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DIRECT SPECTRAL PROBLEM FOR THE GENERALIZED JACOBI
HERMITIAN MATRICES

I. YA. IVASIUK

To the memory of A. Ya. Povzner

ABSTRACT. In this article we will introduce and investigate some generalized Jacobi
matrices. These matrices have three-diagonal block structure and they are Hermit-
ian. We will give necessary and sufficient conditions for selfadjointness of the operator
which is generated by the matrix of such a type, and consider its generalized eigen-
vector expansion.

1. INTRODUCTION

At first we will recall the direct spectral problem for the classical Jacobi matrix (see,
e.g. [1, 3, 6]). In the classical theory, one considers the Hermitian Jacobi matrix

bp ¢co0 0 O O
ap bl C1 0 0o ...
(1) J= 0 aq b2 C2 0 ...]> b?’LERa an:c’ll>07 neNO:{O71727"'}7

on the space 5 of sequences f = (1), fn € C.

This matrix, defined on finite sequences f € fg,, gives rise to an operator on ¢, which
is Hermitian with equal deficiency numbers and, therefore, has a selfadjoint extension
on £5. Under some conditions imposed on J, e.g. Y i = 00, the closure J of J is
selfadjoint.

The direct spectral problem, i.e., the eigenfunction expansion for J (or for some self-
adjoint extension of .J), is constructed in the following way (for simplicity we will assume
that .J is selfadjoint).

We introduce VA € R a sequence of polynomials,

P\ = (Pa(V)

LS
n=0’

as a solution of the equation
JP(A) =AP(N), Py(\) =1, ie, VneNg
(2) n—1Pnc1(A) + 0 Pr(A) + anPry1(N) = AP, (),
P_1(A\) =0, PBFy(\=1.

This recurrence has a solution. It is constructed inductively, starting with Py(A), which
can be done, since a,, > 0 for all n.
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The sequence of polynomials P()\) is a generalized eigenvector for J with eigenvalue
A; we use some quasinuclear rigging of the space H = ¥5,

(3) H_D>HyD>H;, P(\eH_.

The corresponding Fourier transformation F' =" is given by
(4) D> f =)o = fON) = Y faPa(N) € LR dp(N) =: L.
n=0

This mapping is a unitary operator (after taking the closure) between ¢ and L2. The
image of J is the operator of multiplication by A on the space L?. The polynomials P, (\)
are orthonormal w.r.t. the spectral measure dp()),

5) [ PPN = 550 ik € No.

R
Note that (5) is a consequence of the Parseval equality that holds true for mapping (4),
(©) Vh9 €t (Fa)ea = [ TG0

In this paper we will deal with the following situation. The matrix under consideration
has the same structure as in (1) but a;, b;, ¢;, i € Ny, are matrices (with complex elements)
of dimensions (i +2) x (i+1), (1 +1) x (¢ +1), (i4+1) x (i +2), respectively. We assume
that this matrix is Hermitian. The detailed form of such matrix is given in Section 2.
Also in this section, we formulate a criterion and a sufficient condition for selfadjointness
of the operator generated by such a matrix on the space C! @ C2® C3> @ ---. These
results have analogs in the classical theory (see [3], Ch. 7). It is necessary to say that
matrices of such type appear in [4], but they are normal matrices and are connected with
a complex moment problem. Also truncated Jacobi matrices of similar structure appear
in papers of Yuan Xu (see, e.g., [7]).

In Section 3 we will introduce an analog of the first order polynomials for the matrix
under consideration. An essential difference in our case, as compared with the the clas-
sical situation, is that the matrices a;, ¢; are not invertible, so we have to assume that
Vi € Ng rank ¢; =i+ 1. It is natural that these matrices are not invertible, since they are
not square. Using these polynomials we will construct generalized eigenvector expansion.
It is necessary to note that because the a;, ¢; are not invertible, there is no a scalar spec-
tral measure dp(\). The obtained measure is infinite dimensional matrix-valued measure
that is similar to the one in the case of partial difference equations (compare with [2]).

2. HERMITIAN BLOCK JACOBI-TYPE MATRICES AND SELFADJOINTNESS OF THE
CORRESPONDING OPERATORS

Let us consider the complex Hilbert space

(7) 12:H0®H1@H2@”'7 Hi:Ci+17 iENo,

of vectors Iy 3 f = (fn)22,, where f, = (fn;j)?:() € Hy, f = Zzozo 2?:0 fnyjeny;, (here
en;j;n=0,1,...,7=0,1,...,n, are elements of the standard basis in 15) with the scalar
product (f,9)1, = > oneo(frns9n)m,; [ g € lo. Consider the Hilbert space rigging

(8) 1= (lan) D L(p~") D12 D La(p) D lan,

where lg, is the space of finite vectors, 1 is the space of arbitrary vectors, lo(p) is the
space of infinite vectors with the scalar product (f,¢)i,() = Y opeo(frs gn)H,Pni fr9 €
Iy(p) (here p = (pn)S2g,pn > 0, is a given weight). In what follows, p, > 1 and
oo o pnt < oo; therefore the embedding of the positive space Ix(p) C 15 is quasinuclear.
So, the rigging (8) is quasinuclear.
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Let us consider, in the space (7), the Hermitian matrix J = (J;x)5%,—, with operator-
valued complex elements J;: H, — Hj, Jj1 = (Jj,k;a»ﬁ)izogzo of the following block
Jacobi structure:

bo Co 0 0 .
a by e 0 ... Qi = Jit1y ¢ H; — Hi+1a

(9) J = 0 a b2 co ...l where bl = Jzz . Hl — Hi7

) ¢; = Jiip1: Hipn — H;.
For the matrix J to be Hermitian, it is necessary and sufficient that b; = b, a; = ¢,
where * denotes the adjoint to the matrix. Also we suppose that Vi € Ny rank ¢; =i+ 1.
Remark 1. Actually b; = bf < (bjui,vi)m, = (us,biv;) g, Yu;,v; € H; and a; = ¢f <
(@i&is Giv1)miyy = (& ciCit1) 1, Vi € Hiy Gip1 € Hiv,1 € No.

Let u € 15. Then matrix J acts on u in following way:
(10) (Ju); = aj_1uj—1 + bju; + cjujr1, where u_; =0.

It is easy to show that Vk,l € Ny, k <[, the following analogue of Green’s formula takes
place:

l
(1) > [((Tw)g,05) g, = (uss (T);) | = [, v)m, — (@i, v by )
=k

— [(erh—1up, ve-1) by — (@h—1Uk—1, V)1, |, Vu,v € L.

Using rigging (8) and formula (11) we can construct, from the matrix J, an operator
J that acts on Iy, (see, e.g., a similar scheme of construction in [3], Ch. 7, § 1). The
construction is following. Consider some operator .J  on finite vectors in 1, that acts by
formula (10), i.e., (J u); = (Ju);,u € lg,, and u_; = 0. Using (11) we can conclude that
J' is Hermitian. By J we denote the closure of the operator J It is easy to see that
domain of the operator J* consists of v € 15 for which Jov € 1.

Let us consider equation which gives possibility to find eigenvectors for operator J.

(12)  (Jp(2)); = aj-1pj-1(2) + bjpj(2) + cjpjr1(2) = 2p5(2), 2€C, jeNy,
where p €1; p_1(2) = 0.

Remark 2. This equation can be considered as a recurrence relation for finding ;41 by
using ¢; and ;_;. In Section 3 we will make a few assumptions. They guarantee that
(12) is solvable.

Proposition 1. The operator J is selfadjoint if and only if any non-zero solution of
system (12) satisfies Z;io ||<p](z)||i[] = o0, where z € C\ R.

Proof. Let z € C, Imz # 0, be some fixed number. Consider the deficiency subspace
N3 of the operator J orthogonal to R(J — ZE) (here R(A) is the range of the operator
A). It coincides with the subspace of solutions of the equation J*¢ = zp. Due to the
construction of J*, we have (J*p(2)); = (Jp(2)); = z¢(2),p-1(2) = 0,¢ € D(I*). So,
the dimension of N3 is not equal to zero if and only if Z;io Hgo](z)HiI] < 00, where (z)
is some non-zero solution of (12). O

Theorem 1. Let the matriz J be such that Z;’;O(H%Hj;jﬂ + ||Cj||j+1;j)71 = o0, where
[[l4., denotes the norm of a (I + 1) x (k + 1)-matriz or the respective operator that acts

from Hy to H;. Then the operator J is selfadjoint.
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Proof. Let z € C, Imz # 0, be some fixed number. According to Proposition 1, it is
sufficient to show that for any non-zero solution of (12), Z;io llo;(z )||H = oo0. Con81der
some non-zero solution ¢(z) = (po(z),p1(z),...) of equation (12). Let no € No be
the index of the first non-zero element of (z), i.e., Hpy 3 ¢n,(2) # 0. Since Vj =
0,...,n0 — 1p;(z) = 0, it follows from (12) that ¢, (z) does not depend on z, i.e.,
Ono (2 ) ng- Consider the identity

(Z*ﬂE:@%@,z E: )i 0i(2)) . — (i(2), (T(2))i) . ]-
1=0

vard i
Using formula (11) we have

j

(z=2)>_ (pi(2),0i(2)) . = (ci05+1(2):05(2)) ., — (a50(2), 0541 (2)) -
=0

Let j > no. Then cllgno %, < (llesll;ay +1aill500 ) 105, l0se1 (D, - where

¢ > 0 is some constant. So,

[ee]

_1 1

g
I

(||CjHJ‘+1;j + Ha’jHJ’;j+1) - Z llp; (2 )HH lpj+1(z )HHJJrl
o MHH,LO] >

Z s ()13, -

HSDTIO ||Hn0 7=0

IN
ﬁll—l

In what follows, the operator J is assumed to be selfadjoint.

3. THE DIRECT SPECTRAL PROBLEM

Let us consider equation (12). Since eigenvalues of a selfadjoint operator are real, we

have the following:

bowo + cop1(A) = Apo,

aopo + b1p1(A) + c1p2(A) = A (X),
(13) e
aj—195-1(A) + 0505 (A) +¢i0541(A) = Ap; (N),
j=1,2,3,..., AeR.
As one can see, none of the equation in system (13) defines @;41(A) in unique way from
©;(A) and ¢;j_1(A). Let us find a solution in following manner.

Assume that rankc; = j+ 1 and the matrix ¢; = {c], 75}(1 oé o is as follows: for the

matrix ¢; := {¢ja ["}a 0 ﬁ , there exists an inverse, ¢, and ¢;;. o is linearly dependent
on the columns of ¢;, where ¢j,.; = {Ci?aﬂ}]a:o’ =0,1,...,j 4+ 1, is the ith column of
matrix c¢;. We will use the notation of such type for other matrices. Also, let ¢ .0(A) =
@0 € C,j=0,1,..., be some complex constants, where g ¢ := g, and all of the above
%0
indicated ¢;;0 generate a vector of “boundary conditions”, ¢..o := il;o
2:0

Remark 3. We make this assumption for simplification of the subsequent construction.
In fact, it is easy to make the following calculations in the same way in the general case.
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Since rankc; = j + 1, there are j + 1 columns of this matrix which make a linearly
independent system and then one more column that is a linear combination of the inde-
pendent ones.

In accordance with the assumption, system (13) can be rewritten in the following way:

(A—bo)wo— €0;0,0

e1;1(A) = —= 1,0,
C0;0,1 C0;0,1
‘Pj+1:,1()‘)
14 ~
(14) Lo = E L b))~ (Y
©jr1+1(A)

~1 .
— ¢ ¢ 094150, JEN,

where I; is identity matrix on Hj.

Denote by P,,;.)(A) = ( (s k)(A))k o =01...,7=0.1..., asolution of
equation (14) satisfying the boundary conditions P, 0y = 6j,a,J = 0,1,... (the vector
that has its ath coordinate equal to 1 and all the others are zeros will be denoted by
0a ). Let us consider a procedure of its construction. For a better understanding we will
describe this procedure in the simplest case and then give it in general.

0°. Let ¢. o = dp. Then the corresponding solutions ¢;x(\),7 = 0,1,...,k =0,1,...,,
of (14) are given by the polynomials Fy,(; x)(A),j =0,1,...,k=0,1,...,j. We obtain a
set of complex-valued polynomials, which is convenient to represent in following order:

Po.0,00(N)  Poyr,00(A)  Poyz,00(A) Poysio)(A) Po,,0)(A)
Po,i,1y(A)  Poy2,y(A) - Poysa)y(A) Po,;1y(A)

(15) PO;(2,2)()‘) PO (3,2) (A) oo PO;(j,2) ()‘)
Pos3,3)(N) Po,j,3)(N)

Poy 5,5 (N)

The construction of these polynomials is as following:

a) Since . o = do, we have Py, (9,0)(A) = 1.

b) From the boundary conditions, Pp. e 0) ()\) = 0. From (14) we have

Poi1,1(A) = 2557 (A = bo) Fos0,0)(A) — 03 Pos,0)(A) = (A = bo).
c) Since Py, (2, 0)()\) =0, from (14) we obtain

P2 1>(A)) — ( 0 ) 1
2, =¢ (Mi—b - Th
<P0:(2,2)(/\) AL = by Popy(n)) — G o Lhus

(@ (M = b1)) g, (A= bo) = (& "ao)o,

€0;0,1

Po,e,y(N) = o0

Po2,29(N) =

Co01 (Efl(A11 - bl))l,l ()‘ - b()) - (Eflao)la

where (Efl()\h — bl))m ,, is the matrix element in the mth row and nth column, and

(¢7*ao)m is the mth coordinate of this vector.
d) Since ¢. o = dg, we have Py,(j,0)(A) =0, j =2,3,..., and from (14) it follows that

Poi.n(A) 0 0
-1 — bj—1) Foi- 11)()\) —¢;aj o Poi- 21)()\)

Po,j.5)(N) Po,(j—1,5-1)(N) Py (j—2,j—2)(A)
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Then Vk =1,2,...,7,

Poiay(N) = (G (A1 = bjo1))k—1,Poy—1,)(N) = (61105 -2)k—1,- Poyj—2,9 ()

Jj—1 Jj—2
=Y G A1 = b))k Pos—1a (V) = Y (G a5-2) k-1, Po—2. (V-
i=0 i=0
aP. Let us consider the general situation. Let .. = d,, where a = 1,2, ... is some fixed

number. Then the solutions of (14) with this boundary conditions gives polynomials
P ey(N), ie., vjn(N) = Paym(A), 5 = 0,1,...,k = 0,1,...,4. It is convenient to
represent these polynomials in the order similar to (15),

Po0,0)N) o Paa—-1.00)  PayanN) oo Pago(N)
Pa;(a—l,l)()‘) Pa«(‘%l)()\) s Pa;(j,l) (A)

(16) Posa-1.0-1)(N)  Pasaa-1)(A) oo Paya-1(d)
Poy(a,a)(A) Py (A)
Pa;(jyj)()‘)

Because ¢..0 = dq,

(17) Pa;(j,O)()‘) = @50 = 5]"0” ] = 0, 1, e
a) From (14) and (17) we obtain P, (M) =0if j =0,1,...,a =1,k =0,1,...,].
b) From (17) Py;(a,0y(A) = 1, and according to (14) we have

Pag(an) (V)
Pa;(a,2) ()\) — _ch;ilca—l;-,OPa;(a,O)()\)-
Pa;(a,a)()‘)

Then Vk =1,2,...,a we get

«

(18) Pastay(N) = =@  Dk-1Ca-1:0 = = D _(E 1 )h-1.iCa1i0-
1=0

c) From (17) it follows that Py,(a11,0)(A) = 0. So (14) gives
Poz;(a+1,1) ()‘)

= Egl(/\la - ba)Pa;(a,-)()‘)7
Pa;(a+1,a+l) (>‘)

and then
Pa;(aJrl,k)()‘) = (Egl()‘ja - ba))k_l,ipa;(ay)()\)

(19) a+1
=Y (€' (Mo = ba)), y PoseyV), k=1,2,..,a+1.

i=0
d) Let us consider the general situation. From (14) and (17) Vj = a+1,a+2,... we get
Paiiy(N)

=& (Mot = 0jo1) Payj-1,9(A) = G102 Pay(j—2,)(A)
Posi) ()
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or
Poy(iiyN) = (G2 (M1 = bj-1)) -y Pas-1,9(N) = (62105-2) ;. P29 (V)

i

50 =Y (G A1 = b5-1)),y  Pasg-1.0 (V)

(20) i—0
Jj—2

- (’Cvj_fllaj—z)}cfl,iPa;(J?Z,i)()‘)7 k=1,2,....J.

1=0

So, from 0° and a (mainly, from (17)-(20)) we can summarize the following.
Let « =0,1,... Then for any fixed o and Vk =1,2,...,j we get

0, 7=0,...,a0—1,
(Nj_ll)k 1,-Cj—1;.,0, J=aq,
(21)  PugmN) = OV bJ*l))ka-Pa?(j*la')()‘)’ J=a+l,
(FCV; 1()‘IJ 1= b'*1))k_1,.Pa;(j—1,‘)()‘)_

j=a+2,a+3,...
- (Cj—llaJ'*?)k—1,.Pa;(j—2,~)()‘)7 ’
Using formulae (21) we can define and calculate step by step all the polynomials
P,.(jx)(A) for all permitted «, 7, k.
Also, using formulae (21) it is easy to calculate the degree of the constructed poly-
nomials. Now we will give the distribution of the degrees of P,;(; r)(A) for any fixed «
according to the order which was considered in (16).

01 ... a-1 a a+1 a+2 ... j—
0 0 0 ... 0 1 0 0
1 0 0o [ [V
a—1 0 1] [ [A?]
22) o oW W
a+1 [A] [A?]
a+2 [A?]
k|
Here [A™], m = 0,1,..., means that there is a polynomial of degree m in the respective

place. It is easy to see that the degree of the polynomial Py, (; r)()) equals j —a, if j > a.

Now we come back to solving equation (14) with some boundary conditions . ¢. The
procedure will be given in a constructive way by using induction. Consider the first
equation in (14). Then the solution can be written in the form

©1;0 0 cl ®o
4101 1()\) €0;0,1 (/\ o bo) _C((;:—g:(l) ('01;0

Po,,o(A)  Pra o)()\)> ( %o >
— (L i = 0oLy.c1.V(A) + ©1.0P1.(1 ().
<Po;(1,1)()\) PN ) \¢10 0P + ProPrian ()

(23)

So, ¢1,1(A) = w0 Poy1,1)(A) + P1;0P1;(1,1) (A)-
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Also we consider the construction of ¢3(\). It will be useful for understanding the
procedure to solve (14) in general. From (14) and (23) we have

a(A — —
(Z210) = & 0 = 1) (o ) + 1P ) ~ o

— & ter 00250
= o' (A1 — b1) Po.1,y(N) — &1 Pao) + @10 (C7 F (AL — b1) Proa,o (M)
(24) + <p2;0( — 51_161;‘70)
. ((~_ (A1 = b1))o, Po;1,)(N) — (gfi)o,ﬂo)
@! ()\11 —b1)1,- Poy1,9(A) — (61 )1,-a0

@ (AL — b1))o. Pry .)(/\)) ((511)0 - 0)
+ 1, D + o, SETOURGt I I
#1,0 <( )\Il — bl))17.P1;(1’.)()\) ¥2,0 *(Cl 1)17.01;.70

Then from (21) and (24) we obtain

©2(A) = @0 Po,(2,)(A) + P1:0P1,2,)(A) + 92,0 Py 2,9 (A) = Z Pa;i0Pa;2,)(A)  or
(25)
802;k()\) = Z @a;OPa;(Zk) ()\)a k= Oa 17 2.

Consider the general situation by using induction. Let us suppose that, for some fixed
JeN,

(26) Pm )‘) Z‘Pu 0Pa, (m,) ) m=j-—1,7.

From (14) and (26) we obtain

j
= MG = b)) Y a0 Py (V)
a=0

7j—1

(27) —¢ Y 129004013 (-1 (A) = 1CJ,,OSUJHO
a=0

Pir1;1(N)

©j+1;5+1(N)

j—1
= a0 (G AL = b)) Payj)(N) = & @51 Pagi—1.9 (V)
a=0

+ 0500, (M — b)) Py (A) + @11:0(=¢5 e 0)-

So, from (21) we get that ¢;11(A) has the form (26) for m = j + 1.
Thus, for ¢;(A), the following formulae take place in the vector and coordinate forms:

J
= Z @a;OPa;(L-)()‘)
a=0

(28) ;
@iV =Y a0 Pasy(N), G=01,..., k=0,1,...,j.

So, from our calculations we obtain the following Theorem.

Theorem 2. All solutions of equation (13) can be represented in the form (28), where
Pk (N) are polynomials that can be calculated by recursion formulas (21) with the
initial conditions Py, 0)(\) = 6j,a, J,a € Np.
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Now we will use the result from [3], Ch. 5, and [5], Ch. 15, about the generalized
eigenvector expansion for a selfadjoint operator connected with the chain (8) in a standard
way. For our operator J we have the representation

(20) 3f = / MO do(N)f, 1 € La(p),

where do()\) is a spectral measure, ®(\): la(p) — la(p™!) is a generalized projection
operator and ®()) is positive-definite kernel, i.e., Vf € la(p) (P(N)f, )1, > 0. For all
/59 € la(p) we have the Parseval equality

(30) (. = / (BN, g)ado(A).

Let us denote by 7, the operator of orthogonal projection on H,,n € Ny, in 15. Hence
Vi = (fn)2y € 12 we have f, = m,f. This operator acts analogously in the space 12(p)
and ly(p™1).

Let us consider the operator matrix (®;x(A))5%—o, Where

(31) D k(N) =m@(N)mg: 1o — H;  (or, in fact, Hyp — Hj).
Remark 4. Tt is necessary to say that ®; ;(\) is a (j + 1) x (k + 1)-matrix which stands
at the jth block of rows and the kth block of columns. Enumeration of the blocks starts

with 0 and is carried in such a way that the sth block of rows (columns) consists of ¢ + 1
rows (columns). So ®(\) has the form

*

*
NS . i

where * denotes elements of the matrix.

The Parseval identity (30) can be rewritten as follows: Vf, g € lg,

(32) (oo = / Zm N, do(3) = [ Z D50 (N fos 95) 1, dr (V).

7,k=0

Lemma 1. For every fized j, k € No, elements of the matriz (31), ®;x(\): Hy — H;,
have the following representation:
(33)

O k(D) =D Pa5:0.0N) Paygm) N Pasgy(N),  1=0,....5, m=0,....k.
a=03=0

Proof. Since ®(\) is a projection onto generalized eigenvectors of the selfadjoint oper-
ator J with the corresponding generalized eigenvalue A, we see that the vector p(\) =
(¢ (N)32g) such that ¢;,1(A) = j kum(A), L =0,...,7, is a solution of (13) for any fixed
k,m,k € No,m = 0,..., k. Indeed, since p(\) = ®(Negm, k = 0,1,...,m =0,...,k,
we have 0 = (¢(X), (J — )\I)f)127f € lgn, f—1 = 0. Using Green’s formula (11) we obtain
that 0 = ((J— A)p(N), f)12 —a_1¢_1fo. Since f is an arbitrary vector from lg,, we have
((J- )J)(p()\)) =0,j=1,2,...,and (bg—\)po+cop1(\) = 0. Therefore, p(\) € lo(p™!)
exists as a usual solution of the dlfference equation Jp = Ap.

Consider a solution of (13) in form (28) with the same initial conditions. Then ¢;(\) =

Z{X:o ©0a;0Pa;(j,) (A), where o = Po,1;0,m (A), ©1:0 = P1ks0,m(A), -+ 0550 = Pjk0,m(A).
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Using Theorem 2 we see that

(34) @ ksm(A Z‘bakOm )Poiy(N); G k€Ny, 1=0,....5, m=0,....k
Since the operator J is selfadjoint, the operator ®(\): la(p) — la(p~!) is formally self-

adjoint on lp. So, ®;x(A) = (Pr,;(N)*, j, k € No; therefore ®; r..m(X) = Pr jim,i(N);
j,l{?ENo,l:O,,j,mzo ..., k. Thus Vi, k € Ny

D k0.m(N) = Ppicm0(N) Z ©5.4;0,0(N) Pay(e,m) (A)
(35)
= Z ®; 500N Py (N); m=0,....k.
B=0
Substituting (35) into (34) we obtain (33). O

It will be essential for us to rewrite the Parseval identities (30),(32) in the form which
involves the polynomials P, (; x)()) introduced above.
Using Parseval equality (32) and representation (33) we get: Vf, g € lan

o] J
(f.9) / Z S S O T A

k=0 =0 m=0

[e.e]

-l
/ Z ZZ‘P 5:0.000) (Fs Pascey V) g, (95 Pastin V) g dor ().

5, k=0 a=0 8=0

J k ik
Z Z Z Z @,03;0,0 )\)Pﬁ (k. m)()\)P HEB l)( )fk,mmda()\)
0 =0 8=0

=0 m=0«

In the last expression the range of the indexes (j,a) is j = 0,...,00;a = 0,...,j. We
can also get all points in a given range by making o = 0,...,00;5 = «,...,00. The
same situation takes place for (k, ). So, after changing the summing order in the last
expression we obtain: Vf, g € lgy,

(36) (f.9) / Z Pa,550,0(A Z(fkvpﬁ(k YN Z 95> Pas (3,9 (V) gy, dor(A).

«a,B3=0 k=p
Since ®(A) > 0 and Pq,8:0,0(A) = (P(N)eg.0,€a:0)1., &, F=0,1,..., it is easy to see that
(<I>a7ﬂ;o,0()\))zo[j:0 is a positive-definite matrix.
Let us construct the matrix spectral measure ¥(-) by the formula
®0,0:0,0(A)  Po,1,00(A)

(37) ds(A) = D1 0,0,0(A) Pi1,00(N) ... do(N) = (‘I)aﬁ;o,o()\) do‘()\))zﬁzo.

Consider the space of finite vectors u(\) = (uo(A),u1(A),...), A € R, (u;(-),i =0,1,...,
are complex-valued functions of real variable) with the scalar product

(WA, 0(\) 1 (mas) = /R (@S)u(N), o),

Let us introduce the Hilbert space L?(R,dX(\)) as a completion of the given space of
finite vectors with respect to the scalar product (-, ')L2(R7d2()\)). Also, introduce for f € lgy
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(bW
a Fourier transform f(X) = [ f;(\) | € L*(R,d%())) by the formula
k=p
According to (36) and (38), we have the following: Vf, g € lgs,
(39) (f, )1 = (FO), GO L2 @.as()-

If we consider the vectors f, g € lg, of the form f = ey, g = ea,¢c then the Parseval
identity (36) gives: VN, M € No, £ =0,...,N,(=0,...,M

N M

ON,Mdgc = /RZ Y Pa5:0.0(N) Pane) (V) Pas(ar, o) (V) do(A)
B=0 a=0

Pove)(A) Po,ar,e)(N)

:/ d%A) | Pyynvey V) |+ | Prsaroy (V)
R 0 0

12

It is easy to find elements of the matrix J in terms of the polynomials P, (; x)()). The
representations (29), (30) and (31) give: Vf, g € lgy,

J, 12:.], I, = AD(A ; 12d0')\: A q)j,k)\ k,jdeO')\
wy U100 /R(()fg) ) /Rjg (N e g5) 1, do (M)

= ()\f()\)7/g\()\))L2(R,dE()\))'
The last equality in (41) is obtained from representation (33), by changing the order
of summation (similar to (36)) and using the definition of the Fourier transform. If

we consider in (41) f = fixm) = €mm,9 = gy = €5y, we will get: Vj, k € Ny and
1=0,...,5,m=0,....k

koJ
Jikstom = (S fimy 96 e = /R DD APa,5:0,0(N) Pastim) N Py (M) dor(A)
B=0 a=0

Po,(k,m) (N) Po, i, (N)

:/)\ dX(A) | Py N |5 | Proin (V)
R 0 0

(42)

123

Using the above-mentioned results we can formulate the following Theorem.

Theorem 3. Let, in accordance with representation (29), ®(-) and o(-) be the generalized
projection operator and the spectral measure of the operator J. Construct the spectral
matriz d3(-) using (37). Then orthogonality relations (40) take place, and one has a
generalized eigenvector expansion due to (38), (39). The operator J can be reconstructed
from formulas (41), (42).
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