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GC-FUSION FRAMES

M. H. FAROUGHI, A. RAHIMI, AND R. AHMADI

ABSTRACT. In this paper we introduce the generalized continuous version of fusion
frame, namely gc-fusion frame. Also we get some new results about Bessel mappings
and perturbation in this case.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper H will be a Hilbert space and H will be the collection of all
closed subspace of H, respectively. Also, (X, u) will be a measure space, and v : X —
[0, +00) a measurable mapping such that v # 0 a.e. We shall denote the unit closed ball
of H by H;.

Frames was first introduced in the context of non-harmonic Fourier series [9]. Outside
of signal processing, frames did not seem to generate much interest until the ground
breaking work of [8]. Since then the theory of frames began to be more widely studied.
During the last 20 years the theory of frames has been growing rapidly, several new
applications have been developed. For example, besides traditional application as signal
processing, image processing, data compression, and sampling theory, frames are now
used to mitigate the effect of losses in pocket-based communication systems and hence to
improve the robustness of data transmission on [6], and to design high-rate constellation
with full diversity in multiple-antenna code design [10]. The intrusted reader can find
the details of frames in the introductory book [7]. In [1, 2, 3] some applications have
been developed.

The fusion frames were considered by Casazza, Kutyniok and Li in connection with
distributed processing and are related to the construction of global frames [4, 5]. The
fusion frame theory is in fact more delicate due to complicated relations between the
structure of the sequence of weighted subspaces and the local frames in the subspaces
and due to the extreme sensitivity with respect to changes of the weights.

Definition 1.1. Let {f;};cr be a sequence of members of H. We say that {f;}icsr is a
frame for H if there exist 0 < A < B < oo such that
(1.1) Al <Y (i h)1? < BRI
iel
forall h € H.
The constants A and B are called frame bounds. If A, B can be chosen so that A = B,

we call this frame an A-tight frame and if A = B =1 it is called a Parseval frame. If we
only have the upper bound, we call {f;};cr a Bessel sequence.

If {fi}icr is a Bessel sequence then the following operators are bounded,
(1.2) T:1%(I) = HT({ci}) = > eifi,

icl
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(1.3) T*:H — P(1), T*(f) = {{f, fi) Yier,
(1.4) Sf=TTf=>_(f fi)fi
el

This operators are called synthesis operator, analysis operator and frame operator,
respectively.

Definition 1.2. For a countable index set I, let {W;};c; be a family of closed subspaces
in H, and let {v;};cr be a family of weights, i.e., v; > 0 for all ¢ € I. Then {(W;,v;)}ier
is a fusion frame for H if there exist 0 < C' < D < oo such that for all h € H
(1.5) ClIAl* <Y v lmw, ()P < DAl

iel
where 7y, is the orthogonal projection onto the subspace W;.

We call C and D the fusion frame bounds. The family {(W;, v;) }ier is called a C-tight
fusion frame, if in (1.5) the constants C' and D can be chosen so that C' = D, a Parseval
fusion frame provided C' = D = 1 and an orthogonal fusion basis if H = @, ; W;. If
{(W;,v;) }ier possesses an upper fusion frame bound, but not necessarily a lower bound,
we call it is a Bessel fusion sequence with Bessel fusion bound D. The representation
space employed in this setting is

(Sew) = (Udelfie We and {\fill}ier € P(D)
iel 2
Let {(W;,v;) }ier be a fusion frame for H. The synthesis operator, analysis operator
and frame operator are defined by

Tw : (Z@Wl>12 — H with Tw({fl}) = Z’Uifi,
el i€l
T;/KV H — (Z EBWZ) with T{;V(f) = {Uiﬂ—Wi(f)}iela
el 2
Sw(f) =TwTy = _vimw.(f)-
iel
By proposition 3.7 in [5], if {(W;,v;)}ier is a fusion frame for H with fusion frame bounds

C and D then Sy is a positive and invertible operator on H with CId < Sy < DId.
The theory of frames has a continuous version as follows:

Definition 1.3. Let (X, u) be a measure space. Let f: X — H be weakly measurable
(i.e., for all h € H, the mapping =z — <f(x),h> is measurable). Then f is called a
continuous frame or c-frame for H if there exist 0 < A < B < oo such that

(16) AP < [ V@) )R < B
forall h € H.
The representation space employed in this setting is
L*(X,p) = {gp : X — H| ¢ is measurable and / |lo()|[Pdp < oo}.
The synthesis, analysis and frame operators are defined by )

Ty: L*(X,p) — H

(L.7) (Tyo, h) = /X (@) (f (), Bydu(z),
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T H — L*(X, p)
(1.8) (T3h)() = (h (), @€ X,
(1.9) Sy =TT},
Also by Theorem 2.5. in [12] S is positive, self-adjoint and invertible.

Theorem 1.4. Let f be a continuous frame for H with a frame operator Sy and let
V : H — K be a bounded and invertible operator. Then V o f is a continuous frame for
K with the frame operator V.S;V*.

Proof. See [12]. O

Now we introduce the generalized continuous version of fusion frames and we show
some of its properties.

Definition 1.5. Let ' : X — H be such that for each h € H, the mapping = + 7p(,)(h)
is measurable (i.e. is weakly measurable ) and let {K,}.cx be a collection of Hilbert
spaces. For each x € X, suppose that A, € B(F(x), K,,) and put

A={A, € B(F(x),K;):z € X}.
Then (A, F,v) is a ge-fusion frame for H if there exist 0 < A < B < oo such that

(1.10) AP < [ @A) ()P < BIAI?
for all h € H, where mp(,) is the orthogonal projection onto the subspace F'(x).

(A, F,v) is called a tight gc-fusion frame for H if A = B, and Parseval if A= B = 1.
If we only have the upper bound, we call (A, F,v) is a Bessel gc-fusion mapping for H.

Let K = @,ex K, and L? (X, K) be a collection of all measurable functions ¢ : X —
K such that for each x € X, p(z) € K, and

/ (@) Pdp < oo.
X

It can be verified that L?(X, K) is a Hilbert space with inner product defined by

() = /X {p(@),v(x))dp

for ¢,y € L?(X, K) and the representation space in this setting is L?(X, K).

Remark 1.6. Let (A, F,v) be a Bessel gc-fusion mapping with Bessel bound B, ¢ €
L*(X,K) and h € H. Then

‘/ )’h>d“‘ = ‘/XU($><A;<¢(l’)),WF(x)(h)>du‘
= | [ @)oo Ao )i

< [ o@ @ IAs(mrey (W) e
< ([ le@lizdn) " ( /. V() A (i () P)
<

BY2|jn|( /X lo()|Pd) 2.

So we may define:
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Definition 1.7. Let (A, F,v) be a Bessel ge-fusion mapping for H. We define the gc-
fusion pre-frame operator (synthesis operator) T, : L?(X, K) — H, by

(1.11) (Ty(p), ) = /X o(@) (A% (), h)dp,

where ¢ € L?(X, K) and h € H. It is obvious that Ty is linear and by Remark 1.6, T,¢
is a bounded linear mapping. Its adjoint

Typ:H— L*(X,K)
will be called ge-fusion analysis operator, and Sqr = Tyf o Tg*f will be called gc-fusion
frame operator. For each h € H and ¢ € L?(X, K), we have

(Typ(h),0) = (hTes(f))
- /X o) {h, A% (p(a)) )i

/X o) (T ey (1), AL () )l

/X 0(@) (A (mp () (h)), () dp
= (vAyymr, (h), @)

Hence for each h € H,
(112) T;f = UA(A)T('F(_).

2. MAIN RESULT

Definition 2.1. For each Bessel c-fusion mapping (F,v) for H, we shall denote

P 2
(2.1) Anp = hlenl_fh oA TR, (R)7,
(2.2) Baw = sup |[vAymr (B)|? = lvAgme, |1
heH,

Remark 2.2. Let (A, F,v) be a Bessel ge-fusion mapping for H. Since, for each h € H
(T T3y (), ) = oAy mg, (),
A, and By, are optimal scalars which satisfy
Apnw < TyyTy < Ba.
So (A, F,v) is a ge-fusion frame for H if and only if Ay, > 0.

Proposition 2.3. Let (A, F,v) be a Bessel ge-fusion mapping for H with bound D. The
following conditions are equivalent.

(i) (A, Fyv) is a ge-fusion frame H with bounds C and D;

(17) CId < Syy < DId.

Moreover the optimal bounds are || Sg¢| and ||Sg_f1||’1.

Proof. (i) = (ii) is obvious. For (ii) = (i), let T, denote the analysis operator of
(A, F,v). Since Sg¢ = TysTy; , for each h € H, we have

/XU2||A3L'(7TF(J:)(h))”2dU = | Tyr (WP < Ty, 12 IRI1P = 11Sgs 1lIR]1* < DIA]>.
Also for all h € H,
Ty (M)1? = (TosTyp(h), h) = (Sqph, h) = (Sph, S2:h) = S hl[* > C|n|1>.
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Also
1Sgsll = sup (Sgf(h),h) = sup [[vA)7r, (R)]I> = B
heHq heH,

So the optimal upper bound is ||S,s||. For the optimal lower bound, if C' be the lower
bound we have
1/2 1/2
ClIAI® < (Sy77 (), 5,5 (1)) < DilAlP.

By putting h = S, 1/2( h), we have

OIS, 2 (h)|1* < (h,h) < DS, ;2 (h)]1%,
thus

1Sl = sup IS, )P <o

We conclude that Ap , < ||Sg_f1|\_1. For other implication we have

IRl < 18,72 111S, 2 (R)II-

Hence
f L2y 12 > f 1/2)-2 _ 1
Jnf [1Sg;" (I = inf RIS, 7172 = 115,71
we conclude that Ap , > [|S; || 7", Finally A, = [|S, /7" 0

Corollary 2.4. S,y is a positive and invertible operator from H into H.

Proof. 1t is results from the Proposition 2.3 . (]

Like the perturbation of g-frames in [11], we can present the perturbation of gc-fusion
frames.

Definition 2.5. Let F: X - H, F: X - H, A = {A, € B(F(z),K,) : = € X} and
A={A, € B(F(z),K;):xz € X}. Let 0 < A1, A2 < 1 and ¢ > 0. We say that (A, F,v)
is a (A1, A2, €)-perturbation of (A, F,v) if for each h € H and z € X

1A (T p ey () = A (7 (W) < Al A (W) (M) + A2l A (s oy ()| + €l e

Theorem 2.6. Let (A, F,v) be a gc-fusion frame for H with bounds C' and D, and let
v € L2(X). Choose 0 < \; <1 and £ > 0 such that

(1 Al)@s(/xzﬁ(x)du)w > 0.

Let F : X — H be weakly measurable. Further, if (A,F,v) be a (A1, g, €)-perturbation
of (A, F,v) for some 0 < \g < 1, then (A, F,v) is a gc-fusion frame for H with bounds

(1—>\1 _st 1/2 2
14+ X

and

(1+/\2 _ng 1/2 2
1— ) ’
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Proof. We first prove the Upper bound. For any h € H, we get
[ [ @hatrp e )P
< [ [ @A (1) = Relmp o 0D + Ao o ) D]
=1/, 2 \TF(x) e\ T (z) z\"'F ()
< [ [ @A mr W]+ Ml sl ()]
X
+ dall Ry () -+ <ll)%an]
= [ [+ Ao @ Ao )]+ Do @A ()]
+ o) hl)2dn]
1/2
<[+ 202 [ 0@ Aalmry (1) ]
8 [ @l a4 [ [ i) "

Thus
=2 [ @Iy )]
<) [ @I )] elnl | [ ]
< [ar sV +e( [ @) in.
Hence

(1+X)VD + e(fy ’u2(x)d,u)1/2} 2Hh||2

/x U2($)H[\m(7fﬁ(x)(h))uzd“ = { 1— )

To prove the lower bound, for all h € H we have
[ [ P @Aarz (W)IPda]
X
] B 1/2
> | /X 0 (@) (1 Aa m oy ()]~ 1A ey (1)) — By ()]
> / v (@) (12 (T () ()] = Ml Aw(Tr ) (B)]]
L x
allRalrpy ()] ~ el dn]

- :/X((l — M) v(@)[[As (T @) () || = A2v(@) || Ag (70 (1))

~ ev(a)hl)?an]
> [ [ 422 @l ) an)

[ [ @l Pa] - [ [ @) "
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Thus
1420 [ @I )]

> (1= [ @I )] e[ [ ]
_ [(1A1)@5[/Xv2(x)du}”2} 1Bl

Hence

_ (1 = X)VC +e( [y v?(2)du)'/?7?
[ P @IRatrp 0l > | e L)

This completes the proof. O

Theorem 2.7. Let (A, F,v) and (A,F,v) be two Bessel gc-fusion mappings for H and
consider the operator Sp . H — H by

S (1) = Ty T ().

Then
(i) Sp f is bounded and S, - = Sg

(ii) Let there exists A1 < 1 and A2 > —1 such that
1= Sp z (Al < Aal[h]] + Al Sp ()],
for each h € H. Then ([\,F,v) 18 a gc-fusion frame for H and for each h € H we have

1—X) 9 / ) _ ) )
(1 n /\2> By I < [ @Ry (W) Pde
Proof. (i) For any h,k € H we have

(Sp (W) 8) = (T T30 k) = [ o) (A3(T550) @), k)
= [ o@ @A 0 (). Al ()l

i) = e(TF () A, TF ()
[(Sp,p(h), k)* < 0*(@)[| As (k) dpe 0* ()] | As( (M)Pdu
X X
< BawBj |10l [|E]|*.
Hence S piisa bounded operator with
1Sk,7ll < BY2BY2.
Also S;, P is bounded and we have

S;‘,F‘ - (Tng;f)* T f gf SF,F'

(ii) Since

| = Sp (M| < ARl + X2|[SE 2 (W],
thus
AR+ X2[SE pll = [[R]] = [[SE (R
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Hence

I1Srp ()] = 13

By the above inequalities for each h € H we have

(S 1) < (BB ( [ o218y ()]l

Therefore

2|A INIRdu) > — IS 2> 11_>\12h2
v [ As (7 5y ()] u)fm\l rrR)" = B, [[R]]=.

Definition 2.8. Two Bessel ge-fusion mappings (A, F,v) and (A, F,v) for H are called
a dual pair if
Ty T =1

Corollary 2.9. If (A, F,v) and (~/~\ F, v) is a dual pair of ge-fusion Bessel mappings for
H then both of (A, F,v) and (A, F,v) are gc-fusion frames for H.
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