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ON THE H-RING STRUCTURE OF INFINITE GRASSMANNIANS

GYULA LAKOS

ABSTRACT. The H-ring structure of certain infinite dimensional Grassmannians is
discussed using various algebraic and analytical methods but avoiding cellular argu-
ments. These methods allow us to treat these Grassmannians in a greater generality.

INTRODUCTION

Infinite dimensional Grassmannians are often used as realizations of classifying spaces
like Z x BO and Z x BU. The two spaces mentioned above classify KOy and K|
respectively; consequently they possess H-ring structures induced from the direct sum,
switch, and tensor product constructions of virtual vector bundles. In standard textbook
constructions, the homotopy additive structure of these Grassmannians is often described
in explicit terms, see e. g. [4]. However, the existence of the homotopy product map is
rather inferred from principles of homotopy theory instead of constructed explicitly. The
main tools are approximation, weak equivalences, and universality. One might get an
impression that cellular arguments are unavoidable in that respect. But the truth is
that the H-ring structure of the infinite Grassmannians is much more an algebraic, or
perhaps analytic, matter than a combinatorial one. Our objective here is to work out this
structure without obscuring it with cellular topology. First, we discuss the algebraic H-
ring structure. We take a ring 2 endowed by a polymetric structure. Then we consider the
virtual Grassmannian G(?)(2) and the ordinary infinite Grassmannian G(2l) associated
to 2. We will show that they possess commutative unital H-ring structures. Strictly
speaking, this holds if 2 is a commutative ring, but one can formulate this phenomenon
in terms of tensor products such that it applies more generally. Second, if 2 is a locally
convex algebra, then the algebraic H-ring structure implies a topological, in fact, smooth,
H-ring structure. Third, if 2 satisfies somewhat stronger conditions, then the smooth H-
structure implies a smooth algebraic H-structure without stabilization. This all applies
to A = R and 2 = C, corresponding to the classical cases mentioned above. We conclude
the paper with a notion of dimension, and the discussion of Fredholm operators.

1. POLYMETRIC RINGS AND ASSOCIATED MATRIX SPACES

We say that the set 2 is an infinite set of polynomial growth (spg) if it is endowed by
a set of real valued functions S;°° on 2 such that there is a bijection ¢ : Q@ — N so that
Sq = ¢*SN°, where Sy is the set of real valued functions of at most polynomial
growth on N. We say that (1 is a finite set of polynomial growth if it is finite, and it is
endowed with the set of arbitrary real valued functions S, . If Q; and Q, are spg’s, then
one can naturally construct the spg’s 9, UQy and Q; x Q1. If Q = Q; UQy as spg’s, then
we say that Q decomposes to 7 and Qs. (An arbitrary set-theoretical decomposition is
not sufficient in general.)
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We say that a topological ring 2 is a polymetric ring if

a) its topology is induced by a family of “seminorms” p : 2 — [0,400) such that
p(0) =0, p(=X) = p(X), p(X +Y) < p(X) +p(Y);

b) for each “seminorm” p there exists a “seminorm” p such that p(XY) < p(X)p(X)
holds.

This is a large class of topological rings: it includes locally convex algebras just as
discrete rings with the convention p(X) = 1 for X # 0. In what follows, 2 is assumed to
be a separated, sequentially complete polymetric ring.

Suppose that 2 is a polymetric ring, €2 is an spg. Then we can define the algebra
of rapidly decreasing matrices K (2() and the algebra of matrices of pseudodifferential
size Wq(2A); essentially as in [3]. (In the special case when 2 is the discrete ring, the
space Kq(2) is the space of matrices with finitely many non-zero elements, and ¥ (2)
is the space of matrices such that every column and row has only finitely many non-zero
elements.) More generally, we can take the spaces of ' x Q matrices Yo/ o(2) and
Ko o). (This bold x is reserved for matrix shape.) If 2 is a polymetric ring, then we
may take its unital extension 2A*. We will be a bit vague about this construction: In the
general case, it may be the group Z @ 2 endowed with the naturally extended structure,
but if 2 is a locally convex algebra over K, then there is no danger in taking K@ with the
naturally extended algebra structure. Let, in general, 1o = Y~ . €, € Yo (AT); and
let, in general, O denote the nullmatrix over Q. The matrix A € ¥g (A1) is invertible
if there is an element B € ¥ o/ (A1) such that AB = 1o and BA = 1. We denote the
set of those by Ug (A1)*, and call the them units. The unit group Ko (2)* is the group
of invertible elements 1o + A € U (AT), where A € Ko (1), but with topology induced
from Kqo(2(). Furthermore, let \Ilg)ﬂ(i’l*') be the space of pairs (B, A), where A, B €
U (A1), but B— A € Ko/ (). Its topology is induced jointly from A, B and B — A
with respect to the appropriate spaces, respectively. Then the unit group \I/(Z,)’Q(Ql“‘)* can
be taken. Conjugation induces a continuous map Ad : Ugr o (AT)* x Lo (A)* — Ko (A)*,
etc.

Some simple invertible matrices in Ug o(AT) are as follows. Let 7 : 2 — Q' be an iso-
morphism of spg’s. Then we take 7 =3 €,(w).0 € Yaro(AT)*. For A € U (AT) the
map r : A — #A7 " has the effect that r, (aneﬁ an,men’m) = meeg A, m€r(n),r(m)-
Hence we call such r, isomorphic relabeling maps. More generally, if r : Q — Q' is only
a map of spg’s such that r(Q) and Q' \ r(Q2) decomposes Q' as spg’s, and r induces
an isomorphism between the spg structure of 2 and the one of Q restricted to r(2),
then 7 and 7, can be taken. We still call these 7, (not necessarily isomorphic) rela-
beling maps. Another natural operation is the direct sum of matrices. For example, if
A€ TnA),B € T (), then we can consider A ® B € ¥q ) (A) which is a colloquial
notation for the block matrix 4 Bl € Uoue (). Indexing direct sums might be con-
fusing, especially if the construction is iterated. We take disjoint union for the index set,
but if we take direct sum of matrices with the same index set €2, then we might use €2,
Q' Q" etc. for the components, or {0} x ©, {1} x Q, {2} x Q, etc., depending on the
situation. Later, when we consider block matrices of (matrices indexed by ) indexed
by I' then we consider those matrices as matrices indexed by I' x 2. A T's x I'; block
matrix of Qo X €27 matrices will be considered as a I'y x Q5 x I'y X 2; matrix.

We apply the following notational conventions in unital polymetric rings:

(a) We write a for 1 —a. (For a € Uq(AT) it is, of course, a = 1g — a.)

(b) For Z x Z matrices over ¥ (A"), we use the notation

Sn,m(a) = 1(5\{n,m})><ﬂ + den,n + a€n m + a€m n + ae1ﬂ,7n~
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We see that s, ,(a) is an involution if @ is an idempotent. It means that we have a
partial switch between the n, m positions.

(c) Sometimes we write A9 for gAg~!. We use the abbreviation A 2, BforgAg~! = B.
In fact, sometimes we say that g is a morphism between A and B.

(d) If b — a € Ko(A), then we use the notation a = b.

(e) Inool(2A) denotes the subspace of involutions in 2.

2. VIRTUAL GRASSMANNIANS AND NATURAL OPERATIONS ON THEM

2.1. We define the virtual Grassmannian Qg)(ﬁ) as jnnol(\lfg) (A1), i. e. the space of
pairs (b, a) such that a,b € Uo(AT), b —a € Kq(A), and a,b are idempotents. For us,
such pairs are virtual idempotents b“—"a; we will call them as pairs of idempotents. We
refer to the first term as the leading term, and we refer to the second term as the base
term.

(a) The sum of pairs operation is defined for (b, a) € géf)(ﬂ) and (d,c) € Qg)(i’l) as
(bya) @ (d,¢) == (b® d,a @ ¢) € G (N).
(b) We define the inverse pair for (b,a) € Qs(;)(ﬂ) as
(b.a)™ = (b.a) € 65" ().

(¢) A very special element is the pair 0 := (x,%) of 0 x 0, i. e. empty, matrices. We
call this as the additive neutral element.

These operations satisfy the natural additive associative, commutative, and neutral
element identities

((b,a) ® (d, c)) ® (f, €) ~ (b,a) & ({d; ¢) & (f, €)),
(b,a) & (d,¢) = (d,c) & (b,a),
(b,a) ~ (b,a) ® 0~ 0 (b,a),
where “~” means that we have equality after we make natural identifications in the index

sets, i. e. after a particularly simple isomorphic relabeling. What is apparently lacked is
a natural additive inverse element identity.

2.2. Let ® be a suitable tensor product operation of rings. Again, we will be somewhat
vague about the meaning of this term: In general, we may mean a projective tensor
product of polymetric rings, but, if % is commutative, then we may also consider the
ordinary product as a tensor product operation, i. e. tensor product over itself.

(d) For (b,a) € QS()Q) (), (d,c) € Qéz)(%), we define the products of pairs of involutions
as

(b,a) ® (d,c) = p@d+b®c,a®d+a®c) € GH (AR B),
and _ B

(b,a) & (dy¢) == (p@d+a®@db@c+a®e) € G (ARB).
So, we have two natural product operations, which may be somewhat strange.

(e) Another special element is 1 := (1,0), where the elements are 1 x 1 matrices, or
rather “scalars”. Again, we will be vague about the ring it is over, we may mean Z or
the base field K of an algebra.

The natural multiplicative associativity, distributive, and neutral element rules hold

— — — —
((b,a) ® (d, c)) ® (f, ) ~ (b,a) @ ({d, c) @ (f,€)),
— — «—
(b,a) @ ({d, c) & (f,e€)) = ((b,a) ® (d, c)) & ((b,a) ® (f,€)),
— — —
((b,a) ® (d, c)) ® (f,€)) ~ ((b,a) ® (f,€)) ® ({d,c) ® (f,€)),
(b,a) ~ (b,a) ® 1 ~ 1§<b,a>;
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and similarly for the other product. We also see that
(b,a) ® (d,c) ~ (d,c) B (b,a).

What we clearly miss is the equivalence of the two product operations, which is equivalent
to the problem of multiplicative commutativity.

2.3. We must look for a weaker equivalence relation in order to get the missing iden-
tities. That will be a notion of algebraic homotopy. Let us define Oz = (0z,0z) and
0 = (1=, 1=), in general. We will also use the notation Iz = (1z,1s) but in different
context. We say that the maps f1 : X — le) () and fo: X — Qg; () are algebraically
homotopic if there are index sets €219, 211, 5, {25;, and a map

. (2
g : X - \IIQQUQQUUQQI,QlfJQmOQH(m)

which allows a multiplicative inverse ¢~! such that
f1®0q,, ® 0/911 = f2® 0q,, © 0&51;

i. e. if after stabilization the values are conjugate. We denote this as fi ~az fo. This is
an equivalence relation: if fy ~,, f3 is realized by a similar map h, then

(h®Io; vas ) (901asguay,

)
h® 00,000, @ 05110921 fs® OQQOUQQO @ OIQmUQél

indeed. So, algebraic homotopy is a combination of equivalence by stabilization and
equivalence by conjugation. In what follows, dependence on X will often be suppressed.

Using this notion of equivalence, which generalizes natural equivalence, we may set
out to demonstrate the missing identities of additive inverse and equality of products.
However, weakening the equivalence relation introduces further problems. When we
consider the generalization of classical structures up to homotopy, we have to worry not
only about the classical identities

Exprl(fla .. 7fn) Zalg Expr2(f17 o '7fn)a

but also about the compatibility of the operations with algebraic homotopy, i. e.

V’Lfl Zalg fz/ = Op(f17~--afn) Zalg Op(f{??f’lfl)

Homotopy compatibility is rather trivial in the topological setting but it is less trivial in
the algebraic setting. Nevertheless, we can reduce this problem:

(i) We can check compatibility in the variables separately.
(ii) Even there, it is sufficient to check it in two special cases: First we must check
invariance for stabilization, i. e. the case f; = f @ 0z, @ 0z, and, second, to

. . . . g
check conjugation invariance when f; = f/.

Taking direct sum of operators, we can see easily that the sum operation is compatible
with algebraic homotopy. We do not have to worry about the homotopy compatibility
of the operations 0 and 1. The homotopy compatibility of the additive inverse and the
product are left to be demonstrated, although these problems are not equally hard. We
summarize what are the identities we want to prove:

(1) Additive inverse.

(2) Homotopy compatibility of the inverse.

(3) Equality of products (or multiplicative commutativity).
(4) Homotopy compatibility of the products.
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3. TOOLS: REGULARIZATION AND TAMING

In this section, we introduce some tools to deal with algebraic homotopy effectively.
Regarding the definition, one might believe that we allow excessively large classes of
objects and morphisms in our Grassmannians. We will show that this is not the case.
By “regularization”, one can reduce the variety of base objects, and by “taming”, one
can replace the morphisms by smooth ones.

Lemma 3.1. (Virtual cancellation). For a € Uo ("), we have (a,a) ~a4 0.

Remark. The exact meaning of this statement is the existence of an algebraic homotopy
. - . . 2)

Tnool(TD (@)’ ldjnna[(\llgf’(al+))> ~a1g 0 with domain Jnool(¥5” (AT)), but

we allow the colloquially of using variables instead of functions here, and in the future.

of functions (id

Proof. In terms of (Z + 1) X Z and Z x (Z + ) block matrices, let us consider

_ = -1 _ =
B(a) = E ae,_ 1, +ae, 1,, and B(a)” = E ey, 1 +ae, , 1.
nez neL

If the index set {0} x € is replaced with €, then it yields

B(a)
lz-x0 @ a® 0z xo — 11 _myxo ® 0L ymyxa-

After doubling the terms, it provides an algebraic homotopy as required. (Il

3.2. Regularization. For (b,a) € Qg )(Q(), we define its regularized matrix as the
{0,1} x Q block matrix

R(b,a) = so1(a)(b & a) sor (a) = [ZE’; B Z;

]

a(b—a)a
lo+alb—a)a|’

]

Then R(b,a) ~ R(a,a) = 0q & 1g = {OQ 1 } , so we can define the regularized pair
Q

R{b,a) := (R(b,a),0q ® 1q) .
The trivial pair is

ROq = (0g & 10,00 & 1q).

3.3. Regularization of morphisms. Let (¢, ¢) € \I/g,)’ﬂ(Qﬁ)*, and let a € Uq(AT)
be an idempotent. The regularized morphism is the {0,1} x ' x {0, 1} x © block matrix

R(¥, ¢), a) := so1(a®) (¥ & ¢) so1(a).
Then R((¢), #),a) =~ R({(p, @), a) = ¢ & ¢, so we can define
R((¢,¢),a) := (R((¢, ¢),a), ¢ ® ¢).
It yields
R(b,a) 220 Rt ).

Based upon this, it also reasonable to write R({¢, ) ,q4)) instead of R((1, #),a), etc.
even if there is no dependence on b.

Lemma 3.4. R is an operation algebraically homotopic to the identity

(b, a) ~a1g R(,a).

Proof. By cancellation and conjugation (b, a) ~ai, (b, a)®(a, a) Snz(@)sralal), R(b,a). O
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The transitivity of algebraic homotopy automatically ensures that R is compatible
with algebraic homotopy. Nevertheless, one can also show this directly, using the straight-
forward compatibility with direct sums and regularized morphisms. Ultimately, by regu-
larization, we can bring the base terms into simple form. Another natural expectation is
that morphisms should not deviate much from identity. This can be achieved as follows.

3.5. Translation. Using {0,0’,0”} x © block matrices we set
H(b, a) := spro (a) soro (b) soor (b) soor ().
Then H(b, a) ~ H(a,a) = 110,007} xq, 50 We can define
H(b, a) := (H(b,a), 1{0,0/,07}1x0)-
It yields

H(b,a)
Phalnhntinlil

boada,adada) (a@a®dba®ada).

3.6. Regularized translation. The regularized version is given by {0,1,0’,1',0”,1"}
x 2 block matrices as follows: Let

HR(b, a) := so1(a) so'1/ (@) sorr1 (@) soro (@) sor0 (b) soor (b) soo (@) so1 (@) sor1 (@) sor1 ().
Then HR(b, a) =~ HR(a, a) = 140,1,0/,17,07 17} x, Which allows us to define
H]RKb7 a> = <HR<b, a), 1{0,1,0’,1’,0",1”}XQ>'
This yields

HR(b,a)
Phalninhi bt hetal

R(b,a) ® R0On ¢ ROg ROq & ROg ¢ R{b,a).

3.7. Taming. If (b,a) € Qg)(%), (¢, ¢) € \I/g)(QPL)*, then let
T((t, ¢><b7a>) =W D 1la®1o)H{b,a) (¢ @ 1lq @ 1g)(H(b,a)) !
One can see that T(<l/), ¢><b’a>) ~ T(((b, ¢><a,a>) = 140,0/,07}x Qs 50 we can define
T(<"/’a¢>(b7a)) = <T(<¢a¢><b,a>)a 1{0,0/,0”}><Q>-
If ¢ commutes with a, then

T((.6) 1.0y )
_

boada,a®a®a) Woadaadada).

In particular, using the variant
T (¢, ) p.ay) = (30007 (@) T({¥, 9) ,0) 8070 (@), L (0,0, 07} x2)
we obtain the following

(¥,¢)
B

Corollary 3.8. (Stable taming). (b, a) b,a) implies

T ({¥,9) (1,4 ~
(b®1g®0g,a®d 1g @ 0q) M (b 1o ®0q,a® 1o ® 0q),
where the conjugating base term is 1100/ 0y x Q-

This amounts to the statement that, up to stabilization, all algebraic homotopies can
be realized by smooth morphisms whenever they have a chance.

3.9. Regularized taming. The commutation assumption is satisfied automatically if
we apply taming after regularization. In terms of {0,1,0’,1’,0”,1”} x £ block matrices,

let
TR((¥, 0) pay) =R, 9),0) © L{0.13x0 © 1{0,1}x0)HR(D, a)
x(R({¢, 8),a) ® L{p13x0 D 10,1y x0) (HR(b, a)) "
Then TR(WM ¢>(b a)) (<¢a ¢><a a) ) 1{0,1,07,17,07 17} xq, SO We can set
) =

( P, <Z5 (b,a) TR( ¥, ¢> b,a) ) 1{0,1,0/,1’,0”,1“}xQ>-
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It yields

TR((1,6) (4.0 )
_

R(b,a) ® RO ® ROq R<bw, a¢> ® ROg @ ROq.

3.10. Regular relabeling. Let us mention one last operation homotopic to the identity,
which, however, depends on the index set. Suppose that 6 : 2 — N is a relabeling
map. Then consider the operation R#,, which is the composition of relabeling in both
components followed by regularization. ;From the preceding discussion, it is clear that
the map
2 2
RO, : G (%) = G5y ()
<b, a> = <R<0*bv 0*a>7 RON>
is homotopic to the identity. In fact, the target can be considered to be the smaller space
Gn(2) == {(b,ROy) : b € Ui 1yxn(AT), b° =b,b~ ROy},

the standard infinite single-space Grassmannian.

3.11. On polynomial constructions. We may observe that our constructions are all
finite matrix polynomials in terms of the initial data, except the conjugating matrices
B(a) in the proof of Lemma 3.1. But even that term was a matrix of finite Toeplitz
type. However, even conjugating matrices of finitely multiple Toeplitz type will become
essentially finite matrices if we apply the taming construction, because the finitely many
components of diagonal type will cancel out, leaving an infinite but inert part of identity
on stabilization terms. As a consequence, if (b, a), (b, @) € QS()Q) () and

R(b, a) ~a, R(b,a)
such that ~,j, is realized by a of finitely multiple Toeplitz type block matrix, then due
to the universally applicable regularized taming construction
R(b, a) ~ag RR(b, a) ~a1g RR(D, @) e R(b, ),

where all ~,), are realized by finite block matrices. That amounts to the fact, which
will extend to our later experience, and which can also be checked case by case, that the
regularized operations and their related algebraic homotopies can be realized by finite
block matrices in terms of the initial data.

4. ESTABLISHING THE ALGEBRAIC H-RING STRUCTURE

4.1. Rule of the additive inverse. In terms of {0,0'} x Q block matrices, we have

: 1 (b), ’
(b,a)a © (b,a)q" RUOLTIOR (0q @ 10,00 @ 1g) ~ag 0.
4.2. Compatibility of the additive inverse. The stabilization part follows from
(<ba a) D Oﬂo S5 Olﬂl)inv = <Ev d> D 0220 @ 0q, Salg <Bv (_1> = <bv a>inv'

The conjugation part is obvious from (b, a)"v LN (b¥, a®)inv,

4.3. Commutativity of the product. Using {0,1,0,1'} x  x = matrices, we set

—

C ({(b,a),(d,c))
= Slo(b ® C + a ® E) Slo/(é_l ® E) Slo(b ® d) Sl/o/(C_L ® 5) Slo/((_l ® 5) Slo(a ® d —+ a ® C).

One can see that

—

C (<b’ Cl>, <d7 C>) %((_j (<a7a>’ <C, C>) = 500/ (El ® 6) S11/(d ® 6)7

hence one can define

—

C (<b7 CL>, <d’ C)) = <E) (<b> a>7 <da C>)’SOO’(@®5) 511’(a®6>>'
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Then, computation yields that

C((b,a),(d,c)),

R((b,a)®(d,c)) & ROqx= R((b,a)® (d, ) & ROqxz,

which demonstrates commutativity.

4.4. Compatibility of the product. First, we prove the compatibility of ® in the
second variable. The stabilization part follows from distributivity and

(b,a)® (12, @ 0=,, 1=, ® 0=,) = (loxz, © Oaxzy: Loxz, ® Ooxz,)-
The conjugation part follows from

(b, a)® (d, c) LELHEEXABINAN ) vl oy,

One can do the compatibility of ® in the first variable in the same way. But then, the
— —
equivalence of ® and ®, from the previous point, implies compatibility in each variable.

Remark 4.5. One might prefer the variant additive inverse, the classical switch opera-
tion
(b,a)"™" = (a,b).
In order to show equivalence to the usual additive inverse, it is sufficient to show that
the variant operation
<ba a>/ = <(_1, B>
is algebraically homotopic to the identity operation. But this follows from

R(a,b) b)".

(so1(b)so1(a),1{0,1}x) <
Corollary 4.6. For idempotents b~ b ~ a, we have (b,b) ~a14 (b,a) @ (b,a)™™.

b

Proof. Indeed, we see (b, B>~2a1g (a®adbadadb) —L (b ©aDa,a®adb) ~ay
(b,a) & (a,b) ~a4 (b,a) & (b,a)™. O
Remark 4.7. In classical algebraic K-theory, the class of (b, >§<d, o)isbd+b®
d—la®@d+a®c =bld+ ([1a] - [b])[d] - [alld] — ([1a] — [a])[c] = ([b] = [a])([d] - [c]),

i. e. the product of the classes of (b, a) and (d, c).

4.8. Summary. We have proved that the functor

0,2 — G2 ()
is a commutative unital algebraic homotopy ring. This is a very flexible construction,
but it has some strange features:

e Addition changes the index sets Qq, Qs — Q;UQ,.

e Multiplication also changes the index sets 21, Qs — 7 X Qo, but it also changes
the rings A, B — A ® B. We have certain flexibility in what kind of tensor
products we consider.

e The multiplicative unit element calls for a base ring like Z or R, which may not
be embedded into 2.

Our ultimate objective is, however, to study single-space Grassmannians.
4.9. Single-space Grassmannian. Suppose that 2 is a commutative ring. (The

multiplication can be considered as tensor product.) Consider the space Gn(2(). Then
we can consider the alternative operations

atb:=Rb,(a®b), Za:=Rby (™), 0:=ROy, a®b=Rbs.(a®b),

and, if 2 is unital 3
= R04*17



250 GYULA LAKOS

where the maps 61 : {0,1} x NU{0,1} x N — N, 65 : {0,1} x N — N, 03 : {0,1} x
Nx{0,1} x N =N, 04 : {0} — N are some fixed, not necessarily isomorphic relabeling
maps. These new operations are algebraic operations in strict sense. ;From the algebraic
homotopy ring structure of the functorial Grassmannian, it is immediately clear that the
new operations yield an algebraic homotopy ring by restriction.

Moreover, due to the taming construction described earlier, we can use algebraic
homotopy in strong sense: we say that f; : X — Gn(2) and fo : X — Gy() are
smoothly algebraically homotopic

fl smalg f2

if there is a map g : X — Kyo,13x{0,1}xn(2)* such that
fo @ ROy % f1 @ ROy.

It is an equivalence relation. Transitivity, for example, follows as in the general case,
except one needs a final relabeling in the stabilizing indices.

Furthermore, as the operations are sufficiently regularized, and as it was explained
3.11, the operations and the realizing algebraic homotopies can be chosen to be ma-
trix polynomials. Here we take the extended sense that tensor products and relabeling
matrices which are constant are still in the notion of polynomiality. Hence, we obtain:

Theorem 4.10. If 2 is a (unital) commutative polymetric ring, then Gy(A) with the
operations above is a (unital) commutative “strong polynomial” algebraic H-ring. By
“strong polynomial” we mean that the algebraic homotopies (for the identities and com-
patibilities) are induced by maps Gn(™A) x ... X Gn(A) — Kio,13x{0,13xn(A)* assembled
polynomially.

4.11. It must be clear that the operations on the Grassmannian allow several variants,
but they are OK as long as one can deduce the existence of algebraic homotopies from the
functorial Grassmannian. It must be also clear that several intermediate constructions
are allowed, like a product Gn(2) X Gn(B) — Gy (A ® B). This comment also applies for
later constructions, but we will not emphasize it further.

5. ESTABLISHING THE SMOOTH TOPOLOGICAL H-RING STRUCTURE

This section applies to locally convex algebras 2. The key point is that we can deal
with stabilization internally, without adjoining extra variables. In short terms, we can
make extra space using homotopies.

5.1. First, we discuss the stabilization of the algebra Ky(2(), which will be extended
to the larger idempotents. Stabilization can be organized as in [3]. For 6 € [0, 5] we
consider

S ts t?s t3s tls -]
—t §2 ts? 252 32

—t 2 ts? t3s?

C9) = —t % ts? ,
-t 52
—t

where t = sin 6 and s = cosf. Then a stabilizing homotopy is given by

Tie : Kn(2) x [o, g] K (1)
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A, 0 — Tic(A,0) = C(O)AC(O) .
It yields a smooth homotopy between the identity T (-,0) = idi, (e and the relabeling
map T (-, 5) = r«, where r(n) = n+1. It stabilizes by one extra matrix entry, which may

seem insufficient. However, using it as an N x £ block matrix construction, it achieves
stabilization by infinitely many entries.

5.2. There is a slightly more complicated, yet elegant way to achieve stabilization: We
can consider C() as stabilization of the space Hy(2), and then we consider the odd or
even “quantized” situation. Without going into details, the topology of Hy(2l) is induced

by the seminorms
Da ( Z anen) = Zp(an)a” (o> 0).
neN neN

The odd quantized space Qu'Hy(2) is the space with basis e;, Ae;, A---Ae;, , where
i1 <19 < --- < 1ig. The seminorms induced ultimately are

p (Z iy, i €1 A€y A A eik) = Z(O‘il +ee aik)p(ail,mvik)'

This quantized space is isomorphic to the space of rapidly decreasing sequences Sy(21)
by
V: e, Nej, N+ ANej > €qgiy . ogiy.

The even quantized space Qu’Hy(2l) is the space with basis e;, ©e;, ®---GOe;, , where
i1 <ig < --- < ig. The induced seminorms are, similarly,

p (Z Qiy,....i, €1 O €, OO eik) = Z(ail +ooe Tt aik>p(ai1,m,ik)'

This is also isomorphic to Sy(2), although this is less transparent. For this reason, it is
more practical to use the odd quantization.
We can consider the quantized matrices Qu’C(#) and Qu'C(6). For example,

QUIC(Q)(GO A e1) = (Seo — tel) A (Steo + 5261 - teg) = 5€g Nep — Steo Nes + t2e1 AN €,

or, in other terms,
VQu1C(9)e3 = se3 — stes + t2eg.

This yields a smooth homomorphic homotopy VQu'Tk between VQu'Ti(-,0) =
idi, () and the “halving” relabeling map VQu'Ti (-, %) = hv, where hv(n) = 2n. It
has the nice property that it achieves infinite stabilization immediately, and it allows
plenty of direct sum decompositions. In fact, we can consider any homomorphic homo-
topy Hv instead of VQu'Tk as long as it yields a smooth homotopy as above.

5.3. It is natural to make an identification

K@) Kn@)]”
Knn(2) = Lci(at) /ci@o] '

In what follows, ~ indicates that we consider a decomposition of the index set N into
two copies of N through the indexing convention (0,7n) < 2n, (1,n) < 1+ 2n. This looks
especially simple if we use binary numbers with digits written in reverse order.

Hv yields a homotopy between

~

idICN(%) and id;(N(g) ENBON

through algebra homomorphisms. But we want to stabilize idempotents. This can be

done by setting
Hy ([P0 Dou . |Hv(boo)  Hv(bo1)
bio In+bi])  [Hv(bio) In+Hv(b11)
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This yields a smooth homotopy between

_ |boo bo1 boo bo1 ~ |On _|b
b= [blo 1N+b11] and [bw 1N+bllj| b [ 11\} N [ RON:|

In simple terms, this means that by using a smooth homotopy, we can always make free
space, i. e. we can stabilize. It also means that we can conjugate freely by smooth terms.
Indeed, using the conjugating matrices

AT AT
l cos —hv sina 1 F) ] l cos o hv sina 1
1 b

hvsina 1loycosa + loyt —hvsina loycosa + lonti

~

we quickly obtain a smooth homotopy between

b RN
ROy an ROy

As the homotopies used are smooth, and the conjugating terms used are smooth (in
fact polynomials) in terms of the initial data, we obtain

~

Theorem 5.4. If A is a (unital) commutative locally convex algebra, then Gy(2A) is
a (unital) commutative “smooth” topological H-ring. By “smooth” we mean that the
topological homotopies are induced by smooth maps Gn(A) X ... X Gn(~A) x [0,1] — Gn(2A).

Now, the exact meaning of “smooth” in the setting of infinite-dimensional spaces
remains somewhat unclear, but if one tries his favorite definition, then he will most likely
agree.

6. ESTABLISHING THE SMOOTH TOPOLOGICAL ALGEBRAIC H-RING STRUCTURE

6.1. We say that the polymetric ring 2 is strong if for every seminorm p there is a
seminorm p such that p(a; ...a,) < p(a1)...p(ay,) for any n € N. These algebras behave
well with respect to forming AT, and Kq(2), etc.

Suppose that 2 is a strong locally convex algebra. Let [a,b] C R be a closed interval.
If A: [a,b] — 2 is a, say, continuous function, then C(t) = A(t)dt is a continuous
ordered measure on [a,b]. For such a continuous measure, the time-ordered exponential

exptC(t)zl-i- C(t1)++/ C(tn)C(t1)+
tq t1 <<ty

can be considered. One can check

Lemma 6.2. If 2 is a strong locally convex algebra, and P : [a,b] — A is a smooth
idempotent-valued map, then the map

Ap {(t1,t2) : t1,t2 € [a,b],t1 <t} — A

(t1,t2) — Ap(t1,t2) = exp, P(t)P(t) — P(t)P(t) dt|js, 4,

is also smooth, and

Ap(t1,t2)
A LAN

P(tq) P(tq).

Remark 6.3. What happens above corresponds to parallel transport along a connection,
which can be written in local form as V=d—dP P+ PdP = Pd.P+(1-P).d.(1-P).

Consequently, smooth homotopies can be lifted to conjugation. Hence we obtain

Theorem 6.4. If A is a (unital) commutative strong locally convez algebra, then Gy ()
is a (unital) commutative “smooth topological algebraic” H-ring. By “smooth topological
algebraic” we mean that the topological homotopies are induced by conjugating by smooth
maps Gu(A) X -+ x Gn(~A) x [0,1] = Kpo1yxn ()"
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7. THE CORE INFORMATION OF VIRTUAL IDEMPOTENTS

7.1. Let us use the abbreviations h;; := all(b—a)all, where al! = @ and o'l = @. Then

~ |hoo hot
R((b, a)) = le lo + hn} '

In other terms, the h;;’s contain the information what is left after regularization. It turns
out that the regularization of various operations can be expressed in terms of that data:

invy _ hll th .
R(<b7 a’> ) - |:h01 1Q + h00:| )

and similarly, for

Rpa)) = [0, 0 .

10 lo+hy
it yields
= s01(hoo — ho1 + h1o — h11) fioo hon s01(hoo + ho1 — h1o — h11)
hio 1o+ hiy
_ (Poo Mol g ot hio + hothar + hiihio — hiohor)
= hoy 1q+ hyy| — Sor(horhio + hothay + harhio = hohor).
Furthermore, if we use the abbreviations
koo ko1 / koo ko1

d = d =

rad) = [0 L R =i B

then it yields

— _ |0ax= h11®@kly  h11®k{, hoo®koo  hoo®ko1
R((ba)®(d,c)) = [ 1Q><E:| * [hn@k'lo h11®ky, + hoo®kio  hoo®k11
h10®k11+h10®k’01+h01®k01+h01®koo} .

)

+
ho1®k11+ho1®k10+h10®k10+h10Rkoo

and we obtain a similar formula for R((b, a>§<d, c)) except the terms h;; ® k:l(;r)L should
()

lm

be replaced by h;,, ® k;;. The additive neutral element corresponds to RO = 0. The

e . . 1
multiplicative neutral idempotent corresponds to the “scalar” matrix R1 = { 1] .

7.2. More generally, we can talk about regular idempotents. The general matrix

hoo ho1
H =
|:h10 1o + hn]

is an idempotent if and only if

hoohoo + ho1hi1o = hoo, hooho1 + horhi1 =0,
hiohoo + h11h10 = 0, hiohor + h11h11 = —hy1.
We say that such an idempotent is regular if the identities
hoohio = ho1hoo = 0, hoohi1 = ho1ho1r = 0,
hiohio = h11hoo = 0, hioh11 = h11hor = 0.

also hold. Inspired by the formulas of the previous point, one can define “regular”
operations @, inv,’, @, ® for regular idempotents. They satisfy the same identities as
their ordinary counterparts; although checking that they yield new regular idempotents
is quite tedious already. Using the standard machinery, one can show that the “regular”
operations are homotopic to the “ordinary” operations. In those terms, the regularization
operation R is a natural trivial homomorphism from pairs of idempotents to regular
idempotents.
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7.3. Regular dimension. Based upon the observations above, we propose a notion
of dimension of virtual idempotents which behaves well with respect to non-unital rings
and products: For (b, a) let dim (b, a) be the infimum of the cardinality of those = such
that

<b7 CL> Zalg <Ua ROE>a

where U is a regular idempotent. Then we obtain

Theorem 7.4. The dimension defined above has the following properties:
(a) p1 ~alg P2 implies dimp; = dim ps.
(b) dimp = 0 holds if and only if p ~ 0.
(c) dimp; @ pa < dim p; + dim pa.
(d) dim p™ = dim p.
(e) dimp; ® p < dimp; dim ps.
(f) dim1 = 1, if it applies.

8. FINITE DIMENSIONALITY

From the previous discussion, it is clear that a Grassmannian element is finite di-
mensional if it can be represented by a pair of finite matrices. If 2 is a discrete ring, then
finite dimensionality holds automatically. More generally, every Grassmannian element
is finite dimensional if we can approximate in 2 in traditional sense. We demonstrate
this statement in order to connect to the classical viewpoint.

8.1. We say that a polymetric 2 is norm-strong if there is a distinguished seminorm ¢
such that for each seminorm p there is an other seminorm p and C,4,j € N such that for
all X1, Xo,..., X, (n>1), we have
p(X1...X,) <Cnl Z hi(X1) ... ho(X,).
he{l,...;n}—{q.,p}, #{r: hr#£q}<j
This class of polymetric rings also behaves well with respect to taking 2+ and Kq(21).

8.2. Suppose now that 2 is a norm-strong polymetric ring. If P =~ R0, is an idempotent,
then we can take € such that

€ =P —R0q except in finitely many entries,
yet so that in a distinguished seminorm ||¢|| can be arbitrarily small. Then
15E =P—-¢

differs from ROq only in finitely many entries; however, it is not necessarily an idempo-
tent. _

In general, if P is not an idempotent but quite close to being one, then we may try
the idempotent operation

~ P
domP = [ ldz]
(1—P)+ Pz 27
where we apply formal integration for rapidly decreasing Laurent series. For the sake of
brevity, we will write 1 for 149 1}xq in the rest of the section.

In the present case, due to the norm-strong structure, this machinery works using
classical Neumann series. Indeed, if € is so small that ||Pel| + [|(1 — P)e|| <  then
~t]dz|

2m
= P+ (2PcP—eP—P¢) + (Pec+ePe+ec P—3Pe Pe—3Pec P—3¢ Pe P+6PePeP) + - - -

PomidemP. = [(P-)s((1=P)+ P (1= ez = 1)(1- P)+ P2 )
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is convergent. According to its definition, idem P. is an idempotent which differs from
ROq in finitely many terms. It is easily to quantify that if € is very small, then idem P
is very close to P.

Now, if an idempotent () is sufficiently close to the idempotent P, then 1 — P — Q =
(1-2Q)(1 — P — Q + 2QP) becomes invertible. Indeed, the first term in the product is
an involution, and the second term is invertible by Neumann series arguments. But then

1-P—Q Q. and P 1-P—Q+2QP 0.

P
According to this, if ||e]| is sufficiently small, then

(1—-P—P.+2P.P,1)

(P,R0q) (P-,R0Oq).

After eliminating the unnecessarily stabilization terms in the latter expression, we see
finite dimensionality.

Remark 8.3. When we send P into @ we can choose between 1—P—@Q and (1—P—Q) .
If & allows a continuous division by 2, then we have more symmetrical choice: We can
take the geometric mean between 1 — P — @Q and (1 — P — Q)~!. This yields the sign
operator

U=P)+1-Q) _ P4Q, g, |
sgn(l—P—-Q) = / A-P)+(1-Q) | P+Q, 21
2 2

Here it was understood that P%Q = RO + (PfROQ);(QfROQ), and similarly for
Q=PI This yields

sgn(1—P—Q)

P (1-2Q) sgn(1—P—-Q)=sgn(1—-P—-Q) (1-2P)

Q, and P Q,

which are much more symmetrical choices. This construction fits to the case of x-algebras.

8.4. Using the same techniques, one can prove the following version of Corollary 3.8: If
(b,a) ~ag (b,a), where b, b,a are finite matrices, b ~ b =~ a, then there is a finite index

set ' and ¥, ¢ ~ 1o such that (b & ROgq/,a & ROgq/) 9, (1; @ ROg,a ® ROg/). As

a consequence, the discussion of individual Grassmannian elements can be reduced to
finite matrices. This is, however, of little help in terms of the global H-ring structure.

9. FREDHOLM OPERATORS

Here we discuss how Fredholm operators can be placed in this context. It is instructive
to see how standard elements of Fredholm module theory come up in the context of virtual
Grassmannians. See e. g. [2] for comparison.

9.1. Connectors. Suppose that £,a € o (2T), a is an idempotent, and £ is an invertible
element such that a* ~ a. In such a pair [¢,a), we call the first term as the connector
element, and the second term as the base idempotent. We define the index

Ind [¢,a) = (%, a).

The nicest case is when £ is an involution. We can define the sum [£1,a1) ® [£2,a2) =
[€1 @ &, a1 @ az) and the additive inverse [€, a)™ = [€, a).

Suppose now that ¢ is another idempotent, and o is invertible such that ¢ = ¢ but
in Ug(A). Let us consider the product of indices

Ind [§,a><§lnd [o,¢) = (dﬂa)@(é",c) =@ +a*Rc,a®E +a®c).

One can see that

a®tta®c Bt e 1a®c
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and
a®ctawe EE=E Gl g el @
Hence, it is reasonable to define
[f,a>§[0,0> =[a®o+a®lz) (a®lz+{a®0),a®i+a®c).
Then the product of indices is equivalent to the index of the product. Indeed

(a®@o+a®lz,a®0+a®ls

Ind ¢, a) &[0, b) ), nd €, @) Tnd [0, b).

A bonus is that the connector term of [€, a)@[a, ¢) is an involution if £, o are involutions.

Lemma 9.2. The following hold:

(a) [€1,a1) =~ [€2,a2) = Ind [€1, a1) ~ag Ind [§2, a2);
(b) fdfil =a=Ind [53 a> Zalg 07'

(C) Il’ld[ 7a> :alg Ind [5717 a>) <£2a€72a a’> :alg 0;
(d) Ind [§1,a1) ® [§2,a2) ~ Ind [§1,a1) © Ind [§2, az);
(e) Ind [£,a)™ ~ (Ind [¢,a))™;

(f) Ind [¢,a) D [0, b) ~ale Ind [€, a) @ Ind [0, ).

Proof. The points (b), (d), (e), (f) are immediate.
(626711

(a1) & ~ & = Ind [&1, a) ~aie Ind [€2, a) follows from Ind [£1, a) 2) Ind [&2, a).
(a2) a1 = az = Ind [€, a1) ~a1e Ind [€, a2) comes as follows: The algebraic homotopies

Ind [¢,a1) & [, d2)
(by (a1))

Ind [s12(a2)(§ & &) s12(a2), R{a1, a2)) ~aig

alg Ind |:|:£ §:| 7R<a17 a2>> = <R<a§7 a§>»R<a17 a2>> Salg
(by Corollary 4.6)
Nalg R(a%, a%) @ R{a1, az)™ e Riar, az) @ R(a1, as)™ a1 0

imply the statement.

(c) According to (ag), we see that Ind ¢, a) ~ Ind [€,€71a€) ~a, Ind [¢,£71aE) =
Ind(¢~1, a). But then, according to Corollary 4.6, we also see that (€aé™1, €7 a&) ~,, 0.
Consequently, (£2a&™2, a) ~,, 0. O

9.3. Fredholm connectors. In general, £ can always be replaced by an involution.
Indeed, suppose that a is an idempotent, {a = a, and £ allows a parametrix 1 such that
&n =~ n& ~ 1. Then it is not hard to see that, for example,

£ = (a+ ata — a)(a — ana — a)(a + aa — a)
will be an involution. This is a reasonable substitute.

Lemma 9.4. If { is invertible, then Ind [{, a) ~a1, Ind [5, ay.
Proof. Apply the following lemma with ¢ = £ 1. O

Lemma 9.5. Suppose that v is invertible such that v — aya =~ a or ¢ — ava ~ a. Then
(Yap™', a) ~ug 0.
Proof. Consider the first case. Then

wormml[ P A D D )
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where the conjugation in the middle is induced by the replacement in the conjugating
term according to the observation

a

al-

e ]

The second case is similar. O

S|
SIS

The price we paid for having é is that we have departed from the case of conjugating
matrices which are manifestly unitary in the x-algebraic case. However, it is this setting
which is applied in the discussion of the index of Fredholm operators as follows.

9.6. Fredholm operators. We say that ¢ € Uq, o, (A1) is a Fredholm operator if
there is a parametrix ¢ € Wq, o, (AT) such that ¢y = 1o, and ¢ ~ 1g,. We say that
& € Ugua, (AT) is a connector element for the Fredholm operator 1, if it is invertible

and
N ¢
e=[, 9

One can easily obtain such an element by taking the involution

_[las =¥ 20— vd] _[la, & | [lo lo, ¢
F(y,¢) = Q¢ ¢¢_1QI]_[Q —191} [—sz —191}{9 —191]

9.7. To a connector element £ as above, we can associate the index

wieomeim- ([ o e[ )

It is easy to see that, up to smooth conjugation, this Grassmannian element depends
only on 1. Nevertheless, in order to get a well-defined index element, we define the index
of the Fredholm pair (¢, ¢) as

Indp (¢, ¢) := Ind [F(¢, ¢), 00, & 1o, ).
9.8. We can define the sum of Fredholm pairs as (¢1, ¢1) ® (Y2, d2) := (11 D1a, p1 B d2),

and the inverse pair as (¢, ¢)"™V = (¢,). If (¢',¢') is a Fredholm pair such that 1’ €
Vo, 0,9 € Yq, q,, then we define the composition as (¢, ¢’) o (1, ¢) = (¥'¢, p¢’).

Lemma 9.9. The following hold:

(a) (1/)17 ¢1) ~ (’l/)Qa ¢1) = IndF (1/)1’ d)l) Zalg IndF (1/’27 ¢2);
(b) if ¥ or ¢ is invertible, then Indr (¢, @) ~aig O;

(¢c) Indg (1, 61) @ (2, ¢2) =~ Ind(¢1, 1) & Ind (¢, P2);
(@) Indg (1, $)™ =~ (Indr (¢, ¢))™;

(e) Indg (¢, ¢') (¢, }) ~arg Indp (1), ¢) @© Indp (¥',9");
(f) Indp (), $) @ (6, X) ~atg Indr (1), ) ® Indp (6, x).

Proof, except of (f). Everything is straightforward, except (e). It is easy to check if
(', ¢") = (u,u™1), where u is invertible. In this case

Indg (¢, ¢) Indr (¢, ¢") o (¢, ).

U ! /
This special case implies the general case as follows. Let £ = E}l 23}2} R~ [ W (Z)} be
21 S22

(Lo, Bu,lo,®u)
B et e VAN

a connector element with inverse £¢’. Then

(& S - I D W)
gil 512 ’ 5&2 gél d/ ’ d)/ 191 ’ 1Q1 ’

Consequently, Indr (¢, ¢) ® Indp (¢, ¢") a1 Indp (¢, @) 0 (¢, ¢) ® Indp(le,, 1g,). O
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What prevents us from proving (f) is that we have not defined the product of Fredholm
pairs yet. Thus, it remains to make a definition such that (f) would hold.

9.10. Evaluating it, we find that the connector term of [F (¢, ¢), 0q,®1lq, >§[F(9, X),0=,®
1z,) is a connector term for the Fredholm pair

({(190 — ) ©0 (20— ¢hd) ® lzl} [(190 —p)®@x (20— P9) ® IEOD
Y lz, (Vo —1lo)®@x |’ Y ©lg, (Yo —1lo,)®0 | )’

which, henceforth, can be chosen as the definition of (1), qﬁ)(@(ﬁ, X)- Applying the com-

position
(e e )
_191XEO ’ _1Q1><EO ’

which, according to 9.9 (b) and (e), does not change the index up to algebraic homotopy,
we obtain ~
_1/} ® 150 (191 - ¢¢) ® X ’ w Y 1E1 191 @0 ’

Hence, this is another sufficiently good definition for (v, ¢)§(9, X). This latter one is
essentially the same as [1] (2.6). Needless to say, many variants are possible.

Fredholm operators coming from geometry are more general. They do not act around
0q, @ 1o, but more general idempotents corresponding to vector bundles.
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