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EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS OF
SECOND ORDER SEMILINEAR DIFFERENTIAL EQUATIONS IN
BANACH SPACE

YA. V. GORBATENKO

ABSTRACT. We consider the Cauchy problem for second order semilinear differential
equations in Banach space. Sufficient conditions of local and global existence and
uniqueness of mild solutions are presented.

1. INTRODUCTION

Let X be a complex Banach space, A a closed densely defined linear operator. We

consider the following semilinear differential equation:

d*x
(1) gz )+ Ax(t) = f(t,2(t),
where the function z(-) takes values in X, and f maps some open subset of R x X to
X. Equations of type (1) are considered in [1], where sufficient conditions of existence
and uniqueness of solutions are presented for a broad class of functions f, including
discontinuous functions. However, there are examples of functions f for which these
results cannot be applied, e.g., fi1(t,z) = 23 and fo(t,z) =z -2’ on X = Ly(R).

In this paper we apply Henry’s method [2] to second order semilinear equation (1)
and prove several theorems about sufficient conditions of existence and uniqueness of
solutions of Cauchy problems for a class of continuous functions f. As shown below, this
class includes f; and fy in X = Ly(R) if Az = —2” (defined on z € X such that z”,
understood in the sense of distributions, belongs to X).

2. PRELIMINARIES

Let C(t) be an operator cosine function with generator —A. Linear operator —A is
also a generator of an analytic semigroup T'(t). At first let us consider the case when
o(A) C {A\|[Re A > 0}. For o > 0 define

-« 1 > a—1
AT = F(a)/o s T (s) ds
(see [2, p. 24]).

Operator A~ is bounded in X and has an inverse [2, Theorem 1.4.2, p. 25].

Define A% = (A_O‘)fl. A“ is closed and densely defined. For arbitrary «, 3, we have
A%AP = APA™ = A+ on D(AY) N D(AP) N D(A**P); if a > 3, then D(A%) C D(AP)
[2, p. 25-26].

Now consider the case when o(A) ¢ {A\|Re X > 0}. Let us denote w = — inf Re o (A4),
then for b > w we have o(A +bl) C {A\|[ReX > 0}. Define: A, = A+ bl, Ay = (Ap)7,
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X§* = D(Ay), for x € X{* denote ||z||, = ||Ayz||. Then
1 o0
(2) A% = —/ s e (s) ds.
’ I'(a) Jo
Lemma 1. ([2, Theorem 1.4.6, p. 28; Theorem 1.4.8, p. 29]). The space X* does not
depend on the choice of b such that (A +bl) C {A\|ReX > 0}. X* = X" is a Banach

space in the norm ||-||,, and for different b the corresponding norms |||, are equivalent.

Example 1. Let X = Ly(R), Ax = —2”, where D(A) is the set of all z € X such that 2"
(understood in the sense of distributions) belongs to La(R); oo = 1/2. Then X'/2 = H'(R)
in the sense that they coincide as subsets of X = Ly(R), and the corresponding norms
are equivalent ([2, p. 77]; [3, Theorem V.3, p. 135]).

Lemma 2. Let C(t),S(t), T(t) be, respectively, cosine function, sine function and a
semigroup with the gemerator —A. Then for any s > 0,t > 0,a > 0 and b > w, the
following relations hold:

3) T(s)C(t) = C(H)T(s),
(4) 4,00 =C)A", A7S(1) = 54,7,

and for x € D(Ay)
Clt)r € D(AT), A3C(t)s = C(t)Age,

(5) S(t)x € D(Ay), ApS(t)x = S(t)Aj .
Proof. Since the semigroup T'(t) is analytic,
T(5) = 5 § RO -A)dA
27 r

where T is a contour in the resolvent set of the operator —A with arg A\ — +6 as |A\| — oo
for some 6 € (T/g; ). Also we have R(\; —A)C(t) = C(t)R(\; —A). Hence
1 1
T(s)C(t) = — f MR\ —A)C(t) d\ = — f eMC(HR(N; —A)d)\ = C(t)T(s)
2 Jp 2w Jp

and (3) is proved.

Relations (4) are immediate consequences of (2) and (3).

Relations (5) are easily obtained from (4), as well as the following statement: if
bounded linear operators By, By commute, B; * exists and 2 € D(B; '), then BB 'z =
By'BiBoBy's = By 'BoBy By 'e = By ' Bow and Bax € D(ByY). O

In what follows we assume that the following holds.
Assumption 1. ([4, Assumption 5.1, p. 63]). Let b > w. Then S(t)X € D(A;m), and
A;/2S(t) s a strongly continuous function of the argument t on —oo < t < 400.
Lemma 3. ([4, Lemma 5.2, p. 63; Theorem 5.4, p. 65; eq. 5.12, p. 65]). If Assumption
1 holds, then Vb >w 3Ci/, >0Vt >0

HA;/ZS(t)H < Cppo(1+ et

Assumption 1 holds for any generator of the cosine function in any complex Lebesgue
space L, (Y, 1) ,1 < p < oo [4, Theorem 6.1, p. 71; Theorem 6.3, p. 73].
Theorem 1. (analogous to [2, Theorem 1.4.3, p. 26]). Under Assumption 1, for any
o€ {0; 1/2} we have the following:

1) there exists Co, > 0 such that for every t >0, ||S(t)]|, < Cal(l +t)e¥;
2) for Vao € D(A}),z1 € X we have that ||C(t)xo + S(t)x1 — xo||, —+—0 0.
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Proof. To prove the first statement we use Lemma 3

IS@, = I145S@)| < HA;NS@)A;@/M

< 01/2(1 +t)ewt . HAb—(l/Q—a)

= Co(1+t)e”".
The second statement is implied by the following:
A (C(H)mo + S(t)a1 — m0) = (C(t) — I) Afwo + A 2S(1) A, 2y
= (C(t) = Dyo + 4, S(B)yr — (C(0) = Do + 4,25 (0)y1 =0,

because C(¢) and A;/ ?S(t) are strongly continuous functions. O

Note, however, that the operators AyS(t), a > 1/2 and AyC(t), a > 0, can be
unbounded.

Example 2. Let X = Ly(R), Az = —2” as in Example 1. Then Vzg € H'(R), 2, € X

(C(t)ao) (5) = 5 (ol + )+ 705 — 1)

1 s+t
(sOn) )= [ =
s—t
Take o = 1/2, then V¢ > 0 the operator A¥C(t) is unbounded. Consider, for example,

n(s) = sinn?, 0<s<t,
M0, otherwise,

then {||z,|,n =0,1,...} is bounded, but

[45CE)zall = €Wl > const x [CW)zall | 2 +oo.

Take a = 1, then Vt > 0 the operator AjS(t) is unbounded,

2 s+t
(ASWn) () = 55 [ a1(Ods = 55 @5+ —a(s =)

1 / !/
= S s+ 1) — (s~ 1)

3. SUFFICIENT CONDITIONS OF LOCAL EXISTENCE AND UNIQUENESS OF MILD
SOLUTIONS

For functions defined on some interval [to; 1] or semiaxis [to; +00) and taking values
in a Banach space X consider the following semilinear equation:
d*z

(6) iz () +Ax(t) = f(t,2(1)),

where the function f maps some open set U C R x X to X, for fixed o € [O; 1/2}, and
state the following Cauchy problem for it:

(7) z(tg) = xo € D(Ay"), a'(to) =21 € X.

A classical solution of the problem (6)—(7) on [to;t1] is a function x : [tp; 1] — X that is
twice continuously differentiable, z(t) € D(A) for all t € [to; t1], and satisfies (6) and (7).

A mild solution of the problem (6)—(7) on [tg;t1] is a continuous function x : [to; t1] —
X that satisfies, on [to; 1], the equation

(8) z(t) =C(t —to)xo + S(t — to)x1 + /t St —71)f(r,z(r))dr.
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A classical solution of the problem (6)—(7) is also a mild solution ([1, p. 436]). The
converse doesn’t always hold, since the mild solution may fail to be twice continuously
differentiable.

Theorem 2. Let U C R x X“ be an open set and f: U — X a continuous function that
satisfies a local Lipschitz condition, for every point (t1,x1) € U there exists K > 0 and
a neighborhood Uy C U of the point (t1,x1) such that for x,y € Uy the inequality

1f () = fls, )l < K ([t = s+ [z —yll)
holds. Then for each pair (to,xo) from U and x1 € X there exists t; > ty such that
problem (6)-(7) has a unique mild solution on [to;t1] with x(ty) = xo € D(AY), 2'(to) =
1 € X.
(This theorem is analogous to [2, Theorem 3.3.3, p. 54])

Proof. Let V(1,0) = {(t,x)|t € [to;to + 7], ||z — 20|, < }. Choose 7,0 such that
V(r,6) € U and for (t,z),(t,y) € V(r,d) the following holds: | f(t,x) — f(t,y)] <
K|z —yll,. Also let B = max;c[sy:1o++] |.f (£, 20)||-
Using Theorem 1, choose t1 € (tg, to + 7| such that for t € [to; 1],
||C(t — to)l‘o + S(t — to)zl — J?0||a S 5/2
and
Co(1+t1)e*" (1 — to)(B + K6) < .
Now, define M = {w € C([tos t1]; X*)supy, <p<y, 12(t) — 20l < 6} with the usual

sup-norm |[|z[|| = supy,<;<, 2(t)]|,. This is a complete metric space.
Consider a map G : M — C([to; t1]; X*) defined for € M as follows:

G(z)(t) =C(t —to)xo + S(t —to)z1 + / S(t—s)f(s,z(s))ds.

to
First let us show that G maps M into itself. For any =z € M,
1G(2)(t) = zoll, < (IOt —to)wo + S(E — to)x1 — Toll,

+L\wu—@mnﬂau@wds

<O+ (t— to) (Call +1)et) (B + K6) < 9y + Oy = 0.

Now, let us show that G is a strict contraction (using Theorem 1), for any =,y € M,
t
1G(2)(t) = Gy (D], < / 1S(t =)l 1/ (s, 2(s)) — f(s,9(s))]| ds
to

1
< (Call+t1)e" (tr = to) K) [ = ylll < 5 [llz = Il

Therefore, [||G(z) = Gy)lll < 5 [ll= - yll|-

So, G : M — M is a strict contraction. By the contraction mapping theorem there
exists a unique element x € M satisfying G(z)(t) = z(t), i.e., relation (8). This element
is the sought-for solution. |

Example 3. Consider the following equation:
?r 0%z or

— = =t r—.
ot? 0s? + Os
We rewrite it as
2

) oy + Az = f(1,2),
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where z(t) is a function taking values in X = Ls(R); Az = —2” as in Example 1,
ft,x) =2z - 2. Let us state the Cauchy problem for it,
(10) x(to) = wo € X2, 2! (tg) = 2.

Now we will prove that the function f(¢,z) satisfies the conditions of Theorem 2 with
o= 1/2.
Lemma 4. Let X = Ly(R), Az =2", a = 1/2 as in Example 1. Then

(1) 3C, >0 Ve XV/2: lzll, < Cillzl,;

(2) 3C, >0 Ve X'V/2: lzll,, < Collzll,;

(3) 3C3 >0 Vee X'V |||, < Cslal,.

Proof. (1) As noted in Example 1, X/2 = H'(R) in the sense that they coincide as

subsets of X = Ly(R), and the corresponding norms are equivalent. And H*!(R)
is continuously embedded into Lo (R) (even into C(R)), see [2, p. 9].

(2) Let z € X'/2. Then Ha:||L2 = HA;l/gA;/QxHL < HA;1/2H |lz||,- We obtain the
needed inequality by denoting Cy = H A;1/2H'

(3) H%HLQ < ||z|| g2 » and norms ||| ;2 and ||-||, are equivalent (see part 1 of the

proof).
O
Using Lemma 4, for z,y € X'/? we have
dx dy dx dx dx dy
_ _ _ < _ _
I1f (@) = fWllg, ‘wds Vs, < ‘xds Y L2+‘yd8 Vs,
dx de dy
< lp — haind %Y
— ||JT yHLOC ds L + ||yHLOO ds ds L

< GG (lz = yllo 2l + Nyl llz = vl
= C1Cs (2]l + lylla) e =yl -
Therefore, by Theorem 2 the problem (9)—(10) has a unique local mild solution.
Theorem 3. Let U C Rx X%, f: U — X and K > 0 be as in Theorem 2, x(t) a
mild solution of the problem (6)—(7) on [to;t1] with x(ty) = xo, 2'(to) = x1. Then the
following holds.
(1) Ifxo € D(Ay), 1 € X, then x(t) € D(Aj).
(2) If o € D(A;/QJFO“) and x1 € D(Ay), then x(t) is locally Lipschitz as a function
[to;t1] — X (and, therefore, as a function [to;t1] — X).
(3) If o € D(A) and z1 € D(A;/z), then x'(t) is locally Lipschitz as a function
[t 1] — X.

Proof. (1) Take zo € D(AY), 1 € X. By Lemma 2 for every ¢ > t; we have that
O(t — to)l‘o S D(Al?)

By assumption 1, S(t —tg)z1 € D(A;/z), but D(A;m) C D(AY). Now,
t

S(t—s)f(s,z(s))ds € D(Ay),

to

since by Assumption 1, we have S(t — s)f(s,z(s)) € D(Ay), and Ay S(t — s) f(s,z(s)) is
a continuous function of the argument s. Hence,

z(t) = C(t —to)xo + S(t —to)z1 + /t S(t—s)f(s,z(s))ds € D(A).
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(2) Define g(t) = f(t,z(t)). Take an arbitrary point ¢ € (to;¢1). For sufficiently small

h > 0, we have
(11) lg(t+h) —g@)|| < K (h+ [lz(t+h) —z(t)],)-
Therefore,
z(t +h) — 2@,
< (Ct—to+h) = Ct —to)) Ayaoll + [|(S(t — to + k) — S(t — to)) Ay
ApS(t—T1)g(T) d’TH.

to
Recall that C’(s) = —S(s)A and S’(s) = C(s). Now,
[t + h) — ()|,

< h( sup
Te[t—to;tl—to]

t+h
+ H/ AFS(t+h—T1)g(r)dr —
to

A8 |4 w40 s 0@ 145w

Te[t—to;tl—to
to+h t
+ H/ Agse+h—ng(rydr|+ | [ 45t —1) (g + k) - g(r)) dr .
to tO
Therefore we can choose K1, Ko > 0, independent of ¢,t + h € (to;t1), such that
t
(12) lz(t+h) —x(t)ll, < kK + Ky / lg(r + h) = g(7)| dr.
to

Now substitute (12) into (11),
lg(t+h) — gl < K (h+ [lz(t + h) —2z@)],)

t
<K(h+hKy+ K [ [lg(r+h) = g(r)l|dr)
to
t
=hK 1+ Ky)+ KK [ |lg(t+h)—g(7)|dr.
to
By the Gronwall inequality for tg <t <t+ h < t; we have
(13) lg(t +h) = g()ll < h (K (14 Ky)e"=5),
hence
|zt +h) —2@t)||, < h (K1 + Koty — to) (K (1 + Ky)e" K1) |

i.e., the functions ¢g(t) and z(t) are locally Lipschitz.
(3) Take zp € D(A). By differentiating (8) we obtain

la

2 (8) = C'(t — to)wo + §'(¢ — to)an +/f S'(t— 5)f(s,2(s)) ds

=—S(t—tg)Axg + C(t —to)x1 + / C(t—s)f(s,x(s))ds.

to
Arguing as in the case of ||z(t + h) — z(t)||,, above, we have
|2 (¢ + h) —2'(t)||
< |[(S(t —to+h) = S(t —to)) Axo| + [(C(t — to + h) — C(t — to)) 21|

to+h t
+ H/ Clt+h —to —m)g(r) dr + H/ Clt =) (g(r + h) - g(r) dr]|,
t() tO
and for some K3, K4 > 0, independent of t,¢ + h € (to;t1),
t
(14) /(¢ ) = (0)] < Wk + Ko [ lgtr+B) = g(r)]|
to

By substituting (13) into (14) we obtain the assertion of the theorem.
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4. SUFFICIENT CONDITIONS FOR GLOBAL EXISTENCE AND UNIQUENESS OF MILD
SOLUTIONS

Theorem 4. Let the continuous function f : RT x X — X in equation (6) satisfy
a global Lipschitz condition, i.e., there exists K > 0 such that for any t,s > to and
x,y € X%, the following inequality holds:

1f(tz) = f(s )l < K ([t = s[+[lz = yll,)-

Then Vzy € D(A;/Q), x1 € X the problem (6)-(7) has a unique mild solution on [ty; +00)
with z(tg) = xo, 2'(tg) = 1.

Note that the theorem requires zo € D(A;/ %) even if a < 1/2.

Proof. By Theorem 2, 3t; > tg, problem (6)—(7) has a unique mild solution on [to;#1].
Denote by #; the supremum of ¢; such that a mild solution exists and is unique on [to;#1].
Then the solution z(t) exists and is unique on [to; ;).

Assume now that #; < +oo. First, we show that the solution is bounded on [tg;#1),

l2(®)llo < NCE = to)ll |zollo + 15t = to)llo |21 +/t 1S = T)llo 1 (r2(7))| dr.

The functions C(t—ty) and Aj S(t—to) are strongly continuous for every ¢ € R, so they are
bounded on [tg; #1). Therefore, 3K > 0, K2 > 0 such that V¢ € [to;¢1): |C(t — to)| [|2oll,,
+ 1S = to)ll, [lz1ll < Ky, St —to)ll,, < K2. Hence,

I
(15) le(®)]l, < K1 + Ko / 1£(r, () | dr.

Furthermore, for 7 € [tg; ;)

[f(rz()I < 1 f(m,2(7) = fto, 2(to))|| + | f (to, 2 (o))l
< K ((1—to) + |lz(r) — z(to)[l,) + [1f (o, z(t0)) |
< (K (1 —to) + K [Jz(to)ll, + 1f (to, (o)) + K lz(7)]l,,
= K3+ K ||z(7)

la

(where K3 is independent of 7).
Using (15), we obtain

t
Hl’(t)”a §K1+K2K3(t1—to)+K2K Hl’(T)”adT

Therefore, by Gronwall inequality,
lz@®)[|, < (K1 + K2 K3(f —to)) e®2XE,

So x(-) : [to;t1) — X% is a bounded continuous function and we can extend it to the
point £, and x(f;) € X*.

In a similar way it can be shown that the function z’(-) : [to;f1) — X is bounded
(noting that (C(t — to)xo) = —A;/QS(t)A;/QmO — bS(t)). Hence we have z'(f1). So we
are in a position to apply Theorem 2 with initial time #; and conditions z(t;), 2’ (),
which means that we can extend the solution further than #;, which is a contradiction
to its maximality. We have therefore proved that £; = +o0. ]

5. SOME PARTICULAR CASES
Theorem 5. Let f(t,x) = f1(t,x, Bx), where B is a closed linear operator, relatively

bounded with respect to Ay (D(Ay) C D(B) and 3C1,Cy > 0 Vo € D(AY) such that
|Bz|| < Cyllz|| + C2 ||Afx|)). Let the continuous function fi : R x D(B) x X — X
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satisfy a global Lipschitz condition, i.e., there exists K > 0 such that vVt > to,t > tg,x1 €
D(B),z2 € D(B),y1 € X,y2 € X the following inequality holds:
it w1, 91) — fi(te, x2,y2) || < K ([tr — to| + |21 — 22|l + ly1 — »2l)
Then Vxy € D(Ai/Q), x1 € X the problem (6)-(7) has a unique mild solution on [ty; +00)
with x(tg) = xo, 2'(tg) = 1.
Proof. Tt suffices to show that f(¢,x) satisfies the conditions of Theorem 4.
Choose t1 > tg,t > to,z1 € D(B),z2 € D(B). Then
[f(tr, 1) = f(t2, m2)|| = I f1(t1, 21, Bx1) — fi(t2, x2, Bas)||
S K (ty = to| + |y — 22 + | B (21 — 22)|)
S K ([ts = to] + (14 C1) |1 — 22| + C2 | Ay (21 — 22)]])
=K (Jt1 — to| + (1 + C1) || Ay || + C2) 1A (1 — z2)]|)
= K1 ([t1 — to + [lz1 — 22|,) -
([l

Let X = Ly(R), Az = —2”, a = Y, X'/2 = H'(R) as in Example 1. Consider the
following Cauchy problem:

(16) CCZZT;E + Az = h(z)g(z),
(17) .’E(to) = Xy, (E/(to) =T1.

Theorem 6. Let U C HY(R) be an open set and let the functions g : U — Lo(R),
h:U — L (R) satisfy Lipschitz conditions, namely, if x1 € U then there exist K, > 0,
Ky, > 0 and a neighborhood Uy C U of the point x1 such that for x,y € Uy the following
inequalities hold:

l9(x) =9l < Kgllz =yl Ng@)l,, < Ky llzllg,

[h(@) = kW), < Knllz =yl [h@)L, < Knllzllg
Then for every tg € R, xg € U and x1 € X there exists t > ty such that the problem
(16)—(17) has a unique mild solution on [ty;t1].

Proof. To use Theorem 2 it suffices to show that the function f(x) = g(z)h(x) is locally
Lipschitz as a function U — La(R).
For any x,y € Uy,

1f(@) = WL, < llg@)h(z) — g(@)h(y)llL, + llg(@)h(y) — 9g(w)h) L,
< llg@)l, Ih(=) = hWlp, +l9(x) = 9, 1AW,
< KoK (|2l |z = yll g + e =yl yllgn) <
< CKGKn (2]l + lylly) Iz =yl

(because [|-|| ;1 and [|-||,, are equivalent). O

Example 4. As in Example 2, for the equation

Vo O + 292 +

o2 0s? Os

let us state the Cauchy problem (16)-(17) with h(z) = %% 4 22, g(z) = 2. Obviously,
the function g(-) satisfies the conditions of Theorem 6. Let us check the conditions of

Theorem 6 for h(-). We have

1h(@) = h)ll, < C (lz = ylg +llz+yll Iz =yl,) < Cillz = yllg,
and, by analogy,

(18)

1), < Crllzll g -
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So, for given to,zo € H'(R), 71 € La(R) there exists a unique local mild solution of the
problem (16)—(17) for the equation (18).

6. SUFFICIENT CONDITIONS FOR A MILD SOLUTION TO BE CLASSICAL

Now we consider conditions under which a mild solution of the Cauchy problem (6)—

(7) is also a classical solution. Since our case is close to the case when C' (t) possesses
a group decomposition, we can prove a theorem with conditions similar to [5, Theorem
II1.1.5].
Theorem 7. Let U C Rx X%, f:U — X and K > 0 be as in Theorem 2, xg €
D(A), z; € D(A;m), and x(t) a the mild solution of the problem (6)-(7) on [to;t1] with
x(to) = wo, 2'(to) = x1. If for every (1,y) € U, f(1,y) € D(A;/z) and Aé/zf(-, ) is a
continuous function on U, then x(t) is a classical solution.

Proof. First we note that C (t) « is differentiable for any x € D(A;ﬂ) and
(19) C' () = —bS (t) — AY?S (t) A = —AS (t) .

Then we have
t
2 (1) :—S(t—to)Amo+O(t—to)x1+/ C(t—s)f(s,2(s))ds.
to
Differentiating with respect to t one more time and using (19) we obtain

2" (t) = —AC (t —to) wo — AS (t —to) 1 + f (t,z (1)) — / AS (t—s) f(s,z(s))ds.

to
Obviously z” (t) is continuous, and

2 ()= —-Az (t)+ f (t,z (t)).

7. CONCLUSION

In the paper we have constructed sufficient conditions for existence and uniqueness
of mild solutions of the Cauchy problem (6)—(7) for continuous functions f : U — X,
U C R x X%, satisfying local Lipschitz condition.
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