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SOME CLASS OF REAL SEQUENCES HAVING INDEFINITE
HANKEL FORMS

LUIS J. NAVARRO AND VLADIMIR STRAUSS

ABSTRACT. In this paper we generalize the results given in [14] about real sequences
which are not necessarily positive (i.e, they are not sequences of power moments) but
can be mapped, by a difference operator, into a power moment sequence. We prove
by elementary methods that the integro-polynomial representation of such sequences
remains after dropping the condition on its growth imposed in the mentioned article.
Some additional results on the uniqueness of the representation are included.

1. INTRODUCTION

The general power moment problem is stated as follows: Given a real sequence
Y0, Y1,Y2; - - -, it 18 required to find a non-decreasing function o(t) (¢ € I) such that

(1) Yo = /It”da(t) (n=0,1,2,...).

In the case that such a function exists, its uniqueness is also to be studied. If there
is an essentially unique solution (which means that the difference of any two solutions
is constant at the points where it is continuous) o(¢) to (1) then the moment problem
is called determinate; otherwise (two or more solutions) the moment problem is called
indeterminate. For details on these terms we refer to [2], page 3.

There are essentially 3 types of the (classical) power moment problem: the Hamburger
moment problem, in which I = R; the Stieltjes moment problem, corresponding to I =
[0,00) and the Hausdorff moment problem, in the case of a finite (bounded) interval I
(interval which can be taken, without loss of generality, as [0,1]). The results in this
paper concerns mainly the Hamburger moment problem.

It is well known now that in order for such a function o(¢) to exist (for the Hamburger
moment problem) it is necessary and sufficient that all Hankel forms

m
(2) Z TiTrYitk
i,k=0
be non-negative. If these forms are positive (non-negative) then the sequence {v4}32,
is called positive (non-negative). The term positive (non-negative) relative to the axis is
also used.

Thus, solvable moment problems (i.e., Hamburger moment sequences) correspond to
non-negative sequences and vice versa. Let us note that the (strict) positivity of all the
Hankel forms (2) guarantees the existence of an infinite number of points of increase for
the solutions of the moment problem and that the integral in (1) doesn’t degenerate into
a finite sum (see [12], theorem 1.2).

In [14], sequences which can be mapped to a Hausdorff moment sequence by a dif-
ference operator are studied. Such sequences are called there definitizable (for exact
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definitions see Section 2). In the mentioned article it is stated that definitizable sequences
with an additional condition on its growth have an integro-polynomial representation
(instead of (1)) and it is sketched there how to obtain the elements involved in this
representation. It is worth to note that the resulting moment problem (which can be
called definitizable power moment problem) arose naturally, as well as the indefinite power
moment problem (we refer to [3] for origin and details of this problem. See also [11], [5]
and [6]) from the spectral theory of operators in spaces with an indefinite metric (see [14]
for the definitizable case and, for instance, [3] or [7] or [8] and [9] for the indefinite
case). They differ in that the indefinite moment problem is limited to the case where the
underlying space is a Pontryagin space (denoted by ) whereas the definitizable moment
problem suits Krein spaces as well as Pontryagin spaces.

In the present paper, we consider sequences that can be mapped, by a difference
operator, to a Hamburger moment sequence and with no restrictions on its growth. In
Section 2 we prove (by elementary methods instead of the operator approach given in [14])
that such sequences have the same representation (except for the interval of integration).
In Section 3 we prove some results on uniqueness and Section 4 contains some results
concerning the particular case of (real) sequences being mapped (by a difference operator)
to a Hausdorff moment sequence. An analog treatment but for the trigonometric moment
problem was given in [10].

2. SOLUBILITY

In this section we will give a precise definition of the type of sequences we will be deal-
ing with in this paper and prove a representation (which generalizes the representation
of the Hamburger moment sequences) for such sequences.

Definition 1. Let {ci}32, be a real sequence. If there exist real numbers vo,7v1,...,Vn
such that the sequence {¢}72, defined by

Cx = Z’iniJrk (k=0,1,...)
=0

is a Hamburger moment sequence then {c}32, will be called Hamburger-definitizable

and the polynomial Q(z) = Z’yizi will be called the definitizing polynomial of the
i=0

sequence {cg}72,. We can assume (and we will) that -, # 0.

To avoid confusions, the sequences called definitizable in [14] will be called here
Hausdorff-definitizable. We can define analogously for the other moment problems.

We will also make the agreement that whenever the underlying moment problem is
not explicitly specified, we will be confined to the Hamburger case. In other words, we
will take definitizable as Hamburger-definitizable.

The next theorem settles the existence of solutions to our problem (a generalization
of the Hamburger moment problem).

Theorem 1. Let {c,}?2, be a definitizable sequence with definitizing polynomial Q(z) =
Yo%zt (v # 0). Then there exist a polynomial Q(z) of degree m, m < n, and a
piecewise monotone function p(t) defined on R except on the real roots of Q such that

00 m—1
(3) ck:/ & - P))dpt) + S aPe; (k=0,1,2,..)),

- =0

m—1

where Py(z) =Y .7, a,t(-k)zi is, for k= 0,1,..., the interpolating polynomial of z* at the
zero multiset of Q. The integral in (3) is an improper (Stieltjes) one with singular points
the real Toots of Q.
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Proof. Let Q(z) = Y1 7:i#" (notice we are taking m = n and @ = Q). Then Py(z),
the interpolating polynomial of the function z* (k = 0,1,...) at the zero multiset of Q,
satisfies
2" = Q(2)Rp(2) + Pu(z) (k=0,1,...),
being Ry (z) some polynomial (for each £k =0,1,...).
As the degree of @ is n then we have
P.(z)=2" k=01,...,n—1;

(1)

P,(z) = i
- In
Now, from
1
() 2= 7@(2) + Pa(2)
we have
1 ) n—1 o 1 ] n+j—1 . )
Zn+j — 72.7@(2) _ Z lzl“l’] — 72]62(2’) + Z hzk
Tn = I Tn =
L " e
= 7zﬂQ(z)+ > L (Q2)Ri(2) + Pi(2))
Zj n+j—1 N n+j—1 DN
Qe[+ > RG]+ Y THERAG).
Thus
n+j—1 N
(6) Poyi(z)= Y T‘ka(z) (j=0,1,...).
k=j "

We now prove our assertion by (generalized) induction.
First, note that because of (4) the representation (3) holds for cg, ..., cp—_1.
Since {¢}72, is positive definite we have

ak:/m Fdo(t) (k=0,1,...).

— 00

In the other hand, ¢x = Z?:O YiCit+k, SO in particular for k = 0 we have

/ dO’(t) = 50 = Z’yici,
=0

— 00

from which follows

n—1 n—1
1 oo o0 -
Cn = — {/ do(t) — Z%‘Cz} = / (t" — Po(t)) dp(t) + Z ic,;,
fY’ﬂ —00 i=0 —00 i=0 ’yn
do(t)
Yo (1" = Ppu(t))
Thus (3) also holds for ¢, = ¢,.
Suppose now that (3) holds for k =0,1,...,n,...,n+ j — 1, with some fixed 7 € N.
Then, since {¢;}7°, is a Hamburger moment sequence, we have

where dp(t) =

n+j

o0 n
/ tjda(t) =c; = Z'yici+j = ch_jck.
=0 k=j

— 00
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Also, by the definition of dp(t) and (5) we have

| tastty = [~ v = P oty = [ ZQ@ ap(0).

Thus, [* #/Q(t) dp(t) = Y3 =) Yk jck, from which follows

n+j—1

= [ zwp - % sl
oo _ n-l = poo n+j—1 ]
= / t”ﬂdp(t)Jrz:l / tHdp(t) — Y Rl
i= =j
Thus, by the inductive hypothesis we have
0o ) n—1 ) S
O G SE Bl
- i=0 Mmoo
n+j—1 o) n—1
+ Z ey [/ (t* — Py(t)) dp(t) + Zal(.k)ci]
o0 i=0
o] yi n+j—1
[ e +Z Y - ~ Pu() | dp(t)
n+j—1

+ Z —Miagk)ci,
k=j Tn 30

which with the help of (6) can be written as

00 n+j—1

e [ o e

n

— 0o

00 n—1 )
= / (" = Pury (1) dp(t) + Y al" e,
i=0
i.e., representation (3) holds also for ¢, ;. O

Remark 1. We have proved our theorem taking m = n and Q(z) = Z?:o v:z". Sometimes
it is possible to obtain the same representation but with another polynomial @ of degree
m < n (see, for instance, theorem 4 below).

do(t do(t
Remark 2. From dp(t) = o(t) = o(t) we conclude that contrary to the
W(t" — Pa(t))  Q(F)
situation presented in the classical moment problem, the function p(t) is, in general,
unbounded. In fact, it can have an infinite jump at any of the zeros of ). Actually, the
role of polynomial @ is to extinguish the unboundedness of p in order to make convergent

the integrals in (3). The function p(t) is readily seen to be a piecewise monotone function.

Remark 3. The possibility that the degree of @) be zero is not excluded. In this case the
function p(t) is bounded and the interpolating polynomial is absent from the represen-
tation. We shall assume in this case that Q(z) = 1.

3. UNIQUENESS

In this section we present some results on the uniqueness of the elements involved
in (3).
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do(t) _ do(t)
W= Pul) Q)
we can affirm that if the moment problem for the sequence {¢;}32, is indeterminate
then the function p(t) is not unique. And we have to take into account also that the
polynomial Q(¢) is not unique, as the next theorems show.
Let’s start proving that we can add real roots to @ without affecting representation (3).

Having proved that we can define p(t) by means of dp(t) =

Theorem 2. Let {c;}72, be a real sequence admitting the representation (3) and let
R(z) = z — 2z, with zo € R fized. If we denote Q(z) = Q(2)R(z) and m = deg(Q(z)) =
m + 1 then we have

0o m—1
(7) o = / (#* — Bu) dolt) + 3 aPer (k=0.1,..),

o i=0
where Pp(z) = 21161 dgk)zi is the interpolating polynomial of z* at the zero multiset
of Q.
Proof. It is clear that the first m elements of the sequence, cg,c1,...,cHn_1, have the
representation (7).

To prove the representation for c¢z; = Cm+1 We start noting that from the equation
2™ = Q(2) Ry (2) + P (2) we have 2™ = Q(2) R (2) + 2P (2) + 20 (2™ — Pi(2)) and,
as a consequence,

(8) Pi1(2) = 2Pu(2) + 20 (2" — Pu(2)).

Now, noting that

(Z + agr@l) Pn(z) = (Z + agg?l) (afq:nf)ﬂmil + aiﬁzzm” +o 4+ aém))
a

=l 2 e (0l ™) 2 4 0l af,

we conclude that (z + agn_)l) Pn(z)— a(m)lzm is a polynomial of degree less or equal to

m—
m—41

m — 1 which at the zero multiset of Q(z) coincides with z™*!  in other words

m—

) Pupi(z) = [z + aiﬁl] Pu(2) — a"™ 2™ = 2P (2) — o™, [2™ — Po(2)].

Combining (8) and (9) we get

(10) Prs1(2) = Poya(2) + (20 + a2, ) (2" = Pu(2)).

In this way we have

| (e = Paato) dote)
= [ @) o)~ [ (oot o) 0 = ) do)

— 00 — 00

m—1 m—1
= Cm+1 — Z agmﬂ)ci - (Zo + aﬁ::l—)1) (Cm - Z aﬁ@)@)’
i=0 =0

from which follows by (10) the representation (7) for ¢,,11.
The rest of the proof is straightforward. |

We can also add pairs of conjugate non-real roots to @), without affecting representa-
tion (3), as the next theorem shows. The addition of non-real roots has to be done by
conjugate pairs in order to ensure that the coefficients of () remain real.

Theorem 3. Let {c;}72, be a real sequence admitting representation (3) and let R(z) =
(z — 20)(z — %), with zg € C\R fized. Then, denoting Q(z) = Q(2)R(z) (and m =
deg(Q(z)) =m+2), the sequence {cy}72, admits the representation (7).
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Proof. The proof, again, goes by induction. We really need to prove only that the
representation (7) holds for ¢, 2.

We start from 2™ = Q(2)R;,(2) + Pn(z). Denoting R(z) = (2 — 20)(z — Zg) =
2% + az + 3, we have 2™(2%2 + az + ) = Q(2)Rpn(2)R(2) + (2* + az + B)P(2), from
which follows

2" = Q(2)Rin(2) + 2° P (2) + az (P (2) = 2™) + 8 (Pu(2) — 2™)
(8%) ie., Prio(2) = 22P(2) 4 (az 4 B) (Pm(2) — 2™).

Now, with a and b arbitrary consider the expression

(22 +az+b)P(2) = (2> +az + b) ( 5:1)12' 1. (m)z + a(m)>

5}7)15”“ + (aa( _)1 + a(m) 5)z™

+ (ba,(n_)l + aagn_)g + aﬁn_)3) Zml g

It follows that (22+az+b) Py, (2) —al™, 2"+ — ( a™ |+l ) 2™ is a polynomial of
degree less or equal to m—1 which at the zero multiset of @ coincides with (22 +az+b)z™—
ag;n_)lzm—o—l aa(m)l + a(m)2:| M — Zm+2 + |:CL _ a(m) :| m+1 + |:b (m) _ Cl( )2] Zm’

m—1

which is just 2™12 if we take a = ™ and b = aa(m)l —&-aE,T_)z = (assl_)l) —l—aE,T_)Q. Thus
(97 Pri2(2) = [2* + az 4+ b] Ppu(z) — az™ ! — b2™,

2
where a = a,,”; and b= aa(m)l +al™, = (a(m)l) +al™,.

(m)

m—2 m—
Now, by (8’), (97) and (9) we have
Prya(2) = Prya(z) + (- a) [Prt1(2) + az™ — aPr(2)] — Py (2)
4+ az™ M £ b2™ — 2™ 4 B[P(2) — 2™
= ~er2( ) = Pm+2(z) (a—a) [Zm+1 = Pryi(z )}
+ (a(la—a) + b= B) [z — Pn(2)].

(11)

In this way,
[ (272 = Parsa®)) ot
M-1
= CM+2 — Z a,; M+2) (CL — {CM-&-I Z (1(1w+1 z:|
=0
M—1
+(ala—a)—b+P) [ a }
=0
whence follows (thanks to (11)) the representation (7) for cpryo. O

The next two theorems states (as can be guessed from the above theorems) that it
is also possible, in some cases, to remove some interpolating points without affecting
the representation of {c;}72 . Even non-real roots of the polynomial @ can be removed
(sometimes) but this has to be done by conjugate pairs. We note that the remotion of
roots of () has to be done with care as it can compromise the convergence of the integrals
in the representation (3) of the sequence {c}72 .

Theorem 4. Let {c}72, be a real sequence admitting the representation (3). Suppose
that there exists some polynomial Q(z) = >~ 72" such that Q(z) = Q(2)(z — z) (with
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z0 € R), the integral ffo Q(t) dp(t) is convergent and

m—

Z ( )Cia

~ prt

(12)

where P (2) = Zznol agm)z is the interpolating polynomial of 2™ at the zero multiset
of Q(z). Then {cx}2, admits the representation

0 m—1

(13) o = / (t = B do(t) + 3 e (k=0,1,...),
—oo i=0

where Pp(z) = 22161 dgk)zi is the interpolating polynomial of z* at the zero multiset

of Q.

Proof. Tt suffices to show that representation (13) holds for ¢,;, = ¢,,,—1. But since

m—2 .

s Z Vi i S < m—1
mel(z) = = z = Q( ) Ym—1%2 )
i=0 TYm—1 er 1 [ ]
then representation (13) for ¢,,—1 is just (12). O

Clearly, in order to remove a pair of conjugate non-real roots of @) without affecting
the representation we just need that the representation (13) holds for ¢,,—2. Thus we
have

Theorem 5. With the same notation used in theorem 4, if {ci}72 is a real sequence
Q(z)
(z—20)(2—%0)
convergence of the integral is required) then {ci}72, admits the representation (13).

admitting representation (3) and Q(z) = is a polynomial satisfying (12) (the

The question on the uniqueness of the function p (the density of the representation)
is subtler, as we can conclude from the following example.

Example 1. Let {d;}72, be a Hamburger moment sequence such that the corresponding
moment problem is indeterminate. Let o be an N-extremal solution to the problem (see
[1] or [13]). Then o corresponds to the spectral measure of some selfadjoint extension of
the symmetrlc operator associated to the moment problem and the set {1,z,22,...} is
dense in L2. As the deficiency index of the operator is (1,1) (details can be conbulted in
[1], [12] or [13]), the set {(x + i), (xz + i)z, (x + z)a: ..} is not dense in L2.

Let {ck}32, be the sequence ¢; = f_oo 2+1da( x) = [%_thdu(t), where dv(t) =
do(t)

t24+1°
(1) {ex}2yis a Hamburger moment sequence.
(2) The set {1,z,22,...} is dense in L2. Indeed, denoting Ylap) (With @ < b) the
characteristic functlon

Then we have

Via,p)(t) = {(1) z gez {Z: 2,

there exists a sequence of polynomials {p, (t)}>2, converging in L2 to Yla,p(t),
from which follows that

/_ [Pn(t) = Pl (D) dr(t) < /_ [P () = pa (8)|*do (t) "= 0.
(3) The set {(x +1), (x +i)z,...} is also dense in L? since
o 1 2 n— oo
|1+ 000 v 0P = [ [an®) ~ a0 dot) =0,

—0o0 — 00

o0

where {g,(t)}22, is a polynomial sequence converging to tﬂz{)[a’b] (t) e L2.
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Now, these conditions implies that v is a solution to a moment problem (for the
sequence {c;}72 ) whose associated operator has dense domain and deficiency index
(0,0). Hence, the moment problem for the sequence {ci}32, is determinate.

Noticing that
[ele] tk + tk+2
= ——do(t) =d
Ck + Cito /_OC 2 o(t) = di,

we conclude that any real sequence that can be mapped, by a difference operator, to
the sequence {c;}72, (whose associated moment problem is determinate) can also be
mapped to the sequence {di}32, (whose associated moment problem is indeterminate).

The uniqueness of the function p (and the question on the constructability of solutions)
will be treated in a next paper.

Theorem 1 shows that definitizable sequences {cj}2, have representation (3). We
proceed now to show that the sequences having that representation are precisely the
definitizable ones.

Theorem 6. Let {c,}32, be a real sequence having representation (3), where Py(z) =

2?51 al(k)zi is (for each k = 0,1,...) the interpolating polynomial of the function z*

at zero multiset of some polynomial Q of degree m and p(t) is a piecewise monotone
function defined on R except the real roots of Q. Then {cy}72, is definitizable.

Proof. As p is piecewise monotone there exists real numbers a; < ar < -+ <
such that the function p is monotone in each of the intervals (—oo,a1), (a1, a2),...,
(ay,+00). We take now any polynomial @, such that the product Q(t)Q,(t) is non-
negative in those intervals in which p is non-decreasing and negative in the other case (we
impose no conditions at the boundary of each interval). Let Q(t) denote the polynomial
Qt) = QQ,(1).

By theorem 2, representation (7) holds and we have

0o m—1 o m—1
_ n B ) 1 ~ ()
tm = / ( —Pm(t>)dp<t>+§;ai a=z| <t)dp(t>+;ai

where we have used the notation of theorem 2 (the symbol ~ refer to polynomial Q).
(o)

One important consequence of representation (7) is that the integral / tRQ(t) dp(t)
— o0
converges for each k =0, 1,... Thus the sequence {¢}7°, defined by

o0

& :/ FOW) dp(t) (k=0.1,..)

— 00

is a Hamburger moment sequence satisfying

6k:Z&ici+k v‘lC:O7172a"'7
i=0
from which follows that {c}72, is definitizable O

4. THE HAUSDORFF CASE

Hausdorff-definitizable sequences were introduced in [14]. In order to obtain an
integro-polynomial representation of such sequences, it was imposed there an additional
condition on the growth of the sequence. We start this section by proving that the
restriction on the growth of the sequence is, actually, a consequence of its definitizability.

Theorem 7. Let {c}72, be a Hausdorff-definitizable sequence with definitizing poly-
nomial Q(z) = Y1, viz', & = Y1 ViCisk and Cx = fj tFdo(t) with [a,b] C [-1,1].
Then

lengn] <SA-WF YE=0,1,...,
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~ ~ n—1 ~
Cy s Cj . ~
where A = w and w =1+ ﬁ, being ¥ = max;—0.1,... .n—1|vi|-

Proof. First note that since [a, b] C [—1,1] then we have
(14) |ck|</ 1% |dor (1) _/ o(t) =G Vk=0,1,...
a

The proof goes by (generalized) induction.
From ¢y = Y i 7ViCi+o we get ¢, = i [60 - 22:01 7ic;|. Hence,

|Cn|< {CO'F’YZ‘CZ}Z s

which proves that the thesis holds for k£ = 0.
Suppose now the thesis holds for £ = 0,1,...,l. To prove that the thesis holds for
k =1+ 1 we start noting that from d;y; = Z?,O YiCiti+1 We get

Cnti+1 = — ldlﬂ E ’Yzcz+l+1‘| .

Hence
1 n—1 1 n+l
Cntig| < — ol [|Cl+1| +VZ |Citital } < Tl {CO +9 Z el ]
Tn g Jj=l+1
n+l
< [COHZM]: [comZM Zm

InI

Thus, by the inductive hypothesm we have

lenaisn] < A+ l’VjZAw = Aw'tl,
Tn =0

which concludes the proof. O

It is well known that any Hausdorff moment problem is determinate (unless it has
no solution). Thus it is natural to ask: Is it possible to have a real sequence {c;}72,
which can be mapped simultaneously (by difference operators) to a Hausdorff moment
sequence (hence determinate) and to an indeterminate Hamburger (or Stieltjes) moment
sequence? This question, which is answered in the negative in the next theorem, acquire
special interest from a theorem of Boas (see [4] or [15], chapter 3, section 14 or [12], sec-
tions 11-13), according to which any real sequence is a Stieltjes moment sequence if we
relax the condition on the monotonicity of the distribution function ¢ to require only it
to be of bounded variation. This result is valid also for the Hamburger moment problem
but not in the Hausdorff case (the proofs can be found in the references just given). In
our case, the functions p are not non-decreasing but they can change its monotonicity
only a finite number of times and this fact prevents the trivial possibility we would get
from applying Boas’s result.

Theorem 8. Let {c;}72, be a definitizable sequence with definitizing polynomial Q(z) =

S ozt If dp(t) has not compact support then there can not exist constants A and w

such that |cp| < Aw® VYk=n,n+1,...

Proof. Suppose there exist A and w (real) constants such that |c,| < Aw® Yk =mn,n+
. Then, from ¢, = > vicivr (k=0,1,...) we get

n n ) 17wn+1
ekl <D Pilleirr] <) AAwTF = 4Aw kia

; ; 1-
=0 1=0
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1 _ . n+1
where 4 = max;—o1, .. || (as before). Now, denoting o = '}A% we have
—w

(15) ex] <ok VE=0,1,...
In the other hand, since |é;| = )ffooo tkda(t)‘ we have

- 0 A

|G| = / t**do(t) + / t**do(t) + / t**do(t)
oo A -2

> )\2’“Var(_oo7_>\)a + Azkvar(k,oo)o'a

being A any non-negative (real) number. But according to (15) this is not possible, unless
do(t) is supported in [—w,w]. O
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