Methods of Functional Analysis and Topology
Vol. 15 (2009), no. 4, pp. 384-390

ON *-REPRESENTATIONS OF THE PERTURBATION OF TWISTED
CCR

KONSTANTIN M. SUKRETNYI

ABSTRACT. A classification of irreducible *-representations of a certain deformation
of twisted canonical commutation relations is given.

1. INTRODUCTION

In this note we study representations of a x-algebra A, defined by generators a;, a},
i=1,...,d, satisfying the commutation relations of the following form:

* _ 2 % 2 ok
afa; = 1+ afa;al — E (1 - aj)ajaj,
Jj<i
* * . .
(1) aja; = qaja;, @< j,

aja; = ozaay, 4,7 =1,...,d, i<}],

where we additionally suppose that o? = u", 0 < u < 1,n; € N;i=1,...,d. Whenn; =
2,i=1,...,d, we get the twisted canonical commutation relations (TCCR) constructed
and studied by W. Pusz and S. L. Woronowicz, see [5]. These relations also belong to
the class of generalized canonical commutation relations (GCCR), defined in [3].

The aim of this paper is to study irreducible representations of A, by, possibly un-
bounded, Hilbert space operators. Note that representations of TCCR were classified
in [5]. The description of bounded representations of GCCR was obtained in [3]. In [2]
the authors proved that the Fock representation of the universal enveloping C*-algebra
generated by GCCR is faithful.

To deal with the unbounded representations one has firstly to give a precise definition
of a family of unbounded operators satisfying relations (1). To do so, let us perform
some formal manipulations with generators and relations.

Construct the polar decompositions of a}, af = U;C;, where C? = a;a}, U; is a partial
isometry and kerU; = ker C; = kera’. Then the commutation relations (1) take the
following form:

c2u; = U; (140262 = 3 (1 - ad)C2),

7<i
(2) CiU; =a;USCE, j<i,
C}Ur =U;CE,  j>i,
(3) CiCj = CJCZ», UJU, = Uin, Uj*Ul = UiU;, ) 75 j
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Consider the functions

Fi(z1,...,2q) = (xl, N PR 1+05?:cj - Z(l — o)z,
k<j

oz?o:j_i_l,...,oz?xd), j=1,...,d.
Then, in a compact form, relations (2) can be written as follows:
(C},....CHU; =U;F;(CE,...,CT), j=1,....d
Note that, in the bounded case, the relations (1) and (2, 3) are equivalent.
Definition 1. (see [4]). Let a family of self-adjoint operators C = {C?, i = 1,...,d}
commute on a dense invariant domain of analytic vectors. We say that the family C and
partial isometries {Us;, i =1,...,d} satisfy relations (2) if for any Borel set A C R and
any j=1,...,d one has
Ec(A)UF = Us Ee(F; ' (A)),
where E¢(+) is the joint resolution of identity of the family C.
Definition 2. Let families C and {U;, i = 1, ..., d} satisfy the conditions of the definition

above and kerU; = kerC;, i = 1,...,d, then we say that the family of operators a} =
UC;i, i=1,...,d is an unbounded representation of relations (1).

2. REPRESENTATIONS OF A,

In this section we will use a dynamical system method developed in a series of papers
by Yu. Samoilenko, V. Ostrovkyi, L. Turowska, E. Vaisleb et al., see [4] and the references
therein.

Our considerations will be based on an analysis of the spectrum of C? in the irreducible
representation. Since

CIQUT = Ul*(l + Q%C%% CIQU; = Uj)'kCl27clcj = Cjcla j > 2

in an irreducible representation of (2,3), the spectrum of C? is coincides with the positive
orbit of the dynamical system (f;, R), where f1(t) = 1+ a3t, see [4]. Such orbits can be
subdivided onto the following three types:

(1) Fock orbit, Op = {X=27, n € Z };

(2) fixed point Oy = {ﬁ}a

3) unbounded orbits, labeled by z; € 7,, = (1 + a2y, 1], y1 > —= is fixed,
Y1 1

l—oz%
__2n
Oy, = 11_6:11% +adzy, neZ}.
In the following propositions we give a description of irreducible representations of A,
when the spectrum of C? is assumed to coincide with one of the orbits above.

We start with the most simple case.

Proposition 1. Let in irreducible representation of A, one has o(C?) = O, then, up
to a unitary equivalence, H = l3(Z4+) @ K and

Ci=d(fi)®1, Uf=S©1,
C?=dad)®C? U =10U i=2,....4d,
where, for the standard basis of lo(Z.) denoted by {e,, n € Z}, one has

1— a2
d(f1)e, = f1'(0)e, = T a12 €n, d(a%)en = a%”en, n e Zy
1

and the family of the operators {@7 U'Z-, i=2,...,d} is irreducible on K and satisfies
the relations (2,3) with d — 1 generators.
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Proof. The proof is analogous to the proof of the propositions below and the most trivial
among them, so we omit it here. (]
Let us now suppose that 0(Cf) = {{==>} and d > 3. Fix y» > 0, put oy, = (p'y2, 2],

1
where | = GCD(ny,ns), a? = u™, i = 1,2. Let also n; = lk;, i = 1,2 and | =

9
nimi + naMma.

Proposition 2. Ifd > 2 and 0(C?) = {15} and C% # 0 in the irreducible represen-
1

11—«

tation, then, up to a unitary equivalence, H = 13(Z) ® ®§i:3 12(Z4) and

1
2<k<d
d
Up=e“E® (K 1, j=1,2, mig1+magy =0, mod 2,
2<k<d
022 = .%‘QD(MZ) (39 ® 1, =z € Oyss
2<k<d

Ui=10 Q) 1050 @ 1, i=3,....d,
2<k<i i<k<d
and
D(uY), E:1y(Z) — 15(Z), D(ie, =pu"e,, Fe,=en1, ne€,
where {e,, n € Z} is the standard basis of 12(Z);

hi(t,ze) = —(1 — a%)[ﬂg + a?t,

d(hi(0,22)), S, d(\):1(Z_) —15(Z_), Seq=0, Se_p=e_ns1, n>1,

d(hi(0,29))e_p = h7™(0,22)e_p, d(Ne_p =A"e_,, n€Zy,
where {e_,, n € Z1} is the standard basis of lo(Z_).
Proof. Since C% = ﬁl and ker Uy = ker Uy = {0}, U is a unitary operator. Further-

1
more, one has
C2Ur = U} (agcg - > a- a?)CJ?), i>2.
1<j<i

In particular, C3U; = aU;C3, i = 1,2. Since C5U; = U;C3, C3CF = C3C3, j > 2,
the spectrum of C? is concentrated on the positive orbit of the mapping t +— ult, [ =
GCD(ny,n2). If C2 # 0, then o(C3) = {u™xy, n € Z} for some z2 € oy, and all

eigenvalues have the same multiplicities, see [4]. Then one can choose a basis in the
representation space H so that H ~ I3(Z) ® K1 and

C2 = 2,D(ph) ® 1.
Let I = nymy + nama, my,me € Z, put U := U U3, then
C2U* = plu*cs,
and using unitary equivalence one can get U* = E ® 1. Then the relations
C2U} = p™U;C2, UU; =UU, i=1,2,

imply that U} = Eki®(7i*, where n; = lk;, 1 = 1,2, and ﬁh Us are unitaries. Analogously,
from

CQQCJ? = CJ?CS, CJZU* _ ulU*Cf, UU; = U;U, C3U; =U,C3, j>2,
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we have CF = D(u) ® 6]2 and U; =1® ﬁj, Jj>2.

One can verify directly that the family {C?, U;, i = 1,...,d} is irreducible iff the
family {512 , 1> 2, [71-, i=1,...,d} is irreducible and the second family determines the
first one up to a unitary equivalence.

Let us now rewrite the relations (2,3) in terms of the operators C’f, (7 It is easy to
show that (2,3) are equivalent to

(4) 632[7: = 171.*5?, ﬁiﬁj = ﬁjﬁi, 1=1,2, j7>2
and

C?Ur =U; (—(1 — o)z 4 a2C? — Z (1-af )CQ) i=3,...,d,
3<5<1
OV & =062, sy G =00CE i<,
UviU;k = U;Ui, UzUJ = UjUi, CZC] = CjCi, 1 75 ]
Since ﬁi, i = 1,2 are unitaries, the Schur lemma and relations (4) imply that ﬁi = %1,

1=1,2, pymy + ¢pamo =0 mod 2.
Furthermore, since

C305 = U3 (—(1 — od)ws + 0§ C3), C3U; =U;C3, j>3,

in the irreducible representation, the spectrum of 6’§ is concentrated on the positive orbit
of the mapping
hs(t,29) = —(1 — a3)xy + adt.

For this mapping we have the unique positive orbit, the anti-Fock one

0(53?) = {h??n(07x2)7 ne Z+}

and, as above, all eigenvalues have the same multiplicities. Then K; = [5(Z_) ® K3 and,
up to a unitary equivalence,

o~

C2 =d(hs(0,22))®1, Uf=8®1

and the relations (5) imply that

-~

C?=dad)®C2, Ur=10U;, j>3,

where the family {@, UW j > 3} should be irreducible and satisfy the relations (5) with
d — 3 generators. Finally, note that the family {CJ, UJ, j > 3} determines the family

{Cj, UJ, j > 2} up to a unitary equivalence. Then the evident induction on the number
of generators completes the proof. O

It remains only to consider the third type of orbits.

Proposition 3. Let

1—a

(02)—{ +af"zy, n€Z}
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in an irreducible representation of A, for some fized x1 € 7y,. Then, up to a unitary
equivalence, the representation space is H = l3(Z) ® ®Z:2 I2(Z_) and

C’127 fl;zl ® 1 =FE® ® 17

2<k<d 2<k<d
C? = D(a? ®dak ®d(u10x1 ®1
2<k<i i<k<d
Ur=19 @ 105 @ 1, i=2....4
2<k<i i<k<d
where
1- a%n 2n
D(f1,$1)5 ZQ(Z) — lQ(Z), D(fl,:cl)en = (W + aq 1171)6“, ner
-

and ui(t,z1) =1—xz1 +a?t,i=2,...,d,
d(wi(0,21)): 1o(Z-) = I5(Z),  d(us(0,21))e—p = u; "(0,21)e_p, n €Ly,

Proof. Asin the proof of Proposition 2, we will use induction on the number of generators.
If 0(C?) = O,,, then, up to a unitary equivalence, H = l(Z) ® K1 and

C?=D(f1,r1)®1, Ur=E®1.
The relations (2,3) imply that

C2=D()®C?, U =1U;, i>2,

where the family {CNQ, (j}, i > 2} is irreducible and determines {C;, U;, ¢ > 1} up to a
unitary equivalence. Moreover, the following relations are satisfied:

C2U;F = ff;(l—lera?éf - Y 1-a? )02) i=2,....d,

2<j<i-1

(©) C20r = 2U7C2, 0>, C2U; =07C, i<,

0.0 = 020, U0, = 0,0, GGy =30 i)
In particular, the spectrum of C~'22 is concentrated on the positive orbit of the mapping

us(t,ry) =1 — a1 + adt,

since z; > —az > 1 and a3 < 1, the unique positive orbit of us(t,z;) is the anti-Fock

orbit. Then the proof is analogous to the final part of the proof of Proposition 2. O

To get a general description of representations of A, we have to combine the results
of Propositions 1,2,3. Namely, let us construct three types of representations.
The first is the Fock one: H = ®_, l2(Z4),

7 =Qda}) @d(f) @1, U;=QR1oS52@1, j=1,....d
k<j k>j k<j k>j

The second type is the representations with first ¢ — 1 generators as in the Fock
representation and with

1
1—a?’

Let firstly ¢ < d, then fix any ¢; € Z4 such that i +¢; < d. If i+t; < dput s; :=i+t;+1
and fix ys, > 0, 0, = (Wi ys,,ys,), where lis, = GCD(n;, n,), a? = p™, a? = p"=.

U(C’E) = {a%n1~-~a?ﬁg_l Nyyee. M1 €Z+}.
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Let also n; = lis, ki, ns, = lis,;ks,. Then construct the family of operators acting on the
space

1—1 d
H=QQ)b(Z) @1(Z) e K) 12(Z-)
k=1 k=s;+1

by the formulas

i =Qde})edf)e K 1, Uy=QRQ1ese @ 1, j<i,

k<J k>j,k>s; k<j k>j,k>s;
C? = d(a?) ® 1, Uf=e? 19 EF @ 1,
- a2 k)
k<i k>s; k<i k>s;

C;=0, U;j=0, i<j<s—1,

C2 =Qd(eq) @, D)@ Q) 1, Uz =e Q1B o)1,

k<i k>s; k<i k>s;
2 =Qd(e}) @ D) e Q) de)d(h;(0,2:,) 0 R1L, j> s,
k<i 5i<k<j k>j
=Q1e QX 1050Q1. j>s,
k<i 5i<k<j k>j

where m;¢; + ms,¢s, =0 mod 27, x5, € Ty., is fixed, and
hj(t,xs,) = —(1 — a2, +a t.
If i = d, then H = ®k 112(Z ) and

P=QRded)edf)e@®@1, U =QR1eos5e@1, j=1,..,d-1,

k<j k>j k<j k>j
Ca= 1—a2 Qdlod), Uj=e" Q1.
d k<d k<d
In the third type representations, the generators C;, Ui, j=1,...,i—1, are as in the
Fock representation and
2 2 21 1-— Oéin on,
o(C?) = {alnl et (ﬁ + aimxi), Ni,...,Ni—1 € Ly, n; € Z},
where z; € 7,, = (1 + o2y;, yi], yi > a7 is fixed.
In this case we have
H=Q):(Z:) @ 1(Z) @ Q) l2(Z-
k<i k>i
and
C?=QQde})edf) @1, U=QR1es5a@1, j<i,
k<j E>j k<j k>j
C; =@ d(e}) @ D(fiz) @ @1, Uf=QR1eEe )1,
k<i k>i k<i k>i
2 =Q)da})@D(e)® R) daf) @d(u;(0,2:) @ Q)1, j>i,
k<i i<k<j k>j
Ur=QR1e52@1, j>i

k<j k>j

where u;(t,2;) =1 —x; + ajt.
Combining the results of Propositions 1,2,3 we get the following theorem.
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Theorem 1. Any irreducible representation of A, belongs to one of the types described
above. Representations corresponding to the different types or to the different parameters
within the same type are non-equivalent.

Acknowledgments. The author expresses his gratitude to Prof. Yu. Samoilenko and
Dr. D. Proskurin for a setting of the problem and useful discussions.

REFERENCES

1. P. E. T. Jgrgensen, D. P. Proskurin, and Yu. S. Samoilenko, The kernel of Fock representations
of Wick algebras with braided operator of coefficients, Pacific J. Math. 198 (2001), 109-122.

2. P. E. T. Jgrgensen, D. P. Proskurin, and Yu. S. Samoilenko, Generalized canonical commuta-
tion relations: Representations and stability of universal enveloping C*-algebra, Symmetry in
Nonlinear Mathematical Physics, Part 2, Proceedings of the Institute of Mathematics of the
Ukrainian National Academy of Sciences: Mathematics and Its Applications, vol. 43, Kyiv,
2002, pp. 456-460.

3. V. L. Ostrovskyi and D. P. Proskurin, Operator relations, dynamical systems, and representa-
tions of a class of Wick algebras, Oper. Theory Adv. Appl., vol. 118, Birkhauser Verlag, Basel,
2000, pp. 335-345.

4. V. L. Ostrovskyi and Yu. Samoilenko, Introduction to the Theory of Representations of Finitely
Presented x-Algebras, 1: Representations by Bounded Operators, The Gordon and Breach Pub-
lishing Group, London, 1999.

5. W. Pusz and S. L. Woronowicz, Twisted second quantization, Rep. Math. Phys. 27 (1989),
251-263.

INSTITUTE OF MATHEMATICS, NATIONAL ACADEMY OF SCIENCES OF UKRAINE, 3 TERESHCHENKIVS'KA,
Kyiv, 01601, UKRAINE
E-mail address: sukretniy@gmail.com

Received 10/04/2009; Revised 15/07/2009



