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POSITIVE DEFINITE KERNELS SATISFYING DIFFERENCE
EQUATIONS

S. M. ZAGORODNYUK

ABSTRACT. We study positive definite kernels K = (Kn,m)n,mea, A =Z or A =
7+, which satisfy a difference equation of the form L,K = L., K, or of the form
LnLmK = K, where L is a linear difference operator (here the subscript n (m)
means that L acts on columns (respectively rows) of K). In the first case, we give
new proofs of Yu. M. Berezansky results about integral representations for K. In the
second case, we obtain integral representations for K. The latter result is applied
to strengthen one our result on abstract stochastic sequences. As an example, we
consider the Hamburger moment problem and the corresponding positive matrix of
moments. Classical results on the Hamburger moment problem are derived using an
operator approach, without use of Jacobi matrices or orthogonal polynomials.

1. INTRODUCTION
The object of our present investigation will be a positive definite kernel

K = (Kn,m)n,meA

defined on a set of integers A = Z, or on a set of non-negative integers A = Z. By the
kernel we mean a symmetric infinite matrix (K, ym)n,mea, and the positive definiteness
means that

(1) > Knm&nbm >0,

n,meA

for finite sequences (&,,)neca of complex numbers, A = Z,Z, see [1].
Let us consider the following operator L:

o+
(2) (Lu)p = Z O Untk, N E 7L,
k=—r—

where a1 € C, o, —p # 0, apry #0, 77,7 € Zy: v~ + 7T > 0. It can be considered
on finite complex sequences (ug)rez from [%(Z), where (?(Z) is the standard space of
square summable complex sequences (ug)gez. Notice that the operator L is a difference
operator of order 7 = r~ + . We also define an operator L as

o+
(3) (Lu), = Z Tp KlUntk, N EZL.
k=—r—

Suppose that a positive definite kernel K = (K, ;n)n,mez satisfies the relation
(4) L,K =L,K,
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where L,, means that L acts on each column of K, and L,, means that L acts on each
row of K. In the coordinate form this relation takes the form

rt rt
(5) E an’kKnJrk’m = E am,lKn,erla n,m e 7.
k=—r— l=—r—

Necessary and sufficient conditions that an arbitrary positive definite kernel

K = (Kn,m)n,mGZ

satisfies relation (4) is that K admits the following integral representation, see [1, Ch. 8,
Theorem 5.1]:

(6) /R Z Xk (AN Xem(Ndoki(N),  n,m € Z,

k,1=0
where Xk, () is a solution of the equation
(7) Lu=>Mu, (MeER),
with the initial conditions
(8) XkinN) =0pprar—s n=a—r,...,a+rT =1, k=0,1,...,r—1,

and a is a fixed integer. Here (Uk,l()‘))};jlio is a non-decreasing matrix-valued function
on R. This result was easily transferred to the case of A = Z,, see [1, Ch. 8, Theo-
rem 5.2]. Proofs of these results were based on the theory of expansions by generalized
eigenfunctions of self-adjoint operators developed by Yu. M. Berezansky.

Our first purpose is to give other proofs of the mentioned results. These proofs are
based on standard facts from the extension theory of Hilbert space operators [2].

Our second purpose will be to obtain integral representations for positive definite
kernels satisfying the following equation:

(9) Lol K = K.

Finally, we apply our result to strengthen one our result about abstract stochastic se-
quences in [3].

Notations. As usual, we denote by R,C,N,Z,Z the sets of real, complex, positive
integer, integer, non-negative integer numbers, respectively; T = {z € C: |z| = 1}. If
o(x) is a non-decreasing left-continuous function on R, we denote by L2 a space of (classes
of equivalence) of complex-valued functions on R measurable with respect to the positive

Borel measure o generated by o(z), and such that || f(z ||G = (fR |f 2d0’)% < oo.

The space L2 is a Hilbert space with the scalar product (f(z) fR x)do,
fgelL?.
For a separable Hilbert space H we denote by (-,-)g and || - ||z the scalar product and

the norm in H, respectively. The indices may be omitted in obvious cases. For a complex
polynomial p(A) = Y1 axA*, ar, € C, n € Zy, we set p(\) = > _, arAF. For a linear
operator A we denote by D(A) its domain and by A* we denote its adjoint if it exists. For
a set of elements {x, }nca in a separable Hilbert space H, we denote by Lin{z, },c4 and
span{x, }nea the linear span and the closed linear span (in the norm of H), respectively,
A=Zor A=7,. For aset M C H we denote by M the closure of M with respect to
the norm of H. By Eg we denote the identity operator in H, i.e., Fgx = x, x € H. If
H, is a subspace of H, by Py, = P};Il we denote an operator of the orthogonal projection
on Hy in H.
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2. DIFFERENCE EQUATIONS OF A ”SELF-ADJOINT” TYPE
2.1. Case A = Z. We will make use of the following important fact (e.g., [4, p. 215]).

Theorem 1. Let K = (K, ;m)n,mea be a positive definite kernel, A =7 or A = Z..
Then there exist a separable Hilbert space H with a scalar product (-,-) and a sequence
{zn}nea in H, such that

(10) Kym = (zn,2m), n,meA,
and span{z, }nca = H.

Proof. Consider an arbitrary infinite-dimensional linear vector space V (for example a
space of complex sequences (uy)nez, , un € C). Let X = {2, },c4 be an arbitrary infinite
sequence of linear independent elements in V. Let L = Lin{x,},ca be the linear span
of elements of X. Introduce the following functional:

(11) [x7y] = Z Kn,mana7
n,meA
for x,y € L,
T = Z AnTp, Y= Z bmTm, Gn,b, € C.
neA meA
The space V with [-, -] will be a pre-Hilbert space. Factorizing and making the completion
we obtain the required space H (see [1, p. 10-11]). O

Let K = (Kp,m)nmez be a positive definite kernel which satisfies difference rela-
tion (5). Let H and {x,},cz be the Hilbert space and the sequence provided by Theo-
rem 1. Set

4
T
(12) x, = Z Qp kTntks N E L
k=—r—

By virtue of (10) and (5) we get

(13) (@), xm) = (T, 2),), n,m € Z.

Suppose that n, m € Z are such that x,, = x,,. In this case, using (13) we can write
(@, @) = (T, 7)) = (Tm, Tp) = (27, 7))

(z), —x),,2x) =0, k€LZ

n

Since, by Theorem 1, span{z, }tnez = H, we conclude that x| = /.

Define an operator A in the following way:

(14) Az, =1z, nez.
Let L = Lin{zy, }nez. Choose an arbitrary x € L. Suppose that
(15) x:Zakxk, x:Zﬂjxj7 ay, B € C.
kEZ JEZ
Then
(Zakx;,xm) = Zak(xfc,xm) = Zak(xk,x;n) = (z,2),),
kez kez kez
(Zﬂj$§vxm> = B am) =Y Bi(ws,al,) = (z,2),),
JET JEZ JEZ

and therefore we get

(Zakxfc — Zﬂjx;,xm) =0, mecZ

kEZ JET
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Since span{z,, }necz = H, we obtain

(16) Z apTy, = Zﬁjx;

kez JEL

Thus, we can correctly define an operator A on L in the following way:

(17) Az = Zakx;,

for

For arbitrary
T = Zakxk el, y= ijxj €L, ab; eC,

kEZ JEZ
we have
(Az,y) = (Zakx§€72bjxj) = Z arb;(z, ;)
kez JEZ k,jE€Z
= Z arbj(zg, x ) (Z%:%,Z%%) (z, Ay).
k,jEZL k€EZ JEL

So, the operator A is symmetric. Its closure we denote by A’. There exists a self-adjoint
extension A D A’ in a space H D H, see [2].

Choose an arbitrary a € Z and let xj.»,(A) be a solution of (7), (8). From the definition
of the operator A we see that

(18) LTptr+ = - (A,]fn _ZZ anll‘n+l) n= a,a—|—1,... )
1 =
(19) Tppe = P— (Axn - Z an’lf,anrl), n=a-—1,a—-2,....

l=—r—+1

On the other hand, xx.»(\) satisfy the difference equations

(20) Uptrt+ = </\Un - Z (e70) lun-‘rl) n=a,a+1,...,

+
n,r l=—p—

1 T
(21) Upype = ()\un — Z an’lunﬂ), n=a—1,a—2,....

an —r—
’ l=—r—+1
Notice that AL C L and that ., () are polynomials of A. Set
(22) e = (A, neZ, k=0,1,...,r—1.

From (20), (21) it follows that {x%]}nez, k=0,1,...,r — 1, satisfy relations (18), (19).
Thus, the elements

r—1
(23) Ty 1= Zzw, n € 2,
k=0

are also solutions of (18), (19). Since

Tn==Tn, Nn=a—Tr ,a—1 +1,...,a+r" —
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using (18), (19) we get T,, = zp, n € Z. Thus, we get

r—1 r—1
(24) In = ZIL{C] = ZXk;n(A)xka n € Z.
k=0 k=0
Let
(25) A= / MNdE,,
R

be the spectral decomposition of A, where {Ey} is the resolution of unity of A. From (10)
and (24) we obtain

r—1
Kn,m = Ccvul'm = (Zan )xk7ZXl;m(A)xl)

T—

,_.
—

r—

= Z (Xk'N(Av)bel‘m ) (sz an(A)xkaxl)

k=0 k=0
T—

= Z /an )Xizm () d(Exay, 1).
k=0

If we set og,1(N) := (Eazg, x1), we get relation (6). Since
(B = Bp)zg, )| = [((Ex = By, (Ex — Ey)x)| < [[(Bx = Eae|[[[(Ex — By

- \/ N xlﬁxk‘)((E)\ - EH)Ilazl)a A> Iy

we can obtain that all main minors of the matrix ((Ex — E,,)zx,7;);—, are non-negative.
Thus, ((E,\ — Eu)xkvxlﬁ:o > 0.

2.2. Case A =7Z,4. Let us consider the following operator L:

n4rt

(26) (Lu)y, Z dn juj, n€”Zy,
7=0

where d,, ; € C, d,, 1+ # 0, 77 € N. This relation can be considered on finite complex

sequences (uy)rez, from 2, where [? is the standard space of square summable complex
sequences (uy)rez, . We define an operator L as

n+7

(27) (Lu)., Z dpjuj, n€Z;.
7=0

Suppose that a positive definite kernel K' = (K, m)n,mez, satisfies the relation (4), which
in the coordinate form is

ntrt m4rt
(28) Z dn i Kjm = Z A Kni, n,meZy;.
j=0 =0

Let H and {z}rez, be from Theorem 1. We set

n-l—rJr
(29) T, = Z dn,jz;, n€Ly.

From (10) and (28) we get
(30) (@ 2m) = (0, 27,), MM € Ly
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Let L = Lin{xy, }nez, . Choose an arbitrary x € L. Suppose that
(31) T = Z QpTr, T = Z Bijxj, ay,B; €C.
keZy JEL+
Like in the previous case (see considerations after (15)) we get
@ > o= Y o
keZ JEZ4
Thus, we can correctly define an operator A on L in the following way:
(33) Ax = Z Ty
kEZy

for
rel, x= Z agrr, o € C.
kEZ,
For arbitrary
T = Z agry € L, y= Z bjr; € L, a,b; €C,
kEZ jEZy

we have

(Az,y) = ( > kg, bﬂfj) = Y arbj(ag, )

kEZy JELy k,j€Zy
= g arbi(xk, © ] ( g aRTr, g bjx ) (z, Ay).
k.j€Z+ keZy JELy

So, the operator A is symmetric. There exists a self-adjoint extension A D Ain a Hilbert
space H O H with resolution (25).
Let xk:n(A) be a solution of the equation

(34) Lu =M, (MAeR),

with the initial conditions

(35) Xkn(N) =0k, n,k=0,1,....rT —1.
From (29) it follows that

1 ntrt—

1
(ASCn — Z dn,jxj>a n e Z+.
7=0

36 Tpgprt =
(36) + PR

The functions x., () satisfy

n+r+—1

1
</\Xk,n - Z dn,ij,j), n e Z+.

dn,n+rJr

(37) Xk,ntr+ =

Notice that AL C L and that x.,()\) are polynomials of A\. Thus we can define
(38) e = g (A, neZy, k=0,1,...,7r" —1.

From (37) it follows that {a:n bnez,, k=0,1,...,rt — 1, satisfy relations (36). So, the
elements

rt—1
(39) Ty 1= Z ¥l

k=0
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are also solutions of (36). Since
Tpn=2, n=01,...,r"—1,

using (36) we obtain Z,, = ,, n € Z;. Thus, we have

rt—1 +-1
(40) Ty = Z zlF = Z Xkn(A)zk, n€Zy.
k=0 k=0
From the latter relation we obtain that
rt—1 rt—1
Ko = @ o) = (3 X (A, 3 aom(A)a)
k=0 1=0
rt—1 rt—1
= Z <Xk;7l(A)xk7Xl;m(A)xl> = Z (Xl;m(A)Xk;n(A)xkyxl>
k,l1=0 k,1=0

i AXk;n<A)md(EAxk,xl>.

k,1=0

Thus, we get the following theorem.

Theorem 2. Let K = (K, m)nmez,. be a positive definite kernel. It satisfies rela-
tion (28) if and only if there exists a representation

(41) Kn,m = Z_: /RXk;n(A)Xl;m(A) dak,l(/\)a

k,l1=0

where Xk:1(A) are solutions of (34), (35), and (UM(/\));;;& is a non-decreasing matriz-
valued function on R the elements of which have bounded variation on R. In (41) one
understands the improper Riemann-Stieltjes integrals.

Proof. Necessity was shown above. Sufficiency follows from (34). O

In the case d,; = 0, for j <n—7r7", n € Z;, with some r~ € Z,, we obtain the
well-known result, see. [1, Ch. 8, Theorem 5.2].

Example 2.1. Consider the classical Hamburger moment problem (see, e.g., [7]). The
problem is to find a non-decreasing left-continuous bounded function on R such that

(42) / fdo(x) = s, k€7,
R

where {s;}72, is a given sequence of real numbers.

Sequences {sy,} 32, for which this problem has a solution are called moment sequences.
Solutions of the Hamburger moment problem are said to be equal if they differ by a
constant (notice that such solutions produce the same positive Borel measure on R). We
will seek for solutions such that ¢(0) = 0. The Hamburger moment problem is said to
be determinate if the solution is unique and indeterminate in the opposite case.

Let {s1}72, be a moment sequence. Consider K = (K, m)n,mez., , With Ky, = Sppm-
For an arbitrary complex polynomial p(z) = Y 7 &,2", where &, € C (all but finite
number of §,, are zero), we get

0< / Ip(a)Pdo () = ;ga / e o (z) = ;: SmimbnEon.

Thus, the kernel K is positive definite.
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On the other hand, consider an arbitrary sequence {s;}7° . Suppose that the kernel
K = (8p4m)n,mez, is positive definite. In such a case, the corresponding sequence of
moments is called positive. There exists a sequence {z, }nez, in a Hilbert space H such
that

(43) (@n, Tm) = Knm, n,meZy,
and span{wz,}ncz, = H. Let us define an operator A on L := Lin{xy}ncz, in the
following way:
(44) Az = Z QkTht1,
kEZ+
for

rel, x= Z arrg, o € C.
k€Z+

This definition is correct. If there exists another representation for x

T = Zﬁlmh Ble(ca

IEZy
then
( E akxk+1,xm)= E ap(Tpg1, Tm) = E arKpt1m
k€Z+ k€Z+ k€Z+
= > aKimp1 = Y a(@r, Tmi1) = (2,2mi1), mE Ly,
k€Z4 k€Z4

and, analogously, we have

( Z 5l1?l+1a9€m> = (2, Zmy1), mMEZLy.
l€Z+

Therefore, we get ZkeZ+ QT = Zleh Bixisq-
For arbitrary

T = Z arry € L, y= Z bjr; € L, a,b; €C,
kEZ JEZ

we have

(Az,y) = ( Z AkTp+1, Z b'Ij) Z b (Ts1, 75)

kEZy JEZ,
= Z arbi (v, j41) = ( Z agTr, Z x]+1> (z, Ay).
k,jEZ €7y EZ4

Thus, the operator A is symmetric. There exists a self-adjoint extension ADAina
Hilbert space H O H. Let A = fR)\dEA, be the spectral decomposition of A, where
{E} is the left-continuous orthogonal resolution of unity of A. From the equality

Axy = xpy1, MEZLy,
by induction we get
(45) Ty =A"x9, MEZ.
Since AL C L, by induction we obtain that
Az = A"z, z€L.
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Therefore we get

(46) an = Ay = /R AN'dE\zo, n € Zy.
Consequently, we obtain that

(47) Kpm = (Tn, Tm) = /R AN A(PH Byzo, 20), mym € Zy.
In particular, we can write

(48) Sp = Kpo = / )\nd(PgE,\l‘o, 1‘0), n e Z+.
R

That means that the moment problem has a solution (P} E,\xo, xo). So, the Hamburger
moment problem has a solution if and only if the kernel K = (Sp4m)n,mez, i positive
definite.

Let o(A) be an arbitrary solution of the Hamburger moment problem above. Consider
the corresponding space L2. Let Q, be an operator of multiplication by an independent
variable in L2. It is defined for f(x) € L2 such that xf(x) € L2. This operator is self-
adjoint (see, e.g., [2, p. 158]). Denote by P, a set of all polynomials in L2 (more precisely,
it is a set of all classes of equivalence in L2, which contain at least one polynomial). The
closure of P, we denote by L2 . For f(z) € Py, f(z) = Y peyarz®, i € C, (all but
finite number of a4 are zero), we set

(49) V= Z aLTE.
k=0

If there are two polynomials in the same class of equivalence, that is f(z) = Z,;“;O apzh,
g(fE) = Zzofo 6nxn7 akuBn S (Ca and

0 7/ ’Z ag — Br)x ’ do(x / Z ar, — Bi)(an — Bn)z* " do(x)

k=0 k,n=0

- Z (ar — Br)(n — Bn)Skin = HZ ar — B ﬂka ;

k,n=0

we obtain ZZOZO QT = EZOZO Orxy. Thus, the operator V is a correctly defined linear
operator from P, to H. From (49) it follows that V maps P, on the whole set L =

Lin{zy}rez, . For arbitrary f(z),g(x) € Py, f(z) = Y02y awa®, g(x) = 2207 Bua™,
ag, Bn € C, we can write

o0 oo oo

(fvg)a = Z akm(xk»xn)a = Z akﬂinSkJrn = Z akﬂin(karn)H

k,n=0 k,n=0 k,n=0

- (Z ax, Z Bun) = (V Vo).

By continuity, we extend the operator V' to an isometric operator from Lio on H. Let
Lz27,1 =L20 Lgyo. The operator U :=V @ ELE,l maps isometrically L2 = L?,’O @ Lil on
H=HaolL2,

Let us consider an operator A=U Q.U It is a self-adjoint operator in H isomor—
phic to the operator Q.. Notice that ADA In fact, /Txk =UQ,U 'z, = UQyzk =
Ux*+! = 1,1, and by linearity we obtain the required result. Let {E,\}AGR be a left-
continuous resolution of unity of the operator A. Notice that Egx:=U" 50 ZU, A eR,is
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an orthogonal (left-continuous) resolution of unity of @,. Choose an arbitrary z € C\R
and write

1 ~ 1 ~
d(E 5 = dE
/R)\_Z (Exzo,%0) g </]R)‘_Z woafo)ﬁ
(50) = <U1/ )\—dE,\xO,U mo) = (/ /\de 1EAUl 1)
(/dEQ,\l 1) /7dEQA1 1)s.

By the Stieltjes-Perron inversion formula (see, e.g., [7]) we conclude that

(EQ,)\L 1) = (E\)\xo,xo)ﬁ = (PgE\,\CL‘Q,Z‘o)H.
Notice that Eg xf(t) = X[—co,n) (t)f(t), f € L2, where x(_co ) (t) is the characteristic
function of an interval [—oo, \), see, e.g, [2, p. 267]. Thus, we have
A

(Eoal, 1)y = /R s (t) do(t) = / do(t) = o(N),

— 00

and therefore
(51) 0'()\) = (Pg.@)\mo,fbo)}[.
Consequently, all solutions of the Hamburger moment problem are generated by self-
adjoint extensions of the corresponding operator A by formula (51), where {E,\}AE]R is
an orthogonal (left-continuous) resolution of unity of an extension A in a Hilbert space
HDH.

For z € L, x = >~y ckxk, cx € C, we set

(52) Jr = Z@xk.

If there exists another representation © = Y - dpa, dj € C, then

H i@xk - i@%“z = H i (ck — dk)ka2 = i (ck = di)(cn — dn) (g, Tn)
k=0 k=0 k=0

k,n=0
= Z (Ck - dk)(cn - dn)5n+k = Z (Ck - dk)(cn - dn)(xruxk)
k,n=0 k,n=0
= (Z(Cn d )xn,Z(Ck*dk (Ek> = HZC}CCU]C*de(L'kH =
n=0

Thus, J is a correctly deﬁned antlhnear operator on L. Notice that
(53) J*u=u, u€lL.

For arbitrary u,v € L, u =Y ;o Ckp, 0=y "o dnZn, Ck,dp € C, we can write

(54)  (Ju,Jv) = (Z@“ZE%) = Y da(an,z0) Z i Shin
k=0 n=0 k,n=0 k,n=0
(55) = Z Crdp (zh, k) (Zd xn,chxk) (v, u);
k,n=0
(56) (Ju, Jv) = (v,u), u,v € L.
In particular, this means that ||Ju|| = |ju|, v € L. By continuity, the operator J can

be extended to a bounded operator J in H. It is not hard to verify that it will be an
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antilinear operator in H and properties (54), (56) will be true on the whole H. Such an
operator is called a conjugation (see [11]).
For an arbitrary v € L, u = Z,;“;O cxTk, cx € C, we can write

oo oo
AJu=A E CrpT) = E ChThi1,
k=0 k=0

o0 o0
JAu = JZ CrTh+1 = Z@mk_i'_l,

k=0 k=0
and therefore A and J commute. In this case, the operator A is called real with respect
to the conjugation J ([11]). Let A be the closure of a symmetric operator A. It is easy
to check that A is real with respect to J (symmetric) operator. Consequently, defect
numbers of A are equal (see [11, Theorem 9.14]).

Choose an arbitrary u € L, u = Y po , cxTk, ¢k € C. Suppose that ¢ =0, k > N, for
some N € N. Consider the following system of linear equations:
—zdg = co,

(57) { dk_l—deZCk, k:1,2,3,...,
where {dj}rez, are unknown complex numbers, z € C\R is a fixed parameter. Set

dp, =0, k>N,
(58)
dp_1=cp+zdg, k=1,2,...,N.

For such numbers {dj}rez, , equations in (57) with k € N are satisfied. Only the first
equation is not satisfied. Set v = Z,;“;O dpxy, v € L. Notice that

(A—zEg)v = Z(dk_l — zdg)xk, d—p:=0.
k=0
By the construction of d; we have
(A — ZEH)’U —Uu= Z(dk,1 — de)xk — chl‘k
k=0 k=0

N
= Z(dk—l — zdy, — c)xy = (—2do — co) o,

k=0
u=(A—zEg)v+ (co + zdg)xg, u€ L.

Set H, :== (A— zEy)L = (A — zEy)D(A), and Hy := span{zg}. If H, = H, then the
defect numbers of A are equal to 0.

If H, # H, then we choose an arbitrary orthonormal basis in H,: {e,}nen. Set
go = Hiz:}i%' From (59) it follows that L C span{ey,}nez,, and therefore H =
span{e, fnez, . Thus, {e,}nez, is an orthonormal basis in H. If x € H, v L H,, we
obtain x = agg, a € C. So, the defect numbers of A are equal to 1.

Let A be a self-adjoint extension of A in a Hilbert space H. Let R, (121\) be the resolvent
of A and {E\)\} ack be an orthogonal left-continuous resolution of unity of A. Recall that
the operator-valued function R, = Pg RZ(A\) is called a generalized resolvent of A,
z € C\R. The function E) = P}?E)\, A € R, is called a spectral function of a symmetric
operator A. There exists a one-to-one correspondence between generalized resolvents and
spectral functions established by the following relation:

(60) Refig)n = [ 7= dBafan. focH, zeCR
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In the case H = H , the generalized resolvent is called orthogonal and the corresponding
spectral function of A is called orthogonal.

Formula (51) shows that solutions of the Hamburger moment problem are produced by
spectral functions of the corresponding operator A.

It is known that for a self-adjoint operator the spectral function is unique [2]. So, in
the case of the deficiency index (0,0) the Hamburger moment problem is determinate.
The solution is the spectral function of the self-adjoint operator A.

Consider the case of the deficiency index (1,1). First, let us show that in the case of
the deficiency index (1,1) the Hamburger moment problem is indeterminate. Assume to
the contrary that for any two self-adjoint extensions A; D A, in Hilbert spaces H; O H,
we have

(61) (PII}IEI,A‘TO"IO)H = (P52E27A170,$0)H, A€ Ra

where {E; }xer are orthogonal left-continuous resolutions of unity of operators A;,
j = 1,2. Denote by R; the resolvent of A;, and set R; ) := ngRj7)\, j=12.
From (60), (61) it follows that

(62) (Rixzo,20) 7 = (Roa®o, o), A€ C\R.
Choose an arbitrary z € C\R and consider the space H, defined as above. Since

R;.(A—zEy)x = (A — 2Ep,) " (Aj — zEy,)x =z, z € L= D(A),

we get
(63) Ri.y=Ro,y€ H, yé€H;
(64) Rl,zy = RQ,Zya yeEH,, z€ (C\1R

We can write

(65) (Rj 220, u)g = (Rj .70, u)H, = (la?o, Rjzu)u, = (0, Rjzu)m,
u€e Hz, j=1,2,

and therefore we get

(66) (R1:x0,u) i = (Ra 20, u)m, u € Hz

By (59) an arbitrary element « € L can be represented as ¢ = xz + cxg, vz € Hz, c € C.
Using (62) and (66) we get

(Ri220,2)p = (R1,2%0, 2z + cxo)n = (Ra %0, vz + cxo)n = (Ra %0, %) 1.
Since L = H, we obtain
(67) Rl,sz = R27ZJ30, S C\R

For an arbitrary @ € L, x = z, + cxo, ¢, € H,, ¢ € C, using relations (64), (67) we
obtain

(68) Ri.z =Ry .(x.+cxg) =Ro. (2, +cxo) =Ro.z, xze€L, zeC\R,
and
(69) Ri.o=Ry.z, z€H, zcC\R.

On the other hand, using von Neumann’s formulas we can choose two different extensions
of A inside H. Relation (69) means that their resolvents must coincide. By (60) that
means that their resolutions of unity coincide and A; = Ay. We obtained a contradiction.
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Let us describe all solutions in the case of the deficiency index (1,1). We can use
the classical Krein’s results on a description of all generalized resolvents of a symmetric
operator A with equal and finite defect numbers. In particular, we have (see [2, p. 389])

po(2) + p1(2)7(2)

90(2) + q1(2)7(2)’

where pg, p1,q0,q1 are some known entire functions and 7(z) € V. Here A is a class of
analytic functions in C; = {z € C: Imz > 0}, with values in C, = {z € C: Imz >
0} (including a function 7(z) = oo). From (60), (70) we get that all solutions of the
Hamburger moment problem in the case of the deficiency index (1,1) are obtained from
the following relation:

(71) / PR NORINCLE)

x—z q(2) + q1(2)7(2)’

(70) (szo,xo)H =

where 7(2) € N.

Let us give a sufficient condition for determinacy of the Hamburger moment problem.
Recall some known facts on quasianalytic classes of functions (see [1], [5], [6]). Let
[a,b] C R be a finite segment, (m,)nez, be a fixed sequence of positive numbers. By
C*([a,b]) we denote a linear space of complex-valued functions on [a,b] which have
derivatives of all orders on [a,b]. By C(m,) we denote a linear set of all functions
f(t) € C*([a,b]) such that

(72) |f(n)(t)| < K}lmna te [aab]v ne Z+v

where Ky > 0 is a constant depending on f. The class C(m,,) is called quasianalytic if
equalities

™) =0, nez,,

which hold for a function f € C(m,,) in a point tg € [a,b], imply that f(¢t) =0, ¢ € [a, b].
Let B be an operator in a Hilbert space H. A vector x € N2 ,D(B™) is called
quasianalytic if the class C(m,,) with m,, = ||B"z| g is quasianalytic. If B is symmetric,

o0

a vector x € N2, D(B™) is quasianalytic if and only if (see [5, Chapter 13, Lemma 9.1])

o
_1
(73) DB ]y = oo
n=1

If B is closed and symmetric, the necessary and sufficient condition for B to be self-
adjoint is that in H there exists a set M of quasianalytic vectors such that span M = H
(see [5, Chapter 13, Theorem 9.1]).

Let us apply these results to the operator A defined above for a positive sequence
of moments {sy,}necz,. We shall show that if the class C(s2,) is quasianalytic then the
Hamburger moment problem is determinate. Suppose that the class C(s2,) is quasi-
analytic (note that sgp should be positive in that case, k € Z,). Let us check that
x, € H, k € Z,, are quasianalytic vectors for the symmetric operator A. Notice that
iy = || A zllg = |Tnsrllr = \/B2nzon, n € Zi. The quasianalyticity of C(my1x)
and C(my,), k € Z, is equivalent, [6, p. 263]. Thus, classes C'(s2,125) are quasianalytic,
and vectors x), € H, k € Z,, are therefore quasianalytic. So, A is self-adjoint and the
moment problem is determinate.

Notice that the quasianalyticity of C(sa,) is equivalent to the quasianalyticity of xq
for A. By (73) it is equivalent to the condition

> —n _1 i 1
74 00 = A x|y = .
(74) 2 A 0lla™ = D <7
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Thus, if >0, QW = 00, then the moment problem is determinate (Carleman’s condi-

tion,).
If there exists C' > 0 such that

(75) son < C™(n))?, neZy,

then the moment problem is determinate ([6]). In fact, in this case we can write

oo

i "82 Z\f\/ﬁ Z\Fn

o0,

and therefore by Carleman’s condition we obtain that the moment problem is determi-
nate.

Let us study some density questions. Suppose that o(z) is a solution of the Hamburger
moment problem, generated by a self-adjoint extension A of the operator A inside the
space H or, in other words, by an orthogonal spectral function:

oc(\) = (Exzo, o), MER,

where {EA}AGR is a resolution of unity of A.

Notice that span{g”aco}neZJr = span{z, fnez, = H, and therefore the operator A
has a simple spectrum and z( is a generating vector of A (see [2, p. 272]). By virtue of
the canonical representation of a self-adjoint operator with a simple spectrum we obtain
that there exists an isometric transformation V from L2 on H such that A is isomorphic
to Qo (see [2, p. 269]). Moreover, V1 = xy. By induction we can see that 2" = Vi,
n € Z4. Thus, we obtain VH = L§,0~ In other words, this means that polynomials are
dense in L2.

On the other hand, suppose that L?,’O = L2. In this case, as it was done above we
can construct an isometric operator U from L2 on H (in this case L2, = {0}) and
A= UQ,U"! will be a self-adjoint extension of A inside H. By (51) it follows that
o(A) is constructed by a spectral function corresponding to A. This spectral function is
orthogonal.

Thus, polynomials are dense in L2 if and only if o can be generated by an orthogonal
spectral function of the corresponding operator A. The orthogonal resolvents are known
to correspond to constants 7(z) = ¢, ¢ € RU {oo} in the formula (70). So, such solutions
o(A) correspond to some constant functions 7(z) (including 7(z) = oo) in (71).

Let o(x) is a non-decreasing left-continuous bounded function on R and L? contains

polynomials. We set s, = f]R xz"do(x), n € Z4. The sequence {s,},ez, is positive.
Polynomials are dense in L2 if and only if 7(2) = c is a solution of (71) for some
¢ € RU{o0}.

Remark. An operator approach was used to study the Hamburger moment problem using
the theory of Jacobi matrices in [8], [9], and in [7]. In [10] an operator approach which
used the orthogonal polynomials was given. In [6] it was presented an operator approach
based on the theory of expansions of operators by their generalized eigenvectors.

3. DIFFERENCE EQUATIONS OF A ”UNITARY” TYPE

3.1. Case A = Z. We shall consider the operator L from (2). Suppose that a positive
definite kernel K = (K, 1m)n,mez satisfies the relation

(76) L.L.K =K.
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In the coordinate form this relation takes the form

o

(77) Z O O i Kt lomtj = Knm, n,m € Z.
k,j=—r—

Let H and {x,}nez be the Hilbert space and the sequence provided by Theorem 1 for
K. Define {2} }nez as in (12). Using (10) and (77) we get

(78) (), 2) = (xp, ), n,m € Z.
Suppose that n,m € Z are such that x,, = x,,. In this case, using (78) we can write

0 - Hxn - meZ (.Tn,.’lfn) (xruxm) - (xmwrn) + (l’m,.fm)
(i 20) = (s ) — (@ ) + (@) = 12, — 2
Thus, we get ;, = a! . Define an operator A as in (14). Let L = Lin{z, },ecz. Choose
an arbitrary x € L. Suppose that

(79) J;:Zakxk7 552259‘953‘7 ag, B; € C.
kez jez
Then
o= | S-S = (Sovn - Sivey Sovn - S
kez jez I€Z rez
= awdu(zr, ) — Y anBr(wr, ) — Y Biau(z,w) + Y BiBe(ws, )
k,lEZ k,reZ J,LEZ J,rE€ZL
=Y agdi(a, ) — Y by zl) = > fianh )+ > Bib(x
k,JEZ k,r€Z 1,IEL J,r€ZL
~(Zovsh - S Svsi~ S ove) = [ ons - [
keZ I€Z. kEZ
and we get
> owst = 3
kEZ JEZ

So, we can correctly define the operator A on L as in (17). For arbitrary

J::Zakxk €L, y:ijscj €L, ab;eC,

keZ jez
we have
(Az, Ay) = (Zakzz,Zb]’x;) = Z arb;(z),, «})
keZ jez k.jEZ
= Z akb (xk, ;) (Zakxk,Zb a:]> = (z,y).
k,j€Z kEZ jez

So, the operator A is isometric. Thus, there exists a unitary extension A D A in a space
H D H, sce [2].

Choose an arbitrary a € Z and let xj.,(A) be a solution of (7),(8). Repeating consid-
erations after formula (18) we get

(80) Tn = Z Xk;n(A)xk; n € Z.
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be the spectral decomposition of A, where {Fy} is the resolution of unity of A. From (10)
and (80) we obtain

Kn,m = xnaxm = (Zan xknlem(A)xl)
=0
=5 (i) = 3 (D) i By )
k,l=0 k,l=0
-~ Z / Xein (€)Xtom (€0) d(Fyy., 1)

k=070
The following theorem is true.

Theorem 3. Let K = (Kp m)n,mez be a positive definite kernel. It satisfies relation (77)
if and only if there exists a representation

(82) Knm = Z/ Xisn (€7 ) Xt;m (€%) o1 (0),

k,1=0

where xi1(+) are solutions of (7),(8), and (akyl(e));jlio is a non-decreasing matriz func-
tion on [0, 2] which elements have a bounded variation on [0, 27].

Proof. Necessity was already shown above. Sufficiency follows from (7). |

3.2. Case A = Z,. We shall consider the operator L from (26). Suppose that a positive
definite kernel K = (K, 1 )n,mez. satisfies the relation
(83) L,L,K =K.

In the coordinate form this relation takes the form

n—i—rJr m—&—rJr

(84) Z Z dn7jdm1lKj7l = Kn,m, n, m e Z+.
7j=0 I=0

Let H and {z,},ez, be the Hilbert space and the sequence provided by Theorem 1 for
K. Define {z, } ez, asin (29). By virtue of (10) and (84) we get

(85) (I’n?‘rnz) (In,l’m)7 n,m € Z"r'

Let L = Lin{xy, }necz, . Choose an arbitrary x € L. Suppose that

(86) T = Z aRTy, T = Z Bijzxj, ay,B; €C.
keZ JELy

Like it was done in the previous case after formula (79), we can get
> =) B
kEZy JEL4

So, we can correctly define an operator A on L as in (33). For arbitrary

T = ZakkaL, y= ijijL, ar,b; € C,

keZy JELy
we have
/ / 7 / /
(Az, Ay) = ( E arxy, E bjxj) = g arbj (v, 7))
kEZy JELL k,jET,

Z apbj(zg, ) = ( Z ORTL, Z bjl‘j) = (z,y).

k,j€Zy keZy JELy
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So, the operator A is isometric. There exists a unitary extension A D A in a space
HDH.

Let Xk:n(A) be a solution of the equation (34) with the initial conditions (35). Re-
peating the arguments after formula (36) we obtain

(87) Tn = Z Xk;n(A)xka ne Z-i-'

From the last relation we obtain that
rt—1 rt—1

Knm = (@n,om) = Y (Xkon (A)k, Xizm (A)1) = i (0kin (A, Xt (A
k,1=0 =
rt—1 s rt—1
=Y ((Xz;m(A)) Xin (A) CEka-Tl Z/ Xkin (€7 X1m (670) d(Fyay, ).
k,1=0 k,l1=0

Thus, we obtain the following theorem.

Theorem 4. Let K = (Kn,m)n,m€Z+ be a positive definite kernel. It satisfies rela-
tion (84) if and only if there exists a representation

rt—1 27
(88) Kn,m = Z / Xk;n(ew)Xl;m(ew) do—k,l(e)a
k=070

where xiu(-) are solutions of (34), (35), and (ok,g(ﬂ))Z;;é is a non-decreasing matriz
function on [0,27] which elements have a bounded variation on [0, 27].

Proof. Necessity was shown above and sufficiency follows from (34). (]

3.3. Stochastic sequences. Recently, in [3] we study different classes of sequences
{Zn}nez, in a separable Hilbert space H. The function K, p, = (Tn, Zm), n,m € Z, is
called a correlation function. Recall the following definition ([3]):

Definition 1. A sequence {xn}ncz, of elements of a Hilbert space H is called P-
stationary, if it admits a representation

27
(89) Xy = pr (U)o = / pn(ew) dFpxg, n €Ly,
0

where {pn (-) }nez, is a system of orthogonal polynomials on the unit circle T, U is a uni-
tary operator in H and {Fp}gcjo,2x] is its orthogonal resolution of unity (not necessarily
left or right continuous).

Recall that a set of polynomials {p,(2)}necz, (degp, = n and p, has a positive leading
coefficient) is a system of orthogonal polynomials on T if

27
(90) / pn(ew)pm(ew) do(0) = Anbpm, An>0, n,meZ;,
0

where o(6) is a non-decreasing function on [0, 27], such that fo% do =1 1If A, =1,
n € Z4, the polynomials are called orthonormal. Orthonormal polynomials p,, satisfy a
recurrence relation [12]

n+1

(91) z2pn (2 Z dy jpi(z

where dp, i1 = n:L’ dn,j = —:—iajanﬂ, Gy = pzi), and r; is the leading coefficient

of pJ
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The correlation function of a P-stationary sequence {x,, }nez, with orthonormal poly-
nomials satisfies relation (84) with »+ = 1, see [3, Theorem 5]. Now we can strengthen
Theorem 6 in [3]. The following theorem is true.

Theorem 5. Let a sequence {x,}nez, in a Hilbert space H be given. If its correla-
tion function K, ., satisfies relation (84) with v* = 1 and d, ; from (91) then it is
P-stationary with orthonormal polynomials in a Hilbert space H O H.

Proof. The proof is the same as in [3] if we take into account that the operator V in (85)
in [3] is correctly defined in our case (see our considerations above). O
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