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ON EQUIANGULAR CONFIGURATIONS OF SUBSPACES OF A
HILBERT SPACE

YU. S. SAMOILENKO AND YULIA YU. YERSHOVA

ABSTRACT. In this paper, we find 7, 0 < 7 < 1, such that there exists an equiangular
(T", 7)-configuration of one-dimensional subspaces, and describe (I, 7)-configurations
that correspond to unicyclic graphs and to some graphs that have cyclomatic number
satisfying v(T") > 2.

0. INTRODUCTION

There are numerous publications, see [1] and references therein, studying systems
S = (H;Hy,Hs,...,H,) of subspaces H;, i = 1,...,n, of a complex separable Hilbert
space H that may be finite dimensional or have countable dimension.

Denote by P; an orthogonal projection of H onto the corresponding subspace H;,
t=1,...,n.

A system of subspaces is called irreducible if any operator C' € B(H) that commutes
with all orthogonal projections, CP; = P,C, i = 1,...,n, is a scalar operator, C' = A,
reC.

Two systems S = (H; Hy,...,H,) and 8" = (H'; Hy,..., H),) are called unitary equi-
valent if there is a unitary operator U € B(H, H') such that U(H;) = H] for all i =
1,...,n or, equivalently, if UP, = P,U,i=1,...,n.

To give a description of irreducible systems of n subspaces of a Hilbert space up to
unitary equivalence for n > 3 is an unmanageable task, see [2, 3, 4].

In this paper, we consider equiangular (T, 7)-configurations of subspaces corresponding
to a connected simple (without loops or multiple edges) undirected graph I' = (Vr, Er),
where Vr denotes the set of vertices of the graph, Er is the set of its edges, and 7 € R,
0 < 7 < 1. An equiangular (T',7)-configuration is a system S = (H;Hy,...,Hy,) of
subspaces, n = |Vr|, such that the orthogonal projections corresponding to each pair of
subspaces H;, H; satisfy the relation

PlPJPl :TQPi, PJPlPJ :T2Pj, if there is an edge Yij € Er,
Pin:PjPiZO, lf’yw¢EF

Here we define an angle between each pair of subspaces H; and H; to be = arccos T,
0 <6 < m/2, if v;; € Er, and consider H; and H; to be orthogonal otherwise, that is,
if v;; ¢ Er. Let us remark that if I' = K, is a complete graph, such (I, 7)-equiangular
one-dimensional configurations of subspaces in a Euclidean space were studied in [5].

If T is a tree or a cycle, all (T, 7)-irreducible configurations are described in, e.g., [6].
An irreducible (T, 7)-configuration corresponding to a tree or a unicycle graph is a con-
figuration of one-dimensional subspaces [1].
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In this paper, by finding 7 such that there exists a (T, 7)-configuration of one-dimensio-
nal subspaces, we describe irreducible equiangular (T', 7)-configurations, of one-dimensio-
nal subspaces, corresponding to the graphs that are cactuses (Theorem 4), and give a
complete description, up to unitary equivalence, of all irreducible (T, 7)-configurations
corresponding to an arbitrary unicyclic graph (Theorem?2).

1. PRELIMINARIES

Consider an equiangular configuration of n one-dimensional subspaces, which corres-
ponds to a simple undirected graph I' = (Vr, Er), where Vi denotes the set of vertices
of I' and FEr is the set of edges of the graph I'. Let ® be a mapping defined on edges of
the graph giving a grading of the graph, ®(vyx;) = €%, k < j, v; € Er. Such a pair
(T, ®) will be called an S-signed graph.

An adjacency matriz Ar o) = (ak;)j j—; of an S-signed graph (I', @) is defined to be

e%d’kj, Ykj S EF7 k< ja
Ak; = eizd)kja Ykj S EF7 k> ja
0, Y ¢ Er.

Spectrum, o(T'), and indez, ind(T', ), of an S-signed graph refers to the spectrum and
the largest eigenvalue of the matrix A ), respectively.

Introduce an sw-equivalence, a switching equivalence, on the set of all S-signatures of
a graph by defining two S-sign graphs (I', 1) and (T', ®2) to be equivalent if there exists
a function 1 : Vr — S such that

s (ks) = €™ D1 (g )

Lemma 1. Let |T'| = n, and v(T") be the cyclomatic number of the graph T'. Then any S-
signature of the graph T is sw-equivalent to some S-signature with the function ® taking
the value 1 on n — v(I') edges, so that the corresponding ¢i; satisfy ¢r; = 0, and the
remaining v(T') edges can be indexed so that ® takes the values €'®i, j = 1,...,v(I).
Thus any S-signature can be parametrized with v(I') parameters ¢;.

This means that if I is a tree, then all S-signatures are sw-equivalent to the S-signature
(I)(’)/kj) =1 for all VYkj € Er.

If T is a unicyclic graph, see Section 3, then there are only the following two sw-
nonequivalent S-signatures: the S-signature ®(vyx;) = 1 for all v4; € Er, and the S-
signature ®(yx;) = 1 for all v, € Er but one edge 7 in the cycle, and for this edge,
O(y) = €', ¢ € [0,27).

If T is a cactus with k cycles, see Section 3, then by indexing cycles of the graph in
a certain order, one can parametrize the set of all sw-nonequivalent S-signatures with k
parameters, (¢1, ..., @), such that ®(y) =1 on all edges v € Er except for edges in the
set formed by picking one edge 7; in each cycle Cj, where ®(v;) = i, j = 1,... k.
Here ind(T", ®) does not depend on the set {v,: v, € C;}.

Definition. The quantity
indgT'= inf ind(T, ®)
PEQa

is called an S-index of the graph, where Q¢ is the set of all values of the parameters
(¢17"'7¢k)5 ¢] S [0,27T),j: 17"'ak'

If the graph is connected, then all subspaces of the simple system S corresponding to
the graph have the same dimension, see [1].

The main problem is to give a description of all irreducible unitary nonequivalent
equiangular configurations S corresponding to the graph I' with a fixed 7, 0 < 7 < 1.
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In what follows, we will only consider equiangular configurations of one-dimensional
subspaces, dmH; =1,i=1,...,n.

The following theorem describes 7, 0 < 7 < 1, for which there exist (T, 7)-configurations
of one-dimensional subspaces.

Theorem 1. ([7]). Let T be an arbitrary fized graph. There exist (T, T)-configurations
of one-dimensional subspaces if and only if T < ﬁ.
Proposition 1. ([6, 9]). If T is a tree, then the following assertions hold:

o if there exists an irreducible configuration S corresponding to a signed graph
(T, ¢), then all the subspaces H;, i =1,...,n, are one-dimensional;

e an irreducible configuration S exists only if T < ﬁ and, for each T, such a
configuration is unique. Moreover, dim H =n if 7 < ﬁ, and dimH =n —1

. _ 1
7= fmar-

2. EQUIANGULAR CONFIGURATIONS OF SUBSPACES CORRESPONDING TO UNICYCLIC
GRAPHS

A wunicyclic graph of girth g is a graph I' = (Cy; T, T, . .., T,) obtained from a cycle
Cy of length g by identifying the i-th vertex of the cycle with the root vertex of some
tree T;.

In the case where I' is a unicyclic graph there can be infinitely many irreducible
configurations for some values of 7, but all such configurations are n-tuples of one-
dimensional subspaces [6] and are parametrized with ¢ € &, C [0,27). Introduce a
matrix Br ;4 for the unicyclic graph as follows: Br ¢ = I — 7Ar 4, where Ar g4 =
(aij)i ;=1 is the S-signed adjacency matrix of the graph,

0, lf 'Yz'j ¢ EF,
Qi = _1’ 1f7®] € Er, (Za])¢{(1ag)a(gal)}v
“ e, if (i,7) = (1,9),
e~ if (i,5) = (g, 1).

Then the formula for the S-index of the unicyclic graph becomes

indsT"' = inf ind(T,¢).
indg ¢€1[101727r)1n( ®)

In the sequel, we will need the following facts from the theory of graphs.

Proposition 2. ([13]).

(1) IfT is a connected graph and x is an arbitrary vertez of the graph, then ind(T" —
x) <indT.

(2) Let T' be a connected graph and H a proper spanning subgraph of T', which is
a subgraph that differs from the entire graph, constructed over a subset Vi of
vertices of the graph T' — Vi, and containing all edges from Er the endpoints of
which belong to Vi (the subgraph H is not necessarily connected). Then for all
A>indT,

Py (\) > Pr(N),

where Pr(X) is the characteristic polynomial of the graph T, and Py () is the
characteristic polynomial of the graph H.

Lemma 2. The Schwenk formula for the characteristic polynomial of a unicyclic S-
signed graph T' has the form

g
PF@()‘) = APF*vl (>‘) - Z Pp,m,u()\) —2cos ¢ H PTi*vi ()‘)a

u~wvy, ueEVP =1
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where vy is a vertez of the cycle of the graph and {u: u ~ v1} denotes the set of vertices
of the graph I' neighboring the vertex vy, and I' —v is the subgraph of the graph I" obtained
by removing the verter v.

Proof. Let I" be a cycle Cy of length g. Then, directly evaluating the determinant of the
corresponding adjacency matrix of the S-signed graph (T, ¢) we get

P, ¢)(A) = APy—1(A) — 2P;_2()) — 2 cos ¢,

where P, is the characteristic polynomial of the Dynkin graph A,,, a chain with n vertices.

Let now I' be a cycle C; with a root vertex of a tree 1" attached to one of the vertices,
denoted by v1, and let the valency of the root vertex be 1. Denote the vertex of the tree
T neighboring to the root vertex by v. Then the graph I' contains a bridge between the
vertices v; and v, and we use the decomposition formula for the characteristic polynomial
of the graph with respect to the bridge 7y, v,

Pr.g)(A) = Pc,.) (M) Pr(A) — Pyg—1(A) Pr—v(A).
Substituting the expression for the characteristic polynomial of the cycle we get
Prr,gy(A) = AP;_1(A)Pr(A) — (2Py—2(\)Pr(\) 4+ Py—1(\)Pr—y(N)) — 2cos pPr(N),
which coincides with the required formula for the graph I,
Prg(A) = APr—y, (A) — Z Prw—u(A) = 2cos pPr_y(N).
u~v1, ueVr

Now, using the same argument we can extend this formula to the case where there is a
tree with the root having an arbitrary valency attached to a vertex of the cycle. Then,
extend it to an arbitrary unicyclic graph. O

Proposition 3. Let I' be a unicyclic S-signed graph. Then
indg ' = ind(T", 7).
Proof. To simplify the notations, denote
FO)=AProo, (V)= Y Prowu(V)
u~vy, uEVp

and
h(>‘) = H Pr, ., (>‘)

Then Pr 4(A\) = f(A\)—2cos¢ - h(A). Consider this polynomial on the segment [ind(T, 7);
ind(T", 0)].
Since h(\) is a characteristic polynomial of the induced subgraph of the graph I', by
Proposition 2 (2), h(ind(T', 7)) > 0 and h(ind(I’,0)) > 0. We have
Pr ¢ (ind(I', 7)) = f(ind(T, 7)) — 2 cos ¢ h(ind(T, 7))
= —2(1+ cos ¢)h(ind(I', 7)) <0,
Pr 4 (ind(T",0)) = f(ind(T',0)) — 2cos ¢ h(ind(T', 0))
= 2(1 — cos ¢)h(ind(T",0)) > 0.

Then, by the Weierstrass theorem, the polynomial Pr 4(A) has a root on the segment
[ind(T", w);ind (T, 0)]. This means that the S-signed graph (I',¢) has the least index for
¢ =. O
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Proposition 4. ([1]). For a unicyclic graph T there exists an irreducible simple n-tuple
of subspaces corresponding to a pair (T',¢) if and only if the set O, of parameters for
which the matriz Br ;4 is nonnegative definite is not empty. In such a case, for every
¢ € @, there exists a unique, up to unitary equivalence, nonzero irreducible simple n-tuple
of subspaces, S; 4, and all of them are unitary nonequivalent.

All subspaces of the system Sr ¢ are one-dimensional, and dim H = n if the matriz
Br ¢ is positive definite, and dim H =n — 1 or dim H = n — 2 otherwise.

Theorem 2. Let T be a unicyclic graph with n vertices.

T < —=, then for the pair (I', 7) there exists a corresponding irreducible simple
1) I mérh he pair (I, 7) th ) ding irreducible simpl
system Sy 4 of subspaces for any ¢ € [0,27), and dim H = n.
T = —=, then there exists an infinite family of 1rreducible simple configura-
2) I m(lirh h ] ) ) 7 irreducible simpl
tions Sr.4, parametrized with ¢ € [0,2w), and dim H = n for all ¢ # 0, and
dimH =n—1 for ¢ =0.
—= < T < ——, then there exists an wnfinite family of irreducible simple
3) If = masT then th st infinit 1 rreducible simpl
configurations Sr ¢ parametrized with ¢,

P e {arccos(% ‘2((:__1) ) ,2m — arccos(% ]{((:_1) )] )

where
f()‘) = )\PF_UI - Z PF_UI_U()\)’
ur~vi, uEVD
g
h(>‘) = HPTi*vi (>‘)
=1
For

¢ € (arccos(% J;l((:_l) ) ,2m — arccos(% }{((:_1))),

dimH =n, and dimH =n — 1 for

1 f(T_l)) or ¢=2r— arCCOS(l f(T_l))'

¢ = arceos(3 5 2 h(r 1)

4) If r = ﬁ, then there is a unique configuration S corresponding to (I',7) for
¢ = m, and the dimension of the space is n — 2 if the graph is a cycle, and is
n — 1 otherwise.

(5) If T > ﬁ, then no corresponding configuration exists.

Proof. Let I' = (Cy; Th, . .., Ty) be a unicyclic graph with n vertices.
First, by using the Schwenk formula,

PF,d’()‘) = )\PF_UI ()‘) - Z PF—m—u()‘) —2 COS¢H PT'L—U'L ()‘)a

u~vy, uEVP =1

we get for the characteristic polynomial of the signed adjacency S-matrix of a unicyclic
graph that, as the value of ¢ increases in the segment [0, 7], the corresponding value of
the index monotonically decrease, and ind(T", ¢) = ind(T, 2 — ¢). Then, for every value
of r, 7 < ﬁ, the matrix Br r 4 is nonnegative definite for all values of the parameter
lying in the interval

¢ € [arccos(%i(q-: )),QW—arccos(%i(T_ ))}
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Now, let the graph I" be unicyclic and not just a cycle but having at least one nontrivial
tree T7. Then the matrix By, - 4 for this graph is

1 * *
BF,T,¢ = * BTI_UhT 0
* 0 BF\Tl,T

Removing the first row and the first column we obtain a block diagonal matrix that does
not depend on ¢ and having blocks corresponding to B, —,, and Br\7y,

rank Br ;4 > rank Br, _,, » + rankBp\ThT >n—2.
Suppose that rank Br  , = n — 2, which is possible if 7 = ﬁ. Then ind(T, 7) must

be a root of the characteristic polynomial Pp\z, (A), that is, Pp\p, (ind(I', 7)) = 0. We
have

PF7¢()‘) = )\PTl_Ul ()\)PF\TI ()‘) - ( Z PTI_UI —u ()‘)> PF\Tl ()‘)

u~vy uEVT

- ( Z PF\Tl—w(/\)> PTI*UI (>‘) - 2COS¢HPT1'*’U1' (>‘)

w1, wEVD\ Ty =1

For A = ind(T', ), we have

0= Pr(ind(T,7)) = <2 1P (ind(r, 7))

i=2
_ Z Prr—w (ind(T, W))) Pr, _p, (ind(T, ).
w1, wEVD\ Ty

Since removing a vertex from a connected graph we have ind(I' — v) < ind T, it follows
from Proposition 2 (2) that Pr, _,, (ind(T", 7)) > 0. The expression in the round brackets
must then be equal to zero,

2 H Pr,_,, (ind(T, 7)) — Z Pr\r, o (ind(T', m)) = 0.

1=2 w~v, WEVD\ Ty

On the other hand,

2] Pr.—o. (ind(T, 7)) — > Prp_o(ind(T,7)

=2 w~vr, weVr\Th

9
=2][ Pr.—o, (ind(T, 7)) = Pr, o, (ind(T', 7)) Poy 7y U, (ind (T, 7))
=2
— Pr, .y, (ind(T, W))PF\TluTg (ind(T, 7))
= Pr, o, (ind(I', 7)) | Pry —o, (ind(T, 7)) - ... - Pr, _y, (ind(T', 7))

~—

— Pr\p,ur, (ind(T, 7
+ Pr, _y, (ind(I", 7)
— Pr\yur, (ind(T, 7
since
Pry—p,(A) - Pry v, (A) > Prvryur, (M)
and
Py vs(N) oo Py, (N) > Povyur (A)
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for all values of X\ satisfying

g1 9
A > max{ H ind(T; — v;), H ind(T; — vi)}.
=2 i=3
Hence, we get Pr\r, (ind(I', 7)) # 0 and dim H =n — 1. O

Remark. In case when the graph is a cycle, the dimension at the endpoint becomes n — 2.
Indeed,

PC ¢()\) = )\Pn 1()\) — 2Pn 2()\) — 2COS¢,
and indg C,, = ind A,,_1, P,—2(ind A,,_1) = 1, since, for A < 2, the characteristic poly-
nomial P,,_o(A) for the Dynkin graph A, o has the form

. _ 1 A
Py a()) = sin((n — 1) arccos %) ,

1-(3)°

and, for A =ind A,,_1 = 2cos %,

Example 1. Let I' = C),.

o If 7 < %, then for any pair (I, 7) there exists a corresponding irreducible simple
system S, , of subspaces for any ¢ € [0,27), and dim H = n.

o If 7= %, then there exists an infinite family of irreducible simple configurations
Sr 4, parametrized with ¢ € [0,27), whereas dimH = n for all ¢ # 0, and
dimen—lforgb*O

o If 1 < T < 5=, then there exists an infinite family S; 4 of irreducible simple
conﬁguratlons parametmzed with ¢ € [na; 21 — nal, with dimH = n for ¢ €
(no; 2 —na), dim H =n — 1 for ¢ = na and ¢ = 27r — na, where « is a root of

the equation 7 =
o If 7 = ﬁ, then there is a unique configuration S corresponding to (T',7) for

¢ =m, and ‘the dimension of the space is n — 2.
o If 7 > 5oosE then no corresponding configurations exist.

2 cos

2cosa’

Ezample 2. Let T' = (C4;m1,0,0,0) be the graph consisting of a square with a tree
having the root attached to one of the corners, where the tree is a star with m; rays and
the root is located in the vertex having the maximal valency.

o If 7 < /WW, then for any ¢ € [0, 27) there exists an irreducible simple

system S 4 of subspaces, corresponding to the pair (T, 7), and dim H = m4 + 4.

eIf 7 = /———2__ _ then there is an infinite family of irreducible simple
44+mq+ m?—i—lﬁ

configurations Sg - parametrized with ¢ € 10,27), and dim H = my + 4 for all
gb # 0, and dim H = my + 3 for ¢

° /4+m1+ NSt <7<\ +2, then there is an infinite family Sy - of irre-

ducible simple conﬁguratlons parametrized with

4 2
¢ e [arccos(leT ($i+4)7 +1);27T - arccos(leT ($i+4)T H”

We have dim H = mq + 4 if
¢ € arccos(ZmlT —m )T +1);27r - arccos(leT —(mitt)r Jrl))7
and dim H = mq + 3 if

4 2
¢ = arccos<2mlT (;7:};+4)T +1)
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or
o 2m T47(m +4)7'2+1
¢ =21 — arccos( 7 )
o If 7= m11+2, then there is a unique configuration S corresponding to (T', 7) for
= 7, and the dimension of the space equals mi + 3.
p q
o If 7> ﬁ, then no corresponding configurations exist.

3. EQUIANGULAR CONFIGURATIONS, OF ONE-DIMENSIONAL SUBSPACES, CONNECTED
WITH CACTUSES

A graph in which every two cycles have no more than 1 common vertex will be called
a cactus.

It follows from Lemma 1 that all irreducible equiangular (T" 7)-configurations, of one-
dimensional subspaces, connected with a cactus having k cycles can be parametrized with
k parameters by picking one edge 7; in every cycle C; in an arbitrary way and setting
D(vyj) = e'® on these edges, and ®(y) = 1 for other edges. Such a parametrization ¢

will be denoted by ¢ = (¢1, da, . .., dn).

Lemma 3. Let I" be a cactus and w € Er. Then the characteristic polynomial for T’
satisfies the following modification of the Schwenk formula:

PrgN) =AProwg(N) = Y Prowwe M) =2 Y Progem(N)cosd;,
u~w, u€Vr C;eC(w)
where ¢, ¢, ¢ are restrictions of ¢ to the corresponding subgraphs of the graph T,
C(w) is the set of all cycles of the graph containing the vertex w.

Proof. The proof is obtained by induction similarly to the proof of the Schwenk formula
for a unicyclic graph. (]

-,

Lemma 4. Let A > min{ind(T, ¢), ind(T, X)}, 5,)‘(' € R*. Then, if cos(¢;) > cos(x;) for
j=1,...,k, then

-,

Pr;(N) > Prx(N), if ind(T,¢) < ind(T,X),
Pr,d;()\) < PD)-(‘()\), if ind(F, ) > ind(F,)‘{).

This lemma can be easily proved by induction.
Theorem 3. Let I' be a cactus. Then indg T’ = ind (1", (m,m, ... ,ﬂ')).

Proof. The proof will be carried out by induction on the number of cycles in the graph.
If the graph is unicyclic, the claim is clear. Let it also hold for a cactus with & — 1
cycles. Consider a cactus with k£ cycles and having one of the following forms:

w=w

where TV is a cactus with (k — 1) cycles connected to a unicyclic graph U with a bridge
(a) or a common vertex (b), with w being a vertex of the cycle C; of the graph U. Then
the characteristic polynomial for the graph I' has the following form:

g(/\):PF,ﬂ;,()\)PU,w(/\)f( 3 PU,w(/\)+2PU,CI(/\)cos¢1)PF/_w/7¢7/(/\).

u~w, ueVy

Pr

)
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Let for some set (J)l, ce d;k), distinct from (7r,...,7), the index of the S-signed graph

(T', ¢) be the smallest. Then Pp (x,.. ) (ind(T',$)) < 0. Consider

— -

We get
Pr,d"?(ind(l“,g)) — Pt (ind(T, 3))
= (PF,1~;;(ind(F,$)) — P r... W)(ind(r,g))) Pu_o(ind(T, 3)
+2(1 - cos 1) Py—c, (ind(T, §)) (PF,_U,, (ind(T, %)) - Pt (... (ind(T, g))).

Since the graphs IV and IV — w are cactuses with numbers of cycles less than k, by the

inductive assumption we have that ind(T, ¢) > ind(T, (7,...,7)). Using Lemma 4 and
setting 5: ¢ and ¥ = (m,...,m) we get

PF,(Tr,...,Tr) (lnd(ra Qg)) > 05
which is a contradiction. O

Theorem 4. Let K be a cactus with k cycles, K # C,,. Suppose that for some 19,

1 1
< [
ind K o indg K’

and B . ~
pEN, ={d=(t1,...,0%): md(K,p) <75} #0

there exists a corresponding irreducible one-dimensional configuration (K, 7, (5)
Then

. . K n 1
g {7 A <L
n—1, ifind(K,¢)= .

Proof. 1. Let K be a bundle of cycles, i.e., a set of cycles having a common point, such
that the cycle C; contains m; points, j =1,...,k. Then

1 —10e*10...0—70 | ... | —70€™90...0— 19
,7—06*1'4)1

0

my—1

—To

Br,rp =

—Toe P9

mg—1

)

So,

k
rank BK,(E,TO > Z rank B,L;mr1 .
=1
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The indices of the chain satisfy ind(A,,) /2 for m — oo, that is, ind(Am,; 1) < 2 for
allj=1,...,9.

Let us show that ind(K, q;) > 2. By using the Schwenk formula for the characteristic
polynomial for the bundle, we get

k k k
Pie) = AT B =230 ( TT Ponymr (V) P2V

i=1 j=1,j#i

Qi( ﬁ Pm].,l(A))cowi,

i=1 j=1,j#i
where P, _1(\) is the characteristic polynomial for the adjacency matrix of the graph
A1

If the graph T is a chain with n vertices, then P,(2) =n + 1, see [8]. Then

k
PK(Q) = 2m1 o.M — 2Zm1...mi71mi+1 mk(mz — 1)
1=1

k
-2 E ml...mi,lmiJrl...mgcosqﬁi
=1

=21—k)my...mp+ (L —cosgr)ma...mg+ -+ (1 —cospg)mq ... mg_1.

This expression takes its maximal value at ¢1 = ¢o = --- = ¢4 = T,

(I—Fk)mi...mi+2mg...mg+---+2mq...my_1
=mi..mg+2—mi)me..my+...+(2—mg)mi...mg_1.

For sufficiently large values of m;, m; > 3, we have Px(2) < 0. This is true for all
bundles except for the following ones:
o Css Poy,(2)=3-3-3-3=3>0;
e C34,Po,, =3-4—2-3-4=2>0;
e U333, Po,,,(2)=3-3-3-3-3-3-3-3-3=0.

<] OB

C3,3 C3,3,3

This means that ind (X, q;) > 2 for all q;, and the claim is proved in this case.
Consider the exceptions. For C5 3 and Cs 3 3, we have ind K > 1, ind A3 = 1, and, for

Ca,4, ind(K, ¢) > 1.813606503 . .., and ind A3 = 2cos T = v/2 < ind(K, ¢).
2. K is a “Christmas tree”, that is, a graph which is a cactus such that any two
bundles are connected with one edge. Such a graph contains at least one edge that is a

bridge,
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Then
PK(A) = Pk, (/\)PKz (>‘) — Pr, (/\)PK2*U2 (>‘)

-,

(1) Let K7, K3 be bundles. If P, (Ax) = 0, then Pg,_,, (ind(X, ¢)) = 0 and, hence,
Py, (ind(K, #)) = 0, which is not true for a bundle.

(2) Let Ky , Ky be “Christmas trees” such that all brunches have “leaves” (no
hanging edges with endpoints having valency 1 are allowed). Similarly to the
above, we use induction.

(3) Let K be a “Christmas tree” with hanging edges. The most simple case of such
a graph is a unicyclic graph. In this case, we use Theorem 2 and continue by

induction.

3. Let K be a “thread with beads”—type graph, which is a cactus consisting only of
cycles and not having bridge edges,

v

In this case,

-, -, -,

Py s(0d(K. ) = AP, _, 5 (nd(K.8)Py.,_, 5 (ind(K.))

(X Prygy, (d(K,9)

u~v, u€ VK,

+2 3 Py gr o (md(K, 5))cos¢j)PK2_v,$,2(ind(K, )
CJ'EC1

- ( Z PK2—u—w,$gyw(ind(Kv (E))

w~v, WEVEK,

+2 3" Piyon gy (ind(K, 5))cos¢i)PK17U7$i (ind(K, ) = 0.
C;€Ca Y

-, -,

Let, for example, Pk, _,(ind(K, ¢)) = 0. Then Pk, _,(ind(K, ¢)) =0 or

Z PK1—’U—u,$’1’Yu (ind (£, ¢)) + 2 Z PKl\Cj,&l'fj (ind(K, ¢)) cos ¢; = 0.

u~v, u€Vi, CjieCy

-,

(1) Let Pg,—»(ind(K,¢)) # 0. We remind that C; is the set of cycles belonging

to the graph I'y that contain the vertex v. In each of the cycles belonging
to the set C; there exist two vertices u§1) and uf) adjacent to v. Without

any loss of generality one might assume that PKl_

-,

o g (md(K,$) >
ERANE

v

J
P ® g (ind(K,¢)) . Define the set a set Vi, = {u§1)|u§-1) € C;,C; €

Klfvfu].
- J
C1}. Then |Vk,| = |C1] and since the induction hypothesis is valid for K7,

-,

ind(Ky — v — uj, 5/1’“1) > ind(K \ Cj, (b’{’])
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Then
S Py, (md(K, )

u~v, uE VK,

+2 Z Pr\c, a (ind(K, ¢)) cos ¢;

Z 2 ( Z PKI*’U*U&E/{W (Hld(K, 5))

u~v, u€ Vi,

+ Z KNGS 31, 1nd(K,$))cos¢j> >0,

C €Cy

which is a contradiction.

(2) Let now P, ,(ind(K,$)) = 0. Let us first show that, by adding a cycle to
a “thread with beads”, the index of the S-signed graph strictly increases. The
proof of this will be carried out by induction starting with the simplest case
where K is a bundle of k — 1 cycles such that there is a vertex v of the bundle,
distinct from the common vertex, that is identified with a vertex of the k-th cycle
Ck. The characteristic polynomial for such a cactus will be

Pre 50 = Py, 5, (NP1 (N) = 2(Pas, ~2(A) + co8 64) Py, 5 (V).
For A\ = ind(K}, 51), we get
Py 5(ind(K1, ¢1))=—2(Pm, 2 (ind (K1, 61)) + cos k) Py, 5 (ind(K1,61)) <0

that is, Py z(ind(K1,¢1)) = 0 if and only if Py q;,l)(ind(Kl,al)) = 0, but

since K, was assumed to be a bundle, we get that P (ind(Ky,¢1)) < 0 and
ind(K, ¢) > ind(K1, ¢y).

Continuing now by induction we prove the needed claim that, by adding a cycle
to a “thread with beads”, the S-index of the signed graph strictly increases.

The proof in the general case is finished by induction. ([l

Theorem 5. Let I' be a bundle of k cycles C; of lengths m;.

o If T < ﬁ, then for the pair (I', ¢) there exists a simple system S; 4 of one-
dimensional subspaces for any ¢ € [0,27), and dim H = n.

o If T = (11F, then there exists an infinite family Sr 4 parametrized with (5 €
[0 271') x [0,27) of irreducible szmple configurations, and dim H = n for all
gb#() anddlmen—lforgb (0, ,0).

o If mdF <7< mdsp, then there exist mﬁm'te families S: (4,
simple configurations, where

) of irreducible

(¢1;---;¢k)€q)'r{(¢17--'7¢k>‘71ﬁpmj1(71)
k
_22( H¢ P, -1 (T ))Pmi_g(T_l)
>22( H P, ,1 ))cosgbi}.

i=1 j=1,j#i
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o IfT= ﬁ, then there exists a unique configuration S corresponding to I' such
that ¢; = w for alli = 1,...,k, and dimension of the space equals n — 2 if the
graph is a cycle, and equals n — 1 in other cases.

o If 7> ﬁ, then there are no corresponding configurations.

Proof. The proof is similar to the proof of Theorem 2. Note that the set @, is nonempty

for all 7, 7 < ﬁ. In particular, if I" is a bundle of cycles of equal lengths, then the

set @, is defined by

k . . X
o = {(d)la- "ﬂd)k) ’ ;COS(bi < Epmfl(;) — kPm72(;)}
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