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CONSERVATIVE DISCRETE TIME-INVARIANT SYSTEMS AND
BLOCK OPERATOR CMV MATRICES

YURY ARLINSKII

Dedicated to the memory of A.Ya. Povzner.

ABSTRACT. It is well known that an operator-valued function © from the Schur class
S(9, N), where M and N are separable Hilbert spaces, can be realized as a transfer
function of a simple conservative discrete time-invariant linear system. The known
realizations involve the function © itself, the Hardy spaces or the reproducing ker-
nel Hilbert spaces. On the other hand, as in the classical scalar case, the Schur
class operator-valued function is uniquely determined by its so-called ”Schur para-
meters”. In this paper we construct simple conservative realizations using the Schur
parameters only. It turns out that the unitary operators corresponding to the sys-
tems take the form of five diagonal block operator matrices, which are analogs of
Cantero—Moral-Veldzquez (CMV) matrices appeared recently in the theory of scalar
orthogonal polynomials on the unit circle. We obtain new models given by truncated
block operator CMV matrices for an arbitrary completely non-unitary contraction.
It is shown that the minimal unitary dilations of a contraction in a Hilbert space and
the minimal Naimark dilations of a semi-spectral operator measure on the unit circle
can also be expressed by means of block operator CMV matrices.

1. INTRODUCTION

In what follows the class of all continuous linear operators defined on a complex Hilbert
space 91 and taking values in a complex Hilbert space 2 is denoted by L($1, H2) and
L(9) := L($,9). We denote by Iy the identity operator in a Hilbert space H and by
P the orthogonal projection onto the subspace (the closed linear manifold) £. The
notation 7T'[ £ means the restriction of a linear operator 7" on the set £. The range and
the null-space of a linear operator T' are denoted by ranT and ker T, respectively. We
use the usual symbols C,Z, N, and Ny for the sets of complex numbers, integers, positive
integers, and nonnegative integers, respectively.

Recall that an operator T' € L($1, $)2) is said to be
contractive if | T|| < 1;
isometric if || Tf]| = ||f|| for all f € H; < T*T = I,;
co-isometric if T is isometric <= TT* = Ig,;
unitary if it is both isometric and co-isometric.

Given a contraction T' € L($)1, $2), the operators
Dy =1 -TT)"?, Dy := (I —TT*)"?
are called the defect operators of T, and the subspaces
Dp =Tan Dy, D« =Tan Dy«
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the defect subspaces of T. The dimensions dim®p, dim ®p« are known as the defect
numbers of T. The defect operators satisfy the following intertwining relations

(1.1) TDr = Dp.T, T*Dp. = DyT*.

It follows from (1.1) that T®1 C Dp«, T*Dp+ C Dp, and T'(ker Dy) = ker Dp+,
T*(ker Dr+) = ker Dr. Moreover, the operators T'| ker Dy and T*| ker D+ are isome-
tries and T'| D1 and T*| D+ are pure contractions, i.e., ||Tf|| < ||f]| for f € $H\ {0}.

The Schur class S($1,H2) is the set of all holomorphic and contractive L($1, $2)-
valued functions on the unit disk D = {A € C : |A\] < 1}. This class is a natural
generalization of the Schur class S of scalar analytic functions mapping the unit disk
D into the closed unit disk D [62] and is intimately connected with spectral theory
and models for Hilbert space contraction operators [71], [24], [25], [26], [27], [28], the
Lax-Phillips scattering theory [55], [1], [21], the theory of scalar and matrix orthogonal
polynomials on the unit circle T = {£ € C : |¢| = 1} [37], [66], [39], [40], the theory of
passive (contractive) discrete time-invariant linear systems [51], [52], [12], [13], [14], [20].
One of the characterization of the operator-valued Schur class is that any © € S(9t, M)
can be realized as a transfer (characteristic) function of the form

O(\) =D+ XC(Iy —NA)"'B, \eD,

of a discrete time-invariant system (colligation)

{5 5o

with the input space 91, the output space I, and some state space §). Moreover, if the
operator U, is given by the block operator matrix

Dol M n
Ur=|5 4/:® — @,
K3) 9

then the system 7 can be chosen (a) passive (U, is contractive) and minimal, (b) co-
isometric (U, is co-isometry) and observable, (c) isometric (U, is isometry) and control-
lable, (d) conservative (U, is unitary) and simple (see Section 3). The corresponding
models of the systems 7 and the state space operators A are well-known. We mention
the de Branges—Rovnyak functional model of a co-isometric system [25], [6], [56], the Sz.-
Nagy Foias [71], the Pavlov [58], [59], [60], and the Nikol’skii-Vasyunin [57] functional
models of completely non-unitary contractions, the Brodskii [28] functional model of a
simple unitary colligation, the Arov—Kaashoek-Pik [14] functional model of a passive
minimal and optimal system. All these models involve the Schur class function and/or
the Hardy spaces, the de Branges—Rovnyak reproducing kernel Hilbert space.

The main goal of the present paper is constructions of models for simple conservative
systems and completely non-unitary contractions by means of the operator analogs of the
scalar CMV matrices, which recently appeared in the theory of orthogonal polynomials
on the unit circle [30], [66], [68], [37].

In the paper of M. J. Cantero, L. Moral, and L. Veldzquez [30] it is established that
the semi-infinite matrices of the form

Qg Qaipo P1P0 0 0

pPo —Q10g —pP10p 0 0

0  aspr —qgar  Qspe P32
(12) C= C({Oén}) = 0 P2P1 —pP201 76&30[2 —pP302

0 0 0 Qp3 —QyQ3
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and
Qg 0 0 0 0
Qipg —Qiag  Q2p1 P2P1 0
U P1po  —p1g  —Qpay  —pP20q 0
(13) C= C({O&n}) - 0 0 Qi3 P2 — Q302 Q4 p3

0 0 p3p2  —p3q2  —a403

give representations of the unitary operator (U f)({) = (f(¢) in Lo(T,dp), where the
du is a nontrivial probability measure on the unite circle, with respect to the orthonor-
mal systems obtained by orthonormalization of the sequences {1,¢,¢~%,¢%,(72,...} and
{1,¢71,¢, (72, (3, .. .}, respectively. The Verblunsky coefficients {cv,}, |a,| < 1, arise in
the Szeg6 recurrence formula

(Pn(C) = ®pi1(Q) + @nC"@n(1/C); n=0,1,...

for monic orthogonal with respect to du polynomials {®,}, and p, := /1 — |ay|?. The

matrices C({an}) and C({an}) are called the CMV matrices. The matrix C is transpose
to C. Notice that it has been shown by Berezansky and Dudkin in [22] and [43] that the
operator (Uf)(¢) = ¢(f(¢) admits a three-diagonal block matrix representation.

Given a probability measure p on T, define the Carathéodory function by

C+A
P C—\

the moments of p. F is an analytic function in D which obeys Re F' > 0, F(0) = 1. The
Schur class function f(A) is then defined by

F(\) = F\p) = () =1+23 g1, 5n=/4’”du
n=1 T

_ _LFEWN -
f)=f(Ap) = by W
Given a Schur function f(X), which is not a finite Blaschke product, define inductively
fn( ) — S fn( )

JoQ) =N fora(N) =

It is clear that {f,} is an infinite sequence of Schur functions called the n-th Schur
iterates and neither of its terms is a finite Blaschke product. The numbers ~,, := f,,(0)
are called the Schur parameters

Sf={vw7,.--}

Note that
fa(N) = Yo+ Afnt1(AN) Afnt1(N)
" 1 +'7n)‘fn+1 1 "‘fyn)‘fn+1(>‘)7
The method of labeling f € S by its Schur parameters is known as the Schur algorithm
and is due to I. Schur [62]. In the case when
N
A= Ag
_ ip
- H 1= Ah
is a finite Blaschke product of order IV, the Schur algorithm terminates at the N-th step.
The sequence of Schur parameters {7, }_ is finite, |y,| <1 for n =0,1,...,N —1, and
lyw| = 1.

Due to Geronimus theorem for the function f(A,p) the relations v, = «a, hold true
foralln=20,1,....

:7n+(1_|7n‘2) n € Ny.
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There is a nice multiplicative structure of the CMV matrices. In the semi-infinite case
C and C are the products of two matrices: C = LM, C = ML, where

,C:\I’(Olo)@\lf(ag)@q/(agm)@,
M = 11><1 @\I/(al)@\ll(ag)@...EB\I/(Oézm+1)@...,

and V(o) = (a pa) . The finite (N + 1) x (N + 1) CMV matrices C and C obey

p -
ag,a1,...,ay—1 € D and |ay| = 1, and also C = LM, C = ML, where in this case
\I/(OéN) = (dN).
In the paper [11] it is established that the truncated CMV matrices
70_[1040 — P14 0 0
Qgp1  —GQoay  Q3p2 P3P2
To=| PP —p2on —Qzaz —p302 ... ,
0 0 Qqp3  —Quag
—ayog  Qap1 P21 0
—p10y  —Qea1  —pP20y 0
Ty = 0 Qzpz  —Qzoe  Q4p3

0 p3p2  —p3q2  —Qg0

obtained from the “full” CMV matrices
C=C({an}) and C=C({an})

by deleting the first row and the first column, provide models of completely non-unitary
contractions with rank one defect operators.

As pointed out by Simon in [68], the history of CMV matrices is started with the
papers of Bunse-Gerstner and Elsner [29] (1991) and Watkins [73] (1993), where unitary
semi-infinite five-diagonal matrices were introduces and studied. In [30] Cantero, Moral,
and Velazquez (CMV) re-discovered them. In a context different from orthogonal poly-
nomials on the unit circle, Bourget, Howland, and Joye [23] introduced a set of doubly
infinite family of matrices with three sets of parameters which for special choices of the
parameters reduces to two-sided CMV matrices on ¢%(Z).

The Schur algorithm for matrix valued Schur class functions and its connection with
the matrix orthogonal polynomials on the unit circle have been considered in the paper
of Delsarte, Genin, and Kamp [40] and in the book of Dubovoj, Fritzsche, and Kirstein
[42]. The CMV matrices, connected with matrix orthogonal polynomials on the unit
circle with respect to nontrivial matrix-valued measures are considered in [68], [37]. If
the k x k matrix-valued non-trivial measure p on T, u(T) = I« is given, then there
are the left and the right orthonormal matrix polynomials. The Szegd recursions take
slightly different form than in the scalar case and the Verblunsky k x k matrix coefficients
(the Schur parameters of the corresponding matrix-valued Schur function) {a,,} satisfy
the inequality ||ay,|| < 1 for all n. The latter condition is in fact equivalent to the non-
triviality of the measure. The entries of the corresponding CMV matrix have the size
k x k and the numbers p,, are replaced by the k x k defect matrices

pﬁ _ Dan _ (I . aflan)l/z and pﬁi = Da; = (I— OznOt:L)l/27



BLOCK OPERATOR CMV MATRICES 205

where a* is the adjoint matrix. In these notations the CMV matrix is of the form [37]

ag  phai  pget 0 0
Pl —ao?{’{ —aopt LO LO .
0 a5p)"  —osar pgoz a3
(1.4) C=C{an}) =1 0 plplt —pBay  —asal —agpk
0 0 0 ajpl  —ajas

Notice that the spectral problems for CMV matrices with scalar and matrix elements
and truncated CMV matrices with scalar elements were considered in [66], [67], [37], [22],
[32], [47], [72], [11], [48], [49], [50], [54].

The operator extension of the Schur algorithm was developed by T. Constantinescu in
[34] and with numerous applications is presented in the monographs [19], [36], [42], [44].
The next theorem goes back to Shmul’yan [63], [64] and T. Constantinescu [34] (see also
[19], [7], [8]) and plays a key role in the operator Schur algorithm.

Theorem 1.1. Let 9 and N be separable Hilbert spaces and let the function © be
from the Schur class S(ON,MN). Then there exists a function Z from the Schur class
S(De(0); Pex(0)) such that

(1.5) O(A) = O(0) + Do) Z(A)(I + ©*(0)Z(A\)) 'De(), A€D.

The representation (1.5) of a function © from the Schur class is called the M&bius
representation of © and the function Z is called the M&bius parameter of O (see [7], [8]).
Clearly, Z(0) = 0 and by Schwartz’s lemma we obtain that

ZMI < [Al, A eD.

The operator Schur’s algorithm [19]. Fix © € S(9, M), put Op(A) = O(N) and let Z,

be the M&bius parameter of ©. Define

Lo =0(0), ©1()) = ZO)E)\)

If ©g,...,0, and Ig,...,I';, have been chosen, then let Z,;; € S(®Dr,,Dr:) be the
Mobius parameter of ©,,. Put
Zn+1()‘)

®n+1()‘) = \ ; Fn+1 = @n+1(0)

The contractions T'g € L(OM,N), I', € L(Dr,_,,Dr:_ ), n € N, are called the Schur
parameters of © and the function ©, € S(Dr @1“;_1) we will call the n-th Schur
iterate of O(\).

Formally we have

€ S(Dr,,Dry), T =06:1(0) = Z)(0).

n—17

Ons1(N\)[ran Dy, = %DF; (I, — Ou(NT5) " (©4(N) —T,) Dy [ran Dr., .
Clearly, the sequence of Schur parameters {I',,} is infinite if and only if all operators
T',, are non-unitary. The sequence of Schur parameters consists of a finite number of
operators I'g, I'1,..., 'y if and only if 'y € L(®ry_,,Dry_|) is unitary. If Iy is
isometric (co-isometric) then I',, = 0 for all n > N. The following generalization of the
classical Schur result is proved in [34] (see also [19]).

Theorem 1.2. There is a one-to-one correspondence between the Schur class functions
SO, N) and the set of all sequences of contractions {I'y,}n>0 such that

(1.6) I'y e L(m, ‘ﬁ), I, e L(@F QF;71)’ n € N.

n—17

A sequence of contractions of the form (1.6) is called the choice sequence [31]. Such
objects are used for the indexing of contractive intertwining dilations, of positive Toeplitz
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forms, and of the Naimark dilations of semi-spectral measures on the unit circle (see
[31], [33], [35], [19], [36], [44]). Observe that the Naimark dilation and the model of a
simple conservative system are given in [33], [34], and [19] by an infinite in all sides block
operator matrix whose entries are expressed by means of the choice sequence or the Schur
parameters.

Let us describe the main results of our paper. Given a choice sequence (1.6), we con-

struct the Hilbert spaces $o = $0({T'n}n>0), Ho = 50({I‘n}n20) , the unitary operators

Ty G m N

Uy =Us({T 1 }n>0) = [}-(0) ’Ig] D = @,
$o o
~ m N

7/70 = aO({Fn}nzo) = EO gvo 0 - D,
Fo To o $o

and the unitarily equivalent simple conservative systems

<0:{|;I/f;'2 %};mamaﬁO}a EOZ{ FO g0‘|;m7m7:60}7

Fo To
such that the Schur parameters of the transfer function © of the systems (y and ZO are
precisely {I'y}n>0. Moreover, the operators Uy and ng in such constructions are given
by the operator analogs of the CMV matrices. In the case when the operators T';, are
neither isometric nor co-isometric for each n = 0,1, ..., the Hilbert spaces £ and :60 are
of the form

Cap

N Ory,
) 57)0:2@ © )

n>0 Drynin

£3)
2=2 D ¢

g1

and the operators Uy and Zj{o are given by the products of unitary diagonal operator
matrices

Uy = (I, ®Ir, ® ... Jp,, &...)

X (Im®Jr, ®JIp, @ ... By, , B...) : MB Hy — NS N,
U=In@Ir, ®Ir, @...0J r,, , &...)

X (I @I, @ ... ®Jp,, ©...) : M Ho — NG Ho,

where
m Mn Dr,_ Dr;
Jo — Ty DFS R Jr — Iy DF;; - @B k—1 . k—1
Ty D * 2] 2 ’ Tk D T* 2] )
o —1o QFS Dr, My Lk QFZ Dr,

keN

are the unitary operators called ”elementary rotations” [19]. The operators Uy and Uy
take the form of five-diagonal block operator matrices

Ty  DrsTy DrsDr: 0 0 0 0 0
Dr, -T¢Ty ~TiDr; 0 0 0 0 0
0 DyDr, D% Dpls DryDr; 0 0 0
U=1|0 Dr,Dr, —Dr,Iy -T3I's ~T3Dr; 0 0 0
0 0 0 I4Dr, ~Tu% Dr:Is Dr:Dr: 0
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and
[ T Dr; 0 0 0 0 0 T
I''Dr, -y DDy Dr:Dry 0 0 0
_ |Dr,Dr, —-Dp Ty -Ii[y -IiDp; 0 0 0
Up = 0 0 I'sDr, —I3% Dr:ly Dr:Dr; 0
0 0 Dr,Dr, -Dpr,Is -TiTy -TiDp: 0

Notice that the relation Z]o({Fn}nZO) = (Uo({T;}n>0)" holds true. Hence the CMV
matrix (1.4) corresponds to the case

M=N=9r,=Dr; =D, =Dr; =+ =D, =Dr; =---=C",
ap =17, neNg.
The block operator truncated CMV matrices
To = To({Tn}nz0) := Polhol $o and Ty = To({T'n}nz0) := Py Ul o
are given by

To=(-T5@Ir,®...0Jr,, ©...)(JIr, @JIr, @... & Jr,, , ©...) : Ho — Ho,
To=Ir, @I, ®...0JIr,, , ®..) (-T5@Ir, ... 0 I, ®...): H — Ho

and can be rewritten in the three diagonal block operator matrix form with 2 x 2 entries

Bl ¢ 0 0 0 Bl G 0 0 0
Ay By C2 0 0 - - A liz (;3 0 0
To=10 A By ¢ 0 -|» Do=|0 A, By G5 0

The constructions above and the corresponding results are presented in Section 5.
We essentially rely on the constructions of simple conservative realizations of the Schur
iterates {O,},>1 by means of a given simple conservative realization of the function
O € S(M,N) [8]. A brief survey of the results in [8] is given in Section 4. The cases
when the Schur parameter I'y, € L(®r,,_,,Dr+ ) of the function © € S(9M,N) is iso-
metric, co-isometric, unitary are considered in detail in Section 6. Observe that in fact
we give another prove of Theorem 1.2 (the uniqueness of the function from S(91, 91) with
given its Schur parameters is proved in Section 2). In Section 7 we obtain in the block
operator CMV matrix form the minimal unitary dilations of a contraction and the min-
imal Naimark dilations of a semi-spectral measure on the unit circle. Another and more
complicated constructions of the minimal Naimark dilation and a simple conservative re-
alization for a function © € S(9M,N) by means of its Schur parameters are given in [33]
and in [53], respectively (see also [19]). Simple conservative realizations of scalar Schur
functions with operators A, B, C, and D expressed via corresponding Schur parameters
have been obtained by V. Dubovoj [41].

We also prove in Section 7 that a unitary operator U in a separable Hilbert space
£ having a cyclic subspace 9 (span{U"9M, n € Z} = RK) is unitarily equivalent to
the block operator CMV matrices Uy and Uy constructed by means of the Schur pa-
rameters of the function O(\) = %(FSBIO\) — In)(Fg(A) + Ion) ™1, where Fop(\) =
P (U + Mg)(U — Mg)~ '[9, A € D. In the last Section 8 we prove that the Sz.-Nagy—
Foias [71] characteristic functions of truncated block operator CMV matrices 7o and ’ZNE),

constructing by means of the Schur parameters {I',, },,>0 of a purely contractive function
© € S(M,N), coincide with © in the sense of [71].
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2. THE SCHUR CLASS FUNCTIONS AND THEIR ITERATES

In the sequel we need the well known fact [71], [19] that if T' € L($)1, 2) is a contrac-
tion which is neither isometric nor co-isometric, then the operator (elementary rotation
[19]) Jr given by the operator matrix

o T Dpl. Kol o
r=\p. _p|* @ — &
T Dps Do

is unitary. Clearly, J;l = J} = Jp-. If T is isometric or co-isometric, then the corre-
sponding unitary elementary rotation takes the row or the column form

1 T 2
I =T In.]: ® =9, IF= - @,
Dr
DT* z)T

and (J(;)) = Jg?z In Section 5 we will need the following statement.

Proposition 2.1. [10]. Let T be a contraction. Then Th = Dp-g if and only if there
exists a vector ¢ € D7 such that h = Dy and g =Tp.

Recall that if © € S($)1,92) then there is a uniquely determined decomposition [71,
Proposition V.2.1]

Do(0) Deox(0)
o) = [@po()\) Gou:| Lo — D ,

ker Dg o) ker Dg- (o)
where 0, € S(Dg(), Peo-(0)), Op is a pure contraction and ©, is a unitary constant.
The function ©,, is called the pure part of © (see [19]). If ©(0) is isometric (respect.,
co-isometric) then the pure part is of the form ©,(\) = 0 € S({0},De-(p)) (respect.,
O,(A) =0 € S(De(0),{0})) for all A € D. The function © is called purely contractive if
ker Dg(gy = {0}. Two operator-valued functions © € S(9,N) and 2 € S(K, £) coincide
[71] if there are two unitary operators V : 91 — £ and U : £ — 9 such that

(2.1) VoMU =Q(A), AeD.
For the corresponding Schur parameters and the Schur iterates relation (2.1) yields the
equalities

G, = VT, U,
(2.2) D¢, =UDr,, Dg: =VOr:, Dg, =U*Dp,U, Dg. =VDp.V*,
VO,\U =, ()), AeD

for all n € Ng.
In what follows we give a proof of Theorem 1.6 different from the original one in [34].
First of all we will prove the uniqueness. The existence will be proved in Section 5.

Theorem 2.2. Any choice sequence
Ly eL(M,M), I, cL(®r
uniquely determines a function from the Schur class S(9,N).

Proof. Let T'g € L(M,MN), I', € L(Dr,_,,Drx_ ), n > 1 be a choice sequence. Suppose
the functions ©g(\) and Og(\) from the Schur class S(9, N) have {T',, }5° as their Schur
parameters. Then, for every n = 0,1,..., we have the relations

On(AN) =Ty + ADps (I + Ay 1 (N)I}) 10, 11(N) Dr,,,

©,(A\) =Ty + ADps (I + A0, 41 (M%) 10,41 (A) Drr

n—17

©P7L71)7 nz 1

AeD,

n?
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where {0,,} and {©,,} are the Schur iterates of © and ©, respectively. Then one has for
every n the equalities

0, (\) = 0,(A) = ADp= (I + A0, 1 (M) (O (V)
—0ns1(A)T + 20,41 (NT};) ' Dr,, AeD.
Since [|©n11(A) — Ony1(N)|| < 2 for all A € D and ©,,1(0) = ©,,11(0) = Tnyq, by

~

Schwartz’s lemma we get |[©,+1(A) — Op11(N)]| < 2|A|, A € D. Further

(T + 20n 1 (NI FI = (1 = [ADIII],
(T + 2001 (ML) = (1= [ADIII

for all A € D and for all f € Dp-_ . These relations imply

(2.3)

1 ~ 1
T+ 20,1 (V) < —— T+ 20,1 (NTH) Y| <
||( + +1() n) ||—1_‘)\|7 ||( + +1() n) ||_1—|A|
for all A € D and for all n = 0,1,.... Hence, from (2.3) we have
3 Al
10n(A) = OnW| < 2A| ——F 757, A€D.
(1 =12
Then applying (2.3) to ©,,_1 and @n_l in the left-hand side, we see that
3 A
On—1AN) =0, 1N <2 | ———— ] , AeD,
10,100 = Bua Il <2 (L) + A€
and finally
(2.4) 180(X) — Bo(N)|| < 2| ( A >n+1 AeD
. o(A) — B9 < T o ) )
(1—AD)?
for all n € Ny. Let |A| < (3 —+/5)/2. Then
Al
— < L.
(L—[A])?
Letting n — oo in (2.4) we get ©g(A) = @0()\) for |\ < (3 —+/5)/2. Since Oy and 6o
are holomorphic in D, they are equal on D. O

3. CONSERVATIVE DISCRETE-TIME LINEAR SYSTEMS AND THEIR TRANSFER FUNCTIONS

Let 9, M, and $ be separable Hilbert spaces. A linear system

{3 5

with bounded linear operators A, B, C, D of the form

{ o = Chy + D&y,
hi+1 = Ahy + By,

where {&:} C M, {or} C N, {hr} C 9 is called a discrete time-invariant system. The
Hilbert spaces 991 and O are called the input and the output spaces, respectively, and the
Hilbert space § is called the state space. The operators A, B, C, and D are called the
state space operator, the control operator, the observation operator, and the feedthrough
operator of 7, respectively. Put

(3.1) k € No,

m N
9 9

If U, is contractive, then the corresponding discrete-time system is said to be passive
[12]. If the operator U, is isometric (respect., co-isometric, unitary), then the system
is said to be isometric (respect., co-isometric, conservative). Isometric, co-isometric,
conservative, and passive discrete time-invariant systems have been studied in [24], [25],
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(6], [71], [51], [52], [26], [28], [20], [5], [12], [13], [14], [15], [16], [17], [69], [7O], [9], [7], 8],
[45]. Tt is relevant to remark that a brief history of System Theory is presented in the
recent preprint of B. Fritzsche, V. Katsnelson, and B. Kirstein [45].

The subspaces
(3.2) He:=span{A"BM, n € Ng} and $9H°:=5pan{A"™"C*'N, n € Ny}

are said to be the controllable and observable subspaces of the system 7, respectively. The
system T is said to be controllable (respect., observable) if H° = § (respect., H° = 9),
and it is called minimal if 7 is both controllable and observable. The system 7 is said to
be simple if

§ = clos {9° + $°} = span {A*BM, A*'C*N, k,l € Np}.

It follows from (3.2) that

(9" = () ker(B*A™),  ($°)" = [) ker(CA™),
n=0 n=0

and therefore there are the following alternative characterizations:

(a) 7 is controllable <= [ ker(B*A*") = {0};

n=0
(b) 7 is observable <= () ker(CA™) = {0};
n=0
(c) 7 is simple <— ( N ker(B*A*")) N ( N ker(CA")) = {0}.
n=0 n=0

A contraction A acting in a Hilbert space ) is called completely non-unitary [71] if there

is no nontrivial reducing subspace of A, on which A generates a unitary operator. Given a
contraction A in $ then there is a canonical orthogonal decomposition [71, Theorem I.3.2]

525’)0@57)1, A:AO@AM A]:Arf)j) j:Oala

where $o and $); reduce A, the operator Ay is a completely non-unitary contraction, and
Ay is a unitary operator. Moreover,

H1 = ( N kerDAn> N ( N kerDAm)

n>1 n>1
Since
n—1 n—1
m ker(DAAk) = ker D 4n, ﬂ ker(D 4- A*F) = ker D gon,
k=0 k=0
we get
ﬂ ker Dan = ) ©span { A" D%, n € Ng},
(3.3) =l
ﬂ ker D p«n = H ©span {A"Ds+$H, n € Ng}.
n>1

It follows that

A is completely non-unitary <= ( ﬂ ker DA7L> ﬂ ( ﬂ ker DA*") = {0}
(3.4) n>1 n>1

<= span{A*"Da, A" Dy~, n,m € No} = 9.

Ifr= { {g Z] ;L N, Sﬁ} is a conservative system then 7 is simple if and only if the

state space operator A is a completely non-unitary contraction [28], [20].
The transfer function

0,(\):=D+XC(Ig —NA)"'B, XeD,
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of a passive system 7 belongs to the Schur class S(91,91) [12]. Conservative systems are
also called the unitary colligations and their transfer functions are called the characteristic
functions [28].

The examples of conservative systems are given by

- —A Dy~ ] . —A* Dy )
S S R I

The transfer functions of these systems
P5(A) = (—A+ADa-(Ig —AA*)'D4) [ D4, X€D
and
D5, (A) = (A" + AD4(Iy —AA) 'Dp+) [Da-, AED
are precisely the Sz.-Nagy—Foias characteristic functions [71] of A and A*, correspond-
ingly.

It is well known that every operator-valued function © from the Schur class S(9t, 91)
can be realized as a transfer function of some passive system, which can be chosen as
controllable isometric (respect., observable co-isometric, simple conservative, minimal
passive); cf. [25], [71], [28], [6] [12], [14], [5]. Moreover, two controllable isometric
(respect., observable co-isometric, simple conservative) systems with the same transfer
function are unitarily equivalent: two discrete-time systems

_ D ). . D Oy
T1 = {l:Bl A1:| 79327%751} and T2 = { |:B2 A2:| 7m7m75’.’)2}

are said to be unitarily equivalent if there exists a unitary operator V' from £); onto $9
such that

A =V1AV, B =V7IB,, C,=0CV

SR | R
cf. [24], [25], [6], [28], [5].

4. CONSERVATIVE REALIZATIONS OF THE SCHUR ITERATES

Let A be a completely non-unitary contraction in a separable Hilbert space §). Suppose
ker D4 # {0}. Define the subspaces and operators (see [8])

oo =9
(4.1) Dno=kerDan, $gm :=ker Dgem,
ﬁn,m := ker DAn N ker DA*?YL’ m,n € N,

(42) An,m = Pn,mArSjn,m S L(f)n,m);

where P, ,, are the orthogonal projections in $) onto £, ,,. The next results have been
established in [8].

Theorem 4.1. [8]. The operators {A, m} are completely non-unitary contractions and
the following relations are valid:

ker DAg = Ontk,m, ker DA;’km =9nm+k, mMneN, kcN,
Af)n,m = y)n—l,m-i-la n €N, m e Ny,
A*ﬁn,m = 5n+1,m—17 me Na ne NOa
(4.3) (Anm)p; = Antkomet, n,m€No, Kk l€N,
Anfl,erlAf = AAn,mf7 f € ﬁn,rru n e N7 ne NO~
Therefore, the operators
A’I’L,Oa An71,17 ---aAnfk,ky---;AO,na nEN,
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are unitarily equivalent.
The relation (4.3) yields the following picture for the creation of the operators A, ,,:
The process terminates at the N-th step if and only if
ker Dgv = {0} <= kerDyn-1 Nker Dy~ = {0} <= ---
ker D yn—r Nker D g = {0} <= ---ker Dpon = {0}.
Theorem 4.2. [8]. Let A be a completely non-unitary contraction in a separable Hilbert
space §. Assume ker Dy # {0} and let the contractions A, , be defined by (4.1) and
(4.2). Then for each n € N the characteristic functions of the operators
An,07 Anfl,la ey Anfm,ma e Al,nfla AO,n
coincide with the pure part of the n-th Schur iterate of the Sz.-Nagy—Foias [71] char-
acteristic function ®4(A) = (—A+ ADa-(Is — ANA*)"'Da) [Da of A. Moreover, each
operator from the set {An_k k}7_o is
(1) a unilateral shift (respect., co-shift) if and only if the n-th Schur parameter T,

of ® is isometric (respect., co-isometric),
(2) the orthogonal sum of a unilateral shift and co-shift if and only if

(4.4) Or,_, #{0}, Orx_ #{0} and T, =0 forall m>n.
FEach subspace from the set {§),—k 1 }r_, s trivial if and only if T',, is unitary.

Notice that constructions of simple conservative realizations for the Schur iterates of
a function © € S(M, N) by means of a simple conservative realization

n={| G oo}

are given in [8]. We mention the following equivalences:

the n-th Schur parameter T, of © is isometric (respect., co-isometric) <= each
operator from the set {An_i k}7_o is a co-shift (respect., a shift).

The statement below is established in [8] and is needed in the sequel.

Theorem 4.3. [8]. Let © € S(M, M), I'v = ©(0), and let

([ oo

be a simple conservative realization of ©. Then the systems
DplC(Dy!'B*)* DplC
= 0 0 0 ;D , Dr=, ,
Co,1 { [ APLoD'B Aos To» Oz, Ho1
—1 —1 x\* —1
Clo= DFS C(Dr, BY) DFS CA
’ P oD,!B Ao

are unitarily equivalent, conservative and simple and their transfer function is equal to
the first Schur iterate ©1 of ©.

(4.5)
] ;91“0,@1“3’57)1,0}

Here the operators leol, Dl?al, and DZ} are the Moore-Penrose pseudo-inverses. In
the sequel the transformations of the conservative system

T+ (o1, TH (o
will be denoted by Q¢ 1(7) and Q4 o(7), respectively.
Remark 4.4. The problem of isometric, co-isometric, and conservative realizations of the
Schur iterates for a scalar function from the generalized Schur class has been studied in

[2], [3], [4]. For a scalar finite Blaschke product the realizations of the Schur iterates are
constructed in [45].



BLOCK OPERATOR CMV MATRICES 213

5. BLOCK OPERATOR CMV MATRICES AND CONSERVATIVE REALIZATIONS OF THE
SCHUR CLASS FUNCTION (THE CASE WHEN THE OPERATOR I',, IS NEITHER AN
ISOMETRY NOR A CO-ISOMETRY FOR EACH n)

Let
e LM, M), T, eL®r @Fjﬁl), n €N,

be a choice sequence. In this and next Section 6 we are going to construct by means of
{T's, }n>0 two unitary equivalent simple conservative systems with such a transfer function
© € S(M, M) that {I',,},>0 are its Schur parameters. In particular, this leads to the
existence part of Theorem 1.2 and to the well known result that any © € S(91,91)
admits a realization as a transfer function of a simple conservative system. We begin
with constructions of block operator CMV matrices for a given choice sequence {I', },,>0
and will suppose that all the operators I',, are neither isometries nor co-isometries. We
will use the well known constructions of finite and infinite orthogonal sums of Hilbert
spaces. Namely, if {Hy}72, is a given sequence of Hilbert spaces, then

N
9=> DH
k=1

N
is a Hilbert space with the inner product (f,g) = Y (fr,gx)m, for f = (f1,..., f~)T
k=0

N
and g = (g1,...,98)7, fesgx € Hy, k =1,..., N and the norm N£112 = ka||%1k The
k=0

n—17

Hilbert space
5=2 DH
k=0

consists of all vectors of the form f = (fi, f2,...)T, fx € Hg, k =1,2,..., such that

o0

A1 =D Il < oo

k=1
The inner product is given by (f,g) = > (fk, 9x) 1, -
k=1

5.1. Block operator CMV matrices. Define the Hilbert spaces

@F2n
$o = ﬁo({rn}nzo) = Z @ @ ,
(5 1) n>0 9F;n+1
' I Ory,
9o =Ho({Tn}n>0) := Z @ ®
n>0 ©F2n+1

From these definitions it follows that
90({T5 nz0) = H0({Tutnz0),  Ho({T} nz0) = Ho({Tnbnzo)-
The spaces NP Ho and 937@50 represent in the form

m Dr:,_,
nNPoo=e PO P :
Dr, n>1 Dr,,
_ m ©F2n71
n@a- 2 HYD -
QF* n>1 @F*
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Let
m n
Jr, = {FO Dri} o - & |,
Dr, -TIj Dre Dr
o 0
D Drs
Jp = |:Fk Drz} @F’“*I = @Fk—l
k Dl—‘k *FZ: QF* DF 7
k k
k € N.

be the elementary rotations. Define the following unitary operators

Mo = Mo({Ty}n>0) := Ion @ Z @Jrzn,l : 9)?@3’)0 — m@%o,

n>1

(5.2) Mo = Mo({Tn}nz0) = In@P Y P Ir... : NEP 950 — NEP 9o,
n>1

Lo=Lo({Tr}n>0) = I, @ Z @JF«M : m@%o — ‘ﬁ@ﬁo-

n>1

Observe that (ﬁo({rn}nzo))* = CO({FZ}nZO) Let

(5.3) Vo = Vol{Tu}nz0) = > @D Iru._, : Ho — Ho.
n>1

Clearly, the operator V, is unitary and
(5.4) Mo =Im@P Ve, Mo =InPVo.

It follows that (ﬂo({Fn}nzo))* = Mo({T%}n>0)s (Mo({Tn}nz0))" = Mo({T% 1} ns0).

Finally, define the unitary operators
55) Uy =Us({Tn }n>0) == LoMp : m@ﬁo — ‘ﬁ@ﬁo,
Uy = z/70({Fn}nzo) = MLy : 937@50 — ‘ﬁ@:‘%u

Calculations give

FQ Drarl DFSDFT 0 0 0 0 0
Dr, -T¢Ty -T¢Dr; 0 0 0 0 0
0 TeDp, -IoT{ DpTs Dr;Dr; 0 0 0
U=10 Dr,Dr, —Dr, Iy -IsTs -I3Dr; 0 0 0
0 0 0 IyDr, -T4l Dr;Is Dr:Dr: 0
and
[ T Dr: 0 0 0 0 0 1
I''Dr, -IiI§y Dr:T» DriDr; 0 0 0
_ |Dr,Dr, -Dp Ty -Iily -IiDr; 0 0 0
Uo = 0 0 I'sDr, —Is% Dr:y Dr:Dr; 0
0 0 Dr,Dr, —Dp,Is —Tily -~T3Dr; 0
Let
Dr, D Or,
Co=[Dr:T1 Dr:Dr:]: & —MN, Aoz{oﬂ M- @
Dr- Dr-

1
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S i el BN
2nTan 1 “i2ntan—1 @F;n 1 Qrgn—l
0 0 Or,, Dra, -
Dr- F2n+1 Drs Dr= )
on 2n 2n+1 @F; 1 Qrgn—l
* QF n— ;DF "
An _ |:D1"2nlo)r‘2nl —Drzarzn—l] fa) o — &P : )
@1“; 1 ©F3n+1
_ Dr; ~ ors
Co=[Dr; 0]: @ -0, AO:{HDFO} T
Dr Dr, Drq Dr
. 1
* L3 CDF*"7
gn _ [—FQn—lrgf_Q DFETLII‘Q":| : e — D o ’
_Dan,71F2n—2 _FQn—1F2n ©F2n 1 ©F2n—1
Drs Or;
N D . D ; 0 on 2n—2
(5.7) G = {_Ei”‘l Dr 0]: o . on
2n—1HT3, @F2n+1 ©F2n—1
N 0 F2n+1DF2 @F;n_z ©F§n
A = 0 D Drn L@ — &P
2n+1 2n ©F2n 1 ©F2n+1

It is easy to see that the operators Uy and ao take the following three-diagonal block
operator matrix form

Ty C 0 0 0 Ty o 0 0 0
A Bl ¢ 0 0 |4 B G 0 0
Z/[O == 0 -/41 32 CQ 0 52 0

The block operator matrices Uy and Zjo will be called block operator CMV matrices.
Observe that

(5.8) Moy = Uy Mo,
and

(5.9) (Uo({Tn}nz0))" = Uo({T }nz0), (aO({Fn}nZO)) "= Uo({T'7 }n>0)-

Therefore the matrix Uy can be obtained from Uy by passing to the adjoint U; and then
by replacing I';, (respect., I';) by I (respect., I';,) for all n. In the case when the choice
sequence consists of complex numbers from the unit disk the matrix LN{O is the transpose
to U(h i.e., ao = Z/{Ot

Remark 5.1. The three-diagonal block form of the CMV matrices with scalar entries has
been established in [22] (see also [43]).

5.2. Truncated block operator CMYV matrices. Define two contractions,

(510) % = %({Fn}nZO) = Pf)oZ’IOrfJO : 5o — 5;307

(5.11) To = %({Fn}nzo) = Pgoaofg)o : 90 — $o.
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The operators 7; and ’f{) take on the three-diagonal block operator matrix forms

B, ¢, 0 0 0 - Bl Gt 0 0 0
A By Co 0 0 - _ A B G o0 0 -
Ty = 0 Ay, By C3 0 -|» 7o = 0 Ay Bs C3 0 -|°

where A,,, B,,,Cy, jn, gn, and C,, are given by (5.6) and (5.7). Since the matrices 7y and
’f[) are obtained from Uy and 170 by deleting the first rows and the first columns, we will
call them truncated block operator CMV matrices. Observe that from the definitions of
Lo, My, MVO, 7Ty, and ’fo it follows that 7y and 76 are products of two block-diagonal
matrices
(5.12)

To=To({Tn}nz0) = (-5 & Ir, & &Jp,, &) (I, @ Jp, @ @ JTp,y,, &)

(5.13)
To=To({Tn}tnz0) = I, ®Ir, & ®Jp,,_, @) (T DI, @B I, B---).

In particular, it follows that

(5.14) (To({Tn}n20))" = To({T5 }nzo0)-

From (5.12) and (5.13) we have Yo7y = ’foVo, where the unitary operator 1 is defined
by (5.3). Therefore, the operators 7y and 7y are unitarily equivalent.

Proposition 5.2. Let © € SN, MN) and let {I'y,}n>0 be the Schur parameters of ©.
Suppose Iy, is neither isometric nor co-isometric for eachn. Let the function ) € S(&, £)
coincide with © and let {Gp}n>0 be the Schur parameters of Q. Then the truncated

block operator CMV matrices To({T'n }n>0) and To({Gn}n>0) (respect., %({Fn}nZO) and
To({Gn}n>0)) are unitarily equivalent.

Proof. Since Q(A) = VO(N)U, where U € L(K,0M) and V € L(9, £) are unitary opera-
tors, we get relations (2.2). It follows that Dg, # {0} and Dg- # {0} for all n. Hence,
we have

(5.15) Jo ﬁ g] _ [V 0

0 U*:|JF"’ n=20,1,....

Define the Hilbert space

G2n
90 = 90({Gn}nz0) : Z@ ®
n>0 ZDG%+1
and the truncated block operator CMV matrix
G 1 e, -
Ja, Ja,

Ja,

TO({Gn}nZO) =

JG2n+l
JG2n
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Define the unitary operator

W= ur :Sﬁoﬂﬁg.

From (5.12) and (5.15) we obtain WT,({T'), }n>0) = 7 ({Gr}n>0)W. Thus, To({T'y }n>0)
and 7 ({G,, }n>0) are unitarily equivalent. |

Now we are going to find the defect operators and defect subspaces for Ty and 7. Let
f = (fo, f1,--.)T € 99, where

. h ©F2n
Dy,
Then
2 2 2 hol||® 2
[£[|" = [|Zof|]” = |[Prthof]|” = ||Co % = |[Dr; (C1ho + Drygo)l|*,
(5.16) ,
* " « R
1612 = U1 = et = 4 [20] | = 10w ol
Let x = (zg,21,...)T € 5;)0, where
h,, Ory,
T, p c o , n € Np.
" @F;n+1
Then
~ . ~ Thelll?
I = 17sx? = lIPadlox? = @ 1] | = 11Des

2

T ) /% e h *
1x[1> = 1T5"%|1* = [|Pmtdsx|* = || A5 | °||| = |[Dry(TTho + Dr,g0)|I*.
go

Now from Proposition 2.1 it follows that

DF SO ®F2n
kerDTo:{|:_F11<p:|v(p€©F1}®z® D )

kerDTo*:@Ff@Z@ S s

(5.17) - 2nt1 D

r* Lo Pap
or={[ ] veorf@ite @0 T

Dr‘fw n>1 @F*

2n+1
©F2n
@TO*ZQF(]@O,OG@FI@Z@@ s
n>1

©F5n+l
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@p;
kerDﬁ):’Dpl@Z@ &3] ,
nzl @Fz +1

D Or;,,
kerD%O*—{[_F}{(p],@E@rg}@Z@ b ),

>1
(518) NG
N F;n
Qﬁ):zp;@0,0e@pl@Z@@ )
n>1 QI‘
2n+1
INET, Lo Or;,
D5 =1 ppy| VEDN BT LD @
1 n>1 91" i1

5.3. Simple conservative realizations of the Schur class function by means of
its Schur parameters. Let

go = g()({].—‘n}nzo) = [Dpal_‘l DFZ;DF’l‘ 0 0 .. ]
:DFS [Fl DFT 0 0 } :530—>9“(,
Go=Go({Tu}n>0):=[Dr; 0 0 ..]=Dr;[In 0 0 0 ..]:$H—N,

Dr,
0
Fo=Fo({Tn}tnz0) = | o | : MM — Ho,
[ Ty Dr,
DF1DF0
Fo=Fo({Tn}tn>0) == 8 S — Ho.

The operators Uy and LN{O can be represented by 2 x 2 block operator matrices

m N ~ m N
uoz[f;’ iﬂ@ — e, G=|2 Do -0
0 0 o $o o0 o o

Define the following conservative systems

o= {7 Bl sm o0} = QT o0 R 0T zal},

(5.19) _
0= { lfs‘; %ﬂ RO ‘ﬂfoo} = {T (T} nz0): M N Bo (T }nz0) |

Equalities (5.4) and (5.8) yield that systems (o and (o are unitarily equivalent. Hence,
(o and (p have equal transfer functions.

Theorem 5.3. The unitarily equivalent conservative systems (y and zo given by (5.19)
are simple and the Schur parameters of the transfer function of o and (o are {T'}n>o0-

Proof. The main step is a proof that the systems € 1({p) and Ql,O(EO) given by (4.5)
take the form

©0.1(60) = {To ({Tataz1) Ors Org, Ho (k1) }

(5.20) .
1,0(¢0) = {Uo ({Tn}nz1) , Dry, Dy, H0 {Tatnz1) } -
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First of all we will prove that the systems (y and ZO are simple.
Define the subspaces

DF;TL71 ©F2n
ﬁqu:Z@@ ; ﬁszZ@@ , keN.
n>k ’DFM n>k ©F§n+1
Clearly, 55D 91 D H2 D - D Hy D -+ . From (5.1) it follows the equality
() $m = {0}.
m>0

Let 'y =0: 91 — 9. Then ®r_, =M, @pil = M. We can consider U, as acting from

Dr_, ® 9o onto Dr+ & Ho and LN{O as acting from O _, @:‘730 onto Dr- | @50. FixmeN
and define
™ =Ty, n=-1,01,...

Then {Fglm)}nzo = {Fk}kZma and
Han—1 = Do ({TH ™ z0) = B0 (T tns2e-1)
Ak = H0({T 1nz0) = 90 (T bnszk) -

Let
7 (T (2k=1) ¥ Oras-s Orius
Wap—1 = Us({T'x tn>0) =Uo({Th}n>ok—1) 0 & - @ )
Hok—1 $Nak-1
(2k) Ol Ors,
War =Uo({Tn 7 }nz0) =Uo({Tntnsok) : @ — & , keN
ok ok
Define the operators
(5.21) Ton = Psy, Wn| Hm, m € N.
Then

Top—1 = %({ngfl)}nzo) = %({Fn}nzqu),
Tok = To({T7 }ns0) = To({Tn bnzon).-
From (5.17), (5.18), (5.21), and (5.22) we get
ker DTo* =91, ker D, =92, ..., ker DT;k_ = $9ok+1, ker Dz, | = Dok, ...
From (5.12), (5.13), and (5.22) it follows that
PkchTo*%fkeTDTo* :717 PkchTl,]—lrkerDTl :7'27 ey
Prer Dy, Tok-11 ker D, = Tog, PkerDTQ*k Tox| ker Dy = Topt1, -

Thus,

(5.22)

Hor_1 = ker DTO*k N ker D,Tok—17 9or = ker DTO*k N ker DTOk-.

In notations of Section 4 the operators 75,_1 and 7 coincide with the operators
(70)k—1,5 and (7o)k,k, respectively. From the definition of ¢ we get

( m kerDTO*k> ﬂ < ﬂ kerDTOk> = ﬂ (kerDTo*k ﬂkerDTOk) = ﬂ $Har, = {0}.
k>1 k>1 k>1 k>1

So, the operators 7y, '%, and {7;}r>1 are completely non-unitary. It follows that the
conservative systems

~J1To Gol . ~ ] |To Go ) =
<0{|:]:O %]amvmvﬁ} and CO{|:%'.O %‘|7mama~60}

are simple.
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The operators W, take the following 2 x 2 block operator matrix form

Ty Qm]. Ornoy P

7. T, P - 9 )

W= |
Dm Dm

where
Goe—1 = Go({Tntns2k—1) = [Prz, ., 0 0 ...]: %y — Dry, .,
Gor, = go({l“n}nz%) = [DF;kFQk_H Dp;kDp* 0 0 } 2 9o — D=

2k+1 2k—1"
FQkDFZk—l
Drszsz—1
For—1 = Fo({Tntn>26-1) = 8 D1, — Hok—1,
Dsz
0
For =Fo({Tntnz2k) = | 0 | i ®rae s — Hok-

Suppose that the system (p has transfer function ¥, i.e.,
T(N\) =To+ AGo(Is, — \To) ' Fo, M eD.
Then U(0) =T'y. Let ¥; be the first Schur iterate of ¥. By (4.5) the transfer function
of the simple conservative system
—1 —1 px\* —1
Qo1 (v) = { [DFS C(Dr, BY) Dr. C| ker D 4-

O, Or=, ker D 4+
APkerDADZ’}B PkerDA*ArkGI‘DA*:|’ Lo»~TG> €r A }

is the first Schur iterate of the transfer function of the simple conservative system

_J{To CF.
T )

We will construct the system ¢; = Q9,1(¢o) from the system ¢y. In our case

Dri'Go(Dr, F5)* DriGol ker D

o Q = —
Cl 071(40) { 7—0Pkcr D, .DTOlfO Pkcr DTO* ,TO[ ker ‘DTO*

;@FO,QFS,keI‘ DTO*} .

Clearly,

Isn
0
D;slgoz[l“l Dr: 0 0 ..]:9 —®rs, (DR'F)* =10 |:Dr, — 9o

Therefore, leslgo(Dfolfg)* =T'y. Thus, the first Schur parameter of ¥ is equal to I'y.
From (5.17) it follows that ker Dz = 91 and D7 = Dr, Pp, . Hence,
Iny,

0
@;—01.7'.0 = 0 : DFO — ,f’:)o.

As has been proved above Py, DTO*’ZB[ ker Dr» = 7;. Let h € Dr,. Let us find the
projection Pier pr, h. According to (5.17) we have to find the vectors ¢ € Dr, and
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o] = 57+ [oih)
0 T Dr«op|~

We have h = Dr, ¢ +I'7¢ and T'1¢ = Dr+¢. From the second equation and Proposition
2.1 it follows ¢ = Dr,g, ¢ = I'1g, where g € Op,. Therefore, h = D%lg +I'iTg, ie,
g = h. Hence,

¢ € Dr: such that

0
2
e LaDr,
1 10 B 1 Dr, Dr, 1
PkCYDT()@T_'O*th:PkCFDTOh: 0 s %PkchT(J@j_'o*th: 0 ijL
0

Thus,
¢ = Q0,1(¢o)
F ~ ~
= { [}—11 %] ;Qrmgrg,ﬁl} = {Uo {Tn}n>1),®r,, Drz, Ho ({Fn}n21)} .
Similarly

Q1,0(¢0) = {Uo {Tn}n>1) ,Dry, Dry, 90 ({Tntnz1)} -
The transfer functions of these systems are equal to ¥; (see Section 4), and I'; is exactly is
the first Schur parameter of U()). Let U5 be the second Schur iterate of ¥. Constructing
the simple conservative system (o = €7 0(¢1) of the form (4.5) with the transfer function
U5 we will get the system

T
G2 = {{fz g—j ;591“1,331“;7532} = {Uo({Tr}n>2); D1y, Drr, Ho({Tntnz2) } -

Let ¥,,(\) be the m-th Schur iterate of ¥. Arguing by induction we get that ¥,,()) is
transfer function of the system

Cm = { E_—Z %:} ;@Fm_l,gr;l,ﬁm}
ﬁo({rn}nzqu);grgk_z,Qrgkfzago({lﬂn}nzqu)} , m=2k-—1,
Uo({Tn}nz2k); Qrzkm@F;k,175§0({Fn}nz2k)} , m =2k,

for all m. Observe that

Con—1 = Q0,1 (Cor—2), Cor = D ,0(Cox—1), keN.
Thus, {T'y, }»>0 are the Schur parameters of U. |

From Theorem 5.3 and Theorem 2.2 we immediately arrive at the following result.

Theorem 5.4. Let © € S(M,N) and let {T',}n>0 be the Schur parameters of ©. Then
the systems (5.19) are simple conservative realizations of ©.

Observe that in fact we have proved Theorem 1.2 differently than in [34] and [19].

Remark 5.5. A more complicated construction of the state Hilbert space and a simple
conservative realization for a Schur function © € S(9t,91) by means of a block operator
matrix are given in [53] (see [19]). These constructions also involve Schur parameters
of © and some additional Hilbert spaces and operators. One more model based on the
Schur parameters of a scalar Schur class function © is obtained in [41]. In terms of this
model there we given in [41] necessary and sufficient conditions in order for © to have
a meromorphic pseudocontinuation of bounded type to the exterior of the unit disk. In
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recent preprint [45] a construction of a minimal conservative realization of a scalar finite
Blaschke product in terms of the Hessenberg matrix is given.

6. BLOCK OPERATOR CMV MATRICES (OTHER CASES)

Let {I';,} be the Schur parameters of the function © € S(91,M). Suppose I',, is an
isometry (respect., co-isometry, unitary) for some m > 0. Then ©,,(\) = T, for all
A €D and

Om-1(A) =Tm-1+ADr: Ti(Io.  + A Tm) ' Dr,, .,

Om—2(A) =Tm—2 +ADr: ,0p_1(N)(Iny,, , + AT _20m-1(N)"'Dr,, ,,
9()\) =T+ )\DF6®1()\)(I®FO + )\FS@l()\))_lDFO, A eD.

In this case the function © also is the transfer function of the simple conservative systems
constructed similarly to the situation in Section 5 by means of its Schur parameters and
the corresponding block operator CMV matrices Uy and Z]O. Observe that if T, is
isometric (respect., co-isometric) then T',, = 0, Drx = Dr:, Dr: = Ip,., (respect.,
Dr, = Dr,,, Dr, = Is,, ) for n > m. The constructions of the state sgaces $Ho =
Ho({Tn}n>0) and Ho = 50({I‘n}n20) are similar to (5.1) but one has to replace Dr, by
{0} (vespect., Dr: by {0}) for n > m, and Dr: by Dr. (respect., Dr, by Dr,, ) for
n > m. The relation

50({F }n>0) ﬁO({Fn}nZO)

remains true. If, in addition, the operator I'y, is isometry ( <= the operator Dr:
is an orthogonal projection in ®p_ _, onto kerI'} ) or co-isometry ( <= the operator
Dr,, is an orthogonal projection in ©Or+  onto ker I',,), then the corresponding unitary
elementary rotation takes the row or the column form,

( ) @r‘m 1 ( ) F QF:”71
JFT;n = [Fm Igrjn, ] : g - QF:W,—I ? JFc'm = |:D;n :| : 91_"mfl - @
r;, " Or,,

Therefore, in definitions (5.2) of the block diagonal operator matrices

Lo=Lo({Tn}n>0), Mo=Mo{Tn}tn>0), and M, = MO({Fn}nZO)
one should replace
e Jr, by J(Ti and Jr, by Ip,, for n>m, when I';, is isometry,

e Jr_ by J ,and Jp, by Ip. = for n > m, when I'y, is co-isometry,

e Jr,_ by I‘m, when Fm is umtary
As in Section 5 in all these cases the block operators CMV matrices Uy = Z/{o({l" tn>0)
and L{o = L{O({F tn>0) are given by the products Uy = Lo Mo, Uo = Moﬁo These
matrices are five block-diagonal. In the case when the operator I',, is unitary the block

operator CMV matrices Uy and Uy are finite and otherwise they are semi-infinite.

As in Section 5 the truncated block operator CMV matrices 7y = %(({Fn}n>0) and
Ty = %({Fn}n>0) are defined by (5.10) and (5.11) 7y = Py, Uo [ $Ho, Ty = P-= OL{O[ﬁO As
before the operators 7y and To are unitarily equivalent completely non-unitary contrac-
tions and, moreover, the equalities (5.9), (5.14), and Proposition 5.2 hold true. Unlike
Section 5 the operators given by the truncated block operator CMV matrices 7,,, and ’fm
obtaining from Uy and Z]o by deleting first m + 1 rows and m + 1 columns are
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e co-shifts of the form

0 Io. O 0o .. ®Prn  Or
o 0" e, 0 fgr* gr*
Tm = Tm =10 0 0 I@p* R S m T S mo

when TI'), is isometry,
e the unilateral shifts of the form

0 0 00 grm grm
- |ls,, 0 00 o o0
Tm = /];n = 0 I@rm O O @ m — EB m

when T'), is co-isometry.

One can see that Proposition 5.2 remains true.
Similarly to (5.19) let us consider the conservative systems

CO = {U();m, mvﬁ()}v Z-O = {ao;m, m,}jo}.
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One can check that the systems (y and Zo are simple and unitarily equivalent. More-
over, relations (5.20) and, therefore, Theorem 5.3 and Theorem 5.4 remain valid for the

situations considered here.

In order to obtain precise forms of Uy and Z/~{0 one can consider the following cases:

(1) Ton is isometric (co-isometric) for some N,
(2) Ton41 is isometric (co-isometric) for some N,
(3) the operator I'yy is unitary for some N,

(4) the operator T'a 41 is unitary for some N.

We shall give several examples.

Example 6.1. The operator I'; is isometric. Define the state spaces

Dr, Dr,

.‘7_)012 @ @ ©® @/’DFZ@@FZ@”'@@FZ@”"
@r; Qrg

N Dr; Or;

Ho:= @ @ ©® @QFZ@QFZ@'“@QFZ@""
Dr, Dr,

Then the spaces MM P :‘60 and M@ Hy can be represented as follows:

o om or, or,
Dﬁ@f)o: ® @ ® @ ® @9F3@9F3@~~7
r3 Dr; Dr:

N

Z)FT
m@ﬁoz ©® @ D @@r‘;@@rz@...@@pzea....
Dr,

T'o

Define the unitary operators

MQ == Igm@.]r‘l @JFLi@I@FZ ®I®FZ @ : m@ﬁo Hm@go,
MQ :I‘)’I®JF1 @Jp.s@fgrz @I@FZ @ . m@ﬁo Hm@go,
Lo=Ir, D Ir, DIV Do, Plo.. P : MEP 50 — NED 0.
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Then
Uy = LoMg
[Ty Dr:T'y  Dr:Dr; 0 0 0 0 0 0
Dr, -I'tI't  —TI'GDrs 0 0 0 0 0 0
0 T'sDr, =27 Dr;I's Dr;Dr: 0 0 0 0
0 Dr,Dr, —Dr,I'7 -Iil's —I'5Dr: 0 0 0 0
=10 0 0 I'yDr, —TuI'j I@FZ 0 0 0
0 0 0 0 0 0 I@FZ 0 0
0 0 0 0 0 0 0 In.. O
4
Uy = MoLog
Ty Dr; 0 0 0 0 0 0 0
I'1 Dr, —I'I§ Dr:T'y  DrsDr; 0 0 0 0 0
Dr,Dr, —Dr,I'y —I''T'>2  —T'1Dr; 0 0 0 0 0
0 0 I'sDr, —I'sT'5 Dr:'y  Dr; 0 0 0
= 0 0 Dr,Dyr, —Dr,J015 -Iil'y —-TIj 0 0 0
0 0 0 0 0 0 I@FZ 0 0
0 0 0 0 0 0 0 IDFZ 0

Uy = LoMy = (J[‘D @Jl(ﬂc)

2

[To Dr:I't Dp:Dps 0 0 0

Dr, -T¢y ~T4Drs 0 0 0

0 ToDp, -ToI5 0 0 0

_| 0 Dr,Dr, -Dp,T; 0 0 0
0 0 0 Io., 0 0 ’

0 0 0 0 Ip., 0

Z]() = .]\—\/l/oﬁo = (Im@.]pl EBI@F2 @I@F2 D ..

DOr, RO, D... DO, D. ..

DO, DO, D.. DO, D ...

)

)

@ Ioy, @ Loy, @...) (Im @ Jr, © Iny, @ Iny, @ ..)

) (Ir, @I @ Ioy, 010y, @ )

Ty Dr: 0 0 0 0
I'Dr, -TWy DeTs 0 0 0
Dr,Dr, —-Dp Ty -IiTy, 0 0 0
_| o 0 D, 0 0 0
0 0 0 Ip,, 0 0
0 0 0 0 Ip., O
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Example 6.3. The operator I'; is isometric. In this case,

Dr,
50: S GBQFT@@FT@"'@@FT@""
S)Ff
”%O:DFS@DFT@DFT@'”@@FT@""

Uy = LoMg = (JpO olo,, ®In,, & . ) (Igm el els, o, &.. )
[Ty Dp;Ty Dy O 0 0 0 0 ..]
D, -T;Ty -T; 0 0 0 00
0 0 0 IrgrT 0 0 00
=10 0 0 0 LDFI 0 0 0 )
0 0 0 0 0 Ip.. 0 0
1
Uy = MLy = (Im oIV 0 lo, ®lp, ®.. ) (Jpo & Io,, ®In,, ®Io,, ®.. )
To Dr; 0 0 0 0 00
I''Dr, —-INT§ I@FT 0 0 0 0 0
_ 0 0 0 I@FI 0 0 0 0
0 0 0 0 I@F,f 0 00
Example 6.4. The operator I'5 is co-isometric.
Dr, Dr,
e Do Do Pond Bond-
Or: Dr:
- QFS @1"; @1"2
eo @ Do Don@ond B
Dr, Dr, Dr,

Lo=Ir, P Ir, PIr.Plo.,, Plo., P -
My = Ian@JFl @JF3 @J(ch)@fﬁrs @I©F5 @
Mo=In@PIr, PIr, DI Plo, Plor, P

Uo = LoMo
[To  Dr:Ti Dr:Dr; 0 0 0 0 0 0 ..]
Dr, -I4ly -T¢Dr: 0 0 0 0o 0 0
0 FQDFI —PQFT DF; Pg DF; ng 0 0 0 0
0 Dr,Dr, -Dr,I'f -TiI's -T3Dp; 0 0 0 0
0 0 0 IyDr, -Tu5 Dr:Ts 0 0 0
=10 0 0  DrDr, —DpT% -Tils 0 0 0 :
0 0 0 0 0 D, 0 0 0
0 0 0 0 0 0 Ip, 0 0
0 0 0 0 0 0 0 Ip,, O
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Uy = MoLo

[ To Dr: 0 0 0 0 0 0 0
I'1Dr, I I Dr+I's Dr;Dr; 0 0 0 0 0
Dr,Dr, —Dr,I'y -y —T7Dr; 0 0 0 0 0
0 0 I'sDr, —I'sT'% Dr:I'y  Dr;Dr; 0 0 0
0 0 Dr,Dr, —Dr,I5 -Iil'y —T5Dr: 0 0 0
= 0 0 0 0 I'sDr, —I'sI'; 0 0 0
0 0 0 0 Dr,Dr, —Dr,I} 0 0 0
0 0 0 0 0 0 I©p5 0 0
0 0 0 0 0 0 0 Is., O

Example 6.5. The operator I';y is unitary. In this case,

N—1 ©F2n _ N-1 grﬁn
$Ho = Z @ & s Ho = Z @ D ’
n=0 @F;n+l n=0 ©F2n+1

Uy = Jr, ®Ir, ... S Ir,n_ s, ®Ton) (I @I, @I, @ ... O JIryy ),

U= (In®JIr, @I, &...0 I, _,) (Jr, @I, & ... B JIr, ., & Tan).
If N =1 (T'y is unitary) then we have

I'o  Dr;T'y  Dr;Dr; _ I'o Dr: 0
U= |Dr, —-TgI't —IGDr:|, Uy= | T'1Dr, -5 Dr:Ts
0 TyDp, —IoIf Dr,Dr, —Dp, Ty —-Iily
Example 6.6. The operator I';y; is unitary.
90 =Dry,  Ho =Dy if N =0,
N—1 QF?n ~ N-1 QF;"
‘60: Z @ EB ®©F2N7 fj(): Z @ @ ®@F;N lf.ZV’Z]_7
n=0 F;n+1 n=0 Danit
U — {FO Dp*} |:I{m 0} B {1“0 DF8F1:|
" IDp, -Tjl]0 Ty Dr, —Tiry|’
~ |In O I'o Dry| | To Dr: | . B
U = [0 FJ [DFO —Fg} - [Fleo | =0

Up = (Jr, ©JIr, @ ... ©Jr,y) (Im ®Jp, ®Ir, & ... D Ir,y_, ®Toni1),
U= In®Ir, ®Ir, @ ... 0 Iryy_, ®Ton11) Jr, @ Ir, @ ... D JIp,,) if N > 1.
If N =1 ('3 is unitary), then

FO Drsrl DFSDFI 0
Z/{O: DFO —F8P1 _FEDFI 0
0 TyDp, -~ Dply|°
| 0 Dr,Dr, —Dpr,I'j —T30s
[ FO DFS 0 0
Zjo _ FlDFO —Flfa DF;‘F2 DFTDFE
Dr,Dr, -DpTy -Iil» -TiDr;
0 0 IsDp, —TsT
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7. UNITARY OPERATORS WITH CYCLIC SUBSPACES, DILATIONS, AND BLOCK
OPERATOR CMV MATRICES

7.1. Carathéodory class functions associated with conservative systems.

Definition 7.1. Let 9 be a separable Hilbert space. The class C(OM) of L(IMN)-valued
functions holomorphic on the unit disk D and having positive real part for all A € D is
called the Carathéodory class.

D C

Consider a conservative systems 7 = { [ B A

] JIM, im,fj} whose input and output

spaces coincide. Put

H=MdH
and let the function F,(z) be defined as follows
(7.1) Fr(A) = Po(Ur + My)(Uy — M) "9, A €D,
where
pc MW M
Ur=|p al" @ — ©
9 9

is the unitary operator in H associated with the system 7. The function F,(z) is holo-
morphic in D and

Fr(\) + F2 () = 2(1 — |\2) Pan(U; = M)~ (Uy — Aly) "' T
It follows that F(A\) + FX(A) > 0 for all A € D.

The function Fi(A) defined by (7.1) belongs to the Carathéodory class C(90t) and, in
addition, F;(0) = Ipn. We also shall consider the function

Fr(A) == F*(A) = Pop(Iyg + NUL) (I — NU) ™Y, A eD.

The functions F. and ﬁT will be called the Carathéodory functions associated with the

. D C
conservative system 7 = { {B A] 90T, O, 56}.

~{[5 gmno)

be a conservative system. Then the transfer function ©, and the Carathéodory function
F. are connected by the following relations

Proposition 7.2. Let

(7.2) 07 () = £ (Fr(N) ~ Ion) (Fr(3) + Ton) ™,
Fo(0) = (In + 202(0)(In — A02(1)) %, A€ D.

Proof. We use the well known Schur—Frobenius formula for the inverse of block operators.
Let @ be a bounded linear operator given by the block operator matrix

A ATE
T \Z W
) 9
Suppose that W= € L(H) and (X =YW ~1Z)~1 € L(M). Then &~ € LM H, MDH)
and
o1 K- —K-lywl
C\-WHZKTY Wty W ZK T yw )

where K = X — YW ~!'Z. Applying this formula for

B _ [Im—AD  —\C
<I>—IH—)\UT—( B Iﬁ_AA) A €D,
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we get K = Igy — AD — \2C'(Iy — MA) ™1 B = Iyy — A\O,(\). Therefore,
Py(Iyy — NU7) ' = (Ig — A0, (V) ™!, A eD.
Hence
Pop(Ig = NUX) 71O = (Iop — AOX(N)™Y, A eD.
Since U, is unitary, from (7.1) we get
Fr(N) = Pan(I + U ) (It — AUZ)~1 [0
= —Ign + 2Py (Ig — NUZ) 719 = —Iop + 2(Ign — AOZ (X)) !
= (I + \OX*(\))(Iom — AO:(N\) ™Y, AeD.

The following theorem is well known (see [28]).

Theorem 7.3. Let 9 be a separable Hilbert space and let F' € C(M). Then
(1) F admits the integral representation
1 7 et + )\
F(\) = §(F(0) — F*(0) + / Ty ax(t), AeD,
0

where ¥.(t) is a non-decreasing and nonnegative L(IM)-valued function on [0, 27];
(2) under the condition F(0) = Ioy there exists a Hilbert space H containing M as a
subspace, and a unitary operator U in H such that

F(\) = Po(U + My (U = M) O, X € Dy
moreover, the pair {H,U} can be chosen minimal in the sense
span {U"M, n € Z} = H.

Proposition 7.4. [41]. The conservative system

{5 Jmno)

is simple if and only if span {U" M, n € Z} = H.

Proof. Let 7 be a simple conservative system. Suppose h € H and h is orthogonal to
U for all n € Z. Then the vectors U™h are orthogonal to 9 in H for all n € Z. It
follows that h € $ and

Ch=CAh=CA’h=---=CA"h=---=0,

(7.3) )
B*h=B*A*h =B*A**h=.--B*A"h=-.-=0.

Hence, h € (ﬂn>0 ker(C’A”)) N (ﬂn>0 ker(B*A*")). Since T is simple we get h = 0,
ie., - -

span {U'M, n € Z} = H.
Conversely, let span {U" M, n € Z} = H. Suppose that relations (7.3) hold for some
h €. Then h L UM for all n € Z. Hence, h = 0 and 7 is simple. (]

7.2. Unitary operators with cyclic subspaces. Let U be a unitary operator in a
separable Hilbert space £ and let 91 be a subspace of & Put $ = K& M. Then U takes
the block operator matrix form

pc ™ 7
U:BA:@HEB.
5 K7)
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Since U is unitary, the system n = {U; 9,9, H} is conservative. By Proposition 7.4 the
system 7 is simple if and only if

(7.4) span {U"M, n € Z} = R.

A subspace 9 of R is called cyclic for U if the condition (7.4) is satisfied.
Define the Carathéodory function

Fon(\) = P(U + My)(U = M)~ 19, A€ D,
and a Schur function
1
Eon(\) = —
) = 1

According to Proposition 7.2 the transfer function ©(\) of the system 1 and the function
Egn () are connected by the relation

(Fon(A) — Ion) (Fon(A) + Ip) ™', A €D.

O(\) = Efx(N), MeD.
Theorem 7.5. Let U be a unitary operator in a separable Hilbert space and let 9
be a cyclic subspace for U. Then U is unitarily equivalent to the block operator CMV
matrices Uo({T'y }n>0) and ao({rn}nzo) in the Hilbert spaces H = MM & Ho({Tn}tn>0)
and H = M@ Ho({Tn }nz0), respectively, where {Ty }nso are the Schur parameters of the
function - -

O = 1 (Fin(Y) — o) () + I) ™', A€ D,

Proof. Because M is a cyclic subspace for U, the conservative system 7 is simple. By
Theorem 5.4 the system 7 is unitarily equivalent to the systems (p and ¢y given by (5.19).
From (3.5) it follows that U is unitarily equivalent to Uy ({T'y, }n>0) and Uo({T'r }n>0). O

Suppose that the cyclic subspace 9t for unitary operator U in R is one-dimensional.
Let o € M, ||| =1, and let u(¢) = (E(Q)p, p)g, where E((), ¢ € T, is the resolution of
the identity for U. Then the scalar Carathéodory function F'(X) is of the form

A
T¢—A
Thus, the function F is associated with the probability measure g on T. The Schur
function associated with p [66] is the function

FA) = (U+M)(U = My) o, 0) = du(¢), XeD.

E\) = 1EY -1 AeD.
AFO\) + 1
By Geronimus theorem [46] the Schur parameters of the function E coincide with Verblun-
sky coefficient {ay }n>0 of the measure p (see [66]). Let O(X) := E(X), A € D, and let

{¥n}n>0 be the Schur parameters of ©. Then &, =, for all n and the CMV matrices
Uy = Us({n}n>0) and Zjo = Z/Nlo({vn}nzo) coincide with the CMV matrices C and 5given
by (1.2) and (1.3), correspondingly. Observe that dim& = m <= the function E is
the Blaschke product of the form

7.3. Unitary dilations of a contraction. Let T be a contraction acting in a Hilbert
space H. A unitary operator U in a Hilbert space H containing H as a subspace is called
a unitary dilation of T'if T™ = Py U™ | H for all n € N [71]. Two unitary dilations U in H
and U’ in ‘H' of T are called isomorphic if there exists a unitary operator W € L(H, H’)
such that W H = Iy and WU = U'W. It is established in [71] that for every contraction
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T in the Hilbert space H there exists a unitary dilation U in a space H such that U 1is
minimal [71], i.e.,
span{U"H, n € Z} = H.

Moreover, two minimal unitary dilations of T are isomorphic [71]. The minimal unitary
dilation by means of the infinite matrix form is constructed in [71] on the base of Schéffer
paper [61]. Below we show that the minimal unitary dilations can be given by the operator
CMYV matrices.

Theorem 7.6. Let T be a contraction in a Hilbert space H. Define the Hilbert spaces

@T DT _ 3DT* QT*
(7.5) H=® Po H-, H=o Do G-,
QT* QT* QT Z)T

and the Hilbert spaces Hy := H @ $g, and 7-(0 =H @50. Let

D Dy
I
o= [IO QOT*]: > R
O Dy Dy

Define operators

Moy = IH@*L]@!L)@"' : Ho —777(0,

(7.6) _
£0:JT@J0@JO@"'ZHO — Ho,

and

(7.7) UQ = ﬁoMo : Ho — Ho, 27{0 = MQ[:O : 7"20 — 7‘70.

Then {Ho,Up} and {7‘70,00} are unitarily equivalent minimal unitary dilations of the
operator T'.

Proof. Define the L(H)-valued function
FO\) = (Ig + XTIy —AT)™', AeD.

Then the function F belongs to the Carathéodory class C(H) and
1 ~ ~
O\ = X(F(A) —Ig)(F\) +Ig) ' =T, XeD,
belongs to the Schur class S(H, H). The Schur parameters of © is the sequence
Lo=T7,T,=0€S®7r,D7+), neN.

Let o and 50 be defined by (7.5), Ho = H & $o, ﬁo =Ho 50. Then the operators
Up and Uy defined by (7.7) are the block operator CMV matrices constructed by means
of the Schur parameters of ©. Let (o = {Uy, M, M, Ho} and (o = {Up, MM, M, Hp} be the
corresponding conservative systems. By Theorem 5.4 the systems (y and (p are simple,
unitary equivalent, and their transfer functions are equal ©. By Proposition 7.2 we have
(Ig + AT)(Ig — AT)" = F(\) = (Ir + XO(\))(Ig — AO(N)) ™!
= Py (I, + \Xdo)(Irg, — Ndo) ' H, X eD.
Hence T" = PyUy[H, n € N. Therefore Uy is a unitary dilation of T in Hy. By

Proposition 7.4 this dilation is minimal. Similarly, the operator U/, is a minimal unitary
dilation of T in Hj. O
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Taking into account (7.6), (5.6), and (5.7) we obtain the following operator matrix
forms for the minimal unitary dilations Uy and Uy:

T 0 Dp- 0O 0 0 0 0 0
Dy 0 —T* 0 0O 0 0 0 0
0O 0 0 0 Ip,. O 0 0 0
0 Io, 0O 0 0 0 0 0 0
=10 0o 0 0 0 0 Ip,.. O O ;
0 0 0 I, O 0 0 0 0
0O 0 0 0 0 0 0 0 Io,.
[T Dp- 0 0 0 0 0 0 0 ..]
0 0 0 Ip,. O 0 0 0 0
Dy —-T* 0 0 0 0 0 0 0
N 0 0 0 0 0 Ip,. 0 0 0
Uo=10 0 Iy, O 0 0 0 0 0
0o 0 0 0 0 0 0 Ip,. 0
0 0 0 0 I, O O 0 0

7.4. The Naimark dilation. Let 9t be a separable Hilbert space. Denote by B(T)
the o-algebra of Borelian subsets of the unit circle T = {{ € C: |¢] = 1}. Let p be a
L(90%)-valued Borel measure on B(T), i.e.,

(a) for any 6 € B(T) the operator u(d) is nonnegative,

(b) u(®) =0,

(c¢) p is o-additive with respect to the strong operator convergence.
Denote by M(T, 90) the set of all L(91)-valued Borel measures.

Definition 7.7. [33], [44], [19], [41]. Let p € M(T,0N) be a probability measure (u(T) =
Isn ) and let the operators { Sy }nez be the sequence of Fourier coefficients of u, i.e.,

Sn= [ & "u(dE), nel
/

A Naimark dilation of p is a pair {H,U}, where H is a separable Hilbert space containing
M as a subspace, U is unitary operator in H such that

S, = Ppld"|9M, n € Z.
A Naimark dilation is called minimal if span {U"IM, n € Z} = H.

Proposition 7.8. [33], [44], [19], [41]. Let {Hi,Ur} and {Hz2,Us} be two minimal
Naimark dilations of a probability measure p € M(T,9M). Then there exists a unitary
operator W € L(H1,Hz) such that Wy = Us W and W] I = Iny.

Notice that Sy = Ign, S, = S for all n € Z and the sequence {5, } nez is positive [33],

[35], [19], [44], i.e.,

Z (Si—jhi, hj)m =0

1,j=0
for all sequences {h;};>0 C 9 with finite support. If v is the spectral measure of a
minimal Naimark dilation of u, then p = Pypv[ 9. The minimal Naimark dilation was
constructed by T. Constantinescu in [33] (see also ([44]) by means of an infinite in both
sides block operator matrix whose entries depend on the choice sequence determined by
{Sn}nez (see [35]), the Hessenberg matrix representation of a minimal isometric dilation
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of {Sn}n>0 is obtained in [44]. Here we construct the minimal Naimark dilations in the
form of block operator CMV matrices.

Theorem 7.9. Let MM be a separable Hilbert space and let u € M(T,9M) be a probability
measure. Define the functions
E+ A 1 1
FO) = [ E55 0 EQ) = 5 (FO) = Io) (FO) + Ton) . A €D
T
Then E € SO, M). Let {G,}n>0 be the Schur parameters of E. Define the Hilbert
spaces o fﬁo({Gn}nzo), 50 = 50({Gn}n20) and the Hilbert spaces Hog = IM & Ho,
H() = 93? (&) fj(). L@t " "
Uo =Uo({Grlnzo0), Uo =Uo({Gr}nzo)
be the block operator CMV matrices constructed by means of {Gp}. Then the pairs
{Ho,Up} and {ﬁo,ﬁo} are unitarily equivalent minimal Naimark dilations of the mea-
sure fi.

Proof. Clearly
FO) =T +2 3 A" [ €70(de) = I + 23 NS, A€D,
n=1 T n=1

Then -
F*N) =Im+2) A"S_,.
n=1

Because F'(A) + F*(X) > 0 for A € D, the L(9M)-valued function E belongs to the Schur
class S(9,M). Construct the Hilbert spaces $9 = Ho({Gn}n>0), Ho = M & Ho and
let Uy = Up({Gn}n>0) = Uo({Gn}n>0))" be the block operator CMV matrix. Then
Uy is a unitary operator in the Hilbert space Hy. The system (o = {Up; MM, M, Ho} is
conservative and simple, and its transfer function is equal to E()\) (see Subsection 5.3,
(5.19), Theorem 5.4). Hence the transfer of the adjoint system ¢} = {Ug; 0, M, Ho} is

equal to ©(\) = E*(A). By definition of F(\) and E()), and by Proposition 7.2, and
(7.2) we have

F(A) = (Im + AE(\) (I = AE(N)) ™" = (Ion + 20" (X)) (T — AO" (1))~
= PSD?(UO* + )\IH(J)(US - /\IH0)71 “m

Hence,

FO) =1Im+2 Y \"PolUl M,

n=1
F*(N\) = Iop +2 52 A" Poyldy ™[ .
n=1

Thus, the pair {Ho,Up} is the minimal Naimark dilation of the measure . The same is
true for the pair {Ho,Up}. O

8. THE BLOCK OPERATOR CMYV MATRIX MODELS FOR COMPLETELY NON-UNITARY
CONTRACTIONS

Theorem 8.1. Let T be a completely non-unitary contraction in a separable Hilbert
space H. Let

Or(\) = (=T + ADp-(Ig — AT*) " 'Dp) [ Dr, A €D,

be the Sz.-Nagy-Foias characteristic function of T [71]. If {T'n}n>0 are the Schur para-
meters of ®r, then the operator T is unitarily equivalent to the truncated block operator
CMV matrices To({T'% }n>0) and To({T} }n>o0)-
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Proof. The transfer function of the simple conservative system
_ [ |-T* Dr|.
77_{|:DT* T:|7©T*7®T7H}

0,(A\) = (=T*+ADy(Iy — AXT) " 'Dr+) [ Dp+, A€D.
It follows that ®p(A) = ©}(A), A € D. Hence, if {I'y},>0 are the Schur parameters
of ®r(X), then {I'}},>0 are the Schur parameters of ©,(A). Construct the Hilbert
spaces 9o = 9o({T% Ynz0), Ho = Ho({I% }nz0), the block operator CMV matrices Uy =
Uo({T} }r>0), Uy = ao({FZ}nzo), truncated block CMV matrices 7o = To({I'} }n>0) and
To = %({F:}nzo). Consider the corresponding conservative systems

Co = {Uo; D7+, D1,90}, o= {a0§©T*7©T750}-

is given by

By Theorem 5.4 the systems (y and EO are simple conservative realizations of the function
©. It follows that the operator T is unitarily equivalent to the operators 7o({I'} }r>0)

and 7o ({T'% }nz0)- 0

Observe that To({T }n>0) = (%({Fn}nzo)) and To({T,}n>0) = (Zo({Tn}nz0))"

The results of Sz.-Nagy—Foias [71, Theorem VI.3.1] states that if a function © €
S(9M, M) is purely contractive (||O(0)f]| < ||f]| for all f € M\ {0}), then there exists
a completely non-unitary contraction 7" whose characteristic function coincides with ©.
Here we give another proof of this result.

Theorem 8.2. Let a function © € S(IM,N) be purely contractive. If {I'y}n>0 are the
Schur parameters of © then the characteristic functions of completely non-unitary con-
tractions given by the truncated block operator CMV matrices To({T'% Ynz0) and To({T'% }n>0)
coincide with ©.

Proof. Let ©(\) := ©*(X). Then {I'*},>0 are the Schur parameters of ©. Construct
the Hilbert spaces $o = $o({I}:}n>0), Ho = 50({F:}n20), the block operator CMV
matrices Uy = Uy ({T}; }n>0), Uy = LNIO({F;‘L},LZO), the truncated block CMV matrices 7y =
To({T% }n>0), To = To({T% }n>0), and consider the corresponding conservative systems

Co = {Uo; M, M, H0}, G = {7/70;97(7 %50} .

Then the transfer functions of ¢, and (o are equal to ©()). Since the operator

" m N
Z/[O = |;I7;.0 g_o] S — @
070 $o $o

is a contraction, there exist contractions (see [18], [38], [65]) K € L(®Dz,M), M €
L(9, H0), X € L(Da, Die+) such that

Go =KDy, fO:D'TO*M7 FE;:—]C%*M+D}C*XDM.

Because U is unitary, the operators K, M* are isometries and X is unitary (see [7],[8]),
the characteristic function of 7 and the transfer function of the system ¢, are connected
by the relation (see [9], [8])

O(\) = K&z (M + XD .

Since D4 is an orthogonal projection in 9t onto ker M, and C:)()\)[ kerM =X, AeD,
we have, for f € ker M,

IT5/11 = 1180) f1 = 1€ £1] = |If1]-
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Since I'§ is a pure contraction, we obtain ker M = {0}. Similarly, ker £* = {0}, i.e., K
and M are unitary operators, and O()\) = K@z (A)M, X € D. Thus, the characteristic
function @7, of 7y coincides with ©. Similarly, the characteristic function ®z of T
coincides with ©.

Remark

8.3. For completely non-unitary contractions with one-dimensional defect op-

erators and for a scalar Schur class functions, Theorem 8.1 and Theorem 8.2 have been
established in [11].
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