my, B). Then

B™ 2
Ve >0: Z _IB"AI < 00,

(a+e)?m?2

1
and the equalities (17) show that . < s(f, p2, B), whence

1
m < S(fa P2, B)~

It follows from here that the formula (16) is true. O
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3. Now we turn to equation (1), where A is a linear operator in §, D(A) = $, and
0 € p(A). We say that a closed linear operator B in §) is similar to A if D(B) = D(A).
If 0 € p(B), then by closed graph theorem, the operators BA~! and AB~! are defined
and continuous on the whole space §. In what follows, we assume everywhere that:

1°. B is a positive definite self-adjoint operator similar to A;

2°. the operator B~! is compact, and the spectrum A, = M\ (B), k € N, of the
operator B is simple (the eigenvalues Ay are arranged in ascending order);

3°. the orthonormal basis of eigenvectors of the operator B is taken as the coordinate
system {eg ren in the least squares method in approximate solving equation (1).

The relation

A =]
k=1 k=1

oo o)
k=1

shows that the system {ey}xen is complete in $1(A), and therefore,

< |AB7|

[Aun = fI| = 0, n — oo,

where u, = >_;'_, ayey is the approximate solution of (1) by means of the least square
method with the coordinate system {ej }ren. The next theorem shows that this conver-
gence may be as slow as desired.

Theorem 3. Let A be a densely defined linear operator in $) such that 0 € p(A). Suppose

also that the conditions 1°-3° hold. Then whatever decreasing number sequence {Vn }nen,
Yn >0, v, — 0 (n — 00) may be, there exists a vector f € ) such that

Vn € N: R, = [[Aup — f]| = -

Proof. First we shall prove that for an arbitrary Hilbert space $ and any orthonormal
basis {gx }ren in $, there exists a vector v € § such that

n
ngkgk
k=

Vn € N:

Really, put 81 =0, 7 =~2, — 77 (i = 2,3, ...). Then the series > ,_, 3;g; converges
in 9 to a certain element v € §), and it is the Fourier series of this element (8; = (v, g;))-

So,

n

U—Z(’U 9k)g

k=1

/2

15"

Taking the space $1(A) as $ and the sequence {é}ren obtained in the process of or-
thogonalization in $!(A) of the coordinate system {ex }ren as {gk }ren, we conclude that
there exists a vector u € H!(A) such that

n
Z u ek ﬁl(A)ek
k=

Vn e N:

H < Z u ek ﬁl(A)ek) H = Yn-
k=1

91 (4)
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Setting f = Au, we get

R, =||Au, — f||= min ||f — arAer|| = min A(u— akek> ’
H H {ak}ren ; {ak}ren ;
= min |ju— arek = min ||u— A€
farfren ; 1) Lewdeen 1;1 51(4)
Z u ek yjl(A)ek = Yn-
k= H(A)

O

In connection with this, the question arises, what properties the solution v = A~!f
has to possess in order that the value R,, = ||Au,, — f|| be of a certain order of decreasing
to zero as n — oo. The answer is given by the theorem below.

Theorem 4. Let {ex}ren be the orthonormal basis of eigenvectors of the operator B,
and let u, be the approzimate solution of equation (1) in the least squares method with
the coordinate system {ex}ren. Then for any o >0

(18) u=A"'feDB*") = R, = o\, ).
Moreover,
(19) 3e > 0: R, = o(A,\579)) — u e D(BHY).

Proof. We put v, = >, _;(u,eg)ex. Then
[Aun — fIl < [|Ava = fl| = [|A(vn — w)l| = |ABT' B(v — u)|

ZBU er)ex — Bul|.
k=

< |AB7Y[|Bvy — Bul| = [|AB™Y

As the resolution of identity E of the operator B has the form
E)\g = Z (ga ek)eka
kA <A

and, because of (9),

n

Enis (@) = llg — Brorgll = Hg ~ S (geenel

k=1

one can conclude that
(20) |Aun — fI| < |AB™Y||En,.,, (Bu).

Then the relation (18) follows from Corollary 2.
Now assume that the equality in the left hand side of (19) is fulfilled. Then

n

Exnyy (Bu) = HBu — Y (Bu,ex)ex

k=1

oo S

k=1

= HBu — Z(u, er)Bey

k=1

n+1

]< 1BA= | Afun — w)]] = (A2 (&),

By Corollary 3, Bu € D(B®), whence u € D(B**1). 0
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It should be noted that there exist examples verifying that the equality
[Aup — fIl = o(A; %)
does not yet imply the inclusion u € D(B**1).
According to [14], for the operator B and a vector g € §), we put
wi(t,g,B) = sup [[Afg|, k€N,
0<7r<t

where
k

AF = (U(r)-D* =) ClU(jr), keNy, 7eRy=[0,00),
j=0
and U(7) = €78 is a group of unitary operators in § with the generating operator iB.
It follows from this definition that wg(t, g, B) possesses the following properties:
1) wi(0,9,B)=0;
2) for a fixed g, the function wg(t, g, B) is nondecreasing on R ;
3) Ya,t>0:wi(at, g, B) < (1+ a)fwi(t, g, B);
4) for any fixed t € Ry, the function wi(t, g, B) is continuous with respect to g.

As was proved in [3], the following statement holds.
Proposition 2. Let g € D(B*), a > 0. Then

V4 1
212:; Wk(;a Bagv B)
Conversely, if w(t), t € [0,00), is a function of continuity module type, that is:
(i) w(t) is continuous and nondecreasing on Ry,
(i) w(0)=0,
(i) Je > 0,Vt > 0: w(2t) < cw(t),
and if, in addition, the condition
1
/ @ dt < o0,
0

t

VkeN: & (g,B) <

is satisfied, then
1
Je>0, Vr>0:&(9,B) < r%w <;) = g € D(B?).

Using this proposition, on the basis of (20), we arrive at the following conclusion.

Theorem 5. If u € D(B*t), a > 0, then

VETT
Wk e N: [ Aun — fll < Y2 (T Bty BY .

Conversely, let for w(t) the conditions of Proposition 2 be fulfilled. If u € D(B) and

W (1
a1l < At (5 ) (@ >0)
n+1
then u € D(BYH1).

Now we pass to the approximation by means of the least squares method of the solution
u to equation (1) in assumption that u belongs to some class of infinitely differentiable
vectors for the operator B. First of all, note that Theorem 4 gives as a consequence such
a result.

Corollary 6. The following equivalence holds:
u € C®(B) <= VYa>0: lim A}, R, =0.
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For more smooth u, the assertion below is valid.

Theorem 6. Let the conditions 1°-3° hold, and let the sequence {my,}nen, satisfy (3)
and the condition (5) with any h > 1. Then

An
u € Cyp,y(B), o(u,mp,B) =0 <= Ve >0: lim p( :2>Rn:0,

lim P < il ) R, = oo;
n—oo’ \ 0 —¢
. )\n-l—l
(22) u € Clp,)(B) <= Ve >0 lim p ( . ) R, =0,

where p(X\) is any of the three functions p;(N), i =1,2,3 from (2).
Proof. Let u € Cyy,, 3(B). Then
Ya > o, Vk e N,
Je = c(a) > 0: || B*Bu|| = || B¥ || < cafTmyi 1 < caf T R my = c(ah)*my,

which implies that o(Bu, my, B) < ah. As h > 1is arbitrary, we have o(Bu, m,, B) < o.
But, by the definition of o, for any ¢ € (0,0), there exists a subsequence k; € Ny such
that

| B¥ul| > c(o — &)kimy,.

Therefore
| B¥ =1 Bul|| > c(o — &)k "tmy, 1.
Thus,
o(Bu, my, B) = o(u, my,, B) = o.
Since Bu € Cyp,,3(B) = $H¢,}(B) and because of Theorem 2, we have
o(Bu, m,, B) = s~ '(Bu, p, B).
It follows from the definition of s(u, p, B) that

o veewnnen(o(;2)), buen(o(;2)).

By Corollary 1,

(24) ET(Bu)p<J+€)—>O as 1 — 00.
Moreover,

— T
2 li (B = Q.
(2 T & (B () = o0

Indeed, assume that for some € > 0 and r > rg,

& (B (

As it follows from Remark 1, for any &’ < ¢ we have

c¢> & (Bu)p <i> = &.(Bu)p <Z__i : Uig/) — BucD <p <U?5,)) ,

contrary to (23).
According to (20), ||Au, — f|| < c€x,,, (Bu). By (24),

><c<oo.
o—¢€

| A, — flip (A"“> V0 88 oo
o+¢
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Since
n

Z(Bu, ex)er — Bu

k=1
< BA™ [ Aun — f1,

the formula (25) implies the relation

T 4w Sl (2221 =

g 9

Enpir (Bu) = = [1B(u = un)|

n41

(26)

Conversely, let the relations in the right hand side of (21) be fulfilled with some o > 0.
Because of (26),

An An _
p( “)eMHum>Sp(—ﬂ)nmm—fwBA1|eo 8 1 oo,

o+e¢ o+e¢

In the same way as above, one can show that

BueD (p (0f81)> (e' > ¢),
uep<p<gfg,)).

s(u,p,B) >

and therefore,

So,

SRS

Furthermore, due to (20),

_ An
Ve >0: lim p <—+1> Exnsr (Bu) = o0,

n—oo

which guarantees, by Corollary 1, that

oo (o (22)

s(Bu,p,B) = s(u,p,B) =0~
that is equivalent to o(u, my, B) = o.
The relation (22) follows from the previous one, because in this case o(u, m,, B) =0

The latter means that

for any u € Cipp,\(B). a
4. As an example, we consider the case
d2m 2m—1 dk
9 :LQ(O,W), A= (_1)mdt2m + Z pk(t)ﬁ’
k=0

D(A) = {v(-) € W™ [0,7]|[v*)(0) = v (1) =0, k=0,...,m — 1},
where py(-) € C[0,7]. It is also assumed that the equation Av = 0 has only the trivial
solution.
We define the operator B as
d2m
dt2m’
This operator is self-adjoint and positive definite, its spectrum {\, = k*™},.cy is discrete

B=(-1)"

and simple, and the functions \/g sin kt form an orthonormal basis of eigenvectors of B
in Ly (0, ).
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It can readily be shown that under the conditions

(27) pr € C?MI0, 7]

and

(28) p,(fT_l)(O) = p,(fT_l)(ﬂ) =0 forevenk (1 <r <mj),
(29) p20)=p*(x) =0 foroddk (0<r< (m—1)j),

the relation ‘ ‘
D(AJH) — D(BJJrl)
is true.
On the basis of Corollary 2, we arrive at the following conclusion.

Proposition 3. If the coefficients py(t) satisfy the conditions (27)-(29) and if
(30)  fO)eC®™0.a] and fEV(0) = f(@) =0 (k=0,1,....mj 1),
then ‘

(n + 1)) Au,, — a0 — 0 as n— oo,
or, equivalently,

(31) (n+ 1)2mj|\un — u||W22m[077T] —0 (n— o0).

The validity of (31) for m =1 and j = 1 was established in [15].
Corollary 6 and Theorem 6 for m,, = n! imply the following assertion.

Proposition 4. Suppose that all pi(-) belong to C*[0, 7] and satisfy the conditions
(27)-(29) for each r € Ng. Then the inclusion f(-) € C*[0,n] and the condition (50)
for k € Ny are equivalent to the following statement:

Va >0 n%||Aup —ullp,0,,) — 0 (n— 00).
If, in addition, the functions pi(t) are analytic on [0, 7], then the assertion
Ja >0 e*||Aup —ullp,0,, — 0 (n — o0)

is equivalent to the analyticity of the function f(t) on [0,7] and the validity of the con-
dition (30) for all k € Ng. If the pr(t) are entire functions, then for the assertion

Va >0 e*[|Au, —ulr,0x — 0 (n— 00)

to be true, it is necessary and sufficient that the function f(t) be entire and satisfy the
condition (30) for all k € Np.

It should be noted that the expression ||Au, — u| 1,0, in the last Proposition can
be replaced by [lun — flwzmo,x)-
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