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ON DECOMPOSITIONS OF THE IDENTITY OPERATOR INTO A
LINEAR COMBINATION OF ORTHOGONAL PROJECTIONS

S. RABANOVICH AND A. A. YUSENKO

ABSTRACT. In this paper we consider decompositions of the identity operator into a
linear combination of k > 5 orthogonal projections with real coefficients. It is shown
that if the sum A of the coefficients is closed to an integer number between 2 and k—2
then such a decomposition exists. If the coefficients are almost equal to each other,
then the identity can be represented as a linear combination of orthogonal projections

_JE2_ VEZ_
for X I; Ak o4 < B g 4% In the case where some coefficients are sufficiently
close to 1 we find necessary conditions for the existence of the decomposition.

A classical decomposition of the identity into an orthogonal sum of orthogonal pro-
jections is widely used in various mathematical applications. We consider here non-
orthogonal decompositions of the identity into a linear combination of orthogonal pro-
jections with positive coefficients,

(1) I:a1P1+a2P2+~~~+akPk,

where I is the identity operator and P; = P, i =1,...,k, are orthogonal projections on
a separable Hilbert space H. We shall suppose that «; < 1 for every i since otherwise
P; = 0 and we shall not find new decompositions in that case.

Let us denote by QF the set of all vectors @ = (ay,...,a;) € [0,1]¥ C R¥ for which
there exists the resolution of (1) in a separable Hilbert space. Then (see [4, 7]) Q! = {1},

0 ={(1,0), (0, 1) |a € [0,1]} N {(a,1 ~a) | a € [0,1]},

03 =[0,1] x Q2 UQ? x [0,1] U {(a1, a2, a3) | (a1,a3) € Q% as € [0,1]}
Ul x[0,12U[0,1]* x 1U {(a1,1,a3) | (a1, as) € [0,1]*}
U{(a1, a2, a3) | a; € [0,1],01 + g + a3 =2 or a1 + as +asz = 1}.

A description of the set Q% was obtained by different approaches in [5, 9] where, in
particular, the authors showed that Q* does not contain a closed ball in R* of nonzero
radius.

The first statement about the existence of an open set in Q¥ for k > 5 was proved in
[8], where the decompositions of the identity were constructed directly.

In this paper we find new subsets of QF (sections 2-4) and show that only for integer
sums A = a1 + a2 + -+ + oy a solution of (1) exits for any &. Following [4], let Py a
denote the x-algebra with the identity e,

k
Pk,d:(c<p1,p2,...,pk |p12:p;k:puzalpz:e>
i=1
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By definition, a vector @ € QF if and only if Pr,a has a *-representation in a separable
Hilbert space. We shall show that for A € N1 < A < k—1 and «; # 0,a; # 1, the point
@ is contained in in QF with a sufficiently small neighborhood Q5. Beside this, if A = 2
and 3 € Qg, the algebra ka g has an irreducible representation in the matrix algebra
over the Cunts algebra M3(Qs) when k > 6 and with some additional assumptions on
the coordinates of the vector & when k = 5.

Also we shall show that for |a; — aj| < €(A) with small €(A) > 0, the vector @ € QF if

k—\/k2—4k< < k+ VE? — 4k
2 2 ’

i.e., when every scalar operator vI with |y — A|] < €(A) can be decomposed into a sum
of k orthogonal projections (see [3]).

In the section 1 we investigate actions of Coxeter functors [1, 4], the transformations
that give new decompositions of the identity by using constructions of an initial decom-
position. Such decompositions have another coefficients in general and so the functors
generate mappings on coefficients. We shall prove a theorem about a monotone property
of the mappings related to the second iteration of Coxeter functors.

We find a relation between lower and upper bound of the spectrum of a sum of
nonnegative operators in section 2. Using it we deduce that the existence of a solution
of (1) for 1" a; >m — 1 and

A

m
(2) Zai—l—aj>m, j=m+1,...k
1

implies the inequality an 41@; > 1. In a finite dimensional space the inequality (2)
follows from a trace equality and Horn inequalities for a sum of Hermitian matrices [2].
Since an orthrogonal projection has at most two eigenvalues, they are having the following
simple form:

k
lea’b Z n(llu s 7”]@)7
1

where [; and n(ly, ..., ny) are integer numbers that are dependant on the Horn inequality
and on the ranks of the orthogonal projections Py, ..., Py.

1. MONOTONE MAPPINGS RELATED TO THE COXETER FUNCTORS

Let the decomposition (1) hold. By substituting every P; with its complement P, =
I—P;, we write down the equation (> a; —1)I = ay(I—Py)+as(I—Pa)+- - -+ap(l—Py)
and, after reducing to the standard form, we obtain a new decomposition,

(651 ~ (65) ~ a7 ~

P P+ =———PF.
2041'71 1+ZO&¢71 2t +Zaz——1k

Following [4], we call the described transformation the linear reflection functor T. Be-
side the linear functor there were found in [4] a hyperbolic reflection functor S, which
transforms (1) into the following decomposition:

(3) I=

(4) f:(1—al)fDl+(1—a2)]52+~~-+(1—ak)]5k.

Leaving apart the exact formula for P;, we remark that the application of T' to (3) as
well as the application of S to (4) give the equation (1).

Let us denote by ®* the subsequent actions of the transformations 7" and S and by
®~ the action T'S. The coefficient vector @ and the value of the sum of coefficients
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k
A =3 «a; are transformed by the formulas
i=1

(5) >t (a, A) = ((1,1,...,1)—07’/(A—1),k:—AAl>

and it is correctly defined for 0 < o; < max(1,4A—1),i=1,...,k,

o (Ll )—d k-4
(©) ‘I’(O‘“A)_< k—A—1 'k—-A—1)°

and it is correctly defined for 1 < A<n—-1,0< ;< 1,i=1,...,k.

It will be convenient to use functions which correspond to mappings for sums of
coefficients and every coefficient under ®~ and ®*. Note that every coordinate of &,
under the action of ®7, can be calculated by the same functional formula: f, (o) =
A=%-. So in what follows f;"(c;) means the value of the i-th coefficient coordinate
under the n-th subsequent action of the transformation ®~ and F'~"(A) means the value
of the sum of the coefficients under the same action. Similarly the functions f}(a;) =
1— &, f1"(e;) and F*"(A) mean the analogous values but under the transformation
o,

In the next Lemmas we often use the number
constant in the section.

— k2 — . . .
= 16274"’ which is the main

Lemma 1. For 1 < A< k—2 and 0 < a; < 1, the sequence O‘iva(ai),ff(ai), .
fa"(eu), ... tends to the number By /k.

Proof. Let 0 < a; < 1 and 0 < a; < 1 be two different numbers. The distance |a; — «;]
under the transformation ~ becomes smaller for £k >4 and A < k — 2,

_ _ o 1—041‘ 1—Oéj - 1 o )

Since F~"(A) — B for n — oo and lim f;" (%) = Bi/k, we conclude that f;"™(c;) —
n—oo

B/ k. O

Remark 1. We have f12(z) # f4 (f1(2)) in general.

Let us introduce the following function: Z(A4) = #Im. It is monotone for

E>4,1<A<k—2and Ann% Z(A) = B Besides, f;%(Z(A)) = Z(A).
— Pk

Lemma 2. Letk >4, f, < A<k—-2and 0 < a<1.
(1) If oy ¢ (Z(4), %), then {ai, f12(aw)s .., f12" (), ...} is monotone.
2) If a; € (Z(A),2), then there exists a number m € N such that
k
oy, 12 [0 73 N 2m a;)} is a monotone decreasing sequence and
{ai, fa A g
—2m o ~2(m+1) o), ...1 1S @ monotone increasing sequence.
{fA ( )7 A ) g q

Proof. The value f;?(a;) can be calculated by the formula f;?(c;) = Mﬁ;—%.
Case 1. Let o; ¢ (Z(A),¢). It is easy to check that 1 > f;*(a;) > o, for a; < Z(A)
and o; > f;%(ei) > 0 for a; > Z(A).

Note that for 0 < = < y < 1, the inequality f;Q(x) < f;2(y) holds. Hence if
a; < Z(A), then f%(a;) < f12(Z(A)) = Z(A). The sequence A, F~(A), F~2(A),...
is decreasing. Whence Z(A), Z(F~(A)), Z(F~2(A)),... is increasing. By an induction
argument, we obtain a; < fy%(e;) < fi*(ay) < ... for a; < Z(A). Also Z(F7%(A)) <
F~2(A)/k. Therefore for o; > A/k, we have a; > fy2(as), f12(a;) > f1*(c;) and so

on.
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Case 2. Let a; € (Z(AL%). To simplify the proof we consider at first a; €
(Z(A), 2x). Since Z(A), Z(f1*(A)),. .., Z( ff"(A)) . tends to 2%, there exists a num-
ber n € N such that Z(f,*"(A)) > fA ( E). Also f () < fA ( L), So there exists
the smallest number m < n, such that Z(F A)) > (o). Then it follows di-
rectly from the previous case that {a;, f;Q(ai) ce f;zm(ai)} is a monotone decreasing

sequence and {f,*™(c;), f AQ(mH)(a ), ...} is a monotone increasing sequence.

Let now «; € (Bk/k, A/k). We are going to show that there exist a number m € N
such that ;2™ () < Bx/k. The following parameter characterizes the rate with which
the mean A/k of the coefficients approach Oy /k,

k(k—2)— A(k — 1) — Bp(k®> — 3k + 1) + ABp(k — 2)

_ Fa(ALR) = B/k K —3k+1— A(k —2)
o A B - A — By
Kk

(k= 2)(k — kB + B — i) + Br(n — 1) — A(k — 1) + ABy(k — 2)
(A—Bp)(k* =3k +1— A(k — 2))
_ (A-B)Br(k—2)—n+1)
(A= B)(k* =3k +1— A(k —2))
1
T —3k+1-Ak—2)(k* —3k+1- Bk —2))
Also we can find the rate with which the coefficient «; approach the mean A/k,

k—2— AkL L k=2-A+4u

CFAPAKR) = i en) k2 =3k +1—A(k—2) k2-3k+1-—A(k-2)
- 4. N A_ .
k ’ k ‘
A
O _ 1
= = — .
This gives
o fa " (Afk) = ﬁk/k _ (wl) A B
T2 Ak — fi2e)  \@2) A kar
Since ZL < 1, there exists m € N such that the right-hand side of (7) is less than the
number 1. Whence f;?™(a;) < B’“. This completes the proof. O

Since fg@mﬂ)(ai) = f;,m(A)(fAfzm(ai)), we find that fy (ay), f1°(c),... has a
similar monotone property as «;, f;Q(ai), e
Let us introduce the function

k—2— A(k—3)
W(A) =
(4) k— Ak —2)
It is monotone for k> 4,2 < A<k —1 and Ahr% W(A)=1- ’%’“
— Pk
Lemma 3. Letk > 4,2<A<k—0 and 0 < a <1.
(1) Ifa; ¢ (2, W(A)), then {au, f1%(), ..., f1*" (), ..} is monotone.
o; € (T , then there exists a number m € N such that
If 4 W(A)), then th ' b N such th
{ai, F12(ai), -, FE2™(u)} is a monotone increasing sequence and
{F2™ (), +2 m+1) ( i)s- -} 1S a monotone decreasing sequence.
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Proof. Note that
o™ (@, A) = SO ™S(a, A)
and 0 < k — A <k — 2, the statement of the Lemma 3 follows from Lemma 2. O

If under the action of T' (or @~ in general) we obtain a decomposition of the identity
(3) with the i-th coefficient greater than 1, then P; has to be equal to zero. So in order
to find (1) one can try at first to find a decomposition of the identity into a linear com-
bination of k — 1 orthogonal projections with the coefficients &y ..., a&;—-1, &iy1,-. ., Ok.
Then adding &; - 0 to the new decomposition and acting by T' (or ®+™), we can get (1).
To use the described argument numerically we have to define functions fjfm(x) for the
argument z € R. They depend on the parameter A only. So let

FA" @) = Fo e (Fa "V @)

and write a similar formula with ”pluses” for f1"(z)

n n—1
@) = o ) (FA" (@),
Invertability of the functions f; (x) and fJ(z) and statements of Lemmas 2 and 3 lead
to the following theorems.

k
Theorem 1. Let Y a;P; = I, A € (E=vk*=1k v152_4]“,2) and for some m € N the inequality
i=1
2 < Fi™(A) < k—2 holds. If f1™ (i) ¢ [0,1] then for some n < m, the functor T®*"
transforms (1) into a decomposition of the identity with the i-th coefficient greater than
or equal to 1.

k
Theorem 2. Let > a;P; =1, A€ (k—2,k— 0B) and for some m € N the inequality
i=1
2 < Fy™(A) <k—2 holds. If f,™(cii) ¢ [0,1] then for some n < m, the functor ="
transforms (1) into the decomposition of the identity with the i-th coefficient greater than
or equal to 1.

Corollary 1. Let (1) hold for k > 5. If A = B and o1 # aq, then by applying S and T,
the decomposition (1) can be obtained from a decomposition of the identity into a linear
combination of k orthogonal projections, where one of the orthogonal projections is zero
or the identity operator.

Proof. Since F*(B;) = B, we have that fi™(z) = fr(fi(...(fi(z))...)). Whence
T o) — [ () = (ﬁ) (o — az). For great enough n, we have f1"(ay) ¢ [0,1]

or fi™(az) € [0,1]. So for @ € (0,1)*, there exist m < n and 1 < i < k such that for
every j = 1,...,k and s < m, we have fi°(a;) € (0,1) and f1™(w)/(Br — 1) > 1.
Therefore all the transformations ®1, ®+2, ..., &+(m=1) can be applied correctly and the
orthogonal projection P;, under the transformation ®™™, becomes the identity or the

zero operator. Applying the transformation &~ to this new decomposition we obtain
(1). |

2. NECESSARY CONDITIONS

As was mentioned in the previous section, the transformations S and 7" map points
of Q into Q. Therefore, if all the coefficients «; coincide, then either there exists
decomposition (1) or, after a number iterations of ® or ®~, the values of the coefficients
will not be in the segment [0,1], and so & ¢ £, [3].
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The theory is more complicated for different coefficients. In [4] and [8] there were
found necessary conditions for having “proper” inclusion @ € QF,

k
Q; < Z a; — 1
1
and, correspondingly,

a; < Zai.

i#j
For a; < 1, the action of T" leads to o; — aj/(zlf a; — 1) > 1, provided the mentioned
conditions do not hold. Whence P; = 0. It appears that there exist numbers oy ..., o

for which @ ¢ Qf and fjf(")(ai) € (0,1) for every n. We start with a technical lemma
about the spectrum of a sum of nonnegative operators on a Hilbert space.

Lemma 4. Let, for some positive 0 < a; < 1, ¢ = 1,...,k and orthogonal projections
Py, ..., Py, the decomposition (1) hold. We denote by H,, the sum of the subspaces
ImP, +ImPy+---+ImP,. If Yoy >m —1, then

m
Q1P1+042P2+"'+04mp7n2 (Zo‘i_m_"l)PHma
1

where Py, s the orthogonal projection onto Hp,.

Proof. We carry out the proof by induction on the number m. For m = 1 the Lemma is
true. Suppose it is true for m = s > 1. If now (1) holds and aq + -+ + asy1 > s, then
ay+---+as>s—1and

a1 P4+ aoPy+ -+ a Py > (Z%-S-FI)PHS-
1

Whence (Zi a; — s+ 1)Py, + as41Ps41 < I. The spectrum of a linear combination of
two orthogonal projections in a general position is symmetric around the mean value of
the coefficients [6]. By this property, we have

(Zai 75+1)PHS 4+ ag41Psy1 > <Zai —s+ 1+ a4 — 1)PHS+1.
1 1

Therefore,
s+1 s+1
ZaiPi > (Zai — s)PHsH.
1 1
The proof is complete. U
Theorem 3. Let & € Q. If for some m < k the inequality >.|" c; > m — 1 holds and
m k
for every j > m, the sum Y a; + o > m, then >, «a; > 1.
1 i=m+1

Proof. Note that the spectrum of the operator

k m
Y aP=1-> P,

l=m+1 1
is a subset of the set {{0,m — >_7" a;],1}. Since

k m
Z oqP, > a;P; and o5 >m— Zai,
l=m+1 1

k

we see that 1 is in the spectrum of Zf:mﬂ a; P, and, hence, Zi:mﬂ a; > 1. (|
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Corollary 2. For any number 0 < € < 1/9, @ ¢ Q5 where & = (1 —¢,1 — €, 3¢, 3¢, 3¢).
Besides, ®*(") (a;) € (0,1) for every integer n.

3. PARTICULAR POINTS IN QF

In this section we consider cases where & € QF and the sum of the coefficients is an
integer.

k
Theorem 4. Ifd = (ai,...,a1) € [0,1]% and 3 o; = 2, then & € QF.
i=1
Proof. Tt is sufficient to consider the case with 1 > a1 > ao > ... > ay. Let us show that
the numbers «;,7i = 1,...,k, can be grouped into three groups with the sum in each of
them less than or equal to 1. At first we assume that az +as+...+ar < 1. Whence we
immediately obtain the three needed groups. If a3+ a4+ ...+ a > 1, then the equation

k

>~ a; = 2 implies the inequality oy + a2 < 1. Denote o] = a; +ag,de = ag,..., a1 =
i=1
ag. For the numbers «j,7 =1,...,k — 1, we apply the same arguments and then obtain

the three needed groups or a new collection but with a fewer number of coeflicients in it.
At the end of this procedure we shall have three numbers less than 1 and with the sum
equal to 2.

For every such collection L; we define the sum 8; = > «;,j=1,2,3, LiUL;ULg =

ieL;

{1,...,k}, LiNLy=LoNLs =Ly NLs=0.

Let = := (1 4+ B2 — 1 and the orthogonal projections Q1,Q2, Q3 be defined by the
formulas

o, 1 ( z(1—6y) V(= p1)(1 - Ba) >’

T A —a) \ Vel =B - ) 1— s
1 (1 - Bo) 2T =B~ fB2)
@ Ba(l — ) ( —/z(1=B31)(1 = o) 1-p ),

10
Qs (0 o)‘

Putting P; = @); for i € L;, we obtain

k
I=51Q1+ 32Q2+ B3Qs = Y i Pi.
1

k
Theorem 5. Let & = (aq,...,a1) € [0,1)% and > a; =m, m €N, then @ € QF.

i=1
Proof. If m = 1, then the statement of the theorem is obvious. The case m = 2 is
proved in Theorem 7. Let now m > 2. We use the induction on k. Suppose Theorem 7
is true for every m = 1,2,...,k — 1 with k = s > 3. Let aj,...,asy1 € [0,1) and

i“ a; = A € N. Using the transformation S, it is sufficient to prove the inclusion

a e QT only for A < (s + 1)/2. Under the last conditions there are two coefficients,
say as and asy1, such that s +asy; < 1. If ag +asy1 = 1, then putting Py = Psy1 =1
and the other projections are zero, we obtain the needed decomposition. We consider
now the case as + a1 < 1. Defining Psy; = Ps, we obtain a new problem

s—1
Zaipi + (as +as+1)Ps =1,
1
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but the number of orthogonal projections in the decomposition is equal to s. Since
A< (s+1)/2 <s—1fors > 3, by the induction assumption, such a problem has a
solution. This completes the proof. O

4. OPEN SETS IN QF

In this section we present decompositions of the identity in the case where the sum of
the coefficients is close to an integer or when they are almost the same.
In the following formulas, v = a + b — x. Let us define two orthogonal projections

aba) — 1 x(b—x) Vry(a—z)(b— 1)
o rer = (e as )

(9) Q(a,b,x) = b < z(a — ) —ay(a—z)(b—x) > .

-2 \ —vara— )b —2) +(b—a)
Direct calculations show that
(10) aP(a,b,z) + bQ(a,b, ) = diag(z,a + b — x)

and, for ¢ € [0, min(a,b)] U [max(a,b),a + b], the orthogonal projections P(a,b,x) and
Q(a,b,x) are correctly defined.

Lemma 5. Let a real number € and a vector & € R® be such that 0 < € < as < ay <
a3 <as<a;<l—€ a14+ay>1—¢ and oy +---+ a5 =2+ €. Then the algebra
Ps.a has an irreducible *-representation in the matriz algebra Ms(Qsz) over the Cunts
algebra Q.

Proof. Let us denote by p;; the entries of the matrix P(a1, 2,1 — €) obtained by the
formula (8). If S; and S are standard generators in Cunts algebra Qs satisfied the
relations S7S2 = 0 and S7S1 = I = 555, = 5157 + 5255, then the block matrix
operators P; and Ps

p1il 0 p2ST p1il 0 —p1257
P = 0 puidl  p12S5 |, Pa= 0 puidl  —p12S5
p2151 p21S2  paol —p2151 p21S2  pal
are orthogonal projections and
(11) a1 Py 4+ as P, = diag ((1 — E)I, (1 — G)I, (Oél +ay—1+4+ E)I) .
Beside, by (10),
(12) azP(as, as,€) + asQ(asz, a5, €) = diag (e, a3 + a5 — ¢)

and, for a4 = ag + as — ¢,

5
(13) O[4P(Oé4, d47 6) + 6&4Q(OZ4, d47 6) = dlag (63 Z Q; — 26) .
3

Since Q(ay, ay,€) is an orthogonal projection, there exists a unitary 2 x 2 matrix U such
that U*Q(ay, Gy, €)U = diag (1,0). Let us define now the orthogonal projections Ps, Py
and Ps as follows:

Py = (diag (1,U) diag (P(as, as,¢€),1) diag (1,U%)) ® I,
(14) P4 = dlag (1,P(Oé4,6[4,6)) ®I,
Ps = (diag (1,U) diag (1,Q(as, as,€)) diag (1,U*)) @ I,

Thus we have the equality
5

013P3+054P4+OZ5P5 = diag (6[,6[, (Zal —26)[) .
3
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In view of (11), we obtain (1) for £k = 5 and the orthogonal projections P; € M3(Qs).
The irreducibility of the such constructed representation of the algebra Ps 4 is followed
from the irreducibility of the triple P53, P, and Ps. (]

Lemma 6. Let a real number € and a vector & € R® be such that 0 < € < a5 < as <
as<as<oy<l—eag+as<l—ecandar+---+as=2+¢€. Thena e QO.
Proof. Let us define four sequences of nonnegative numbers x;, y;, s; and p; by the rule
xr1 = 1,
ri=l+yi 1 —az—aq Y=z +1—ar—a—(si+p)as,
(15) 5 = 1, if max(lfa5+e,a2+a5) < x;,
0, otherwise,

1 ifl—as+e<z <as+ as,
bi= 0, otherwise.

We consider now operators P;, i = 1,...,5, of the following form:
P, = diag (P(a1, a9 + s1as,21), Plag, as + ssas, x2), ... ),
Py = diag (Q(a1, a2 + s1as,71), Q(a1, a2 + s2as,22),... ),
Py = diag (0, P(as, aa,y1), P(az, a4,2), ... ),
Py = diag (0,Q(as, a4, y1), Q(a3,04,%2), ... ),
P; = Py diag (81, S1,82,82,83,53,.. ) + diag (0,])1, 0,p2,... ) .
By (11), we obtain the linear combination

a1 P14+ aoPy + a5 Py = diag (1,1 + ag + (51 + p1)os — 1)
@ diag (w2, a1 + ao + (s2 + p2)as — za,...)
and the linear combination
asP3 + oy Py = diag (0,y1, 03 + 4 — Y1, Y2, 03 + s — Y2, ... ).

Let us prove that orthogonal projections Py, ..., Ps are correctly defined. In order to
show this, it is sufficient to prove the inequality

(16) l—as<z;<1
and then we will have
sty >yi=x;+1l—a; —a > x;+e€> a3
for x; <1— a5 +e€or
st >y =ri+l-—a—a—a;>2+e— (a1 +-+as)+az>a3
forx; >1— a5 +e.

By definition, y;_; is a function of x;_; and we can substitute it, instead of y;_1, into
the expression (15) for ;. Whence we obtain a recurrence relation for the numbers z,
To, T3,y ...,
rp=1l4+z+l—ar—ay—(si-1+pi-1)as—az—ag =z;1 — e+ (1 —si1 —pi—1)as.
So we have another expression for z;,

ri1—¢€ if xi_1>1—as5+e,
Ti= {ii_l —e4as, if ;1 <1—as+e

It is easy to see now that z; satisfies (16) for z;_1 € [1 — a3, 1]. O

Lemma 7. Let k >4, 0< a; <1,i=1,2,....k and Zlfai = 2. There exists € > 0
such that for every k and real numbers 31, ..., By satisfying the inequality |a; — 3| < e,

we have E € OF. Besides, for k > 5 the algebra Pr.a has an irreducible x-representation
in the matriz algebra M3(Q2).
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Proof. We put v = 2—1,6 min(aq,1 —aq,..., a5, 1 — ag).
Let £k = 5. Suppose B satisfies the conditions of the lemma for ¢ = v and B =
B1+---+ B5 > 2. Then

1
B—2§|a1—ﬂ1|+~~+|a5—65\<5e<§min(ai)

and, by Lemmas 5 and 6, the needed decomposition exists.
Let now [ satisfies the conditions of the lemma for e = /11 and B < 2. We note that

B=(B/(B—1),8:/(B—1),...,8:/(B—1)) € QF because Zf@ =B/(B-1) > 2 and

|ai_5~i|:|(ai_ﬁi)+(ﬂi_ﬂ~i)|<€+1_56

and this case has been proved in the previous paragraph. So there exists the decompo-
sition
(17) I=p1P+BoPy+ -+ (5D

Applying the transformation T to (17) we conclude that 3 € Q5.

Let & > 5. Using the transformation 7' it is sufficient to consider the case A > 2.
Let e = v and B’ satisfy the conditions of the lemma. Without lost of generality one can
suppose that §; are arranged as follows: 0y > [Py > -+ > (r. We are going to find a
decomposition of the matrix identity,

(18) dlag (—[7—[7—[) :51Q1 +62Q2++ﬁk@k7

directly using the construction from Lemma 5. Let B = (B 4+ B2+ -+ + PBr_3)/2. For
the vector 5’ = (B,B,Bk_g,ﬁk_l,ﬁk), there exists a representation of 735,5, in M3(Qs).
We set Qr—2 = P5, Qr—1 = Py Qr = P5, where P; are calculated according to (14) for
the vector 5’ .

There exists the greatest number m, which is less than k& — 2, such that ZT G <1—e.

<7

Assume at first that ZTH Bi; > 1—e€. Putting P, = P, =--- = P,,_; = diag (1,0),
(19) Pm = P(ﬁmvﬁm+17x)v Perl = Q(ﬁmaﬂm+17x)v
where z =1 — € — Z;’“l Bi and P40 = Ppy3 =--- = Py_3 = diag (0,1), we obtain
m—3 m—3
(20) > BiP; = diag (1—6,Zﬂi—1+6>
1 1
As in Lemma 5 the orthogonal projections Q1,Qs,... are constructed in the block

matrix form,

Pt 0 pi2ST
(21) Qs = 0 pi1l  piaSs )

P35St P5iS2  piol
where p;; is the entry of Ps and s = 1,...,k—3. For the matrices );, the decomposition
(18) holds.

Assume secondly that ETH Bi=1—¢€ Let 0 < << eand ffy =) " B There
exists a unitary matrix U such that
U*P(1 —€—20,Bm+2,1 —e)U = diag (1,0).

We define P; by the equalities

P, =UP(B1, Bns1,1 — e = U, Ppy1 =UQ(B1, Brny1, 1 — € — U™,
Prio=Q(1 —€—26,0my2,1—€) and Ppi3=---= P,_3 = diag (0,1).
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The equation (20) is verified and, hence, using formula (21) we obtain the decompo-
sition (18).

We remark that for both constructions, the matrix P,,;+1 is not a diagonal matrix.
Therefore irreducibility of the such constructed representations follows from irreducibility
of the triple Qr_o, Qr_1 and Q. O

Lemma 8. Let o; € [2.49,2.51],i=1,...,5. Then @ € Q5.

Proof. Let A = a1+ -+ a5 < 2.5. We assume that a1 > as > ... > a5. If a3 = a5,
then @ € Q°, since the scalar operator I/a; is a sum of five orthogonal projections [3].

So let a; > . There are two cases for the sum B = a1 + as + ag + a4, B < 2 and
B>2.

1. B < 2. In this case the inequality A — 2 < a5 holds. So by Lemmas 5 and 6,
ae0d.

2. B > 2 If B =2, then (a1,a2,a3,a4) € Q* by Theorem 4. Whence @ € Q°.
Let now B > 2. We define two sequences of real numbers x; and p; by z; = 0, z; =

1, if x; > 1/5,
zi—1+pi-i(as —a1) + B—2,p; = { 0 otherwisé.

The needed operators P;, i = 1,...,5 have the following form:
P, = Rdiag (1 —s1,1 —s1,1 — 89,1 — 89,1 — 83,1 —83,...),
Ps = Rdiag (s1, s1, S2, S2, S3, 83, ) ,
where
R = diag (P(ay + p1(as — a1),a9,1 — x1), P(aqg + p2(as — a1),a,1 — x3),...),
P, = diag (Q(a1 + p1(as —a1),as,1 — 1), Qa1 + pa(as — 1), s, 1 —xa),...),
P3=0® P(az,a4,2 — a1 —ag — p1(as — a1) — x1)
® Plas, 1,2 —a1 —ag —pa(as — 1) —22) D -+ -,
Py =00 Q(as, 1,2 — a1 —az — pi(as —aq) — 1)
©Q(a3,04,2 — 1 — g —paas —1) —x2) D - -
A direct calculation shows that (1) holds. Note that
0<a; <1/5+ (B —2)<0.2+0.04 = 0.24.

So the orthogonal projections Pi, ..., Ps are correctly defined and & € Q5.

To complete the proof it remains to consider linear combinations with the sum «a; +
.-+ 4 as > 2.5. Since by the first part of the proof, (1 — ay,...,1 — as) € Q°, it follows
that there exists a decomposition of identity into a linear combination of orthogonal
projections, say, I = (1 —aq)R1 + (1 — a1)Ra + (1 — a1)Rs. Using the transformation S
to it, we obtain a new decomposition with the coefficients (g, ..., as). O

We now can use the ideas from the proof of Theorem 5 in order to show that neigh-
borhoods of vectors with the sum of coordinates equal to an integer are lying in QF.

Theorem 6. Let k > 4, m € N, m € [2,k —2], o; € (0,1), ¢ = 1,2,....k, and
Zlf a; = m. There exists € > 0, which depends on &, such that every vector [ with the
differences |a; — Bi| < € lies in QF.

Proof. For k =5 the statement of the theorem follows from Lemmas 5, 6. Suppose that
the theorem is true for every k < ko, ko being fixed, and for every m € 2,k —2]. For any
real numbers i, ..., ag,+1 from the interval (0,1) with the sum ZIICOH o; =s €N, it
suffices to prove the theorem only for the values of s satisfying s < (k+1)/2. Then either
all the coefficients are equal to 1/2, and the theorem is true for them due to Lemma 8,
or the sum of two of them, say aj + ag41 is less than 1. In the latter case, for the
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new coefficients & = (ay, g, ..., ap_1, @ + @g+1), the statement of the Theorem 6 is
valid by assumption, i.e., there exists ¢(a’) > 0 such that for every vector ¥ € R* with
loi —vil < e(@),i=1,....k—1, |ag + ars1 — Y| < €(@), we have 7 € QF. Putting
e(a@) = e(a@") /2, we conclude that the decomposition

I=0P+BoP+ -+ Bry1 Pt

exists for every § satisfying the inequality |a; — 3;| < (@), i = 1,...,k + 1 even under
the additional restriction that P, = Pr1. O

Theorem 7. For every A € (Bk,k— k), k > 5, there exists € > 0 such that every vector
a with |y — AJk| <e,i=1,...,k, is lying in QF.

Proof. If we prove the theorem for A € [2,k/2], then by applying the transformations S,
&~ and ®T we prove the theorm for every A € (Bk, k — Bk).

So let A € [2,k/2] and k& = 5. The cases A = 2 and A = 2.5 were proved in
Lemma 7 and Lemma 8, correspondingly. For 2 < A < 2.5, we put ¢ = min(1,/100, (2.5 —
A)/10,(A —2)/10). Let @ € R® and |ay — A/k| < e, i = 1,...,5. Without loss of
generality we can assume oy > ag > -+ > ai. Then a; +as +asz+ oy < 5A/4+4e < 2.
So by Lemma 5 and Lemma 6, a € 0°.

Let now k > 5 and A € [2,k/2]. If A = k/2, then putting ¢ = 1/100, we obtain the
following condition on «;: |a; —1/2| < 1/100. Using Lemma 8, we conclude that a € QF.

Let A < k/2. There exists an integer number m such that (m — 1)A/k <2 <mA/k.
Let € = min(A/100k, (A — k/2)/100k, (mA/k — 2)/2k). We assume that @ € R*, |a; —
A/k| < € and the following arrangement of the coordinates holds: a3 > ag > -+ > .

The vector @ = (i, ..., an) is in Q™ by Lemma 7 because 2 < mA/k—me < 3" a; <
mA/k +me < 2+ ay,. So a € QF in this case too. O
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