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STRONG COMPACT PROPERTIES OF THE MAPPINGS AND
K-RADON-NIKODYM PROPERTY

I. V. ORLOV AND F. S. STONYAKIN

ABSTRACT. For mappings acting from an interval into a locally convex space, we
study properties of strong compact variation and strong compact absolute continuity
connected with an expansion of the space into subspaces generated by the compact
sets. A description of strong K-absolutely continuous mappings in terms of indefinite
Bochner integral is obtained. A special class of the spaces having K-Radon-Nikodym
property is obtained. A relation between the K-Radon-Nikodym property and the
classical Radon-Nikodym property is considered.

0. INTRODUCTION

It is well known that a mapping from an interval into a Banach space and, all the more,
into a locally convex space (LCS) can be strongly absolutely continuous without being
an indefinite Bochner integral. In this connection, a class of spaces having the Radon-
Nikodym property (RN P) was singled out. By definition, for a space with (RN P), both
of the above-cited properties of the mappings coincide. The theory of the spaces with
(RN P) intensively develops and has numerous applications [1]-[8].

However, the class of spaces having (RN P) is sufficiently restricted [1, 2]. There is
also a version, introduced in [9], of a Bochner integral for the spaces Lo(X;H) for an
operator—valued measure Y over a Hilbert space H. It appearse that there are the so-
called Radon-Nikodym type theorems valid for spaces without (RN P) [10]-[15]. Among
useful new notions that were introduced in this area lately, we consider here a suitable
projective description of Banach spaces [16, 17], versions of a weak (RN P) [18], a use of
special sequence spaces [19] and especially a use of compact sets with (RN P) [20].

In the paper [21] we used new convex compact properties of mappings into LCS,
compact subdifferential and compact variation, to describe an indefinite Bochner integral.
Note, in particular, a criterion in the case of Frechet spaces ([21], Theorem 3.2).

In this paper, developing the study of [21] in a new direction, we introduce strong com-
pact properties of mappings into LCS, strong K-variation (V) and strong K-absolute
continuity (AC% ). Here we are based on an expansion of the main space into an induc-
tive scale of Banach spaces generated by compact sets. The properties of classes Vi and
ACY, are studied in Sections 1-2. Note, in particular, the compact subdifferentiability
a.e. (Theorems 1.1, 2.1).

On the basis of these properties, a description of AC}, as a certain subclass of the
class Zp of the indefinite Bochner integrals (Theorem 3.2) is obtained. This made it
possible to select a class of spaces having the K-Radon-Nikodym property (RNP)g,
where AC§, = Zp. Theorem 3.3, establishing that the space ¢y has (RNP)k (together
with £, 1 < p < 00) is one of the main results of the paper. Examples in Section 3 show
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that in the chain AC}, C Zp C AC*® any combinations of strong inclusions and equalities
are possible.

Throughout the paper, for arbitrary sets A, B in a LCS FE, @0A denotes the closed
convex hull of A, and B— B={zx—2' |z € B, ' € B}.

1. STRONG COMPACT VARIATION AND ITS PROPERTIES

In what follows, we consider a mapping F' : I — FE acting from a real segment
I = [a;b] into a real LCS E. Further C(E) is the system of all absolutely convex (a.c.)
compacta C C E, Ec = (spanC, || - ||¢) are Banach spaces generated by C € C(E). Here
the identical embeddings F¢c — E are compact and E = lim E¢ in the case of

CeC(E)
Banach E ([22], Theorem 3.3). Denote by V*(I, E) the class of mappings having a usual
finite strong variation (respective to the all continuous seminorms on FE).

Definition 1.1. We say that a mapping F' possesses a strong compact variation on I
(F € VE(I,E)) if there exists C € C(E) such that F': I — F(a) + E¢ and, in addition,
F e V*(I,Ec). Denote by V5 (F) a strong total variation of F in E¢.

Let in the mention the general properties of mappings from the class VE(I, E).

Proposition 1.1. The inclusion VZ (I, E) C V*(I, E) holds. In the case of dim E < oo,
both classes coincide.

Proof. Because (F' € VE(I,E)) = (F € V*(I, E¢) for some C € C(E) and the embed-
ding Ec — FE is continuous), it is obvious that F' € V*(I, E). In the case of dim E < oo,
the equality E = E¢ for a closed unit ball C' C E holds, whence VS (I, E) =V*(I,E). O

From the linearity of the classes V*(I, E¢) and the equality

ViI,E)= |J V*(I,Ec),
Cec(E)

we immediately get the following result.
Proposition 1.2. Let E be a complete LCS. Then the class VE(I, E) is linear.
Proposition 1.3. If F € VZ(I,Ey), A€ L(Ey,Ey) then Ao F € VZ(I, Es).
Proof. Let V&(F) < oo for some C € C(E4). Then for each z € E ¢,
L1) |Az||acy =inf{A >0 ] Az € A- A(C)} =inf{A >0 | Az € A(A-C)}

<inf{A >0 |z € A\C} = ||z]c -

Hence, for every partition P :a =129 < 21 < --- <z, = b, P(I) = {P}, a use of (1.1)
leads to an estimate of partial variation in Fy 4(¢),

Vi (Ao F,P) = ||A(F(xx)) — A(F (2x-1))|lac) = Z |A(F F(xr-1))llacc)
k=1
<D IF () = Fay-)llo = VE(E, P),
k=1
whence the inequality Vi o) (A o F!) < V&(F) < oo follows.
This means, in view of compactness of A(C), that Ao F € V(I, E»). O

Proposition 1.4. Let E be a complete LCS. Then F € VZ(I1 ULz, E) if and only if
Fl, € VE(I;, E), j = 1,2.
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Proof. Indeed, (F € V*(ILUI2, Ec)) = (F|;, € Vi(I;,E),j =1,2) according to the
properties of strong variation in Ec. Conversely, if F|;, € V*(I;, Ec,),j = 1,2, set
C3 = @(C1|JC2). Then C5 € C(F) ([23], 8.13.4) and the required result follows from
continuity of the embeddings Ec, — Ec (j = 1,2). O

Proposition 1.5. (Fy,F,) € VE(I,E1 x Es) if and only if F; € VZ(I,E;), j = 1,2.
Moreover, if V& (F}) < oo, then

1 S S S S S
(1.2) 3 V&, (F1) + V&, (F2)] < V& xe, (F1, Fo) < VG, (F1) + VE, (F).
Proof. At first, calculate the norm in E¢, xc,,

(x1,22) ||y xoy = Inf{A > 0] (z1,22) € A(C1 x Ca)}

1nf{)\ >0 | ([L‘l,mg) € ()\Cl) X ()\Cg)}

1nf{)\ >0 | xr1 € /\Cl, To € /\Cg}

inf [{)\ >0 21 € ACL}H A >0 | 22 € ACa}

= max (1nf{)\ >0 | xr1 € )\Cl},inf{)\ >0 | To € )\Cg})

= max(||z1fle,, [z2llc,)-

(1.3)

Taking into account (1.3) and the elementary inequality max(a, 3) < a+ 8 (o > 0,
B > 0), let’s estimate now the partial variation of (Fy, F3) in E¢, xc, for a partition
PecP),

Ve e, (Fr, F), P) =Y |[(Fi(xx), Fa(ax)) — (Fy(25-1), Fa(wk-1)) oy xc
k=1

= (Fi(wr) — Fi(zx-1), Fa(wr) — Falee-1)) e
k=1

= max (| Fi(zx) = Fu(ee1)lloys [Faler) = Fa(ze1)]c,)
k=1

<Y (1Fi () = Fi(ze-1)lle, + [ Fa(ak) = Fa(wk-1)lc,)
k=1
= V&, (1, P) + V&, (B2, P),

whence the inequality in the right-hand side of (1.2) follows. Analogously, using the
inequality max(a, 3) > D‘TJ”B in the preceding calculations we get the inequality in the
left-hand side of (1.2). O

Next denote by B(E; x Es; E3) the class of bilinear continuous operators acting from
E1 X E2 into E3

Proposition 1.6. If F; € VE(I,E;), j = 1,2, B € B(Ey X Ey; E3), then B(F1, F) €
Vi (I, Es). If, in addition, V¢, (Fy) < oo, then

(14) VB0, xen) (B(F1, F2)) < sup IFv(@)lle, - Ve, (F2) - sup 1F2(2)llc, - VE, (F1)-
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Proof. For a partition P € P(I) it follows that
(1.5)

Ve o (B(F1, Fa), P)=> || B(Fi(xx), Fa(z1)) = B(Fi (25-1), Fa(2k-1)) | B(cy xCa)
k=1

|B(Fi(zk) — Fi(zg-1), Fa(2x)) + B(Fi(zk-1), Fo(zr) — F2(2k-1)) | (01 x0s)

I B(Fi(zx) — Fi(zk—1), Fa2(zk))| B0y x02)

N
(= 1= I

+ > IB(Fi(vk-1), Fo(zr) — Fo(r-1))l B0y x0a) -

>
Il

1

Next, applying (1.1) to the linear operators B(:, Fx(xy)) and B(Fi(xk—1),-), we find
respectively that

(1.6) { |B(Fi(zk) — Fi(wr-1), Fo(zi)llB(C1 Fo(ar)) < [1F1(z) — Fi(zi—1)llcy
| B(F1(zx-1), Fa(zr) — Fo(xh-1))| B(F (20-1).00) < [1F2(2k) — Fa(zi-1)lc, -
At last, setting, for simplicity, Fj(a) = 0 and denoting \; = sup,; || Fj(z)|lc,, j = 1,2,
we obtain
B(C1, Fy(x1)) € B(C1 x A2C3) = Xa - B(Cy x Ca); B(Fy(xk_1),C3)
C B(MCy x C3) = A\ - B(Cy x Cy),
whence
|B(Fi(zk) — Fi(zr-1), Fa(@r))ll By x )
<Az |B(Fi(zk) = Fi(zr-1), Fa(zi)) | B(oy, Fa(an)) »
| B(F1(2r—1), Fo(xr) — Fo(zr—1))||B(cyxC2)
<A | B(Fr(zg—1), Fo(xr) = Fo(2r—1)) | B(Fy (2r_1), C2)
follows. From (1.5), (1.6) and (1.7) we obtain
Vicrxea) (B, F2), P) < Ay - VE, (F2, P) + Ao - VG, (F1, P),
which implies (1.4). O

(1.7)

Note further that V5 < oo and the continuous embedding Ec — Egs implies that
V&, < 0o. More precisely, we have
Proposition 1.7. If C1,Cy € C(E), Cy C A-Cy (A > 0), then
Ve, (F) < A- V&, (F).
Proof. This directly follows from the inequality || - ||c, < A- | - |lcy- O

Let’s compare now the strong compact variation property V3 and the convex compact
variation property Vi that was introduced by us earlier in ([21], Definition 1.3).

Definition 1.2. Given a partition P € P(I) let’s introduce a partial convezx variation,

n

VCO(F, P) — Zw(F([ZZ?k—laka) )
k=1

where w(A) :=co(A — A). We call the total convez variation of F on I the set

ver)= | ve(rP).
PeP(I)

We call F a compact variation mapping (F € Vi (I, E)) if V<°(F) is a compact set.
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Let’s show that the property V3 is stronger than Vik.

Proposition 1.8. If F € VE(I,E), then F' € Vg (I,E). Moreover, for oall C € C(E),
the inclusion

VEP(F) CVE&(F)-C
holds.

Proof. It’s easy to see that, for a partition P € P(I),

Zsup lwF([zg—1;2K])|lc = Zinf{)\ >0 | wF([xg—1;2x]) C AC} =: Z)\k < VE(F).

k=1 k=1 k=1

From here, we get

n n n
VR, P) = Y wF([ep_yiai]) € 3 (A - C) = (ZM) O C VA(F)-C.
k=1 k=1 k=1

O

In ([21], Example 2.3) an example of a mapping from Vx (I, E) which is nowhere
K-subdifferentiable was constructed. The main result of this section states that any
mapping from V3 is K-subdifferentiable almost everywhere. First, let us briefly recall
the definition of a K-subdifferential ([21], Definition 2.2, [24], Definition 4.1).

Definition 1.3. Given h > 0, a partial conver subdifferential F at a point x € I is the

set
/ —
9 F (2, h) :ca{F(“hh), ) ‘ 0 < |h| < h}.

The set 9°°F(x) (namely, the intersection of all 9°°F(x, h)) is called the convezr subd-
ifferential of F at x, if 9°°F(x,h) C 0°°F(x) + U for each zero neighborhood U C E and
|h| < § = dy > 0. Finally, the K -subdifferential is O F(x) = 0°°F(x) in case of compact
0 F(z).

Theorem 1.1. If F € V(I E), then

(i) F is continuous everywhere on I, exept for at most a countable set of gap points;
(i1) F is K-subdifferentiable almost everywhere on I. In this case,

(1.8) Ok F(z) € p(x) - C
for some summable p(z) 20, F € V*(I,E¢) and a.e. x € 1.

Proof. Denote by ®(x) = V&(F|(4;2]), where VS (F) < oo, C € C(E). Then, in view of
Proposition 1.4, ® increases on I. It follows that ® is a.e. differentiable on I and ¢ = &’
is nonnegative and summable over I. In addition, the obvious estimate

[1F(z+ Az) = F(z)o < VE(Flizataa) = @z + Ar) — O(x)

implies
(7) continuity exept for at most a countable set of gap points for F' at the same
points as ®;
(#4) the inclusion
F(z+ Az) — F(x) c O(x 4+ Az) — &(x)
Az Az
The last estimate implies the inclusion

9% F(x,h) C 9°(x,h) - C,

whence, taking into account differentiability a.e. of ® and compactness of 9°°F(x, h),
K-subdifferentiability a.e. of F and estimate (1.8) follow. O

-C.

Note, that (1.8) can be written in the following equivalent form:
(1.9) 10k F(@)llc < ¢(z) -
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2. STRONG COMPACT ABSOLUTE CONTINUITY AND ITS PROPERTIES

Consider now a more restricted class of mappings. First, denote by AC*(I, E) the
class of mappings F': I — F having the usual strong absolute continuity property (with
respect to each continuous seminorm on F).

Definition 2.1. We say that a mapping F' is strongly compactly absolutely continuous
on I (F € AC%(I,E)) if, for some C € C(E), F : I — F(a)+ Ec and in addition
F e AC*(1,Eq).

Now consider general properties of mappings from the class AC% (I, E), by analogy
with the ones in the class V2 (I, E).

Proposition 2.1. The inclusion AC5 (I, E) C AC*(1,E) is valid. In the case of
dim F < oo, the two the classes coincide.

Proposition 2.2. Let E be a complete LCS. Then the class AC} (I, E) is linear.

Proposition 2.3. Let E be a complete LCS. Then F € AC%(I1J Iz, E) if and only if
Fl;, € ACy(I;,E), j = 1,2.

The proofs of the propositions above are quite analogous with ones for propositions
1.1, 1.2 and 1.4, respectively.

Proposition 2.4. If F € AC%.(I,E1), A € L(E1, E) then Ao F € AC3 (I, Es).

Proof. Using (1.1), for an arbitrary disjoint system | J, (ox; Bx) C I and F' € AC*(I, Ey ¢),
C € C(Fy), we get

D IAF(Br)) — A(F ()l age) = ZHA Flag))llac)

k
< ZIIF Br) — Flax)lc — 0
k
as y . (Br —ax) — 0, whence Ao F € AC}% (1, Es) follows. O

Proposition 2.5. (Fy, Fy) € AC} (I, E1 x E») if and only if F; € AC} (I, Ej), j =1,2.

Proof. Quite analogously with the proof of Proposition 1.5, for an arbitrary disjoint
system | J, (s Br) C I we get

S IRG) - Fiewlle, + X 1260 - F(an)le,)
k k
<D IFU(BR), Fa(Br)) — (Fi(aw), Fa(aw))lloyx s
k
<STIF(B) — Fulan)lle, + 3 I1F2(Bi) — Falow) e
k k

for F; € AC*(I, Ejc;), j = 1,2, whence
(F1, Fy) € AC®(I,(Ey X E3)cyxc,) & (Fj € AC*(1L,Ej¢,), j=1,2) .
0

Proposition 2.6. If F; € AC5.(I,E;), j = 1,2, B € B(Ey X Ey; E3) then B(F1,F) €
ACS.(I, Es).
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Proof. Quite analogously with (1.5) — (1.6) — (1.7), for an arbitrary disjoint system
Ui (aw; Br) C I and Fj € AC*(1, Ej c;) we get

> IB(Fy, F2)(Br) — B(F1, Fa) (o) || ey xcs)
k
<Sul?||F1 z)lley - Z||F2 Br) — Foax)llc,
xE

+sup | Fa(@)lc - an — Fi(an)les,
€

whence B(F, Fy) € AC*(I, E3, p(c, xc,)) immediately follows. |
The following statement is analogous with Proposition 1.7.

Proposition 2.7. If C1,Cy € C(E), C; C A-Cy and F € AC°(I,E¢,) then F €
AC3(1,Cy).

A partial inversion of Proposition 2.1 takes place.
Proposition 2.8. Let E be Banach space, EX = (E*,0(E*,E)). Then
ACk(I,EY) = AC*(1,E") .
In particular, if E is a reflexive Banach space then
ACY%(I,E,) = AC®*(1,E) .

Proof. This directly follows from Banach-Alaoglu theorem on *-weak compactness of unit
ball in E* ([25], Theorem VIL.8.1). O

Let’s pass to the main results od this item. First, explain connection between strong
K-variation and strong K-absolutely continuity.

Theorem 2.1. If F € AC%(I,E) then F € VE(I, E).

Proof. Let F € AC*(I, E¢), C € C(E). Following to the standard scheme ([26], Theo-
rem IX.2.1), given € > 0 let § > 0 be such that the inequality

(Z(ﬁk —ay) < 5) = (Z IF(B) — Flow)|lc < 5>

holds for an arbitrary disjoint system |J,(ax;Br) C I. Given a partition P € P(I),
AMP) < 0 and fixed j = 1,n, let Pj 1 z; = yo < y1 < -+ < ¥ = x; be an arbitrary
partition of [z;_1;2;]. Then

(fj(yi—yifnzmjd):,(ZHF.% Flyi)lle = VE(F P <e)

i=1
whence V&(F(z,_,; ;) < € and hence, by Proposition 1.4, V5(F) < n-¢, ie. F €
VE(1, E) follows. O

Theorems 2.1 and 1.1 immediately imply
Corollary 2.1. If F € AC} (I, E) then F is K-subdifferentiable a.e. on I.

Next, for the case of Frechet space E in ([21], Theorem 3.2) equivalence of the condi-
tions a.e. K-subdifferentiability and a.e. usual differentiability for A € AC*(I, E) was
proved. Then Proposition 2.1 and the last corollary imply

Corollary 2.2. Let E be Frechet space. If F € AC5% (I, E) then F is differentiable a.e.
on I.
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Note that F' from AC% can be nowhere differentiable if E isn’t Frechet space (see [21],
Example 2.2). Let’s deduce now a criterion of the strong K-absolute continuity.

Theorem 2.2. Let E be a separable LCS. Then F' is strongly K-absolute continuous if
and only if F possesses strong K-variation and F is weakly absolutely continuous.

Proof. Necessity of the statement follows at once from Theorem 2.1 and Proposition 2.1.
Conversely, if F € VZ(I,E) then F is K-subdifferentiable on I'\e, mes(e) = 0, by
Corollary 2.1. In this case

(FeV*(I,Ec)) = (OxF(z) € p(x)-C,x € I\e), where
(2.1)

d
p(z) = @VCS’ (F|[a; x]) =20

by virtue of (1.8). Next, since F' is weakly absolutely continuous then F' possesses weak
Lusin N-property, whence weak null measure of F'(e) follows.

Let’s check continuity of F'. By theorem 1.1, F' is continuous everywhere on I exept
at most countable set of gaps. Assume that F(z — 0) # F(z +0), # € I. Then, by
corollary from Hahn-Banach theorem ([23], Corollary 2.1.4) such ¢ € E* exists that
L(F(x—0)) £ L(F(x+0)), z € I. But that contradicts with weak continuity of F.

Thus, F satisfies all conditions of the generalized finite increments theorem for K-
subdifferentials ([24], Theorem 6.2), namely: continuity on I, K-subdifferentiability on
I exept e C I with weak null measure of F'(e), estimation (2.1). Whence, applying the
theorem on [ag; Bx] we find

Bk Bk

p)dt-C, ie [F(B) - Flavle< [ .

Qg

(22)  F(B) - Flay) € /

ay,
Summing inequalities (2.2) for an arbitrary disjoint system (J, (ox; Bx) leads to
SIFG) - Favle< [ el
& Ur (ks Br)
from here F' € AC*(I, E¢) directly follows. O

As consequence, a variant of Banach-Zaretsky theorem can be easily obtained.

Corollary 2.3. Let E be a separable LCS. Then F € AC% (I, E) if and only if F is
continuous on I, F' possesses strong K -variation and weak Lusin N-property on I.

Let’s select now a simple subclass of ACY.

Definition 2.2. Say that F is strongly compact Lipshitz (F € Lipk(I,E)) if
F:I— F(a)+ E¢ for some C € C(E) and moreover F € Lip®(I, E¢).

It’s easy to check that the property Lipj coincides with the convex compact Lipchitz
property Lipg ([21], Definition 1.5). The following results are immediately verified.

Theorem 2.3. If F' € Lipy (I, E) then F € AC%.(I,E).
Corollary 2.4. If F € CY(I,E) then F € AC3 (I, E).

3. A CRITERION OF STRONG K-ABSOLUTE CONTINUITY AND K-RADON-NIKODYM
PROPERTY

If F € AC% (I, E) then, by virtue of Theorem 2.1, Corollary 2.1 and Proposition 1.8 F'
possesses convex K-variation and F' is a.e. subdifferentiable on I. In case of a separable
LCS E, these two conditions imply representability F' in the form of indefinite Bochner
integral ([21], Theorem 3.1). Thus, there is valid the following
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Theorem 3.1. Let E be a separable LCS. If F € AC% (I, E) then F is indefinite Bochner
integral, i.e.

(3.1) F(m):F(a)—&-(B)/xf(t)dt (a <z <h)
where f: I — E is (B)-integrable on I.

In fact, the following criterion is valid.

Theorem 3.2. Let E be a separable LCS. Then F € AC5. (1, E) if and only if
(i) F is an indefinite Bochner integral, i.e. (3.1) is fulfilled;
(@) [211f(t)|cdt < oo for some C € C(E).

Proof. In case of F' € AC% (I, E), by virtue of Theorem 3.1, F' is indefinite Bochner
integral of the form (3.1). In addition ([21], Theorem 3.1) f(z) € Ox F(x) and therefore
(1.9) implies ||f(z)]lc < ¢(z), from which statement (i7) follows.

Conversely, let conditions (i)—(i7) be fulfilled. Since f is (B)-integrable then f is
weakly integrable. From here, taking into account inclusion f(t) € | f(t)|¢c - C, for
arbitrary xy, zo € I and £ € E* we obtain

T2

(P~ F) = [ @)ar< [ 150ledt - supe(©)

Hence, by corollary from Hahn-Banach theorem,
T2 T2
Faa) = Fa) € ([ 15@ledt) €, ie. [Flaz) = Fanle < [ 17@)lod:.
T 1

We get precise analog of (2.2). It follows, just analogously with the proof of Theo-
rem 2.2, that F' € AC.(I, E). O

Remark 3.1. However, it should not be supposed that condition (i) of Theorem 3.2
means (B)-integrability f for some Eq, C € C(E). Let, for example, E be Banach space.
Then, according to Proposition 2.8, AC3% (I, E}) = AC*(I,E*). At the same time, if E*
does not possess Radon-Nikodym property (see a simple criterion in [1, 2]), the class of
indefinite Bochner integrals is strictly less than AC*(I, E*).

Thus, denoting by Zp(I, E) the class of indefinite Bochner integrals (3.1), we obtain
the relation

(3.2) AC3.(I,E) € Tg(I,E) C AC*(I, E) .

As it is known, F possesses Radon-Nikodym property (E € RNP) ([4]) it Zp(I,E) =
AC*(I,E). Let’s introduce a strong compact analog of (RN P) by equating of two first
terms in (3.2).

Definition 3.1. Say that LCS F possesses K -Radon-Nikodym property (E € (RNP) )
if each indefinite Bochner integral F' : I — E belongs to class AC% (I, E), i.e. if

AC3(I,E) =Ip(I,E) .

Below it’ll be shown that there exist Banach spaces having (RN P)g but not having
(RNP). First, by analogy with a known case of £2 ([22], Definition 1.1) let’s consider
compact ellipsoids in the space ¢ of the tending to zero scalar sequences.

Definition 3.2. Call the (nondegenerated) ellipsoid in ¢y any set of the form

(3.3) C. = {x = (21)1° € o

sup (|2l /2x) < 1} ,
k>1

=

where € = (g, > 0)7°

By analogy with the case of /5, it is easy to check



192 I. V. ORLOV AND F. S. STONYAKIN

Proposition 3.1. An ellipsoid C. in cy is compact if and only if e — 0.

Note that the same is true for ellipsoids in £,, 1 < p < co. It can be proved by analogy
with ([22], Theorem 1.2) that compact ellipsoids in ¢y (and also in £, 1 < p < +00) are
universal compact sets, i.e. they absorb the all other compacta. Note also that norm
generated by ellipsoid C; in E¢, = span C, has a form

Izllc. = sup (lzx|/ex) -
E>1

=

Let’s formulate the main result.

Theorem 3.3. The space cq possesses K-Radon-Nikodym property. More precisely, if
F:1— ¢y has a form (3.1) then

b
[ 1r@leude <o

for some compact ellipsoid C. C cy.

Proof. 1) Since f is (B)-integrable on I then f, in particular ([27], Theorems 3.5.3 and
3.7.4 ), is weakly integrable on I, and therefore every coordinate function fi(t) of the
mapping f(t) = (f1(t), f2(t),..., fx(t),...) is summable on I. Hence, for each compact
ellipsoid C. C ¢g of the form (3.3) the function ||f(t)|/¢c. is supremum of a sequence of
measurable functions and therefore is measurable, too. Denote further

(3.4 K:Lﬂmuﬁzlw§wwww<m,

in view of (B)-integrability of f.
2) Let’s construct now such sequence (g > 0)$°, e, — 0, that
b b
Keim [ 1 @Ole.dt = [ [supllf@)l/en]dt < oo

a a k>1

First, let’s construct by induction an auxiliary system of the sequences
_ (onk oo 100
{e"=("*>0),_,} _,- Set
) , keN.

IfOllean Z 1F@llen =2 1fOlle. = - 2 1F@)lle
whence the integral sequence

N =

Then

b
Iw:/nﬂw%wt@em

monotonically decreases and, taking into account (3.4), is situated between

b b
It = ]ir;flllk:/ 1f®)]leodt = K and I'!:= sup[lk:/ 1f ()l dt = 2K.
P a k>1 a

Hence, for every t € I the following limit
(35) pr(t) = lim (£ (1),

exists. In addition, ¢1(t) = [|f(t)[lc, because [[f(t)llcoy = [If(t)llcin = [fe(t)| for some
¢ e N and k € N large enough (here ¢ and k depend on t).
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By theorem B. Levy ([25], Theorem I11.6.3), it follows from (3.5) that I = limy_ ., I**,
whence T'%1 — 1 < 1 for some k; € N. Now set

1 1
52:Elk1: (17,1, 5 ,2,...> .

By induction, suppose that the sequences

X
&

k1 k2 kp—2 kp—1
~~ ~ = —~ =
1 1 1 1 1 1 1 1
el =11,...01; = ;i = o ey ey, ——— = = |,
2 2" 3 3 p—1 p—1"p 'p

satisfying the condition

1 b
(36) popic L (IP:JC Hf(ﬂHc;pdt>

are constructed for p = 2,...,n. Describe construction of the sequence
k1 k2 kn kn41

=~ =~ —~ —~ =

1 1 1 1 1 1 1 1
el =1,...1; = .. 2 = o e ; , s |y
2 23 3 n+1 n+l n+2 n++2

satisfying the conditions

1 b
(37) ot < = (In—l-l ::/ If(t)|csn+ldt> .

To this end, consider analogously with construction above collection of the sequences

kn—1 k
1 1 1 1 1
et =1 T — . k >k
(7 7n_17 7’L7 ’n’n—i—l’n—l—l’ )’ ( = 711)

and choose such k,, that inequality

1 b
38) ke _ o QWZ/Wﬂmqmw)

2n—1

holds. Setting e"t! := £"% we obtain the required result. Thus by induction, the
collection of the sequences {"}]° is constructed.
3) Denote by ¢ the coordinate-wise limit of €™ as n — oo. Hence,

kl k72 kn—l k}n
= ~ = = —~
1 1 1 1 1 1 1 1 1 1
g = . I Y L Y i R e e e R .
Y ) Y 2 ) ,2) 3 ) 73’ Y n7 ’n’n+17 n—i—l’

Denoting by & = (€;)5° we obtain e — 0, whence by Proposition 3.1 ellipsoid C; is

compact in ¢g. Moreover, for every x € cq:

(3.9) zlon <llzlle. < <llzllow < -+ < lzlle. -
o0

In particular, sequence of the integrals {I™ = fab I @) llcon dt} monotonically in-
1

creases. It is easily follows from (3.6)—(3.8) that {I™}}" is Cauchy sequence. Hence, by
B. Levy theorem the limit

b
19— i I = [, o0 = lim £

n—oo

exists. In addition, ¢° is summable on I in view of I(®) < oo.
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Let’s show now that

(3.10) () = fDlc. (Vtel).

Fix t € T and consider both admissible cases.
a) The equality

If@le. = %I;Ofk(t)l/%) = |fro (8| /210
holds for some kg € N. Then, in view of (3.9), the equality

1fOlle = ke @)/ere = 1fB)llc.
holds, whence (3.10) follows.
b) The equality

If®)llc. = i‘il;(|fk(t)|/5k) = Jim (| fr (0)|/ex,)

holds for some increasing sequence (|fx, (t)|/ek,),—;- Then for any 6 > 0 there is such
lo € N that

(e ®)/ex) > 1f Bllc. — 6
for all £ > £y, ie. [[f()c.,, = (Ifu(O)/ex) > [f(B)llc. =0, whence ©°(2) > [[f(B)]c.-

The inverse inequality follows from (3.9) and therefore the equality (3.10) is true.
So, the function || f(t)|lc. = ¢°(t) is summable on I and hence, the mapping

F(a) = Fla)+ () [ oy

belongs to the class AC} by virtue of Theorem 3.2. O

Remind that the space ¢y doesn’t possess the classical (RN P), that is in this case
(A) AC;{(I, Co) :IB(I, Co) g ACS(I, Co) .

Note that modifying mutatus mutandis proof of Theorem 3.3 respectively compact
ellipsoids in £, (1 < p < 00):

C’Ez{x 4y

it can be proved K-Radon-Nikodym property for the spaces £, (1 < p < o). So, there
is valid the following

> (ael?/(ex)? <1}, €k — 00,

Theorem 3.4. The spaces £, (1 < p < 4+00) possess K-Radon-Nikodym property. In
this case,

(B) ACy(1,0,) =TIp(1,0,) = AC*(1,4,) .
in view of ¢, € (RNP) for 1 < p < +o0.
Note that in the work [19] the special sequence spaces, Banach lattices with (RN P),

were investigated.
Finally, let’s show now that the case AC}, # Ip is possible, too.

Example 3.1. Let Er be space of the all real functions £ : T = [0;1] — R equipped
with pointwise convergence topology, {|| - ||¢}ter is corresponding defining system of
seminorms, ||(-)|l: = [£(¢)]. Denote by EL. the subspaces of Er generated by || - ||;, by
EtT their completions respective to factor norms and by ¢; the canonical embeddings of
Eyp into EL. Here

(3.11) ee(§() =¢&(t) -
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Remind that Bochner integrability of f : I = [0;1] — E7 means the same for the all
factor mappings from [ into EtT, t € T, i.e., in connection with the case, summability of
the all functions f(-)(t) = f(-,t),t € T.

Set f(s)(t) = f(s,t) =0for s <t <1, f(s,t) = 1/2/s—t for 0 < t < s. Then
1F(s)lle = 1F(s,8)] = f(s,0), t €T, £+ T — By

Next, set F(s)(t) = F(s,t) =0 for s <t <1, F(s,t) =v/s—tfor 0 <t <s. Let’s
show that

(3.12) F(s)=(B) /S fluydu (sel).
0

a) It’s easy to see that

(3.13) F'(s)(t) = f(s,t) as seI\{t}.

b) Let’s check summability of f(-,¢) over I. Consider the cut-off functions
fN(s,t) = f(s,t) for f(s,t) <N, fN(s,t)=0 for f(s,t)> N.

Then fN(-,t), t € T, are summable over I and, denoting by tx : f(tx,t) = N and taking
into account (3.13), we obtain

1
/stt )/ fls,)yds=vV1—t—+ty—t as N — 0.
tn

Hence, by B. Levy theorem f(-,t) is summable over I. By virtue of (3.11), now the
equality (3.12) follows from

oo(F(s)) = F(s,1) = / " Flust) du = / Co(f(w)du (dsel) |

0
Let’s check, at last, nowhere differentiability of F' over I. Direct calculation shows

F(s+ As) — F(s) F(s+ As)— F(s)
As s As
Therefore, by Corollary 2.2, F ¢ AC3.(I, Er).

= —o00 as As—+0.

2v/A\s

Since in the analyzed case F' € AC*(I, ET) means that F(-,¢) are absolutely continu-
ous for ¢ € T' then

(C) ACk(I,Br) & Ip(I, Er) = AC*(I, Et) .

Combining the relations (A) and (C) for direct sum of the corresponding spaces, it
can be obtained also the relation

(D) ACk(I,E) S Ip(I,E) G AC*(1,E) .
So, all the possible relations (A)—(D) are realized.
Final remarks

Comparing Remark 3.1 with Theorem 3.2 leads to the following natural hypotheses
for the case of Banach (and, possible, even Fréchet) space E:

1. Fe AC}%(I,FE) if and only if F' € Ip(I, E).

2. F € AC4(1,E) if and only if F € Zp(I,E¢) for some C € C(E) (namely, for
F e ACS(I,EC/) and Egr < Ec).

REFERENCES

1. J. Diestel, J. J. Uhl, Vector Measures, Math. Surveys, Vol. 15, Amer. Math. Soc., Providence,
RI, 1977.

2. W. J. Davis, The Radon-Nikodym property, Seminaire d’analyse fonctionelle (Polytechnique)

(1973-1974), exp no. 0, pp. 1-12.

J. Mikusinski, The Bochner Integral, Birkhduser Verlag, Basel, 1978.

4. J. M. A. M. van Neerven, Approzimating Bochner integral by Riemann sums, Indag. Math.
(N.S.) 13 (2002), 197—208.

il



196

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

I. V. ORLOV AND F. S. STONYAKIN

P. Cerone, Y. J. Cho, S. S. Dragomir, J. K. Kim, S. S. Kim, Norm estimates for the difference be-
tween Bochner integral and the convex combination of functions values, arXiv: math/0309062v1
[math. CA] 4 Sep 2003, 1-17.

. C. Boyd, S. Dineen, M. P. Rueda, Asplund operators on locally convex spaces, Proceedings of

the second ISAAC congress, Vol. 2, Kluwer Academic Publishers, Dordrecht, Int. Soc. Anal.
Appl. Comput. 8 (2000), pp. 1049-1056.

. C. Boyd, S. Dineen, M. P. Rueda, Locally Asplund spaces of holomorphic functions, Mich.

Math. J. 50 (2002), no. 3, 493-506.

. M. Gonzalez, A. Martinez-Abejon, J. Pello-Garcia, Representation of operators with martin-

gales and the Radon-Nikodym property, Extracta Mathematicae 19 (2004), no. 1, 135-140.

. M. M. Malamud and S. M. Malamud, Spectral theory of operator measures in a Hilbert space,

St. Petersburg Math. J. 15 (2004), no. 3, 323-373.

G. Chi, A geometric characterization of Frechet spaces with the RNT, Proc. Amer. Math. Soc.
48 (1975), 371-380.

N. Dunford, B. J. Pettis, Linear operations on summable functions, Trans. Amer. Math. Soc.
47 (1940), 323-392.

R. S. Phillips, On weakly compact subsets of a Banach space, Amer. J. Math. 65 (1943), no. 3,
108-136.

M. A. Rieffel, The Radon-Nikodym theorem for the Bochner integral, Trans. Amer. Math. Soc.
131 (1968), 466—487.

S. Moedomo, J. J. Uhl, Radon-Nikodym theorems for the Bochner and Pettis integrals, Pacific
J. Math. 38 (1971), no. 2, 531-536.

D. Gilliam, Geometry and the Radon-Nikodym theorems in strict Mackey convergence spaces,
Pacific J. Math. 65 (1976), no. 2, 353-364.

J. Cheeger, B. Kleiner, Characterization of the Radon-Nikodym property in terms of inverse
limits, arXiv:0706.3389v3 [math.FA] 11 Jan 2008, 1-12.

J. Cheeger, B. Kleiner, Differentiability of Lipschitz maps from metric measure spaces to Ba-
nach spaces with the Radon-Nikodym property, arXiv:0808.3249v1 [math.MG] 24 Aug 2008,
1-17.

N. D. Chakraborty, Sk. Jaker Ali, Type II-A-weak Radon-Nikodym property in a Banach space
associated with a compact metrizable Abelian group, Extracta Mathematicae 23 (2008), no. 3,
201-216.

Q. Bu, G. Buskes and Lai Wei-Kai, The Radon-Nikodym property for tensor products of Banach
lattices. II, Positivity 12 (2008), 45-54.

A. D. Arvanitakis, A. Aviles, Some ezamples of continuous images of Radon-Nikodym compact
spaces, arXiv:0903.0653v1 [math.GN| 3 Mar 2009, 1-11.

I. V. Orlov, F. S. Stonyakin, Compact variation, compact subdifferentiability and indefinite
Bochner integral, Methods Funct. Anal. Topology 15 (2009), no. 1, 74-90.

1. V. Orlov, Hilbert compacta, compact ellipsoids and compact extremums, Contemporary Math-
ematics. Fundamental Directions 29 (2008), 165-175. (Russian)

R. Edwards, Functional Analysis. Theory and Applications, Holt, Rinehart and Winston, New
York—London, 1965.

I. V. Orlov, F. S. Stonyakin, Compact subdifferentials: finite increments theorem and related
results, Contemporary Mathematics. Fundamental Directions, to appear. (Russian)

Yu. M. Berezansky, Z. G. Sheftel, G. F. Us, Functional Analysis, Vol. 1, 2, Birkhduser Verlag,
Basel-—Boston—Berlin, 1996. (Russian edition: Vyshcha Shkola, Kiev, 1990)

I. P. Natanson, Theory of Functions of a Real Variable, Ungar, New York, 1961.

E. Hille, R. S. Phillips, Functional Analysis and Semigroups, Lecture Notes in Mathematics,
Vol. 481, Springer-Verlag, New York, 1975.

TAURIDA NATIONAL V. VERNADSKY UNIVERSITY, 4, VERNADSKY AVE., SIMPHEROPOL, 95007, UKRAINE
E-mail address: old@crimea.edu

TAURIDA NATIONAL V. VERNADSKY UNIVERSITY, 4, VERNADSKY AVE., SIMPHEROPOL, 95007, UKRAINE
E-mail address: fedyor@mail.ru

Received 10/06/2009; Revised 22/10/2009



