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Dedicated with great pleasure to F. H. Szafraniec on the occasion of his 70th birthday

ABSTRACT. In this article we propose an approach to the strong Hamburger moment
problem based on the theory of generalized eigenvectors expansion for a selfadjoint
operator. Such an approach to another type of moment problems was given in our
works earlier, but for strong Hamburger moment problem it is new. We get a suf-
ficiently complete account of the theory of such a problem, including the spectral
theory of block Jacobi-Laurent matrices.

1. INTRODUCTION

A theory of the moment problem is connected with generalized eigenvectors expansion
approach, by means of which it is possible to investigate different situations. In this ap-
proach we firstly obtain a moment representation by applying the theory of eigenfunction
expansion in generalized eigenvectors to the corresponding operators. For such vectors
we get a simple equation depending on the moment problem under consideration,— a
solution of this equation gives a form of the representation. The corresponding Parseval
equality gives the moment representation itself.

After this we connect, with the considered moments, a Jacobi type three-diagonals
block matrix the spectral measure of which is equal to the measure in the moment repre-
sentation. The corresponding spectral theory for such a matrix gives further information
about the considered moment problem.

Such an approach gives a possibility to investigate the following moment problems:
classical, trigonometric, complex, matrix and different many-dimensional analogs of
them, including infinite-dimensional cases (in many-dimensional situation it is neces-
sary to investigate commuting families of Jacobi type operators), see [4, Ch. 7, 8], [5,
Ch. 5, Section 2], [7, 8, 9, 11, 12, 13, 14].

This article is devoted to a demonstration of such an approach applied to an investiga-
tion of the strong Hamburger (strong) moment problem. We get a sufficiently complete
account of the theory of the strong moment problem based on the spectral theory of
selfadjoint operators and, in fact, independent of previous works in this direction.

It is necessary to note that an idea, similar to the above mentioned one, of investigat-
ing positive defined functions, moment problems etc. belongs to M. G. Krein (19461948,
[22, 23]). He has constructed a Hilbert space by using the investigated positive definite
kernel, and, to natural operators on this space and connected with investigated prob-
lem, he had applied the method of directed functionals he had created in those years.
Yu. M. Berezansky in 1956 [2] had applied, to such operators, a general method of a
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generalized eigenfunctions expansion, which gave, in particular, the above mentioned
results for the moment problems.

The strong Hamburger moment problem is formulated in the following way. We have
a sequence s = ($,)°22 _ _ of real numbers s,. What is the case where the numbers s,
are moments of some measure dp(\) on the Borel o-algebra B(R), i.e.,

(1.1) sn:/)\”dp()\), neZ:={..,-1,0,1,...}.
R

If the representation (1.1) holds true only for n € Ny := {0,1,2,...} = {0} UN, we
have the classical moment problem [1, 4, 31], an answer to it is well known,— a sequence
(5n)22, is a moment sequence iff for an arbitrary finite sequence (f,)5, of complex
numbers f, the following inequality takes place:

(1.2) Z sj4xfife > 0.

7,k=0

In other words, the matrix (s;1)5%—o must be positive (i.e. nonnegative) definite.

From these definitions it follows that every strong moment sequence is a classical one,
Z O Ny. It is possible to understand that, since we have representation (1.1) for n € Ny,
we can extend it to n € Z_ := {...,—2,—1} iff the measure dp(\) near the point 0 is
“small”, every integral for n € Z must be exist.

Such a situation with a measure corresponds to reality but this problem is not simple
and there are many papers have appeared starting in 1983-1984 that deal with a study
of the strong Hamburger moment problem. We will not give here a corresponding list
and only refer to the detailed survey [21] and to some articles closer connected with our
work.

It is necessary to say that representation (1.1) takes place iff the condition (1.2) is
fulfilled for arbitrary finite (f,,)%2 _ ., with summation going from —oco to oo. This result
was published in 1984 in the work [20] but we would like to say that representation (1.1)
and its equivalence to positivity of type (1.2) was obtained in 1965 by Yu. M. Berezansky
in [4] (see also [3]) as a special case of a more general theorem (a more detailed account of
this fact will be given in the Section 8 of this article). Note also, that the strong moment
problem has appeared at first in the article of A. A. Nudelman [28].

Similarly to the classical moment problem, the same problems arise for its strong
variant,— what are the cases where representation (1.1) is unique, if we have a nonunique-
ness, — in what way is it possible to describe all measures dp(\) with a given moment
sequence s = ($,)22_ . Now, the so-called Laurent polynomials, i.e., finite linear com-
binations of A", n € Z, become essential. Important questions now are: what is an analog
of a Jacobi matrix connected with s and what spectral theory such matrices have, etc.?

Many of these questions are investigated in the articles cited in [21] and in [27]. But an
approach to the corresponding problem was analytical, often without application of the
corresponding natural tools of the spectral theory of operators. It is necessary to say that
applying the theory of generalized eigenvectors and the corresponding results to Jacobi
matrices and positive definite kernels ([4], Ch. 5, 7, 8) to such problem gives the very
clear picture similar to the classical moment problem. Unfortunately, the corresponding
authors used another ways.

For our investigations, important are the works [19, 33, 34] (note that these works do
not also use the theory of generalized eigenvectors, etc.). For the Laurent polynomials,
the Laurent-Jacobi matrices corresponding to strong moment problem are presented in
[19]. Here, an operator generated by such a matrix was considered and some of its
spectral properties were investigated. The articles [33, 34] generalized some results on
strong moment problem from [21] on the matrix case. The author systematically used
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the operator theory and namely his works gave an insentive for writing this article. Also
note some last works [16, 17] concerning the questions connected with strong moment
problem which had some influence on our constructions.

The presentation of this work is as follows. In Section 2 we recall the main results about
the generalized eigenvector expansion which are necessary for the following. Section 3
gives a proof of main theorem of representation (1.1) and some condition of uniqueness
of the measure.

Section 4 is devoted to the construction and an investigation of a block Jacobi type
matrix connected with (1.1), (1.2). It is necessary to note that our Jacobi-Laurent ma-
trix is a block three-diagonal matrix, instead of five-diagonal numerical matrix in the
previous investigations. The use of block matrices, often with blocks havin different di-
mension, instead of numerical ones is very convenient in the corresponding situations and
were earlier proposed by the authors in [11, 12] for trigonometric and complex moment
problems; see also [10, 26]. To devise such an approach it was very essential to con-
sider results of the article [36] devoted to a complex moment problem. The convenience
of block matrices consists in a more easy finding the relations between the objects of
consideration, as it formally the case for the classical Jacobi matrix.

The main results of this Section are the Theorems 5, 6. Some parts of these theorems
are published in articles [34, 35], but we stress that our proofs are practically a repeatetion
of proofs from [11, 12] for similar problems.

Our Jacobi-Laurent matrix .J is symmetric and has algebraic inverse J~! which is
also a block three-diagonal matrix with corresponding properties. There are still some
problems which include the following: to describe such matrices J in an inner way similar
to the case of five-diagonals unitary matrices (i.e. three-diagonal block). In the unitary
case such a description was given by S. Verblunsky (see book [32]), we plan to give a
corresponding description for J in separate article.

In the Section 5 we present a spectral theory for block Jacobi-Laurent matrices, includ-
ing the direct and inverse spectral problems. The constructions are similar to classical
Jacobi matrices [4], Ch. 7, and we use the generalized eigenfunction expansion. In Sec-
tion 6 we consider the Jacobi-Laurent matrix J in a general case, when .J generates only a
Hermitian operator, not a selfadjoint one. We construct the corresponding theory similar
to the case of classical Jacobi matrices. We outline the theory describing all selfadjoint
extensions in the initial Hilbert space but do not give a complete account of the theory
since, on the one hand, it would require too much space and, on the other hand, the
constructions are very similar to the classical case of a Jacobi matrix given in the book
[4], Ch. 7.

Let us also stress that in this article we do not consider selfadjoint extension of the
operator generated by J that would act on a space larger that the initial space. So, we
consider only ”orthogonal” spectral measures.

Section 7 is devoted to a construction, from the initial moments s,, n € Z, of a
Jacobi-Laurent matrix and to a discussion of the connection between the initial measures
dp(\) from (1.1) and the spectral measure of selfadjoint operators generated by J. This
section clarifies how the theory of selfadjoint extensions of Jacobi-Laurent matrix gives
a description of all solutions of problem (1.1).

In the Section 8 we do the following: 1) explain a connection with the former results of
Yu. M. Berezansky [3, 4] and the strong moment problem; 2) outline a way of investigating
the strong matrix moment problem using the approach of Sections 2-6 and the work [24]
of M. G. Krein.

Note, that for the convenient of readers we often at first present a particular case
of the corresponding theory. So, in the Section 4 we at first consider the most simple
case of a bounded operator generated by a Jacobi-Laurent matrix, i.e., the case where
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the measure dp(\) has bounded support. Then we pass to the general case where the
support is arbitrary, but the set of all functions R 3 A —— ™, m € Z, is total in the
space L?(R,dp()\)) (such measures can be exotic enough).

2. PRELIMINARIES

Let ‘H be a separable Hilbert space and let A be a selfadjoint operator defined on
Dom(A) in H. Consider a rigging of H

(2.1) H_DHDHL DD,

such that Hy is a Hilbert space topologically and quasinuclear embedded into H (topo-
logically means densely and continuously; quasinuclear means that the inclusion operator
is of Hilbert-Schmidt type); H_ is the dual of H, with respect to space H; D is a linear,
topological space, topologically embedded into H .

The operator A is called standardly connected with the chain (2.1) if D C Dom(A)
and the restriction A [ D acts from D into H, continuously.

We formulate a short version of the projection spectral theorem (see [4], Ch. 5, [5],
Ch. 3, [6], Ch. 15).

Theorem 1. Let A be a selfadjoint operator defined on a separable Hilbert space H
and standardly connected with the chain (2.1), where D is separable. Then there exist an
operator-valued function ®(\) and a bounded Borel (general) spectral measure do(\) such
that ®(\) is weakly measurable and is defined for almost all A from the spectrum s(A)
of the operator A in the sense of the spectral measure do(\) and takes values in non-
negative operators from Hy into H_, and for every X its Hilbert-Schmidt norm satisfies
the equality |®(\)|< Tr(®(N\)) = 1. Here Tr denotes the trace of corresponding operator.
The function ®(X\) and the measure do(\) give a representation of the expansion of the
identity E of A,

(2.2) E@)f = [e0don)f. AeB®), fem.,
([owae)
and of the operator A,
(2.3) Af = ( / AD(N) da()\))f, f € Dom(A) NH,.
s(A)

The set of values Ran(®(A\)) C H— consists of a generalized eigenvector p(\) € H_
of the operator A with the corresponding eigenvalue X, i.e.,

(2.4) (e(A), Af)r = A@(A), fln, AeR, feD; ¢(A)#0.

In a general case, for the operator A appearing in the Theorem 1, it is possible to
construct the expansion of almost arbitrary vector f € H in the generalized eigenvectors
of operator A in the form of a “Fourier transform” (see [4], Ch. 5, [5], Ch. 3, in particular,
[6], Ch. 15, Section 3). But in a general situation the dimension of the vector, the Fourier
transform f (M), depends on the “multiplicity” of the eigenvalue A and the corresponding
formulas are not very effective. But in some special case of operators A, the language of
the Fourier transform is very convenient and replaces formulas (2.2), (2.3).

Let A be some selfadjoint operator on H, a vector ¢ € H is called cyclic if ¢ € Dom(A™),
n € N. Let A has an algebraically inverse operator A~! (i.e., for f € Dom(A)), A~1Af =
f, Dom(A~!) = Ran(4)). A cyclic vector g, is called double cyclic if ¢ € Dom(A"),
n € Z.
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Theorem 2. Let A be a selfadjoint operator such that all conditions of Theorem 1 are
fulfilled. Assume that there exists a cyclic vector q for this operator (or double cyclic, in
this case we assume that A~ f € D if f € D and the algebraic inverse A~! is defined on
D) which is generating in the following sense: ¥Yn € Ny (or Vn € Z) A™q € D and the
set of such vectors is total in D.

Then the spectrum of A is simple and for every X € s(A) the corresponding generalized
eigenvector () € H_ exists and we can introduce the Fourier transform F,

(2.5) D> fr— (Ff)N) = FN) == (f,¢(\)x € C.
Instead of (2.2), (2.3) we have an equivalent representation: Vf,g € D
(2.6 (Fa = [ FNGT Ao, (ADHR) = AFN), A€ s(4).
R

With the help of extension by continuity, definition (2.5) can be extended to all f € H,
then f(\) € L*(R,do())). The first equality in (2.6) extends to f,g € H, becoming the
Parseval equality. The second equality extends to f € Dom(A) and shows that our opera-
tor is unitary equivalent to the operator of multiplication by X on the space L*(R,do()\)),
acting on f(\), f € Dom(A).

Proof. This theorem, in the case of a cyclic vector, is proved in [6], Ch. 15, Theorem 3.2.
In the case of a double cyclic vector g, it is necessary to repeat the proof of this
Theorem 3.2. Doing so there is only one place needed to be explained. Namely let
©(A) == P(A\)Jfo € H- be the vector from the proof of this theorem. We have the
following: (¢(A),q)n =0 (in [8] ¢ was denoted by ).
It is necessary to show that o(A\) = 0. This vector is a generalized eigenvector with
the eigenvalue A, i.e.,

(90()‘)7 Af)?‘( = )‘(QD()‘)7 f)H; f €D.
Therefore Vf € D,
(2.7) () )z = V), AAAT )3 = Mp(N), A7 ),

since, by conditions the theorem, A=!f € D. From (2.7) we conclude that A # 0: if
A =0, then (¢(A), f)x =0, f € D, i.e., p(A) =0 and the proof is finished.
So, let A # 0. Using (2.7) we get

(2.8) (), A7 e = A" V), flm, feD.

By iterating (2.8) (note that A=1f € D), we have

(2.9) (), A" ) = A" (@A), fln, feD, neN
For nonnegative powers of A we evidently have that

(2.10) (e(A); A")w = A" (0(A), [l =0, n € No.

Taking f = ¢ in (2.9) we conclude that (2.10) takes place for n € Z. But by conditions
of the theorem, the set {A"q,n € Z} is total in D. Therefore, this is also true in the
double cyclic case ¢(A) = 0. O

We will use below in this article some conditions of selfadjointness, connected with the
notion of a quasianalytic vector. We will recall these results. So for a Hermitian operator
A defined on Dom(A) in H, the vector f € (2, Dom(A™) is called quasianalytic [29, 30]
if

> VT
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Theorem 3. A closed Hermitian operator A is selfadjoint on the Hilbert space H iff the
space H contains a total set of quasianalytic vectors.

Versions of this theorem are published in [29, 30], see also [4], Ch. 8, Section 5. For
the given form of it, see [6], Ch. 13, Section 9.

3. THE STRONG HAMBURGER MOMENT PROBLEM

A solution of the strong Hamburger moment problem is given in the next theorem.

Theorem 4. A given sequence of real numbers s = ($p)0e_oo =: (Sn), N € Z, s, € R
admits the representation
(3.1) Sp = /)\” dp(X), nezZ,

R

with some Borel measure dp(\) iff it is positive definite, i.e.,
(32) > sietifs =0
JkEZ

for every finite sequences of complex numbers (f;), j € Z, f; € C.
The measure in representation (3.1) is unique if
o0

(3.3) > {L/la =0

n=1

Proof. Necessity of the condition (3.2) is obvious. Indeed, if the sequence s has repre-
sentation (3.1), then for an arbitrary finite sequence f = (fx)kez, fx € C, we have

(3.4) > sienfif =/ > fa"

J,kEZ R ' nEZ

2
dp(\) > 0.

Denote by [ the linear space C> of sequences f = (f;),j € Z, f; € C, and by lg,
its linear subspace consisting of finite sequences f = (f;),j € Z, i.e., sequences such
that f; # 0 for only a finite number of j. Let d,,, m € Z, be the d-sequence, i.e.,
0m =(0,...,0,1,0,0,...). Then each f € lg, has the representation f =3 . frndm.

m  place
Let us consider a linear operator J,

(35) (Jf)J = f]‘_l, J € Z; DOHl(J) = lan.
The operator J is a “creation” type operator. For the §-sequence we get
(36) J(Sm = 5m+17 m € 7.

The operator J is Hermitian with respect to the (quasi)scalar product consistent with
(3.4),

(3.7) (f,9)s = Y sj+ulfirs  [.9 € lin.
k€L
Indeed
(Jf.9)s = Y sive(JF)iGr = Y sivuti-10x
J,k€Z J,k€EZ
= > SipkirfiGn =D Sitrfife1
JkEL J,k€EL

= Z sj+ifi(J9), = (f.Jg)s.

J,kEZ
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In the next step we use Theorem 2. For simplicity, we suppose that the given sequence
s = (sn), n € Z, is nondegenerate, i.e., if (f, f)s = 0 for f € lg,, then f = 0. The
investigation in general case is more complicated, we will return to it at the end of this
proof. So, (3.4) now defines some scalar product on lg,. Let S be a Hilbert space
constructed as the completion w.r.t. (3.4).

Consider the operator J (3.5). It is Hermitian and defined on the domain Dom(J) =
lgn dense in S. Moreover it is real in S w.r.t. to usual passage from f = (f;), j € Z,
to f=( fj), j € Z. Therefore it has equal deficiency numbers and can be extended to a
selfadjoint operator in S.

We take and fix such an extension A. We will apply the general results of Section 2
to this operator A. But at first it is necessary to construct some rigging of the space S.

So, we will consider the following rigging:

(3.8) (12(p))-,5 2 S D l2(p) D lfin,

where l5(p) is a weighted lo-type space (I3 space on Z) with a weight p = (p,),n € Z,
pn > 1. The norm in lo(p) is given by |[fII7,,) = ez [fal®Pns (l2(p))—,s = H— is the
negative space with respect to the positive space lo(p) = Hy and the zero space S = H.
The space lg, = D is provided with the coordinate-wise uniform finite convergence.

Lemma 1. There exists a sufficiently fast increasing sequence p such that the embedding
la(p) — S takes place and is quasinuclear.

Proof. The inequality (3.2) means that the matrix (K ), j,k € Z, where K; 1 = sjix,
is nonnegative definite and, therefore,
(3.9) [sj0l* = [KGl* < K jKie = s2js508, ik € L.

Let the weight ¢ = (g;),j € Z, g; > 1, be such that ZjeZ 32jqj_1 < 00. Then from (3.7)
and (3.9) it follows that

) 2
11 = 3 siahifi < (2 )1l € ton

J.k€EL jkez

Therefore, l2(q) — S topological. And if ZjeZ qu;1 < 00, then ly(p) — Ila(q) is
quasinuclear. The composition l3(p) < S of the quasinuclear and topological embedding
is also a quasinuclear one. O

In the next step we use the rigging (3.8) to construct generalized eigenvectors. The in-
ner structure of the space (I2(p))— g is complicated, because of the complicated structure
of S. This is a reason to introduce a new auxiliary rigging.

(310) = (lﬁn)/ D) (lg(pil)) Ol D lg(p) D) lﬁn,

where lo(p™1), p~! = (p,; 1), n € Z, is a negative space with respect to the positive space
l2(p) and the zero space l3. Chains (3.8) and (3.10) have the same positive space l2(p).
The next general Lemma [8] establishes that the space (I2(p))—,s is isometric to the space

L(p™).
Lemma 2. Suppose we have two riggings,

(3.11) H_-DHDOH4, F-DFDFy="Hs,

with the equal positive spaces. Then there exists a unitary operator U : H_ — F_,
UH_ = F_, such that

(312) (Ufaf)]::(§7f)7'(7 §€H—7 f6H+:f+'

This operator can be given as follows: U = ]I;}]IH, where Ir and Iy are standard
unitary maps in corresponding chains IrF_ = Fy, Iy H_ = H4).
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Proof. 1t is very simple. Namely, the standard operators Iy;: H_ — Hy, It F_ +—
F4+ are unitary operators between the indicated spaces. For these operators we have:
VaoeH_, feH:

(OZ, f)H = (HHav f)'H+ = (a7 ]I;[lf)?'{fv (]IHav ﬂ)'H = (0[7 H'Hﬁ)?‘t

and analogous equalities for the second rigging in (3.11). Using these equalities we get

(UE Nr =TI fr = Mné, ),
= In& rn, =& Hn, §€H-, feH=Fy.
O

Let us return to the operator A. It is some selfadjoint extension of J on the space
S. It is easy to understand that the operator A is standardly connected with the rigging
(3.8) but, instead of riggings (3.8), we use (3.10) and Lemma 2.

Let ¢(X) € (l2(p))—,s be a generalized eigenvector of the operator A in terms of the
chain (3.8). So, in this case due to Theorem 2 and (2.4), we have

(3]‘3) (Qp()‘% Af)S = )‘((p()‘)v f)57 A€ Rv f € lgn.

Denote P(A) = Up(A) € la(p™t), P(A) = (P.(\),n € Z; Vn € Z P,()\) € R (here we
apply Lemma 2 with H_ = (l3(p))- s and F_ = lo(p~!)). Using (3.12) we can rewrite
(3.13) in the form

(314) (P(A)aAf)h = /\(P(/\)af)lza A€ R, f € lin.
The corresponding Fourier transform (2.5) has the form
(3.15) $ 2l > f = (FHR) = fON) = (£, PO, € L2 (R, do (X)),

Let us calculate P(\). The operator A is a selfadjoint extension of the operator J on
S with Dom(J) = lg, and acting on lg, by the formula (3.5) and therefore (3.14) gives
vf S lﬁn

D AP a = AP, i, = (PN, Af )i,

(3.16) ner )
= (P(N), I e = (JTPN), e = Y Pari(N) e
neZ
Hence we have
(3.17) AP,(A) = Poy1(N), neZ.
Without loss of generality, we can take Py(A) =1, A € R. Then equalities (3.17) give
(3.18) P,(A\)=\", nelZ.
Thus the Fourier transform (3.15) finally has the form
(3.19) SDlsn > f— (FFN) = fN) =D fad" € L*(R,do())),
nez
and the Parseval equality (2.5) is as follows:
(320) (F.9)s = [ T do), f.9 € b
R

To construct the Fourier transform (3.15) and to verify formulas (3.16)—(3.20) it is
necessary to note that for our operator A the algebraically inverse operator A~! on lgn
exists and the vector ¢ = §y € lg, has the property A"q = J"0g = 6, € D, n € Z. This
set is total in lg, and Theorem 2 is applicable.
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Parseval equality (3.20) immediately leads to representation (3.1). According to (3.18)
and (3.19), 6, = A" and 8y = 1, and by (3.7), we get

Sn = (5n;50)S = (&HSO)L?(]R,da()\)) = /)\n dO’(/\), n € 7,
R

e., (3.1) holds true with the measure dp(\) = do()).

If the operator J (3.5) is essentially selfadjoint on S we can take A to be the closure
of J. In this case the measure dp(\) in representation (3.1) is unique.

So, to the finish the proof of our theorem it is only sufficient to prove that the condition
(3.3) provides essential selfadjointness of J on the space S.

We will use the Theorem 3. Therefore it is necessary to prove that the operator J has
a total set @ from the space S of quasianalytic vectors. (Note, that this fact is easily
proved directly using the inequality (3.9)).

We put Q = {d,,p € Z}. This set is total in S,— its linear envelope equals to lgy,.
Let us prove that every such vector §, is quasianalytic. According to (3.5)—(3.7) we can
write |[J"0p||% = ||0p+n % = S2pion, n €N, p € Z. We have

(3.21) Z PRA ||Jn5 :Z

n=1 n=1

2” 82p+2n

But since ([15], page 106 and also [25]), the series Z — 7= are either

m and Z
convergent or divergent simultaneously, so equahty (3.21) and condltlon (33) give that
the vector 4, is quasianalytic.

We have proved our theorem in the main nondegenerate case.

Consider the situation when the quadratic form is degenerate, i.e., there exists a finite
nonzero f = (f;), j € Z, such that

(3.22) > sintife =0.

3,kEZ

In this case expression (3.7) gives a quasiscalar product and for construction of the space
S it is necessary to take the factor space of Ig, by all such f and after this to construct
the completion. The operator J is Hermitian w.r.t. the quasiscalar product, therefore it
is correctly defined on our S and is Hermitian w.r.t. the introduced scalar product. After
this it is necessary to repeat the given above scheme of the proof. A detailed account of
the corresponding constructions connected with rigging (2.1) (standard connection etc.)
is given in [5], Ch. 7, Section 5. |

Remark 1. If the strong moment problem is degenerate, then the measure dp(\) from
(3.1) is defined uniquely and concentrated on a finite number of points on R. In fact,
let condition (3.22) be fulfilled and for s,, representation (3.1) holds true. Substituting

(3.1) into (3.22) we see that for the nonnegative Laurent polynomial F(A) = | 3> M f; |2,
JET
where the sequence f = (f;), j € Z, is finite, we have [ F(X)dp(\) = 0. But such a

R
situation is possible only if the measure dp(\) is supported by a finite set of zeros of
F(\). The operator J now is, of course, essentially selfadjoint.

Remark 2. Tt is necessary to explain why the measure dp()\) in (3.1), for given s,, n € Z,
is defined uniquely only in case of essential selfadjointness of the operator J. For this it is
necessary to note that this operator can be represented as a block Jacobi-Laurent matrix
on the space 1y of type I3 (see Section 7). Elements of this matrix are calculated by only
using s, n € Z. The measure dp()\) is always a spectral measure of the corresponding
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operator on lp, therefore this measure is unique iff this operator (i.e. J) is essential
seladjoint on ls.

Note, that in this article we consider only “orthogonal” measure dp(\) in (3.1), i.e., a
measure constructed by means by a selfadjoint extension of the operator J on the space
S.

The following 3 sections will be devoted to an exposition of a spectral theory for block
Jacobi-Laurent matrices connected with the strong moment problem.

4. THE ORTHOGONALIZATION PROCEDURE AND THE CONSTRUCTION OF A
THREE-DIAGONAL BLOCK MATRIX CONNECTED WITH THE STRONG MOMENT
PROBLEM

We at first propose some orthogonalization procedure and construction of a three-
diagonal block matrix of the selfadjoint operator related to the corresponding strong
Hamburger moment problem.

Instead of the usual space Iz of sequences f = (fn)22, fn € C, on which the ordinary
Jacobi matrix acts, we will use the “double” space Iy which, by definition, is

(4.1) L=Ho®H1 BHa®, -+, Ho=C', Hy=Hy=-C2

Our three-diagonal matrices act in the space in (4.1). Of course, this space is equal
to the space I but on the Z, i.e., the space of sequences f = (f,)%_ .., fn € Cl. But
its representation of the form (4.1) is more convenient for us.

Let dp(\) be a Borel measure on R with bounded support and L? = L?(R,dp()\)) the
space of complex square integrable functions defined on R. We suppose that the Borel
measure dp()) is such that all the functions R > A +— A", m e Z_ :={--,-2,—1},
belong to L?, and all the functions A™, m € Z, are linearly independent.

In order to find an analog of the usual Jacobi matrix J we need to choose an order
for the orthogonalization in L? applied to the family of the linear independent functions

(4.2) RoX— A", meZ.

We use the following order for the orthogonalization via the Gram-Schmidt procedure
(such an order is same as in [19], compare also with corresponding pictures from [11, 12]):

(4.3) DAIIED WD CED WD & S S (5
Applying the Gram-Schmidt orthogonalization procedure to (4.3) with real coefficients

(see, for example, [6], Ch. 7) we obtain an orthonormal polynomial system in the space
L? (w.r.t. A and A}, the so-called Laurent polynomials) indexed in the following way:

(44) P();o()\); P]_;()()\)7P1;1()\>; P2;0()\)7P2;1()\>; e Pn;O()\)aPn;l()\)§

where each polynomial has the form P,.,()\) = kn;a)\(_l)wl” +--,nmneN a=01,
kn.o > 0; here + - - - denotes the previous part of the corresponding polynomial; Py(\) =
Po.o(A) = 1. In such a way, P,,, is some linear combination of

{1; AL AT200% L D) D AT for @ =0,

4.5
(45) {1; A5 AL AT202 L D D AT A for a =1,

Since the family (4.2) is total in the space L? even for m € Ny, the sequence (4.4) is
an orthonormal basis in this space.
Denote by Pi.. the real subspace spanned by the elements P,.,, Vn € N, a = 0,1,
from (4.5). It is clear that Vn € N we have
(4.6)
730;0 C 731;0 C 'P1;1 C 'Pg;o C Pg;l c---C Pn;o C Pn;l cC---,

Pria = {Po.0(N)} & {Pro(M)} & {Prn(N)} @ {Pao (M)} & {Pon(A)} & - & {Puia (M)},
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where {P,.o(N)}, m € N, a = 0,1, denotes one dimensional real space spanned by
Pm;a()\)§ /P();o =R.

As was mentioned above, for the next investigation we need, instead of the space Is,
the complex Hilbert space (4.1). Each vector f € 15 has the form f = (f,,)22,, fn € Ha,
and consequently Vf,g € 15

A =D I falze, <000 (fr9 = Y (fusgn),.-
n=0 n=0

For n = 0, the vector fy € Ho has, in the standard orthonormal basis {eg.0} of the
space C!, a representation fo,0, hence fo = (fo,0). For n € N coordinates of the vector
fn € Hy, in corresponding orthonormal basis {ey.0, en;1} in the space C?, are denoted
by (fn:0, fni1) and, hence, we have f,, = (fn.0, fn;1). By the way, it is clear that the space
I; is isometric to some subspace in ls @ 5.

Using the orthonormal system (4.4) one can define a mapping of 1 into L?. We put
Vn € Ny and VA € R, P,(A) = (Pp;0, Pn1(A)) € Hy. Then

oo
(4.7) l2 3 f = (fa)ozo — (TN = FON) =Y (fa Pa(M)m,, € L.
n=0

Since for n € Ny we get

(fru Pn()\))Hn = fn;(]Pn;O()\) + fn;an;l()\)
and
||f||122 = ||(f0;07 f1;07 fl;la f2;07 f2;17 RS fn;Oa fn;l; .. )||1227

we see that (4.7) is a mapping of the space lp into L?, and the use of the orthonormal
system (4.4) shows that this mapping is isometric. The image of 1 under the mapping
(4.7) coincides with the space L? because, due to our assumption, system (4.4) is an
orthonormal basis in L? (Laurent polynomial basis). Therefore the mapping (4.7) is a
unitary transformation I that acts from ly onto L2.

Let A be an arbitrary linear operator defined on Dom(A4) = lg, C 1o, where lg,
denotes the set of finite vectors from 1. It is possible to construct a corresponding
operator matrix (aj,k)}?,ok:w where for each j, k € Ny the element a; , is an operator from
Hj, into H;, so that Vf, g € Dom(A) = lg, C 1 we have

i

(4.8) (Af);=> ajufe, jENo, (Af,gh, = (@5 ke frs 95)H; -
k=0

= s

=
Il

0

To prove of (4.8) we only need to write the usual matrix of the operator A in the space
I, using the basis
(4.9) (€0:0; €1;0,€1:15 €2:0,€2:15 -} €ni0s€nil, ---)y €00 = L.
Then a; 1, for each j, k € Ny, is an operator H;, — H; that has the matrix representation
(4.10) ko8 = (A€kip, €0l
where @« = 0,1 and 8 = 0,1. We will write: a;; = (aj,k;aﬂ);’}ﬁ:o, J,k € N (including

. _ 0,1 _ 1,0 _ 00  _
cases: ap,1 = (ao,l;a,ﬁ)aﬁ:o; ayo0 = (al,O;a,ﬁ)aﬁ:o and ap,0 = (QO,O;a,ﬁ)aﬁ:Q = a0,0;0,0)-
Note that the first formula from (4.8) takes place for f € lg,; in the second formula
f S lﬁn, g < 12.
Let us consider the image A = TAI=!: L? — L2 of the above operator 4 : 1, — 1,
under the mapping I (4.7). Its matrix in the basis (4.4),

(Po,o(A); Pro(A), Pr;i(A); Pao(A), Pai(N); + o5 Pro(A), Pai(N); .. o),
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is equal to the usual matrix of the operator A understanding as an operator: l, — 1
in the corresponding basis (4.9). Using (4.10) and the above mentioned procedure, we
get the operator matrix (aj7k);°k:0 of A: 1y — ly. By definition, this matriz is also the
operator matriz of A : L2 — L2. Tt is clear that we can take an arbitrary essentially
selfadjoint operator on L? to be the operator A.

Return now to the objects connected with our measure dp(\) and sequences (4.3),
(4.4).

Lemma 3. For the polynomials Py.o(N) (4.4) and the subspaces Pr, 3 (4.6), the following
relations hold:
)\Po;o()\) =)€ 7)1;17
(4.11) APo.0(N) € Prias
APp1(A) € Poy1a, neN

Proof. According to (4.4), the polynomial P,.,()\), n € N, is equal to some linear combi-
nation of {1; A=1, AL; ...y A== x\n=1 X(=D"""n}  Hence, multiplying by A we obtain
a linear combination of {\; 1, A%; A=1, A3; s A=(n=2) \n A(=D*"'n+11 Y 40 such a
linear combination belongs to P,,,; for a = 0 and to P,,11,1 for o = 1. The first inclusion
in (4.11) is trivial. O

Lemma 4. Let A be the operator (bounded and selfadjoint) of multiplication by X in the
space L?,

L? 5 p(\) — (Ap)(N) = Ap(N) € L2
The operator real matriz (a;k)3%—o of A (i.e. of A = I"YAI) has a three-diagonal
structure: a;, =0 for |j — k| > 1.

Proof. Using (4.10) for €., = I7'P,.,()\), n € No; v = 0,1, we have Vj, k € Ny

(1.12) Gt = (Aerp il = [ APLs()Pra(N) do),

R
where o, 3 = 0,1. From (4.11), APy.q € Pk+1.0- According to (4.6), the integral in (4.12)
is equal to zero for j > k + 1 and for each =0, 1.

On the other hand, in integral (4.12) we can multiply by A the polynomial Pj,o()).
Therefore as earlier we conclude that this integral is equal to zero for k£ > j 4+ 1 and for
each 3 =0,1.

As a result the integral in (4.12), i.e., the coefficients a; 1.3, j,k € N, are equal to
zero for |j — k| > 1; a, 8 = 0,1. (In the previous considerations it was necessary to take
into account that eg.o = I~ Ppo(A) = 1). O

In such a way the matrix (aj’k)szo of our operator A of multiplication has a three-
diagonal block structure

ap,0 CL071 0 0 0

aio aiq a2 O 0

(4.13) 0 az1 a2 azz O
as.4

0 0 az2 as;s

From (4.12) we conclude that the following symmetry takes place:
(414) Aj ko, = Ak,j:8,a5 j; ke NOv aaﬂ = 07 L

A more careful analysis of expressions (4.12) allows to find which of the elements of
the matrices (aLk;a,g)}l’lﬁ:O are zero and which are not in the general case for |j — k| < 1.
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We can also describe properties of the matrix with respect to permutation of the indexes
i, k, and a, 3.

Lemma 5. Let (aj,k);ok:o be the operator matriz (4.13) for our operator of multiplication
by X in L. Now ajy : Hi — Hj; ajp = (ajyk;a,g)(ll’lﬂzo are matrices of the operators
ajx i the corresponding standard orthonormal basis. Then Vj € N

aj,j+1;0,0 = aj,5+1;0,1 = 0,
(4.15) 3. 3,3
4j+1,j:0,0 = @j+1,j51,0 = 0.

If we choose another order inside each pair {A\~", A}, from (4.5) then Lemma 5 is
not true but it will also be possible to describe zeros of the matrices (aj7k:,a76)¢13[}3:0- Such
matrices (a;,k)3%—o have also a three-diagonal block structure and have zeros but in other
places.

Proof. According to (4.12) we have, for j € N,

aj j+1,0,0 = /)‘Pj+1;0(/\)Pj;0(/\) dp(N),
(4.16)
tiseran = [ APL1aO)Po(N) o).

In the first integral in (4.16), according to (4.11), APj,0(A) € Pj1 but Pji1.0(N) is
orthogonal to the last set (see (4.6)). Therefore this integral is equal to zero. Analogously,
the second integral in (4.16) also equals zero: it is necessary to use orthogonality of
Pjy1:1() to Pja.

So, the first two equalities in (4.15) are fulfilled. The second equalities are fulfilled
according to (4.14). O

The above shows that the (2) x (2)-matrices in (4.13), a; j+1 and a;11 4, j € N, have
the first rows and columns, respectively, equal to zero. Taking into account (4.13) we can
conclude that the selfadjoint matrix of the multiplication operator by A is a five-diagonal
usual scalar matrix, i.e., in the usual basis of some subspace of Is & Is.

Lemma 6. The following elements of the matrix (aj,k)??kzo (4.13) are positive:

a0,1;0,1, @1,0;1,0,
(4.17) .
ajj+1;1,15  Git151,1,  J €N

Proof. The symmetry (4.14) shows that it is sufficient to show positivity of the second and
the forth elements in (4.17). We start with a; ;1,0. Denote by P/.;(\) the non normalized
vector Pp.1(A), (obtained from the Gram-Schmidt orthogonalization procedure but not
normalized). According to (4.3) and (4.4) we have

PLa(A) = A= (A Pro(A) 2 Pro(A) = (A, 1) 2.
Therefore using (4.12) we get

G100 = / AP (N) dp(N) = [Pl (V)72 / APLL(N) dp(N)

(4.18) — 1Pl (A ||L2/)\ (0 Pro(\) 22 Pro(A) — (A, 1)12) dp(A)

= [1PLiVlIz2 (”/\”L? =1 ProO)) 22 = 1A, )2 ).
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The positiveness of the expression (4.18) follows from the Parseval equality for the
decomposition of the function A\ € L? with respect to the orthonormal basis (4.4) in the
space L2. Namely,
(O 2 2+ 1O ProN)) 222 + (X, Pra (V) 2+ = M2 (1= Poo(N)).

Let us now pass to the proof of positivity of ajy1 51,1, where j € N.
From (4.12) we have

(4.19) Ajt1,5;1,0 = /APj;l(A)PjH;l(A) dp(N).
R

According to (4.4) and (4.6),
(4.20) Pia(A) = kja N + Rjo(N),

where Rj,o()) is some polynomial from Pj.o and k;,; > 0. Multiply expression (4.20) by
A we get

(4.21) APji(A) = kja N T+ AR;0(N),  ARjo(A) € Py

(now it is necessary to use the second inclusion from (4.11) and (4.6)).
Analogously to (4.20) we have

(4.22) Piy1a(N) = kjpia N + Riz10(N),  Rjz10(A) € Piyro,  kjs1n > 0.

Find M*! from (4.22) and substitute it into (4.21). We get

k.
APa(A) = 7= (Pieaa () = Rig0(V) + ARjo(N)
(4.23) ;:1*1 .
= k_];l Pj+1;1(/\) - k_J;l Rj.:,_l;o(/\) + /\R‘;o()\).
J+1;1 j+1;1

The second two terms in (4.23) belong to P;11,0 and P;.1 respectively and are in any
cases orthogonal to Pj41,1(A\). Therefore the substitution of the expression (4.23) into

. k.
(4.19) gives aj jy1;1,1 = kjill;l > 0. (]

In what follows we will use the usual, well known notations for elements a; of the
Jacobi matrix (4.13):

Gpn = Qp41,n - Hn I Hn+17
(424) b, = Qp.n i Hp — Ha,
Cn =0npnt1 :  Hny1 — Ha, n € Np.

All previous investigation are summarized in the following theorem.

Theorem 5. The bounded selfadjoint operator A of multiplication by X\ in the space L? in
the orthonormal basis (4.4) of polynomials has the form of a three-diagonal block Jacobi
type symmetric matriz J = (%k)fk:o that acts on the space (4.1),

(4.25) ly = Ho @ Hy @ Ho®, -+, Ho=C' H,=C?> neN.
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*bg| * c¢og +
* * 0
ao bl C1 0
+ *
0 x| 0 0
(4.26) J = a1 ba c2
0 +| %
0 x| 0 0
0 as b3 C3
0 +| * x| ok +

In (4.26) by = bo,0,0 is a 1 x 1-matriz, i.e., a scalar; by, is a 2 X 2-matriz, b, =
(bn;a,ﬁ)i’}ﬁ:o; Vn € N; ag is a 1 X 2-matriz, ag = (aO;a,ﬁ):;,%:o; a, 18 a 2 X 2-matriz,
an = (an;a,,ﬁ‘)i’}ﬁ:o Vn € N; ¢q is a 2 X 1-matriz, c¢g = (Co;a,ﬁ)g’}gzo; cn 18 a 2 X 2-matriz,
Cp = (cn;aﬁg);’}ﬁzo Vn € N. In these matrices a, and c, some elements are always equal
to zero,

(4.27) vn € N.

00,0 = On:1,0 = 0,  Cpy0,0 = Cns0,1 = 0,

Some other their elements are positive, namely,

ao;1,0, 00,1 > 0,
(4.28)

Un;1,15Cnsl,1 > Oa n € N.

Thus, it is possible to say, that Yn € N every left column the matrices a, (starting
with n = 1) and every top row of the matrices ¢, (starting from the n = 1) consist of
zero elements. All positive elements in (4.26) are denoted by +.

So, the matriz (4.26), in the scalar form, is five-diagonal of the indicated structure.
It is symmetric in basis (4.4), bnia.p = bniB,ar Cnia,8 = Gn:,as M € No, a,3=0,1.

For the considered operator A = I=YAI, we have Vf, g € Dom(A) =15, C 1y

(Af)n = (Jf)n = ap-1fn-1+ bnfn + cnfnt1, fo1:=0.

We want to make simple enough but essential remarks concerning the operator A gen-
erated in (4.25) by the matrix J (4.26) in the case where such an operator is unbounded
and corresponding inverse operator A1 exists.

(4.29) n € Ny,

Remark 3. Assume that the measure dp(\) discussed in the beginning of Section 4 has
an arbitrary support in R and all the functions

(4.30) RoA— A", mecZ

belong to L?(R, dp(\)) = L? and are linearly independent. In this case we can repeat all
constructions (4.3)—(4.29), but now the operator A defined on the set lg, in the space 15
is only Hermitian and symmetric (see (4.14)) and therefore has equal deficiency numbers.
Moreover in what follows we will assume that the set of functions (4.30) is total in L2.
Remark 4. Consider the one-to-one mapping between R \ {0} and R

(4.31) Ro:=R\{0} 3 Ar—pu=X1"1=p(\) €R.

We will assume that our given measure dp(A) on R is such that the point 0 does not
belong to its support, 0 & supp(dp(A)). In such a case, the mapping (4.31) takes this
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measure into the Borel measure do(u) on R (i.e. Va € B(R), o(a) = p(¢~!(a))). For
an arbitrary function Ry 3 A — F(X) € C, we have

(4.32) /F(ufl)dd(ﬂ) = [ FN)dp(\);  F(u™") = (I, F)(p)-
R R

Introduce the Hilbert space of complex-valued functions of x4 on R, L?(R,do(n)) =
L?a. Then from (4.32) we conclude that this space is unitary equivalent to the space
L*(R,dp()\)) = L? and the corresponding unitary operator I, : L? — L?p is given by
the last expression in (4.32).

Let the operator A constructed on 15 according to (4.29) vie the matrix J be essentially
selfadjoint and invertible. Then its L2-image, i.e., the operator A of multiplication
by A defined at first on linear combinations of functions (4.30) is also invertible and
0 ¢ supp(dp(N\)). This inverse operator A1, as an operator on ly, generates by the
algebraic inverse matrix J 1.

The mapping (4.31) shows that this matrix in the space ly, constructed as above but
using the measure do(u), has also the form (4.26), but with another polynomials (4.4).
Of course, it is easy to calculate this matrix in the previous basis connected with dp()),
i.e., the matrix J—! which we denote now by K.

Let us stress that the construction (4.31), (4.32) gives a possibility to find interesting
examples of measures dp()\) for which the set (4.30) is total in L%(R, dp()\)).

It is very interesting and unexpected that this matrix J~! = K inverse to the three-
diagonal matrix J is also three-diagonal. This result is a consequence of the method
the basis (4.4) constructed, these polynomial are linear combinations of \™ and A",
m,n € Np.

We will accurately prove corresponding results since the form of the matrix K is
slightly different from J. At first, instead of Lemma 3, we have the following.

Lemma 7. For the polynomials Py.o(X), (4.4) and the subspaces Py, 3 the following
relations hold:

A Poo(A) = A" € Pro,
(4-33) Ailpn;o(/\) € Pn-&-l;Oa
AP (N) € Pogro, n€EN,
Proof. It is similar to the proof of Lemma 3 and follows from (4.5), (4.6) and (4.7). O

Denote by (pj,k)5%=o (pjyk;a’ﬁ)é’lﬁzo o the operator matrix K of the operator of mul-

tiplication by A~! in the previous space L?(R,dp()\)) = L?; this matrix is constructed as
earlier (see (4.8), (4.9), (4.10)) using the basis (4.4).
We can restate now Lemma 4 for K. Using (4.33) we assert that the integrals

(434) Pjkia, 8 = /Ailpk,ﬂ()\)Pjy()/(A) dp()\)7 j7 ke N07 O‘aﬁ = Oa 17
R

are equal to zero if |j — k| > 1. So, our matrix K is of type (4.13). Of course, K = J!
is selfadjoint and symmetric: the equality (4.14) is fulfilled for p; .
Instead of Lemma 5 we have some other equalities.

Lemma 8. For the elements pj = (pj,k;aﬁ)b}ﬁzo,m of the matriz (pjr)3%—o = K, we
have equalities
P0,1;,0,1 = P1,0;1,0 = 0,
(4.35) Dj,j+1;0,1 = Pji+1;1,1 = 0,
Pjt+1,5:1,0 = Pj+1,5;1,1 =0, jEN
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Proof. Tt is also similar to the proof of Lemma 5 but with a use of (4.33) instead of
(4.11). For example, we have, according to (4.34), that

(4.36) Dj,ji+1:01 = //\_1Pj+1,1()\)Pj;0(/\) dp()), j € No.
”

Using the second inclusion from (4.33) we get that A™1Pj,o(\) € Pj11,0, therefore this
function is orthogonal to Pji1,1(A\) and integral (4.36) is equal to zero. Analogously,
using the third inclusion from (4.33) we get that p; j11,1,1 = 0. The rest of equalities in
(4.35) are valid thanks to symmetry of K. O

An analog of Lemma 6 is the following assertion.
Lemma 9. The following elements of the matriz (pj,k)‘]?szo are positive:

P0,1;0,0,  P1,0;0,05
(4.37) )
Pjj+1:0,05 Pj+1,5:00, JEN.

Proof. As earlier, we start from pj .0,0. Denote by P/ ,(\) the non normalized vector
P1o()), and we get P{.o(A) = A™" — (A7!,1) 2. Therefore, as in (4.18) with the help of
Parseval equality for A7,

P1,0;0,0 = /)\_1131;0(/\) dp(\) = ||P{;o()\)||221/)\_1()\_1 — (AN 1) 2) dp(N)
R R
= [|1PLoMI 52 (AT = [(ATH 1) 2]?) > 0.

As in (4.19), consider the forth element from (4.37). We have

(4.38) Dj+1,5:0,0 = /A_lpj;o()\)PjH;o()\) dp()), jeN.
R

According to (4.4) and (4.6) we have

(4.39) Pjo(N) = kjoA ™ + Rj_11(V),

where R;_1.1()\) is some polynomial from P;_1.1, kj0 > 0. Multiply (4.39) by A~! and
get

(4.40) A PN = kjo A U L ATIR (), AR 10 (\) € Py
Analogously to (4.39) we have

(4.41) Pii10oN) = kjs10A YT £ R (N, Rja(\) € Pjas ki1 > 0.
Find A\=U+1) from (4.41) and substitute it into (4.40),

k..
AT Pio(A) = 2 (Priaio(N) = Rin(N) + A R 11 (M)
(4.42) ;:_1;0 .
= 20 ProN) = —L R (\) + AR (V).
kjt1;0 ’ kjyi0 ’

In this expression, the second two terms belong to P;;; and P;_y,0, respectively, and are
orthogonal to Pj11.0(A). After substitution of (4.42) into (4.38) we get pj4+1,5.00 > 0.
Positivity of the rest of elements from (4.37) follows from symmetry of K. O

The results of the last considerations give the following theorem.
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Theorem 6. Let the measure dp(\) be such that the operator of multiplication A by A1
is selfadjoint and invertible in L?. Then the bounded operator inverse to A is generated
in the space ly (4.25) by the three-diagonal block Jacobi type symmetric matriz J ' = K
of the form analogous to (4.26),

K = (pj,k:)]o'?k;:m Pn ‘= Pn+1,n, dn ‘= Pn,n; Tn ‘= Pn,n+1; n e No;
[ *q| + 7m0 O T
+ * x|+
Po q1 T1 0
0 *
+
(4.43) J'=K= P a2 T2
0 0] =
x4+ 0
0 b2 q3 T3
0 0] = x| % 0
So, we have
(4.44) P0;1,0 = 70,01 = 0, Pnit,0 = Prsin = P01 = o1 = 0, n €N,
. Dn:0,05Tn:0,0 > 0, n € Np;
(4 45) (Jilf)n = (Kf)n = pn—lfn—l + q”fn + 7"nfn+17

nENo, f,1 =0, f€12.

We will consider now some simple but essential for us generalization of last results.

Namely, we will assume that the operator A of multiplication by A is selfadjoint in
L2, but bounded A~!, possibly, does not exist. Recall that all functions R 3 X — \™,
m € Z_, belong to L? (according to Remark 3).

Therefore the operator in L? of multiplication by A~! exists and is defined on those
functions F from L? for which A= F()\) € L?. The set of such functions is linear and, of
course, dense in L?. This operator is (algebraically) inverse to A, we denote it also by
AL, So, we can formulate the following assertion. Consider the general situation when
all the functions (4.30) belong to L? and the corresponding operator A of multiplication
by A is selfadjoint. Then A has an algebraically inverse operator A=Y with domain
Dom(A~1) D Ran(A) dense in L2,

(ATYA)F = \"Y(AF(\)) = F()\), F € Dom(A),

(4.46) Dom(A~1) = {G € L2 | \"'G(\) € L2).

Theorem 7. Introduce, into L?, the Laurent polynomials basis (4.4) and transfer this
space into lo. The operator above A=Y can be rewritten as an operator on ly generated
by the matrix K (4.43) on the set lg,. This matriz has properties (4.44) and acts, of
course, by rule (4.45).

We will call it the algebraically inverse matric J ' =K to J, J '\ Jf=f=JJf,
f € lﬁn-

Proof. At first we note that every Laurent polynomial belongs to Dom(A~1!). Indeed
such a polynomial is a linear combination of a finite number of functions A, m € Z.
But according to the definition of Dom(A~!) (4.46) Vm € Z, \™ € Dom(A~!) since
AT e 2
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Therefore we can construct the matrix K of type (4.10) for the operator A1 using
polynomials (4.4). This matrix has the structure (4.43) with properties (4.44) since we
can repeat for this matrix Lemmas 4, 8, 9,— all integrals of type (4.34) now exist. The
last equality in the formulation of the theorem follows from (4.46) and, for example, from
the remarks made about (4.31). O

5. THE DIRECT AND INVERSE SPECTRAL PROBLEMS RELATED TO A THREE-DIAGONAL
BLOCK JACOBI-LAURENT MATRIX

In this Section we will consider, on the space 15 (4.1), (4.25), the operator J generated
by the matrix J (4.26) with the conditions (4.27), (4.28) on its elements, noted in the
Theorem 5. Moreover, we will demand that algebraically inverse matrix .J~! exist and
satisfy the conditions of Theorem 6.

At first we recall some general facts concerning a rigging for the case of space 1y and
eigenfunction expansion for selfadjoint operators acting on this space. In addition to the
space lo we consider its rigging

(51) (lﬁn)/ D) 12(10_1) D) 12 D 12(17) D lﬁrn

where Iy(p) is a weighted lo-space with a weight p = (p,)%% 0, Pn > 1, (P71 = (p;1)5%,)-
In our case, l3(p) is the Hilbert space of sequences f = ()52, fn € Hy for which we
have

U1y = D Ifalli, P (fs Dty = Y (Frs gn)rt.Pn-
n=0 n=0

The space Iy (p~1) is defined analogously; recall that lg, is the space of finite sequences and

(1sn)" is the space conjugate to lg, and equal to the space 1 of all sequences f = (f,)32,,
o0

fn € H,. It is easy to show that the embedding lz(p) < 1y is quasinuclear if > p! < oo

n=0
(see, for example, [4], Ch. 5; [6], Ch. 14).
Let A be an arbitrary selfadjoint operator standardly connected with the chain (5.1).
According to the projection spectral theorem (see Section 2) such an operator has a
representation

(5.2) Af = / AN do(N)f, feb,

R

where ®()\) : Iy(p) — la(p~!) is the operator of generalized projection and do()) is
the spectral measure. For every f € lg,, the projection ®(\)f € la(p~?) is a generalized
eigenvector of the operator A with corresponding eigenvalues A. For all f g € 15, we
have the Parseval equality

(5.3) (f 9 = / (@A), gy do(N);

R

after extending it by continuity, the equality (5.3) takes place for Vf, g € lo.

Let us denote by 7, the operator of orthogonal projection in ls on H,,, n € Ny. Hence
V= (fn), €1y we have f,, = m, f. This operator acts analogously on the spaces 13(p)
and la(p~!) (but possibly has the norm which is not equal to one).

Let us consider the operator matrix (®;x(\))5%—o, Where

(5.4) q)j,k()\) = Wj‘b(A)ﬂ'k Dy — H; (OI‘ Hi — Hj).
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The Parseval equality (5.3) can be rewritten as follows: Vf, g € 15

(fag)lz = ((D()‘)ﬂ—kfa 77j9)12 dO’()\)

<.
o~
I
=3

(Trjq)(A)’/kaa 9)12 dO’()\)

<.
o~
I
o

(@, (A) s g1, do(A).

S
o~
I
=3

Il
'Mg

I
[M]8
R P

Let us now pass to a study of a more special selfadjoint operator A that acts on the
space lo. Namely, let A = J where J is the closed operator generated on the space 1, by
matrix (4.26) with conditions (4.27), (4.28) by the rule

(5.6) LDl > fr—Jf:=Jf €ls.

We will also assume that J is selfadjoint. From (5.6), (4.29) it is easy to conclude that
our operator J is standardly connected with chain (5.1). So, the above stated results of
type (5.2) — (5.5) can be applied to the operator J.

Additionally we will demand that the matriz J has an algebraically inverse matrix
J~1 which satisfies the conditions of Theorem 6: (4.44), (4-45).

Existence of such J~! is a very essential condition. Such a matrix J we will call
(selfadjoint) Jacobi-Laurent matrix.

Our first aim is to rewrite the Parseval equality (5.5) for our A = J in terms of
generalized eigenvectors of J. We prove the following essential lemma.

Lemma 10. Let o(X) = (¢n(X))o2g, ¢n(X) € Hy, A € R, be a generalized eigenvector
from (lg,)" of the operator J constructed from the selfadjoint Jacobi-Laurent matriz J.
Multiplying of ¢(X) by a scalar constant (depending on \) we can obtain that () = ¢
is independent of \.

We assert that o(X), YA € R, is a solution from (1a,)" of the difference equation

(Jo(MN))n = an_19n-1(A) + bp@n(A) + cnons1(A) = Apn(N),
n €Ny, ¢_1(A)=0,
and has the following representation:

Here Qu.o, @ = 0,1, are Laurent polynomials of A\, \™ and these polynomials have the
form

(5.7)

(5.9) Qnia(N) = ln;a,\(—l)a“n +wpa(A), neN, a=0,1.

In (5.9), ln.a > 0 and wy.o(\) is some linear combination of N with real coefficients,
je{0,-1,1,-2,2,--- ,—(n—1),—an}, i.e., it belongs to Pn_1.1 if « =0 and to Py if
a=1.

Proof. At first recall that, by definition, () € (lg,)" = lis a generalized eigenvector with
eigenvalue A for the operator J standardly connected with rigging (5.1) if the following
equality is true:
(5'10) ((P()\)7 Jf)lz = (90()‘)7‘].](.)12 = A(@()‘)v f)lz’ f € lfin.
Using (4.29) and arbitrariness of f we conclude from (5.10) that
(JeN))n = an-1Pn-1(A) + brpn(A) + cnpni1(A) = Apn(N),

5.11
(5:1) n €Ny, ¢-_1(A)=0.
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For the matrix J~! (4.43) we also have an analogous equality. Namely, using Theo-
rem 7 (equality JJ71f = f, f € lg,) we get Vf € g,
(), e = (V) JT Tl = Me(A), T, e
(), T e = A7 (N, ),
Note that the matrix J~! is three-diagonal and, therefore, J~1'f € lg, and the second
equality in (5.12) follows from (5.10).

Analogously to (5.11) the last equality in (5.12) and (4.43) give YA € R\ {0}

(J_l‘»o()‘))n = Pn-19n—1(A) + @npn(A) + TnSonJrl(/\) = )‘_I‘PnO‘%
n € No, @_1(/\) =0.

We give at first some explanation for the subsequent calculations. By adding two
equalities (5.11) and (5.13) we get
(5.14) (J+IT HeM\))n = A+AHen(V), neNg, o 1(\)=0.

The matrix J + J~! is also a block three-diagonal acting on the space l,. But from
(4.26)—(4.28) and (4.43), (4.44) we see that its blocks on two off-diagonals are 2 x 2
invertible matrices for n € N. Such a form of the matrix J 4+ J~! actually shows that
similarly to the classical Jacobi matrices case we can using (5.14) step by step find a
generalized eigenvector p(A) = (¢n(A))52, and Vn € N ¢, (X) is a polynomial w.r.t A+ 1
i.e. is a Laurent polynomial. But for us it is essential to get for every ¢, () a more exact
representation (5.8), (5.9). Therefore we give below more precise calculation.

Consider equalities (5.11), (5.13) for n = 1. We have

bopo + cop1(A) = Ao,

Qoo + row1(A) = A e,

(5.12)

(5.13)

ie.,
€0:0,091:0(A) + o;0,101:1(A) =(A = bo)¢po,
70:0,091;0(A) + 70.0,101;1(A) =A™ = q0)o-
The last two equalities can be regarded as a linear system of equations with respect to

the unknowns 1.0(A), ¢1.1(A); ¢o € C is given. According to (4.26), (4.43) we have, for
matrix of this system and its solutions, that

Dy = €000 €001 | _ | * +
70:0,0 T0:0,1 + 0|’
(5.15) Ay =DetDy = |D1| = —70,0,00:0,1 < 0,

— )\ — b )(,0() +
A\ = AL (_ 0

Pro(N) = A0 (=1 g o
It is clear that these two functions have the required form (5.7).

Let n € N. Taking the equality (5.13) for coordinate 0 and equality (5.11) for coordi-
nate 1 we get

()\ - bo)@o

_ A1 ¥
() =4 + (A —ag)po

(Pr—1Pn-1(A))0 + (@ Pn(N)o + (Frpnt1(X))o =A™ n0(N),
(@n—19n-1(A\))1 + (bnn(A)1 + (cn@niy1(M))1 :)“Pn;l()‘)~

We can rewrite the equalities (5.16) in the following way:

(5.16)

Tn;0,0 Tn;0,1 o + 0
an | oo ot o= T ] Jennty

= (A 00N = Pa—190-1(A)o = (@apn (X))o,
A(pnj()\) - (anfl(pnfl()\))l - (bnflgonfl()\))l);
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(pn+1;0(>\) = Tn:-lo o ()\_19011;0(>\) - (pnflﬁpnfl()\))o - (Qn@n()\))o) P
(pn+1;1<)\) = Cll ()‘@n,l()\) - (an71¢n71(A))1

—(bn—19n-1(M\)1 — cns1,0Pn4+1,0(A)), neN.

We can now use the induction: ¢;(\) according to (5.15) has the form (5.8), (5.9);
@ is also such. Let for n € N ¢,,_1()), ¢, () have the required form (5.8), (5.9). Then
from second equality in (5.17) it is easy to see that ¢,,11.0(A) has the form (5.8), (5.9).
The last equality in (5.17) shows that the same situation is also for ¢,41,1(A). O

In what follows, it will be convenient to look at @Q,()\), Vn € Ny, with fixed \ as a
linear operator that acts Vn € N from R! into R?, i.e., R 3 g — @, (\)po € R?, and
into R! if n = 0. This operator is standardly extended to the corresponding complex
space. As a result we can write

Ho 2 po — Qn(N)po € Ha,

We also regard @, (\) as an vector-valued Laurent polynomial of A € R with real coeffi-
cients.

Using these polynomials @, () we construct the following representation for ®; 1 (\),
introduced by (5.4).

Lemma 11. The operator ®;;()), VA € R, has the following representation:
(5.19) ‘I’j)k()\) = QJ()\)CI)(Lo()\)QZ()\) Hy — Hj, 7 ke Ng,
where g o(A) > 0 is a scalar.

Proof. For a fixed k € Ny and arbitrary fixed x € Hj, C la, the vector p(A) = (¢;(A))50,
where
;A =P (N =m;2(N)mpr € H;, A ER,
is a generalized solution in (g, )’ of the equation Jp(A) = Ap(A), since ®()) is a projection
onto generalized eigenvectors of the operator A with corresponding eigenvalues A. There-
fore, Vg € lg, we have (¢, Jg)1, = A(p, g)1,- Hence, it follows that » = p(A) € lo(p~!)
exists as a usual solution of the equation Jp(A\) = Ap(A) with the initial condition
(po()\) = TI'()(I)()\)ﬂ'kIZ? € Hp.
Using Lemma 10 and due to (5.8) we obtain that

(520) q)j,k()\)l‘ = Qj(/\)((bo7k()\)$), i.e. (I)j7k()\) = Qj ()\)‘I’Qk(/\), ] € Np.

The operator ®(\) : lo(p) — la(p~!) is formally selfadjoint on ly (see Section 2).
Hence, according to (5.4) we get

(5.21) (@1 (N)" = (m;@(N)me)" = mp®(A\); = @i 5(A),  J, k € No.

For a fixed j € Ny from (5.21) and the previous discussion, it follows that the vector
P = Wk(N))iZos k(X)) = o Ny = (P1(N)"y, ¥ €My,

is a usual solution of the equations J¢(A) = Ap(A) with the initial condition t(N) =

Do,;(Ny = (50(N)"y-

Again using Lemma 10 and arbitrariness of y we obtain a representation of the type
(5.20),

(5.22) ‘bo)k(k) = Qk<)\)q)0’j ()\), k € Np.
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Taking into account (5.3) and (5.22) we get
(5.23) Do, (A) = (Pr,0(A)" = (Qr(A)P0,0(A)" = Po,0(A)(Qr(N)*, k€ No.

Here we used that @ o(A) > 0, which follows from (5.3) and (5.4)). Substituting (5.23)
into (5.20) we obtain (5.19). O

Now it is possible to rewrite the Parseval equality (5.5) in a more concrete form. To
this end, we substitute the expression (5.19) for ®; ; () into (5.5) and get that Vf, g € lan

o0

(figh, = (.1 (N) frr gj)1, do(N)

=
Il

J,k=0

(Qj(N)®o,0(N)Qk(A) fi, gj)1, do(N)

<.
Eod
I
o

(5.24) QM) fr, @5 (N)gj)a dp(N)

I
M8
— P P

b
=
Il
=]

[
-Mg

(e *

e

< > QZOJ&)(;_O%Q;(/\)%)@()\),

dp(\) = Bo,o(N) do(N).

bl

Introduce the Fourier transform ~ induced by the selfadjoint operator A = J on the
space ly as a unitary map from ly into L?(R,dp(\)) = L?. At first it is defined on lg, by
(5.18)

(5.25) Iy Dlan 3 f = (fu)oZo — F(N) =D Q5N fa € L*(R,dp(N)).
n=0

Hence, (5.24) gives the Parseval equality in a final form

(5.26) (. = / FOVEN dp(N). 1.9 € lan.
R

Extending (5.26) by continuity, it becomes valid Vf, g € lo.

The polynomials Q%(A) = (Qn.o(A),Qni1(X) : Ho — H,, are in some sense or-
thonormal. This orthogonality follows from (5.25) and (5.26). Namely, we take f =
0,...,0,£;,0,...), fj € Hj, g=(0,...,0,9%,0,...), gr € Hi in (5.25) and (5.26). Then

/ (@) QRN g) do(N) = 65.x(f7. 95,

(5.27) J

fi €My, g€ Hi, Jj,keNo.

Rewrite the equality (5.27) in a more simple form. To do this, we first note that
according to (5.18) and (5.8) we have for n € N and f, = (fn,0, fn,1) € Hn, A € R, that

(528) Q:;(/\)fn = Qn;O(/\)fn;O + Qn;l()‘)fn;h QS()‘) =1

Taking, in (5.27), f; = eq and gx = eg, a, = 0,1, we get from (5.27), (5.28) the final
relation of orthogonality,

[ @aN)QuaN do3) = 831805
(5.29) J

j7k€N07 Oé,,()):(),l; QO,O(A) :QO(A) = 17 AeR.
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Let us remark that due to (5.28) the Fourier transform (5.25) can be rewritten as
Vf= (fn)%o:O €l

co 1
fA()\):fO;O—’_ZZQn;a()\)fn;a, A €ER.

n=1a=0

The stated above results of this Section can be formulated as the following spectral
theorem for our operator A = J.

Theorem 8. Consider the space (4.25)
(5.30) L=Ho@®@Hi &Ho® -+, Ho=C', H,=C> neN,

and the linear selfadjoint operator A = J which is defined on finite vectors lg, by a block
three-diagonal Jacobi-Laurent matriz J. So, we suppose that J, being of the form (4.26),
(4.27), (4.28), generates a selfadjoint operator J and for J the algebraically inverse
matriz J~1 exists and has the form (4.43), (4.44).

The eigenfunction expansion of the operator J has the following form. According
to Lemma 10 we represent, starting with o € R, the solution o(X) = (pn(X))2,,
on(X) € Hyp, of equations (5.7) for A € R

on(A) = Qn(N)po = (Qn;o()‘)v Qn;l(/\))§00~
Here Qo(A) =1 and Qn.a(\), @ = 0,1, n € N, are real polynomials of X\ and A\~ of the
form (5.8), (5.9). The corresponding Fourier transform has the form
Iy O ln 3 f = (fa)oZo — f(N)

(5.31) > o U
= foo+ > QaNfa = QoM foo + D> Quia(N) fria € L*(R,dp(N)).
n=1 n=1a=0
Here Q% ()\) : H,, — Ho is an adjoint to the operator Qn(N\) : Ho — Hy, dp(N) is the
Borel probability spectral measure of J.
The Parseval equality has the following form: Vf, g € lg,

(5.32) (fr9n, = /f(/\)Q(A) dp(A),  (Jf, gh, = /Af(/\)Q(A) dp(X).
R R

Formulas (5.81) and (5.32) are extended by continuity to Vf,g € 1o, the operator (5.31)
now is unitary, which maps ly onto the whole L*(R,dp(\)).

The polynomials Qn.a(A), n € N, a = 0,1, and Qo,o(\) = 1, form an orthonormal
system in L?(R,dp()\)) in the sense of (5.29), total in this space.

The last theorem solves the direct spectral problem for the selfadjoint operator A = J
which is generated on the space 15 by the selfadjoint Jacobi-Laurent matrix J of the form
(4.26) with an algebraically inverse matrix J ! (4.43). !

Let us pass to the corresponding inverse spectral problem. Roughly speaking, this
problem is the following. We know the spectral measure dp(\) of the operator J on the
space ly generated by a selfadjoint Jacobi-Laurent matrix J. In what way we can find
the matrix J?7

The following theorem is a solution of this problem.

14 proofreading remark. Let us stress that for a selfadjoint operator on the space (5.30), the spectral
measure generated by the matrix J of the structure (4.26) must be a 2 X 2-matrix measure [38]. It is
very essential that in our case this measure is a scalar measure. This fact is a consequence of situation:
for our operator J the algebraically inverse operator exists and therefore we can prove Lemma 10.
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Theorem 9. The spectral measure dp(\) of the selfadjoint operator J generated on the
space ls by a selfadjoint Jacobi-Laurent matriz J has the following properties:

1. The measure dp(X) is a Borel probability measure on R;

2. All the functions

(5.33) RoAr— A" mezZ,

belong to the space L?(R,dp(\)) and are linearly independent in this space;

3. The set of functions (5.33) is total in the space L*(R,dp(N)).

Conversely, for every given measure dp(\) with properties 1—3 it is possible to con-
struct a selfadjoint Jacobi-Laurent matriz J for which this measure is spectral.

For the construction of the matrix J it is necessary to repeat the constructions of Sec-
tion 4: by orthogonalization of (4.3) we find Pp.o(X), (4.4) and then apply the formulas
(4.12) and (4.34). If we start from the spectral measure dp(\) of the operator J, the last
procedure gives the initial selfadjoint Jacobi-Laurent matriz J.

Proof. Let J be a given selfadjoint operator constructed from J and dp(\) be its spectral
measure. By definition property 1 is true. From Theorem 8 and formula (5.9) it follows
that every function (5.33) is some linear combination with real coefficients of the functions
(5.9) and leading coefficient [,,, at the function ACD 0y Qnia(N), is positive. The
functions Qn.o(\), n € Ng, @ = 0,1, belong to L*(R,dp(\)) = L? and are orthogonal
(see (5.29)), therefore all functions (5.33) are from L? and linearly independent, i.e., the
property 2 is true.

Consider property 3. From the second equality in (5.32) and unitarity of the Fourier
transform (5.31) between 1 and L?, we conclude that our selfadjoint operator J is unitary
equivalent to the closed operator A of multiplication by A in the space L2, at first defined
on linear combinations of the functions Q.o, n € Ny, a = 0,1. These functions form a
total set in L2, Using the representation (5.9) we conclude that set (5.33) is also total
in L2,

The other statement follows directly from results of Section 4,5. It is necessary only to
note that the Laurent polynomials P,., () and the polynomials Q.o () from Theorem 8
are the same,— both classes of these polynomials are constructed from polynomials (4.3)
or (5.9) and are orthonormal. O

In what follows the Laurent polynomials Qn.o(N) for J will be denoted in a more
standard way, Pn.o(X), n € Ny, o, =0, L.

6. CONSIDERATION OF HERMITIAN BLOCK JACOBI-LAURENT TYPE MATRICES

This section is a development of the last part of Section 4. Here we consider the
matrices J and J~! of the form (4.26) and (4.43) for which the conditions (4.27), (4.28)
and (4.44) are fulfilled but the corresponding to J operator J defined on the space 1y
(5.30) by relation (5.27) on lg, is only Hermitian. In this case the set of functions (5.33)
(i.e. (4.30)) is, as earlier, total in L?(R,dp(\)). Previous constructions of course, can
be carried out (including the construction of algebraically inverse matrix J 1) but other
results of Section 5 connected with selfadjointness of J are not fulfilled.

So, we consider the matrices J, J~1 of the type (4.26), (4.43) with conditions (4.27),
(4.28), (4.44). Tt is assumed that the matrix J~! is algebraically inverse to J: J~1Jf =
JJ71f = f, f € lg,. Then the operator J, constructed by (5.6) on I, is only Hermitian.
Such a matrix J will be called Hermitian block Jacobi-Laurent type matrix.

At first we will formulate and prove some simple but essential theorem.

Theorem 10. The deficiency indexes of J may be (0,0) or (1,1). Let z € C\ R and
P(2) = (Pu(2))2%y, Po(2) =1 € Cl, Py(2) € C?, n €N, be a solution of the difference
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equation
JP(z) = zP(z), i.e.

6.1
(6.1) p—1Pp_1(2) + bnPn(2) + ¢nPryi1(2) = 2P, (2), n €Ny, P_q1(z)=0.

Consider the series
o0
(6.2) D P (2)13, -
n=0

If this series is divergent for some z € C\ R, then it is divergent for every z € C\R and
the deficiency indices of J are (0,0). If it is convergent for some such z (and therefore
for every z) then the deficiency indices of J are (1,1).

Proof. At first we note that the proof of existence of a solution P(z) of equation (6.1)
is the same as in Lemma 10 with a replacement of \ with z. The proof of this lemma
does not depend on selfadjointness of J, it is necessary to use that J~! is algebraically
inverse to J.

As earlier, P,(z) must be of the form (5.8), (5.9) with Q..o ()\) being replaced with
P,.o(X). So, we have

P()(Z) = 1,
Po(z) = (Ppo(2), Pr(2)),
Pho(z) = ln;az(fl)wln + Wna(2), neN, a=01;

and the structure of the polynomial P,.,(z) is the same as Qn.o(2) in (5.9).

The operator J generated by J on lg, is Hermitian, let J* be its adjoint in 15. Let
z € C\ R, consider the corresponding to z deficiency space Nz of operator J, i.e., the
subspace of 1, consisting of vectors g € 1, for which

(6.3) (I =20 f, 90, = ((J =21 f, 90, =0, f € lgn-

Since f in (6.3) is finite, we can move the matrix J — zZ1 to g in (6.3). As a result we get
V[ € lgin,

(f,(J—21)g) =0, ie Jg=2g

6.4
( ) Oor GQp—-19n—1 + bngn + Cndn+1 = ZG0n, n c NO, g-1 = 0

(note that the elements of J are real and lg, is dense in 13). So, g = (gn)5% is a solution
of the difference equation in (6.4).
From the above considerations, it follows that this solution has the form

(6.5) (9n)mzo = (90Pn(2))nzo-

In the case where the series (6.2) is divergent, the sequence (6.5) belongs to 15 iff go = 0,
i.e., if g = 0. Then the operator J is selfadjoint and its deficiency numbers are (0, 0).
Let series (6.2) be convergent. Then sequence (6.5) belongs to 1o and the set of
such sequences is one-dimensional, i.e., dim(N;) = 1. Since the elements of J are real,
N; = N, and the deficiency numbers are (1,1). O

Let J be the above introduced operator in the case of convergent series (6.2) ¥z € C\R,
i.e., this operator is only Hermitian. We can take its some selfadjoint extension J in the
space ls. It is easy, for this extension, to repeat all constructions of Section 5 and to
prove Theorems 8, 9. But in this “indeterminate” case of J, the spectral measure dp(\)
depends on the extension J. One of our nearest aims is to give a description of all
such measures corresponding to the strong moment problem, i.e., to operators that have
(possibly densely defined) inverses.
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Introduce by (6.1) Laurent polynomials “of the first kind” as an analog of classical
polynomials of the first kind in the usual theory of Jacobi matrices. In our Laurent case
it is possible and useful to introduce an analog of polynomials of the second kind.

Such Laurent polynomials @,,(z) of the second kind are introduced analogously to the
classical case by the formula

(6.6) Qn(z)z/wd/}u), 2 €C\R, neNo.

R

Here dp()) is the spectral measure of some fixed selfadjoint extension of the operator J in
the space 15 or of the operator J if it is selfadjoint; we integrate in (6.6) the vector-valued
function.

Lemma 12. The sequence Q(z) = (Qn(2))5%y, z € C\ R, where Qn(2) is given by
formula (6.6), is a solution of the following difference equations with the indicated below
initial data,

arL—lQn—l(Z) + ann(z) + C7LQn+1(Z) = ZQTL(Z)?
pnlenfl('z) + ann(z) + rnQnJrl(Z) = Z_lQn(Z)a n e Nv

(6.7) Qo(2) =0, Qi(2) = (cg15-12" " o1 (1 = co0,070,0,05-12 1)),
S_1 = /)fl dp(\); zeC.
R

At first we note a simple general fact which we have actually exploited earlier.

Lemma 13. Let p(2) = (pn(2))2, ¥n(2) € Hy, = C?, n € N, z € C\ {0} is some
solution of the first equation in (6.7). Then it is a solution of the second equation in
(6.7) (an analogous fact is also true for equations (5.11), (5.13)).

Proof. Indeed, extend the sequence ¢(z) = (p,(2))52; to Ny by setting ¢o(z) = 0.
Then such an extended sequence ¢'(z) is, according to (6.7), a solution of the equation
J¢'(2) = 2¢'(2). The matrix J~! is an algebraic inverse to J and is also block three-
diagonal. Therefore, we can write J~'J = JJ~! =1,ie. J1Jf = f, f € 1. Taking
[ = ¢ (2) we get ¢'(2) = J LI/ (2) = 2J71¢/(2), that is the second equality from

(6.7). O
Proof of Lemma 12. Since Py(z) = 1, we get from (6.6) that
(6.8) Qo(z) =0, zeC.
Calculate Q1.,0(2). From (5.15) and (6.6) we conclude that Vz € C
1
Pro(z) = (="' ~ ),
70;0,0

(6.9) 1

Qro(z) = / (A= 2 (A — ) Ldp(N) =

/A‘l dp(\)zt

70;0,0 70;0,0

Calculate Q1,1(%). From (5.15) we get

(6.10) Pra(z) = G000 (-1 _ gy 4

- (z—1bg), zeC.
7'0:0,0€0;0,1 €0;0,1

From (6.6) and (6.10) we conclude after a simple calculation that

1 .
Q1:1(2) = 0,00 //\_1 dp(\)z"t, zeC.
R

€0;0,1 70;0,0€0;0,1

Formulas (6.8)—(6.10) give the initial data in (6.7).
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To prove the lemma, it is necessary to check that Q,(z), n € N, Qo(z) = 0, satisfy
the two equations from (6.7). At first we consider the first equation. Since Qo(z) = 0
the left-hand side of this equation is equal to (JQ(z))n, n € N. But according to (6.6)
and (6.1) we have Vz € C\ R, n € N,

JPA))n — (JP(2))n
(1), = [ =P g0
—z
R
AP, (A) — 2P, (2)
= dp(A
[ a0

R
== [PZBE g+ [ p)dot)
R R

(6.11)

—:Qu(2) + [ Pa(N) do.
R

According to (5.29) the last integral in (6.11) is equal to zero, therefore (6.11) gives
(JQ(2))n = 2Qn(2), n € N. This means that the first equality in (6.7) is fulfilled.
The second equality in (6.7) is fulfilled on the basis of Lemma 13. O

As a result, for the Laurent polynomials @, (z) of the second kind we have the situation
similar to the case of the first kind,— their sequence is a solution for n = 1,2, ... of system
(6.7) with the given in (6.7) initial data Qo(z) = 0, Q1(2). These polynomial (in the
general case) are not orthonormal in the space L?(R,dp(\)) w.r.t. the spectral measure
dp(\) generated by some selfadjoint extension J of the operator J in the space 1y (this
situation is similar to the classical Jacobi matrices).

Polynomials of the second kind are necessary for a description of the set of all spectral
measures generated by all selfadjoint extensions in 1, of operator J. They can be found
step-by-step as solution of system (6.7) from Qo(z), Q1(z). For the polynomials @, (z),
we can prove an analog of Lemma 10 about their precise structure, but such results are
not necessary for us and we are restricted to the following rough result.

Lemma 14. FEvery Laurent polynomial of the second kind has the form

QO(Z) = (O’O)a
(6.12) 5

Qn(2z) = (Qno(2),Qn1(2)) €C*, zeC\R, neN,
where Voo = 0,1, Qn.a(2), is a linear combination with real coefficients of 1, 274, z, ...,
27", 2",

)

Proof. The vectors Q,(z) € C%, n € N, are solutions of the system of difference equations
(6.7). Here we can assume that ag = po = 0, since Qp(z) = 0. By adding the equality
(6.7) we get

(an—l +pn—1)Qn—1(Z) + (bn + Qn)Qn(Z) + (cn + Tn)Qn+l(z)
= (Z+271)Qn(z)a neN, ag+po=0.

The last equation can be rewritten as some equation with three-diagonal block (2 x 2)
matrices acting on the space C2@C?@. ... The off-diagonal matrices a, +p,, and ¢, +r,
are invertible according to (4.26), (4.27), (4.28) and (4.43) (4.44), have positive numbers
on the main diagonals and zero on places 1,0 and 0,1 respectively.

Therefore we can find a solution of (6.13) step-by-step starting with @ (z), which has
the form (Cy271,Cy + C3271), C1, 05, C3 € R. Every n + 1 step gives a multiplication
of Q,(z) by z+ % plus some linear combinations of 1,271, 2,...,2™™, z". From this, our
Lemma follows. (Il

(6.13)
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Let us now pass to a description of the spectral measures dp(\) corresponding to the
operator J acting in the space lo. Let R, : 1o — 1o, z € C\R, be the resolvent of operator

J. The representation (4.8), (4.10) for the resolvent using the mapping (5.2), (5.19) and
(5.31), (5.32) can be written in the form

(sz)j = Z Rz;j,kfk7
k=0

PN
R..jkiap =(Reek g, €501, = ((/ A( ) do'(/\)>€k;ﬁaej,a>
R

[ Pual) = i)

(6.14) Lo

A—z
R

ze€C\R, jkeNy, «p=0,1; fel.
Introduce the Weyl function

1
A—2z

(615) m(z) = RZ;Q’U;QO = (Rzeo;(), 60;0)12 = / dp()\), zeC \ R.
R

The classical fact asserts that the function m(z) defines the measure dp(A) uniquely,
therefore, instead of the measure dp()) it is sufficient to get a description of all functions
m(z). For this aim we at first give some simple but essential formulas.

So, using (6.14), (6.15) and the definition (6.6) we can write: Vz € C\ R, j € Ny,
a=0,1

P’;a(/\)
(Rz60;0>j;a = RZ;j,O;a,O = / N dp()\)
R

dp(A)
A—2z

_ / Pia(N) = Pra(2)

=2 dp(0) + Pral2) [ 22 = Qi+ mla)Pra(2).
R

R
Another form of this equality is
(6.16) (R.e00); = Qj(2) + m(2)Pj(z), ze€C\R, jeN,.
Using the Hilbert identity and (6.16) we get for arbitrary z,¢{ € C\ R, z # ( that

m(¢) — m(z) R:; — R,
) — (= 0.e00] = (R-R.eo0, co.
- ( N (ReR=e050, €00),,
(6]_7) = (RZRzeo;O,eo;o)IQ = (RZGOQ()?RCeO?O)IQ

=D (Q(2) +m(2)Py(2), Q5(O)z + m(O)P;(())yy, -
§=0

Let ¢ = z, then (6.17) gives

~—

m(z)

(6.15) mE =) - Qi)+ m) BBy, 2 e C\R
j=0

0|

From this equality we can conclude some simple but essential fact which we can
formulate, at first, as the following theorem.

Theorem 11. Consider two series Vz € C\ R
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(6.19) ZIIP 2)lI34; Z”QJ 2)II34; -

These series are simultaneously divergent or convergent. In the first case, the operator
J is selfadjoint in ly, in the second case it is not selfadjoint and the measure dp(\),
appeared above, is the spectral measure of some its selfadjoint extension in the space 1s.

In the second case both series (6.19) are convergent uniformly on every bounded do-
main in C which is locates at a positive distance from the real axis.

Proof. For every z € C\ R, we have m(z) # 0 and the series (6.18) is convergent.
Therefore, if one of the series (6.19) is divergent then the other must also be divergent.

Let both series in (6.19) be convergent. It is necessary to prove that this convergence
is uniformly in the domain G pointed out in the theorem.

Since the left-hand side of equality (6.18) is a continuous function of z € G and every
summand in (6.18) is a continuous nonnegative function, by Dini’s theorem, this series
convergent uniformly on G.

In our case, the operator J is not selfadjoint in 1. The above measure dp(\) and the
function m(z) were connected with some fixed extension of J to a selfadjoint operator
in lp. Take another its extension (such an extension exists since the deficiency indices
of J are (1,1)). Let dp1(A) and the function mq(z) the spectral measure and the Weyl
function corresponding to this extension; mi(z) # m(z), z € C\R. Here we need to make
the following general remark: The Laurent polynomials of the first and second kind do
not depend on the corresponding spectral measure dp(\),— they are solutions of equations
(5.11), (5.18) with X replaced with z and the corresponding initial data which does not
depend on dp(X). Let us explain the last assertion. For P,(z) we have the initial data
P_1(z) =0, Py(z) =1, n € Ng. For Q,(z) the initial data are given in (6.7), n € Nj.
These expressions contain s_i, but using (4.34) we conclude that s_1 = go. So, the
initial data for Q,(z) is defined only by elements of the matrices J, J 1.

Consider the equality (6.18) for m;(z). As above the corresponding to my(z) series in
(6.18) converges uniformly in G. We have Vn € Ny

Z 1(Q)(2) +m(2)Pj(2)) — (Q;(2) +mu(2) Py(2)) 1%,
(6.20) N
=|m IZHP 3, 2€C\R.

The left part in (6.20) converges for n — oo unlformly on G, since such convergence
takes place for the series in (6.18) for m(z) and mq(z). Therefore such convergence must
also be for the right-hand side of (6.20), i.e., for the first series in (6.19). The uniform
convergence for the second series in (6.19) follows from such convergence of (6.18) and
the first series. O

Note, that it is possible to prove [35] that in the second case the series (6.19) are
uniformly convergent also on every bounded closed domain in C\ {0}.
By means of an easy calculation we can rewrite the equality (6.18) in the form

ZHP 2, ) m()P + 1, o\
+<ziz :(Qj(z)’Pj( ) +ZIIQJ I}, =0, z€C\R.

(6.21)
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The last equality (6.21) means that the point m(z) lies on some circle in the complex
plane. We can now repeat all conclusions from ([4], Ch. 7, § 1, pp. 524-531) practically
without essential changes. These facts in [4] give a description of all spectral measures
dp(\) for the classical Jacobi matrix in the indeterminate case, when it is only Hermitian,
not selfadjoint.

Such reasoning gives, in our case, the following result.

Theorem 12. Let for a Jacobi-Laurent matriz J, the indeterminate case takes place.
Fiz some point z € C\R and consider the point m(z) € C which is defined by the integral

(6.22) m(z) = / dp(N)

A—z
R

where dp(\) is the spectral measure of some selfadjoint extension in the space 1y of the
operator J. Taking different such spectral measures dp(\) we assert that the point (6.22)
m(z) passes completely some circle K, (an analog of the Weyl-Hamburger circle) with
following center O(z) and the radius R(z):

00) = (2 + L@ e ).
> 172, =
(6.23) j=0

(z—z|Z||P 2, )

It is possible, as for classical Jacobi matrices, to give some procedure of finding the
measure dp(\) from a given point on the circle K, (6.23).

But we will not present in this article corresponding considerations.

It is clear that the above developed approach to the spectral theory of the Jacobi-
Laurent matrices is similar to the classical Jacobi matrices (see, e.g. [4], Ch. 7, § 1,2) and,
therefore, many results of the latter theory can be transferred to our case. Let us stress
once more that in developed above approach we have used, instead of the ordinary space
lo on Ny, the space 1y of C? vector-valued sequences (f,,)2°, but its the first coordinate
is one-dimensional: fy € C!. This particularity of the space 1, gives the possibility to use
a scalar spectral measure dp(\): roughly speaking Va € B(R), P(a) = (E(a)eo,0, €0,0)1,
where eg o = (1,0,0,...) € I, and FE is an expansion of identity.

We will finish this Section by discussing an analog of the classical theorem of Carleman
for Jacobi-Laurent matrices (see [4], Ch. 7, Theorems 1.3, 2.9 for the classical and matrix
cases).

Theorem 13. The operator J is selfadjoint in ly if for the matriz J (4.26) the following
condition is fulfilled:

=1
(6.24) 7;0 Tl

Proof. Tt is easy to calculate that the following Green’s formula takes place (compare,
e.g. with [4], Ch. 7, formulas (1.4), (2.24)). For arbitrary sequences f = (fn)2,,
9=1(92)0, frn,gn € Hn, we have (assuming that f_; = g_1 = 0)

Z Jf J7gJ (fjv (Jg)j)Hj) = [(fnacngnJrl)Hn - (CnfnJrlagn)Hn}

] =m

- [(fma am—lgm—l)Hm, - (am—lfm—lvgm)ﬂm] , m,n €Ny, n>m.

(6.25)
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Let us explain that if m > 0, then all H; in (6.25) are equal to C? and the calculation
in (6.25) is simple. For the case m = 0, we write at first the equality (6.25) for m =1
and then it is sufficient to add to every side corresponding sides of the trivial equality

((Jf)o,go)cr — (fo, (Jg)o)cr = (bofo + cofr, 90)er — (fo,bogo + cogi)c
= (cof1,90)cr — (fo,cog1)cr = (f1, a0g0)c2 — (aofo, 91)c2-
As a result, the last square brackets becomes zero and we get (6.25) for the indicated
m,n.
Let z € C\ R be fixed. Consider the Laurent polynomials of the first kind P, (z),
n € Ng. For the sequences (f,)52 = (9n)22y = (Pn(2))5%, = P(z), the equality (6.25)
for m = 0 gives (we use (6.1)): Yn € N

(z—-2) Z 175 (2 ((JP(2));: Pi(2))n, — (Pi(2), (JP(2));)n,)

( n(2), enPry1(2))1, — (enPrs1(2), Pu(2))n,,) -
Since Py(z) = 1 we get from (6.26) that

OMS

(6.26)

|z — 2| < IZ—ZIZIIP D, < 2lenllllPa(2)llcz 1Pas(2)llcs,
7=0

therefore,
lenll ™" < 20| Pa(2)llc2 | Pasa (2) 2|2 — 2|7
Using this inequality, (6.24) and the identity [|c,|| = [|ak|| = |lan|| we get

<2z -z 1(ZIIP ||c2)1/2<i|Pn+1(Z)llc2c2)l/2

n=1

Z [ Pn(2) lc2 || Prt1(2) [l c2

<2z -z 1ZIIP 2)lI3,-

Therefore the series (6.2) is divergent and our operator J is selfadjoint. (]

7. A CONNECTION BETWEEN THE STRONG MOMENT PROBLEM AND SPECTRAL
THEORY OF JACOBI-LAURENT MATRICES

For the classical moment problem, a connection between such a problem and spectral
theory of operators and Jacobi matrices is well known (see, e.g. [1], Ch. 4). A more
precise and a solid description of such a connection with Jacobi matrices is given in [4],
Ch. 8, Section 5, Subsections 4,5. We repeat now it in some another terms.

Let s = (55)5%, Sn € R, be some sequence of real numbers. As it was said in the
Introduction, this sequence is called a moment sequence if the Borel measure dp(\) on
R exists such that

(7.1) Sp = //\” dp(N), n e Ny.

R
The classical theorem about moments s,, asserts that representation (7.1) exists iff the
sequence s is positive definite, i.e., for an arbitrary finite sequence f = (f,)2, fn € C,
we have

> sikfife = 0.

J:k=0
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So, let us have a moment sequence s with representation (7.1). Consider the space
L2(R,dp()\)) = L? and the operator A of multiplication on A in this space, (AF)(\) =
AF()), where F' € L? belongs to Dom(A) that consists of all ordinary polynomials of
A with complex coefficients. Every such polynomial F(\) belongs to L? and AF is well
defined, since all the functions

(72) A" m € Ny,

are summable according to (7.1). We assume that they are linearly independent in L?
(i.e. we consider the nondegenerate moment problem (7.1)) and the set (7.2) is total in
L?. The defined above operator A always is Hermitian.

Apply the usual Gram-Schmidt procedure of orthogonalization with real coefficients
to the functions 1, A\, A2, .... We get, as a result, the sequence of polynomials

Po(\) = 1, Py(A), Py(N), ...

(polynomials of the first kind) which make an orthonormal basis in L?. Then we can
go, from L2, to the ordinary space ly of sequences (f,)%%, fn € C!. Our operator A
becomes, as it is easy to understand, a usual symmetric Jacobi matrix

bo an 0 0 0
an b1 al 0 0
(73) O ay bg ag O
0 0 a2 bg as

acting in the space lo at first on vectors from lg, C ly. Its real elements a,,b, are
calculated by classical formulas of type (4.2). It is essential, as it easy to understand,
that the formulas for a,,b, can be rewritten in terms of the given moments s,, n € Ny
as follows: we orthogonalize the sequence \™, n € Ny.

So, we can construct the Jacobi matrixz J immediately by giving moments s,, n € Ny.

In the case of essential selfadjointness of A, the operator J generated in I by J (7.3) on
lan is selfadjoint (after being closed) and its spectral measure is equal to a given earlier
dp(\). Conversely, let us first have some matrix J and construct the corresponding
operator J in I and let it be selfadjoint with some spectral measure dp(A). Then for the
numbers s,, constructed from (a,,b,)2, by a procedure inverse to the one mentioned
above, we get a representation (7.1) (it is necessary to take J™; Vn € Ny, s, = (J"eq, €9)1,-
eo = (1,0,0,...)).

In the case of nonselfadjointness of Ain L?, it is necessary to take selfadjoint extensions
of operator J in [y (or extend it to a larger space). For every such an extension we have
the measure dp()) in (7.1), but this measure is not unique for a given s. Every such
so-called “orthogonal” measure is defined by some selfadjoint extension of J in l5. So, if
we apply the description of all extensions in Iy (it exists in the classical theory of Jacobi
matrices), as a result we get a description of all “orthogonal” measures dp(A), which give
a representation for given moment sequence s = (5,)5% .

This classical scheme can be easily repeated for the considered strong moment sequence
s = (5n)52 _ (3.1) and the Jacobi-Laurent matrices (4.26), (4.43). Assume for simplicity

n—=——oo

that the sequence s is nondegenerate. We prove the following result.

Theorem 14. Let s = (s,), n € Z, be a strong moment sequence and (3.1) its repre-
sentation by an integral with some Borel measure dp()\). We assume that the measure in
(3.1) is such that the set {\™, m € Z} is total in L*(R,dp()\)).

Connect with s a Jacobi-Laurent matriz J by the rule which will be described below.
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Consider now in the space ly (5.30) the operator J constructed by (5.6). Assume
that this operator is essentially selfadjoint. Then its spectral measure equals the measure
dp(\) in the representation (3.1).

If the operator J is only Hermitian, then for every its selfadjoint extension in lg,
the corresponding spectral measure is one of the measures dp(X\) in representation (3.1).
Taking all such extensions (see Theorem 12) we get all measures in (3.1) for the fized s.
The correspondence between the extensions and the measures is one-to-one.

The rule of constructing the matrixz J from s is the following. Introduce the finite-
dimensional matrices and their determinants for k € Ny,

S Si4+1 v Stk (—2k)
H(l) . Si+1  Si4+2 cev Sl4k+1 gk = DetHQk 2 0’
k _
. e PP . h/k) = DetHQ(kE’;) Z 0’
Si+k  Sl+k+1  ---  Si42k

and Vn € N write the Laurent polynomials R,(\) = (Rn.0()\), Rno(N) € C%, X € R,
where

S—2n—1 S-2n ... 80
S—2n S—2n4+1 ... S1
Rn;O()‘) = _(gnhn—l)l/QDet s ’
S_1 So ... Sop
ATl AT
(74) S_9on S_on+1 --- SO
S_o2n+1 S—2pn42 ... S1
Rpa(A) = (gnhn)/?Det | ... ,
S_1 S0 cee S2pn—1
A" ATl

Ropo(A) = 1.

On the other hand, on the linear set L of Laurent polynomials introduce a scalar
product (-,+)s by putting VR, T € L,

(7.5) (R, T)s = > sjunrit, RO =D mN, T =t

J,keZ JEZ kezZ
The elements a; i, of the matriz J are introduced by defining
(7.6) aj ko, = ()\Rk;g(A), Rj;aO\))s, j,keNy, «a,f=0,1.

Proof. At first we note representation (3.1) shows that the scalar product (7.5) is equal
to the scalar product in L?(R,dp(\)) (the nondegeneracy of s gives that (-,-)g is a scalar
product, not quasiscalar). Therefore formulas (7.6) are the same as (4.12).

The condition of totality in L%(IR,dp()\)) of the set (4.30) for m € Ny has been as-
sumed. Therefore, we can apply to our case the constructions of Section 4,5. It is clear
that our Laurent polynomials (7.4) are equal to polynomials of the first kind P,.o(\),—
formulas (7.4) can be easily obtained by calculating orthonormal polynomials via the
Gram-Schmidt procedure from sequence (4.3) and using the notations (3.1) for the inte-
grals (such formulas can be found, for example, in [21]). As it follows from Theorem 8,
every function R > A — \™, m € Z, belongs to L%(R, dp()\)) w.r.t. any spectral measure
dp(\). Therefore, every selfadjoint extension in 1y of the operator J constructed from J
of type (7.6) gives some spectral measure dp(A) for which the representation (3.1) holds.
Since we can describe such extensions (see Theorem 12 and the corresponding discussion
in Section 6), we can get a description of all measures from (3.1) with a given s and such
that the set (4.30) for m € Ny is total in L2(R, dp())). O
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8. TWO ADDITION FACTS

In this short Section we will touch upon two types of results: 1) In what manner the
representation (1.1), i.e., the main result of Theorem 4 and the corresponding result of
works [20, 21, 27] is a particular case of one old general theorem, published in [4]; 2)
We explain the way of getting results of type Sections 2—7 for matrix strong moment
problem.

1) We will use in 1) notations similar to the book [4]. Consider, for a sequences of
complex numbers f = (f,,), n € Z, the difference expression of order r € N,

T+
(8.1) (L= tjafita, JEL
a=r_
Here aj o € C, the expansion r = r_+ry, r_,r4 € Ny, is fixed. Let K = (K1), j, k € Z,
K, € C, be a some positive definite kernel (a matrix), i.e., the following inequality for
an arbitrary finite sequence f = (f;), j € Z, takes place:

(8.2) > Kjxfifi 0.
JkEZ
Such a kernel generates, on the set lg, of finite sequences, a (quasi) scalar product (-, ) g
and a norm || - ||k for which | f||% is given by (8.2). The corresponding Hilbert space
will be denoted by H.
Let the kernel K and the expression L be x-commuting, i.e., the following equality
takes place on Z x Z:

(8.3) LK = Ly K.

Here (j)((k)) means that L of the form (8.1) acts on K = (Kj ), j, k € Z, at the index
(k).

The main result of the theory of positive definite kernels K which are *-commuting
with the expression L is a representation of K by an integral on fundamental solution of
the difference equation

(84) (Lf)] = >‘fju 71€N; AeR.

Recall that a system of r solutions on j € N of (8.4), xj.a(A), « =0,1,...,7 =1, is
called fundamental if these solutions satisfy the following initial data with some fixed
pE ZL:

Xj;a()\): jp—r_+as j:pr’_,...,p+T+*1, a:()ala"'arfl

4

with standard notation d,, , (the fundamental system of solution “with initial data near
the point p”).

It is easy to give conditions on the coefficients a; o of expression L (8.1) which guar-
antee existence of such fundamental solutions. We assume that such solutions exist for
p=0.

The following theorem is true (see [4], Ch. 8, Theorem 5.1).

Theorem 15. A positive definite kernel K = (K, 1), j, k € Z, has the following repre-
sentation by the fundamental system xj.a(N), j € Z, a=0,1,...,7—1, A€ R,
r—1
(85) Kin= [ 3 Gaxea® dpasN), ke
R @B=0

with a nonnegative r X r-matriz measure dp(\) = (dpawg()\));_ﬁlzo on BR) iff K and L
are connected by equality (8.3). The measure in (8.5) is defined by K uniquely iff the
closure of the operator in the space Hy, lgn S f —— Lf € lgy is mazimal.
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The proof of this theorem is similar to the proof of Theorem 4 and is based on Theo-
rem 1; it is given in [4].

The representation (3.1) is a particular case of Theorem 15,— it is necessary to take
L (8.1) of the form

(Lf)j:fjfh ]627

8.6)
( (ie. p=0, r=1, r—=1, r1 =0, ajo=1, Jj€Z, a=0).

Now Vj,k € Z, K, = s;+k, condition (8.3) for L (8.6) and for this K is fulfilled. Now
r =1, xj0(A) = M, j € Z, and the matrix measure dp(\) = dpoo()\) is an ordinary
probability measure. The representation (8.5) becomes (3.1).

Note that this partial case was not considered in [4], but a similar situation for the
ordinary classical moment problem was considered,— in [4], Ch. 8, Section 5, Subsec-
tion 4, it was explained that this moment problem is a particular case of an analog of
Theorem 15, Theorem 5.2 from [4], Ch. 8.

2) Let us now consider a strong matrix moment problem. We fix some separable
Hilbert space H and consider an operator-valued measure dp(A) on R. More exactly we
have the mapping B(R) > A — p(A), where p(A) is a nonnegative operator on H,
p(R) =1 and Yu € H (p(A)u,u)y is an ordinary measure on B(R).

It is easy to introduce the integral [ F(X)dp(\) for the scalar-valued function R >

R

A — F()A) € C, the value of this integral is an operator in H. This operator can be
bounded or not. For a more detailed account of these questions see, e.g., [4], Ch. 7. In
what follows the set of all bounded operators in H we will denoted by L(H).

The strong operator moment problem is formulated as follows: let s = (s,), n € Z,
be some sequence of bounded operators in the space H, i.e., s, € L(H), n € Z. These
operators are called moments if we have a representation of type (3.1),

(8.7) o = / M dp(\) € L(H), neZ,
R

but with measure dp(\), which is an introduced above, is an operator-valued measure.
If in (8.7) only n € Ny C Z, then we have the classical operator moment problem. If
dim(H) < oo, then the corresponding problem are called matrix.

There are many article were devoted to an investigation of the operator moment
problem, but in a majority of them, the authors investigate the matrix and the classical
cases, not the strong problem. We mention here only some of these works, [24, 4, 18, 33,
34, 35, 37].

In this article we only demonstrate the above approach, discussed in Sections 3-7.
Analogously to the condition (3.2) of positivity, we will say that a sequence s = (s,),
n € Z, s, € L(H), is positive definite, if for an arbitrary finite sequence f = (f,), n € Z,
fn € H, we have

(8.8) Z (Sj4+kfr, fi)m >0

3,kEZ

(for H = C! this condition is the same as (3.2)).

We formulate now a generalization of Theorem 4 in the simplest case where H is finite
dimensional, H = C%, d € N, and in addition, every matrix s,, n € Z, acting in the
space C%, has real elements (in every case it is Hermitian, this follows from (8.8), but we
demand that it be real). The following result takes place.

Theorem 16. A matriz sequence s = (s,), n € Z, s, € L(C?), with real matriz elements
is a strong moment sequence, i.e., representation (8.7) with some operator-valued measure
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dp(X) with real matriz valued p(A), A € B(R), holds iff it is a positive definite sequence,
i.e., the condition (8.8) is fulfilled.

Proof. Tt is similar to the proof of Theorem 4 and we only indicate necessary changes.

Introduce the linear set lg,(H) = lg,(CY9) of finite sequences f = (f,), n € Z, of
vectors f, € H = C? According to (8.8) we introduce into lg,(H) a (quasi)scalar
product,

(f,9)se) = D (sjexfu:gi)ms  fr9 € lan(H).
k€T

Let S(H) be the corresponding Hilbert space (with factorization of the set lg,(H) if
needed). In our case this space is “real”: Vf € S(H) the mapping f — f € S(H) exists
and Vf,g € S(H), (f.3)s) = (f,9)scm), f = f. This fact follows since s,, n € Z, is
real.

As in Section 3 we define on f € lg,(H) the operator of type (3.5):

(Jf)j = fj-1, J€Z; Dom(J) = lgn(H).

As in (3.7) we check that this operator J is Hermitian in the space S(H).

Riggings of type (3.8) and (3.10) are constructed similarly to the proof of Theorem
4, since H = C? is finite-dimensional, the imbedding of type lo(p) — I can be made
quasinuclear by taking the sequence (p,), n € Z, to be increasing to oo sufficiently fast.

The other parts of the proof of our theorem is similar to the proof of Theorem 4. At
first we take some selfadjoint extension A in the space S(H) of the operator J. This is
possible, since the deficiency numbers of J are equal. Then it is necessary to use some
generalization of Theorem 2,— instead of one vector ¢ it is necessary to take d vectors of

type (1,0,...,0), (0,1,...,0), ..., (0,0,...,1) € CL The spectral measure do()\) must
now be matrix-valued. It is possible also to apply, instead of such a variant of Theorem 2,
directly Theorem 1. O

If the matrices s,,, n € Z, are only Hermitian, it is necessary to add to the conditions
of Theorem 16 the equality of the deficiency numbers of the operator J.

Remark 5. The situation if dim(H) = oo is more complicated. For a construction of
quasinuclear rigging of type la(p) < la (the spaces of sequences (f,), n € Z) now an
increase of the weight p = (p,), n € Z, to oo is not sufficient. It is necessary to take,
for the space of type la(p), (I2) that are sequences of vectors from Hy; (Hs) and the
following embedding H; < Hy must be quasinuclear. Such a situation requires a change
in the formulation of a theorem like Theorem 16.

An analog of Theorem 16, of course, is true for the classical matrix moment prob-
lem. In this case, the corresponding spectral theory for block Jacobi matrix is partially
constructed (see [4], Ch. 7). Now the situation is more complicated,— the deficiency
numbers can be equal to p € Ny (see [18]).

For the strong matrix moment problem, some results similar to the ones obtained in
Sections 3-7 are contained in the works [33, 34, 35, 37].

Acknowledgments. The authors are very grateful to V. A. Derkach for essential re-
marks.
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