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ON SOLVABILITY OF A PARTIAL INTEGRAL EQUATION IN THE
SPACE Ly(Q x Q)

YU. KH. ESHKABILOV

ABSTRACT. In this paper we investigate solvability of a partial integral equation in
the space L2(2 x Q), where Q = [a,b]”. We define a determinant for the partial
integral equation as a continuous function on 2 and for a continuous kernels of the
partial integral equation we give explicit description of the solution.

In the models of solid state physics [1] and also in the lattice field theory [2], there
appear so called discrete Schrodinger operators, which are lattice analogies of usual
Schrodinger operators in continuous space. The study of spectra of lattice Hamiltonians
(that is discrete Schrodinger operators) is an important matter of mathematical physics.
Nevertheless, on studying spectral properties of discrete Schrodinger operators there
appear partial integral equations in a Hilbert space of multi-variable functions [1, 3].
Therefore, on the investigation of spectra of Hamiltionians considered on a lattice, the
study of a solvability problem for partial integral equations in Lo is essential (and even
interesting from the point of view of functional analysis).

A question on the existence of a solution of partial integral equations for functions of
two variables was considered in [4-8] and others. In this paper we consider an integral
equation on the space of functions of two variables Lo(§2 x ), where Q = [a,b]” C RY,
with one partial integral operator. We define a determinant for the partial intergal equa-
tion (PIE) as a continuous function on 2, which helps to obtain the classical Fredholm
theorems for a PIE, and for a continuous kernels of the PIE we give explicit description
of the solution.

Let H = L2(2 x Q) (Ho = L2(€2)) be a Hilbert space of measurable and quadratic
integrable functions on Q x £ (on §2), where Q = [a,b]”. We denote by p the Lebesgue
measure on {2 and define the measure 7 on Q x Q by 7 = p ® p. In the space H, we
consider a partial integral operator (P10) 77 defined by

Tlf:Ak(xvsvy)f(svy)dsa fGHa

where k(z, s,y) € La(93). The function k(z, s, y) is called kernel of the P1O Tj.
If there exists a number M such that

(I) b(t) < M for almost all ¢ € Q,

then the operator T} is a linear bounded operator on H and it is uniquely defined by its

kernel k(z,s,y), where
b(t)z//|k(x,s,t)|2dxds.
aJa
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A kernel k(s,z,y) corresponds to the adjoint operator T7, i.e.

TffZAk(S,x,y)f(S,y)dS, [ €H.

Consider a family of operators { K, }qacq in Ho associated with 77 by the following
formula

KO&SD = / k(l‘, 8705)§0(S) ds? pe HO)
Q

where k(z, s,y) is the kernel of T7.

Further, if a set of integrability in the integral is absent, then we mean integrability
by the set €. First, we consider certain properties of PIO T; with the kernel k(z, s,y) €
Lo (3) satisfying the condition (I) and then we study solvability of the PIE with the
kernel k(z, s,y) € C(Q3).

Lemma 1. Let f € H and ¢, (x) = f(z,y), where y € Q is fived. Then for an arbitrary
€ > 0, there exists a subset Q. C Q such that () > w(Q) — e and po € Ho, a € Q.
Moreover, ||| < C, a € Q¢ for some C > 0.

Proof. Let f € H and d = || f||? # 0. Define two sequences of measurable subsets in
by the following equalities:

4, = {y : /|f(as,y>|2dx < ye Q} neN,

BnZ{y:/|f(a:,y)|2dx2n, yEQ}, n € N.

The sequences of subsets {A, } and {B,} hold the following properties:
1°°AiCcAyC---CA, C---and By DBy D DBy D+
29, limy, 00 Ap = Uyen An and limy, o0 Bp = [, Bns
3. Q=A,UB, and A,NB, =9, necN.
Further, we define two bounded sequences of non-negative numbers a,, and b,, by

o= K [i@bar and b~ [ dy [ @

The sequences of numbers a,, and b,, have the properties:
4°. a,, is increasing and b,, is decreasing;
5°. an + b, =d, n €N.

From the boundedness and monotonicity of the sequences a,, and b, we infer that
both of them have finite limit. By the property 5° and by the construction of the set B,
we obtain that d—a, > 0,n € Nand d > a, +nu(B,), n € N. Then u(B,,) < (d—ay)/n,
n € N. Therefore lim,,_, o, (By) = 0. By the property 3° we have u(A4,) = u(Q) —u(By),
n € N. Hence, lim,, o p(A4,) = p(£2), i.e. for an arbitrary small € > 0 there exists a
number ng € N such that u() —e < p(An,) < p(Q) and 0 < p(B,,) < €. Moreover,
this means that

/ (0o () Pdz = / (@, 0)2de < no, @ € An,.

Then, for the set Q. = A,, we have ¢, € Hp, @ € Q. and ||¢a|| < C, a € Q. for all
C Z no. D

Corollary 1. Let f € H, ||f|| = 1 and py(x) = f(z,y), where y € Q is fived. Then
there exists a measurable subset Qg C  such that, u(o) > 0 and the family {Ya}taca of
functions on Q has the following property: vo € Ho, o € Qg and 0 < |||l < C, a € Qo
for some C > 0.
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Corollary 2. Let f € H. Then there exists a decreasing sequence {epn}nen of positive
numbers such that lim,,_,- €, = 0 and

(a) for each n € N there exists a measurable subset 0, C Q with the property () >
() — en such that 3 CQ C ... C QL C...and ey U = O

(b) for each n € N, go((ln) € Ho, a € Q,, and there exists a positive number C,, such
that Hcpgn)H < Cp, Yo € Qy, where cp&")(x) = f(z,a), a € Qy;

(c) for any n € N, the function

fulz,y) = { f@y), i (@) € Qx @,

0, otherwise
belongs to H and lim, .« fo(z,y) = f(z,y).

Proposition 1. The following two conditions are equivalent:

(i) A number A € C is an eigenvalue for the operator Ti;

(ii) A number X € C is an eigenvalue for operators {Ka}aeq,, where Qo is some
subset of Q such that p(o) > 0.

Proof. We start with the implication (¢) = (i7). Let A € C be an eigenvalue of operator
T1, i.e. T fo = Afo for some fo € H, ||foll = 1. We define ¢, = po(z) = fo(z,a), a € Q.
Therefore, we have a family {@q}acq of functions on §2. Then, by Corollary 1, there
exists a subset Q¢ C Q such that (o) > 0 and ¢, € Ho, o € Qo, ||@all # 0, Ya € Q.
For an arbitrary o € Qy we have

Kopo = /k‘(x,s,oz)gpa(s) ds = /k;(x,s,oz)fo(s,oz) ds = Moz, @) = A\pa(x),

i.e. the number A is an eigenvalue for Ko, a € Q.

Now, we prove the implication (i7) = (i). Suppose that there exists a subset g in Q
with () > 0 and a number A\ € C is an eigenvalue for operators K,, a € Qp. Since
K, is a compact operator for all a € Q, then there exists a function fo € H, fo # 0 [9]
such that T1 fo = Afo. O

Proposition 2. If A € C is an eigenvalue of the operator Ty, then the number \ is an
eigenvalue of the operator Ty .

Proof. Let A € C be an eigenvalue of the operator T3. Then there exists a subset ¢ C 2,
1(€o) > 0 such that A is an eigenvalue of the every compact operator K,, a € .
Therefore the number A is an eigenvalue of every operator K}, a € Q

Kip= [Fomalels)ds, ¢ Ho.
By Proposition 1, the number X is an eigenvalue of the adjoint operator T7". O

Proposition 3. FEvery eigenvalue of the operator T has infinite multiplicity.

Proof. Let A € C be an eigenvalue of T;. Hence, there exists an element fy € H, || fol| =1
such that T1fy = Afo. We consider a subspace Lo C H : Ly = {f e H: f(x,y) =
b(y) fo(z,y), where b = b(y) is an arbitrary bounded measurable function on Q}. For
every f € Ly we have Tlf = )\f, i.e. Lo C M), where M, is the eigen-subspace
corresponding to A. But, the subspace L is infinite dimensional, therefore, M) is also
infinite dimensional subspace of H. g

Now we consider the equation

(1) [=I1f=go
in the space H, where f is an unknown function from H, go € H is given (known) function,
» € C is a parameter of the equation, T} is PIO with a kernel k(z, s, ) continuous on 3.
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It is clear that, if k(z,s,y) € C(Q3) then for all a € Q the integral operators K, on
Ho are compact. For each a € Q2 we denote by A&l)(%) and M(gl)(x, s; ), respectively,
the Fredholm determinant and the Fredholm minor of the operator E — »xK,,, » € C [10],
where F is the identity operator in Hy. According to the continuity of the kernel k(z, s, y)
and uniform convergence of the series for A&l)(%) and Mél)(x, s; ») for every s € C we
obtain [10] that the function D;(y) = Di(y;2) on Q and the function M;(x,s,y) =
M (x,s,y; ) on Q3, which are given respectively by the equalities

Di(y;») = A (), y€Q and  Mi(x,s,y;2) = M{(2,5,%), y €,

are continuous functions on Q and Q3 for every s € C.
The continuous function D1 (y) = D1(y; ») (M (z,s,y) = Mi(x,s,y;)) is called a
determinant (a minor) of the operator E — »T}, » € C.

Definition 1. If for a number sy € C D1 (y; 2q) # 0 for all y € Q, then 3¢ is called a
regular number of the PIE (1). A set of all regular numbers of the PIE (1) is denoted
by RTl .

Definition 2. If for a number 3¢ € C there exists a point yy € € such that
Dl(yO; %0) = Oa

then ¢ is called a singular number of the PIE (1). A set of all singular numbers of the
the PIE (1) is denoted by Sr,.

Definition 3. If for a number sy € C there exists a measurable subset Q¢ C Q with
1(€0) > 0 such that Dq(y;0) = 0, Yy € Qo, then ¢ is called a characteristic number
of the the PIE (1). A set of all characteristic numbers of the PIE (1) is denoted by X7, .

Definition 4. A number 3 € C is called an essential number of the PIE (1) if s €
St, \ Xry. A set of all essential numbers of the PIE (1) is denoted by Er,.

Thus, for a parameter s of the PIE (1), there exist subsets Rr,, St,, Xr,, and Ep, in
C, which have the following relations:

(i) Rp, USr, =C and R, NSy, = 25

(ii) Xr, U&pr, =S, and Xp, NEp, = .

From Definitions 1, 2, 3 and 4 one gets that for an arbitrary non-zero PIO T} sets
Rr, and £, are non-empty, but Xy, may be empty. For example, consider a PIE in the
space Ls([0,1]?)

1
flary) — /0 €75V f(s,y) ds = go(z,y),

where f is an unknown function in Lo([0,1]%), go € L2(]0,1]%) is an arbitrary given
function. For this PIE, the determinant has a simple form D1 (y; ) = 1 —»e¥, y € [0,1].
Therefore Sp, = [e71,1] and X1, = @.

From Proposition 1 and Definition 3 it follows

Theorem 1. A number A € C, XA # 0, is an eigenvalue of the operator Ty if and only if
A le XTl-

Theorem 2. a) if s € Ep,, then 35 € Ery;

b) if 0 € Xy, then 35 € Ay
Proof. Let 3 € Er,. Then there exists a point yo € Q with D1 (yo; 20) = 0 and we have
wly € Q : Di(y;30) = 0} = 0. But using a property of the determinant D1 (y; s¢) we
obtain that D (y;3) = D1(y;3%), where D1(y;3%) is a determinant of the operator
E — 32,T}. Therefore, we have Di(yo;3%0) = 0 and p {y € Q: Dy(y;3%) = O} =0, ie.

the number 77 is an essential number of the adjoint equation f — 32717 f = go, and
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the proof of property a) is complete. The proof of the property b) can be proceeded
analogously. O

Theorem 3. If ¢y € Ry, then for every go € H the PIE (1) has a unique solution on
H and it is of the form f = go + »0Bgo, where an operator B = B(35) acts in H by the
formula

Ml(xa S, Y5 %0)
D1 (y; »0)

but the corresponding homogeneous equation f —T1f = 0 has only trivial solution (zero
solution). Here D1(y; »0) and My(x,s,y; 30) are the determinant and the minor of the
operator E — 3T, respectively.

(2) Bg = g(s,y)ds, geH,

Proof. Let 59 € Ry, and > # 0. First, we prove that PIE (1) is solvable in H. By Corol-
lary 2, for the function gg there exists a decreasing sequence of non-negative numbers ¢,,
and a sequence of increasing measurable subsets ,, C 2, which satisfy the properties (a),
(b) and (c) with lim,,_,o, €, = 0. For every 2,, we define a subspace Lgn) = Lén)(Q x Q)
as follows: a function f € 'H belongs to the subspace L;"), if it satisfies the following
conditions:

(i) o8 (x) = f(x, ) € Ho, Yo € Q;

(ii) there exists a positive number C,, such that H<p || < Ch, Va € Qy;

(iii) f(z,y) = 0if (z,y) € 2 x (Q\ Q).

For every f € 'H, there exists a sequence f, € Lg"), n € N, such that lim,, o, f, = f.

Therefore, first we find a solution of the equation (1) in the space Lgn)

and we can find a
solution of the equation (1) in the space H as the limit f(z,y) = lim,—c fn(x,y), where
fn are solutions of the equation (1) in the space Lé"). Thus, the equation (1) in Lgn)

reduces to the following one:

(3) ﬁl(xvy) _%OTIﬁL(xvy) :gn(xvy)a

where g, is an element of Lgn) corresponding to the function go(z,y).

Hence, by the property (b) of Corollary 2, for each fixed y € €, the equation (3)
reduces to the following second type Fredholm integral equation in Hy :

3" Pt (@) = s Kapl () = h{Y(2), a€Q,

where @&n) (z) = fu(z,q) is an unknown function in Mo, A () = gn(z, @) is a given

function in Hg.
By the first fundamental Fredholm theorem, the equation (3') for every o € €, has
the only solution

P = ol (x) = h{) (x) + 20 B (@),
where the operator B, = B, (35) acts in Hy by the formula

M (z, 85 54
Bop = / A(l) %0 0)90(5) ds (a S Qn)

and B, is compact. Here AY (550) and M (x, s; »9) are the Fredholm determinant and
the Fredholm minor of the operator F — 3K, respectively.

It is clear, that if & € Q\ ©Q,, then the equation (3’) has the solution gp((l") (x) = 0.
Hence, the function f,(z,y) = gag(,") (z) belongs to the subspace L;") and it is a solution
of the equation (3), where @&n) (z), ¢ € Q the solutions of the equation (3”). We define
the function fy € H by the equality fo(x,y) = (E + 30B)go(x,y), where the operator
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B = B(s) acts in H by the formula (2) and it is a bounded operator. But, if y € Q,
then we have

fo(z,y) = go(x,y) + 30 Bgo(x,y) = gn(x,y) + 20Bgn(x,y) =
= h{")(2) + s Byh{" (z) = (" (2) = ful,y)

and for every y € Q\ ©,, we have fo(z,y) = @én)( ) = 0. Thus, by the property (c)
of Corollary 2 we obtain fo(z,y) = lim,— oo fn(x y). Therefore the function f(z,y) =
fo(z,y) = (F + s0B)go(x,y) is a solution of the equation (1).

Thus, we have proved that the equation (1) is solvable. Now we prove uniqueness of the
solution of the equation (1). Suppose, f1 € H and fo € H are solutions of the equatlon
(1), where f1 # f2. Then, for the function f fi— f2 # 0 we have f — %OTlf =0,
i.e. the homogeneous equation f — 5T} f = 0 has a solution f # 0. Hence, the number
gy Lis an eigenvalue of 77, then by Theorem 1 we obtain that s € Xr,. But this is
impossible since sy € Ry, .

Using Proposition 1 we can show that for s € Ry, the homogeneous equation f —
9T1 f = 0 has only trivial solution. The proof is complete. ]

Theorem 4. Let 9 € E,. If the free term go of the PIE (1) satisfies the condition

Jlgo(s,y)*ds
[ D1(y; 20)|?
then PIE (1) has a unique solution on H and it has a form f = go + »Bgo € H, but

corresponding homogeneous equation f — Ty f = 0 has only trivial solution, where the
operator B is given by (2).

(I1) dy < oo,

Proof. Let sq9 € Ep,. Put Q' = {y € Q: Di(y;30) = 0}. It is evident that ' # & and
1(Q") = 0. However, for every y € Q\ ' the function fo(x,y) = go(z,y) + »0Bgo(z,y)
satisfies the equation (1). Now it is enough to show that fy € H. Suppose that g satisfies
the condition (IT). We have

M (z, s,y; 30)
Bgo(x dxd —//’ s,y)ds
//I go(z,y)|*ddy Dil y,%o) ———=00(5,Y)

S//(flMl af,8|,é/;1@o;)}lt(-))l|go(s,y)ld8) dudy

2

([ 190(s,y)| ds ) ) / ([ 190(s,v)| ds)
<N dxdy < N, Q —~ " dy,
/ Dry)f = Nowl®) [ p W

2
dxdy

where No = max, s yeq |Mi(2, s,y; 20)|.
But for the function go(x,y) from the Cauchy-Schwartz inequality for almost all y € Q
we have

/Igosy|d8<\/ /Igosy)l2d8
Hence, we obtain
f|g0(8,y)|2d8
|D1(y; 50) 2

i.e. Bgo € H, therefore fo = go + »0Bgo € H and fj is a solution of the equation (1).
Uniqueness of the solution follows from Theorem 1. Using Proposition 1 one can also
show that the homogeneous equation f — T f = 0 has only the trivial solution. O

dy < oo,

/ / |Bgo(z, y)dedy < (No - () -
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Remark 1. The condition (IT) in Theorem 4 is natural.
For example, for the equation

1
(4) Flany) — 5 /0 Sy f(s,y) ds = ey /2

in the space La([0,1]?), we have D1 (y; ) = 1 — sy, y € [0,1] and M (z, s, y; ) = e °y.
Hence, Sp, = &, = [1,00). For each s ¢ [1,00), the equation (4) has the solution
z,1/2
ey 2

=——¢cL 11%).
6) fola) = T2 € La(0.11)
If 549 € [1,00), then the function (10) is a continuous function on the set Q' = [0, 1] x
([0, 1)\ {1/500}) with @(9") = 12([0,1] x [0,1]) and for every y € [0, 1]\ {1/} the function
(10) satisfies the equation (4), but fo & L2([0,1]?).
Remark 2. Let k(x,s,y) € C(Q3). Then, in the case of ¢ € Ery, the set of all functions
g € H (see Theorem 4), which satisfies the inequality

[ lg(s,y)ds
|D1(y; 70)[?
is infinite dimensional subspace in H.

dy < o0,
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