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ON UNITARY OPERATORS IN WEIGHTED SPACES A42%(C) OF
ENTIRE FUNCTIONS

S. G. RAFAYELYAN AND A. M. JERBASHIAN

Dedicated to the memory of M. G. Krein.

ABSTRACT. The paper gives a complete characterization of all unitary operators
acting in some wide Hilbert spaces A2 (C) of entire functions possessing weighted
square integrable modulus over the whole finite complex plane, which exhaust the
set of all entire functions.

1. INTRODUCTION

Investigations on the well-known AP spaces of functions holomorphic in the unit disc
of the complex plane were initiated by a work of L. Biberbach [1] devoted to approxi-
mations in the space of holomorphic functions, the derivatives of which have square
integrable modulus over the unit disc of the complex plane. Later, the theory of AP
spaces was developed by numerous authors, and other connections with different fields of
mathematics were found (a detailed reference list can be found in [5] and [7], see also [6]).
The new stage in the development of the theory of AP spaces was provided by the general
analytic apparatus of these spaces, which was created in the works of M. M. Djrbashian
[3, 4], where the representations of the spaces AP, were obtained as the initial stage to an
improvement of a result of R. Nevanlinna [2] related to the density of zeros and poles of
similar classes of meromorphic functions. Besides, the work [4] contains an investigation
of some particular AP spaces of entire functions.

The general theory of Banach spaces AP of functions holomorphic in |z| < 1 is created
in [7]. These spaces are arbitrarily wide in the sense that their sum coincides with the
set of all functions holomorphic in |z| < 1. The same work describes also arbitrarily wide
in the same sense AP (C) (2 < p < 400) spaces of entire functions. According to [7], the
Hilbert space A2 (C) is the set of those entire functions f(z) for which

(1) 112 = / /C (&) Pdpa(z) < +oo,

where du,,(re’) = —(27) " dddw(r?) and w(z) is a strictly decreasing function on the
whole half-axis [0, +00), such that w(0) =1 and

+oo
Aff(w)z—/o t"dw(t) < +oo forany n=0,1,2...

This paper gives a complete description of all unitary operators, which act in arbitrarily
wide Hilbert spaces A2 (C) of entire functions, and reveals that these operators are very
similar to the projector L2(C) — A2(C) given by the representation of AP (C) spaces
in [7].
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2. MAIN RESULT

Before coming to our main result, we recall from [7] that the inner product of A2 (C)
is defined as

@ o= [[1CaE e). fae £(©),
and the representation formula is of the form
3) 9= [[ 100D a0, fae£(©),
where the kernel is the entire function

0 k

z

4 C,(z)= _—
(1) &= 50

The following theorem is the main result of the present paper.

Theorem 1. Given a unitary operator U in A2 (C), there is a function K(z,() which is
of A2(C) by the variables z andz and satisfies the conditions

(5) K(20) = KC.%), #CeC,
(6) (GG = /Kz@ R0 duu(), G Co

By this kernel, the equalities g = U f and f = U~'g (f,g € A2) are written in the forms

(7) / / FORC 2 dua((), 2 €C,
(8) / / Q) du,(¢), zeC.

Conversely, if a function K(z,¢) belongs to A2(C) by the variables z and ¢ and the
conditions (5) and (6) are fulfilled, then formulas (7) and (8) respectively represent an
unitary operator U and its inversion U=t in A% (C).

Proof. Assume that U is a unitary operator in A2 (C) and observe that C,,(2¢) is of
A2 (C) by z and (. Namely, one can easily verify that ||C,(2)]|> = C,(1) < +00. Now,
for any fixed ¢ € C denote

(9) UCu(2Q) = H(2,() and U™'Cu(2() = K(2,().
Then obviously H(z,(¢) and K(z,¢) are of A2(C) by both variables z and ¢ and, in
addition,

(10) H(z,¢) = H((,Z) and K(z,() = K(C,7).

Assuming that g = U f for some functions f, g € A2 (C) and using the equality U~! = U*,
where U™ is the conjugate operator of U, for any fixed { € C we get

(9(2), Cu(2Q)), = (Uf(2),Cu(20)), = (f(2),U"CL(20)),,
(f(2),UT1Cu(2Q)) = (f(2), K (2,0)),,:

J[seCGD dnee) = [[ 1 REDduto).

ie.
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Consequently, by (3)

(11) //f R Qdpa(s), CeC.
Thus, formula (7) is true. Further, it is easy to see that for any fixed ¢ € C

(f(z)7 Cw(ZZ))w = (Uﬁlg('z% Cw(ZZ))w = (9(2)7 UCW(ZZ))W
= (g(z)aH(zaC))w'
Consequently, by (3)

(12) // H(2,¢)dpu(2), ¢eC.

Now, taking in (11) f(z) = C.,(2¢,), where ¢; € C is any fixed point, and observing that
in this case g(¢) = Uf(¢) = UC,(¢¢,) = H(¢,¢1), by (3) we conclude that

= H(G) = / [ CLeTIRE D duas)

- / [ K006 due(2) = KGO

Thus, H(¢,(1) = K((,¢), and hence the equality (12) becomes the inversion formula
(8). For proving formula (6), we insert f(z) = K(z,(1) in (7). Then using the equalities

9(¢) =Uf(Q) =UK((,G1) = Cu(CGr)
we come to the formula

Cul@) = [[ KRG duale),
which coincides with (6).

For proving the converse statement of our theorem, we define the operators
(13) UK(2,¢) = Co(2¢) and VCu(2() = K(z,¢)
on the sets of functions
{K(z,¢): (€C} and {CW(ZZ) : ¢ € C}.

Aimed at proving that the operators U and V are unitary on the mentioned sets, one
can use (3) and (6) to be convinced that

(UK(2,¢). UK (2.G2))., = (CalGy), Cu(2T)) // Co(T1)Co(G2Z) i (2)

(14 — (Gl = [[ Kl RE G dit2)
C
= (K(Za Cl)v K(Za C?))w'
Besides, one can similarly prove that

(VCWu(:1), VCu(:0)), = (K(2:€ / K(z )R (2,G) dpo (2)

(15) — CL(G6) //c (201)Cu(7) dto(2)
:( (ZCI) (ZC2))
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On the other hand,
(VO (20) K (2. C)), = / K (2.0 K(20) dpto(2) = Cu(G2T)

(16) / [ €Lzt dhel) = (Cule). CuleCa)),
= (Cu(261),UK(2,()) -
Formulas (14), (15) and (16) show that

(17) (va Ug)w = (fa g)wa (Vfa Vg)w = (fv g)w and (Vf7 g)w = (fa Ug)w

for f and g from the mentioned sets. Further, the following extension of U and V to
the linear spans of the mentioned sets generated by the functions K(z,() and C,,(2() is
natural:

oo

it f(z Zaz (2,¢) and g(z) = D> biCL(=()),
then we set

Zaz z(z and Vyg(z ZbK

By the previous methods, one can easily show that also the extended operators U and
V satisfy (17) on the corresponding linear spans.

Suppose now that {(;} € C is any sequence such that ¢, — a € C as k — oo and ¢ is
an arbitrary linear functional over the space A% (C), such that ¢ (C,,(2(;)) = 0 for any
k > 1. Then ¢ has the form (2) and hence, using the identity (3) we conclude that there
is a function g(z) € A2(C) such that

(et = [ / Cu(2C)9(2) dpo (=)

// w(ZCk) dp(2) = 9(Gr) = 0,

i.e. g(Cx) = 0 and hence g(z) = 0 by the uniqueness of analytic function. Thus, ¢ = 0 and
hence the set {C (2() : ( € C} is everywhere dense in A2 (C). Similarly, one can show
that also the set {K z,(): ¢ € (C} is everywhere dense in A2 (C). Consequently, the
operators U and V can be extended from these sets to the whole space A2 (C), and the
equalities (17) are true for any functions f,g € A2(C). It is obvious that the equalities
(17) are equivalent to the conditions

U'V=V*U=1 and V*=U

which, in their turn, mean that the operator U has left and right inversions. Con-
sequently, U is invertible and U~! = V. Hence, both U and V = U~! are unitary
operators in A2(C) and by the already proved statements of our theorem they are of the
forms (7) and (8).
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3. CONSTRUCTION OF SOME SPECIAL K (z,() KERNELS

Now we consider the kernel K(z, () for some special weights w, for which K (z, () takes
somehow more explicit forms. Namely, we assume that, along with satisfying (6), K(z, ¢)
depends on the product z(, i.e. K(z,{) = K(2¢). Thus, in addition to (6) we assume
that

(18) K(z)= Zakzk,
k=0
Then by (6)

/ KT K (20) djiolz

= > amdn(,G // Z" dp (2

m,n=0

On the other hand, by (4)

oo =k

= S1¢]

C, = .
(ClCQ) ~ Azo(w)

Hence, requiring that the last two sums are equal we obtain

if m#n
Ap Qo // d;uw = | n|2// |Z|2ndllzw if me=n

°°()

Consequently,

“+o0
= Ja, / |22 (2) = |an? / 1) = |an?Anoo(w),
0

and |an| = [AF(w)] 7! or

eitn

(19) an = e

where {t,} can be any sequence of real numbers. Thus, the considered kernels K, which
depend on the product z(, are of the form

(20) K(z)=Y A%(w)z"
n=0 n

where {t,,} is any sequence of real numbers. For instance, this is true when w(t) = e
(o, > 0), and the class A2 (C) coincides with that considered in [7] as a particular case,

where
Foo N n
A, = 0/ thre—le=ot" gt — alo"/oT<1 + —>,
0 (6%

K(z) :aie“‘”L

—_ot®

and
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