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COMPLEMENT ON ORDER WEAKLY COMPACT OPERATORS

BELMESNAOUI AQZZOUZ AND JAWAD H’MISHANE

Abstract. We generalize a result on the duality property for order weakly compact
operators and use it to establish some characterizations of positive operators.

1. Introduction and notation
An operator T from a Banach lattice E into a Banach space G is called order weakly
compact if for each x ∈ E + , T ([0, x]) is a relatively weakly compact subset of G where
E + = {x ∈ E : 0 ≤ x}. Note that the class of order weakly compact operators does not
satisfy the duality property. And in [4], we studied this property, by giving sufficient and
necessary conditions under which the order weak compactness of an operator implies the
order weak compactness of its adjoint and conversely. But our last result Theorem 2.8 of
[4] is proved under the strong conditions that E and F are Dedekind σ-complete Banach
lattices. The aim of this note is to give a generalization of our Theorem 2.8 in [4], by
proving that if E and F are two Banach lattices such that F is Dedekind σ-complete,
then each order bounded operator T from E into F is order weakly compact whenever
its adjoint T 0 from F 0 into E 0 is order weakly compact if and only if the norm of E or
F is order continuous. Also, we will give an example which shows that the condition
”F is Dedekind σ-complete” is essential. After that we will use our generalization to
give a short proof of Theorem 2.2 of [6], which gave necessary and sufficient conditions
for which a semi-compact operator is order weakly compact. Also, we will exploit our
generalization to prove necessary and sufficient conditions under which an order bounded
weak Dunford-Pettis operator is order weakly compact. Finally, we will establish other
results which use order weakly compact operators.
Recall that a vector lattice E is Dedekind σ-complete if every majorized countable
nonempty subset of E has a supremum. A norm k·k of a Banach lattice E is order
continuous if for each generalized sequence (xα ) such that xα ↓ 0 in E, the sequence (xα )
converges to 0 for the norm k.k, where the notation xα ↓ 0 means that the sequence (xα )
is decreasing, its infimum exists and inf(xα ) = 0.
The term operator T : E −→ F between two Banach lattices means a bounded
linear mapping. It is positive if T (x) ≥ 0 in F whenever x ≥ 0 in E. For unexplained
terminology on Banach lattice theory and positive operators, we refer to the excellent
book of Aliprantis and Burkinshaw [3].
2. Main results
To give our major result, we need to recall the following Lemma which is just Lemma 3.4 of [5].
Lemma 2.1. Let E be a Banach lattice and let (xn ) be a disjoint sequence of E. If
(fn ) is a sequence of E 0 , then there exists a disjoint sequence (gn ) of E 0 with |gn | ≤ |fn |
such that gn (xn ) = fn (xn ) for all n and gn (xm ) = 0 for n 6= m.
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Moreover, if (fn ) is a positive sequence of E 0 then we may take (gn ) in ( E 0 )+ .
Our major result is a generalization of Theorem 2.8 of [4].
Theorem 2.2. Let E and F be two Banach lattices such that F is Dedekind σ-complete.
Then the following conditions are equivalent.
1. Each order bounded operator T from E into F is order weakly compact.
2. Each order bounded operator T from E into F is order weakly compact whenever
its adjoint T 0 from F 0 into E 0 is order weakly compact.
3. One of the following assertions is valid:
i) the norm of E is order continuous,
ii) the norm of F is order continuous.
Proof. 1) =⇒ 2) Obvious.
2) =⇒ 3) Assume that the norms of E and F are not order continuous.
As the norm of E is not order continuous, it follows from Theorem 10.1 of [1] and
Lemma 2.1, the existence of an order bounded disjoint sequence (xn ) in E + with kxn k = 1
for all n and there exists a disjoint sequence of positive elements (gn ) of E 0 with kgn k ≤ 1
for each n, such that gn (xn ) = 1 for all n and gn (xm ) = 0 for n 6= m.
We consider the operator S defined by the following:
∞

S : E −→ l∞ , x 7−→ S(x) = (gn (x))n=1 .
It is clear that S is positive.
On the other hand, since the norm of F is not order continuous, then it follows from
Theorem 2.4.2 of [8] that there exists some y ∈ F + and an order bounded disjoint
sequence (yn ) in F such that 0 ≤ yn ≤ y and kyn k = 1 for all n.
Now, as F is Dedekind σ-complete, it follows from the proof of Theorem 117.3 of [9]
that the operator
ϕ : l∞ −→ F, (λ1 , λ2 , . . .) 7−→ ϕ ((λ1 , λ2 , . . .)) =

∞
X
λi yi
i=1

defines a positive operator from l∞ into F where the convergence is in the sense of the
order.
We consider the operator product T = ϕ ◦ S : E −→ F defined by
T (x) =

∞
X

gi (x)yi

for each x ∈ E

i=1

is well defined and positive. Its adjoint T 0 = S 0 ◦ ϕ0 is order weakly compact but the
∞
P
operator T is not order weakly compact. In fact, since T (xn ) =
gi (xn )yi = yn for all
i=1

n and (xn ) is a positive order bounded disjoint sequence in E + such that kxn k = 1 for
all n and since kT (xn )k = kyn k = 1 for all n, it follows from Theorem 1.2 of [2] that T
is not order weakly compact. This completes the proof of 2) =⇒ 3).
3) =⇒ 1). It is just a consequence of Theorem 2.4 of [4].

Remark 1. The condition ”F is Dedekind σ-complete” is essential in Theorem 2.2. In
fact, each operator from l∞ into c (which is not Dedekind σ-complete) is weakly compact,
and hence is order weakly compact. Also, its adjoint is order weakly compact but the
norms of the Banach lattices l∞ and c are not order continuous.
Remark 2. The condition ”order bounded operator” is essential for the proof of the
implication 3) =⇒ 1) of Theorem 2.2. In fact, it follows from Lemma 2.4 of [4] the
existence of an operator T from c into c0 which is not order bounded and hence not
order weakly compact. However, the norm of the Banach lattice c0 is order continuous.
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For our following result, we need to introduce the class of semi-compact operators.
Recall that an operator T from a Banach space E into a Banach lattice F is said to be
semi-compact if for each ε > 0, there exists some u ∈ F + such that T (BE ) ⊂ [−u, u]+εBF
where BH is the closed unit ball of H = E or F .
Note that there exists an operator which is semi-compact but not order weakly compact. In fact, the identity operator of l∞ is semi-compact but not order weakly compact.
And conversely, there exists an operator which is order weakly compact but not semicompact. In fact, the identity operator of the Banach lattice L1 [0, 1] is order weakly
compact but not semi-compact.
Now, we use our previous generalization to give another proof, which is short compared
to that of Theorem 2.2 of [6], of necessary and sufficient conditions under which a semicompact operator is order weakly compact.
Theorem 2.3. Let E and F be two Banach lattices such that F is Dedekind σ-complete.
Then the following conditions are equivalent.
1. Each order bounded semi-compact operator T from E into F is order weakly compact.
2. One of the following assertions is valid:
i) The norm of E is order continuous.
ii) The norm of F is order continuous.
Proof. 1) =⇒ 2) Assume that the norms of E and F are not order continuous.
As the norm of E is not order continuous, it follows from Theorem 10.1 of [1] and
Lemma 2.1 the existence of an order bounded disjoint sequence (xn ) in E + with kxn k = 1
for all n and there exists a disjoint sequence of positive elements (gn ) of E 0 with kgn k ≤ 1
for each n, such that gn (xn ) = 1 for all n and gn (xm ) = 0 for n 6= m.
We consider the operator S defined as follows:
∞

S : E −→ l∞ , x 7−→ S(x) = (gn (x))n=1 .
It is clear that S is positive and is not order weakly compact.
Now, as the norm of F is not order continuous and F is Dedekind σ-complete, it follows
from Corollary 2.4.3 of [8] that F contains a positively complemented closed sublattice
which is order and topologically isomorphic to l∞ . Let P : F −→ l∞ be the positive
projection and i : l∞ −→ F the canonical injection.
We consider the operator product T = i ◦ S. Since T = i ◦ Idl∞ ◦ S and Idl∞ are
semi-compact, the operator T is semi-compact but it is not order weakly compact. If
not, the operator S = P ◦ T would be order weakly compact, which is a contradiction.
2) =⇒ 1) Let T : E −→ F be an order bounded semi-compact It follows from Proposition 3.6.18 of [8] that the adjoint T 0 : F 0 −→ E 0 is order weakly compact, and hence
Theorem 2.2 implies that the operator T : E −→ F is order weakly compact.

Let us recall that a Banach space X has the Dunford-Pettis property if limn x0n (xn ) =
0 whenever (xn ) converges weakly to zero in X and (x0n ) converges weakly to zero in X 0 .
It follows from Theorem 5.82 of [3] that a Banach space X has the Dunford-Pettis
property if and only if every weakly compact operator from X to an arbitrary Banach
space is Dunford-Pettis.
On the other hand, an operator T from a Banach space E into another F is said to
be weak Dunford-Pettis if the operator product S ◦ T is Dunford-Pettis for each weakly
compact operator S from F into G, for some Banach space G.
Alternatively, T is weak Dunford-Pettis if (yn0 (T (xn ))) converges to 0 whenever (xn )
converges weakly to 0 in E and (yn0 ) converges weakly to 0 in F .
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Note that the class of weak Dunford-Pettis operators is a two sided ideal. Also, without
any difficulties, we can establish that a Banach space X has the Dunford-Pettis property
if and only if each operator from X into X is weak Dunford-Pettis.
On the other hand, there exists a weak Dunford-Pettis operator which is not order
weakly compact. In fact, the identity operator of l∞ is weak Dunford-Pettis but not
order weakly compact. And conversely, there exists an order weakly compact operator
which is not weak Dunford-Pettis. In fact, the identity operator of the Banach lattice l2
is order weakly compact but not weak Dunford-Pettis.
Also, we utilize our previous generalization and the same proof as Theorem 2.3, to establish necessary and sufficient conditions under which an order bounded weak DunfordPettis operator is order weakly compact.
Theorem 2.4. Let E and F be two Banach lattices such that F is Dedekind σ-complete.
Then the following conditions are equivalent.
1. Every order bounded weak Dunford-Pettis operator T from E into F is order weakly
compact.
2. One of the following assertions is valid:
i) the norm of E is order continuous,
ii) the norm of F is order continuous.
Proof. 1) =⇒ 2) Assume that the norms of E and F are not order continuous.
As the norm of E is not order continuous, it follows from Theorem 10.1 of [1] and
Lemma 2.4 of [5] the existence of an order bounded disjoint sequence (xn ) in E + with
kxn k = 1 for all n and there exists a disjoint sequence of positive elements (gn ) of E 0
with kgn k ≤ 1 for each n, such that gn (xn ) = 1 for all n and gn (xm ) = 0 for n 6= m.
We consider the operator S defined by
∞

S : E −→ l∞ , x 7−→ S(x) = (gn (x))n=1 .
It is clear that S is positive and is not order weakly compact.
Now, as the norm of F is not order continuous and F is Dedekind σ-complete, it
follows from Corollary 2.4.3 of [8] that F contains a positively complemented closed
sublattice which is order and topologically isomorphic to l∞ . Let P : F −→ l∞ the
positive projection and i : l∞ −→ F the canonical injection. We consider the operator
product T = i ◦ S. Since T = i ◦ Idl∞ ◦ S and Idl∞ is weak Dunford-Pettis (because l∞
has the Dunford-Pettis property), it follows that the operator T is weak Dunford-Pettis.
But the operator T is not order weakly compact. Otherwise, the operator S = P ◦ T is
order weakly compact, which is a contradiction.
2) =⇒ 1) Follows immediately from Theorem 2.4 of [4].

Remark 3. The same example in the above Remark shows that the condition ”F is
Dedekind σ-complete” is essential in Theorem 2.4.
Recall from [8] that an operator T from a Banach lattice E into a Banach space X is
said to be M–weakly-compact if lim kT xn k = 0 holds for every norm bounded disjoint
sequence (xn ) of E.
Theorem 2.5. Let E and F be two Banach lattices such that E is Dedekind σ-complete
and let T be an operator from E into F . Then the following conditions are equivalent.
1) The operator T carries order bounded subsets of E into relatively weakly compact
subsets of F .
2) For each semi-compact operator S from a Banach lattice G into E, the composed
operator T ◦ S : G −→ F is weakly compact.
3) For each positive operator S from l∞ into E, the composed operator T ◦ S : l∞ −→
F is M-weakly compact.
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4) One of the following assertions is valid:
i) the operator T is order weakly compact,
ii) the norm of E is order continuous.
Proof. 1) =⇒ 2) Let S be a semi-compact operator from a Banach lattice G into E, then
S (BG ) is an almost order bounded subset of E i.e. for each ε > 0 there exists some
u ∈ E + such that S(BG ) ⊂ [−u, u] + εBE where BH is the closed unit ball of H = E, G.
It follows from our hypothesis and Theorem 3.44 of [3] that T ◦S (BG ) is relatively weakly
compact. So, the operator T ◦ S is weakly compact.
2) =⇒ 3) Since l∞ is an AM-space with unit, its closed unit ball Bl∞ is an order
interval and hence Bl∞ is almost order bounded. So, the identity operator of l∞ is
semi-compact, and then each positive operator S from l∞ into E is semi-compact and
0
hence the operator T ◦ S : l∞ −→ F is weakly compact. As (l∞ ) has the positive Schur
0
property (i.e. limn kxn k = 0 for every positive weakly null sequence (xn ) of (l∞ ) ), it
follows from Theorem 3.3 of [7] that the operator T ◦ S is M-weakly compact.
3) =⇒ 4) Suppose that the norm of E is not order continuous, and let (xn ) be a
disjoint order bounded sequence of E. Consider the positive operator S from l∞ into
∞
P
∞
E defined by S ((λn )n=1 ) =
λn xn .It follows from hour hypothesis that the operator
n=1

T ◦ S is M-weakly compact.
Now, consider the unit vector basis (en ) of c0 , and note that c0 is a closed sublattice
of l∞ . We have T ◦ S (en ) = T (xn ). As (en ) is a norm bounded disjoint sequence in l∞ ,
then (T (xn )) is norm convergent to 0. Hence the operator T is order weakly compact.
4) =⇒ 1) Since the norm of E is order continuous, the operator T : E −→ F is order
weakly compact and hence T carries order bounded subsets of E into relatively weakly
compact subsets of F .

Remark 4. In Theorem 2.5, the assumption that the Banach lattice E is Dedekind σcomplete, is essential. In fact, if c is the Banach lattice of all convergent sequences, every
positive operator from l∞ into c is M-weakly compact, but the identity operator of c is
not order weakly compact and the norm of c is not order continuous.
Finally, we give a result which generalizes Theorem 5.48 of [3].
Theorem 2.6. Let E be a Banach space, and let F and G be Banach lattices. Consider
operators T : E −→ F and S : F −→ G. If T is dominated by a weakly compact operator
and S is order weakly compact, then S ◦ T is weakly compact.
Proof. Since S is order weakly compact, it follows from Theorem 5.58 of [3] that S
factor through a Banach lattice X with an order continuous norm, i.e. there exists two
operators Q : F −→ X and R : X −→ G such that S = R ◦ Q where Q is a lattice
homomorphism. Since the positive operator Q ◦ T : E −→ X is dominated by a weakly
compact operator, then Theorem 5.31 of [3] implies that the positive operator Q ◦ T is
weakly compact. Hence, S ◦ T = R ◦ Q ◦ T is weakly compact.

As a consequence of Theorem 2.6, we obtain the best Theorem 5.32 of [3].
Corollary 2.7. (Theorem 5.32 of [3]). If a positive operator S defined on a Banach
lattice E is dominated by a weakly compact operator, then its second power operator S 2
is weakly compact.
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