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ON THE MULTI-DIMENSIONAL SCHRODINGER OPERATORS
WITH POINT INTERACTIONS

NATALY GOLOSHCHAPOVA

ABSTRACT. We study two- and three-dimensional matrix Schrédinger operators with
m € N point interactions. Using the technique of boundary triplets and the corres-
ponding Weyl functions, we complete and generalize the results obtained by the other
authors in this field.

For instance, we parametrize all self-adjoint extensions of the initial minimal
symmetric Schrodinger operator by abstract boundary conditions and characterize

their spectra. Particularly, we find a sufficient condition in terms of distances and

intensities for the self-adjoint extension H((XB)X to have m’ negative eigenvalues, i.e.,

K_ (Hés)x) =m’ < m. We also give an explicit description of self-adjoint nonnegative
extensions.

1. INTRODUCTION

Multi-dimensional Schrédinger operators with point interactions have been intensively
studied in the three last decades (see [1, 3, 4, 5, 6, 7, 8, 16, 18, 21, 26]). Starting with
the fundamental paper [7] by Berezin and Faddeev, operators associated in L?(R3) with
the differential expression

(L.1) 7A+Zaj5(~ij), aj R, meN
j=1

have been treated in the framework of the extension theory. Namely, the authors pro-
posed, in the case of one point interaction, to consider all self-adjoint extensions of the
following minimal Schrodinger operator

(1.2) H=-Aldom(H), dom(H):={feWsR?: f(z;)=0, je{l,....,m}}

as a realizations of the expression (1.1).

It is well known that H is a closed nonnegative symmetric operator with deficiency in-
dices ny (H) = m (cf. [3]). In [3], the authors proposed to associate with the Hamiltonian
(1.1) a certain m-parametric family H, ((f;( of self-adjoint extensions of the operator H.
They parametrized the extensions HS%( in terms of the resolvents. The latter enabled

them to describe the spectrum of the H égg(

In the recent publications [8, 16], boundary triplets and the corresponding Weyl func-
tions concept (see [10, 15] and also Section 2 was involved to investigate multi-dimensional
Schrodinger operators with point interactions. In [6, 8, 16], two- and three-dimensional
Schrodinger operators with one point interaction were studied.

In the present paper, we apply boundary triplets and the corresponding Weyl function
approach to study the matrix multi-dimensional Schrédinger operators with point inter-
actions. Namely, in L2(R?, C") (d € {2,3}), we consider the following matrix Schrédinger
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differential expression with singular potential localized on the set X := {z;}7., C RY

(1.3) —AR T, + Y Aj5(-—xj), AjER™™, je{l,...,m}.

Jj=1

The minimal symmetric operator associated with this expression in L?(R¢, C") is defined
by

(1.4) H:=-A®I, dom(H):={feWiR"C"): f(x;)=0, z; € X}.

The matrix three-dimensional Schrodinger operator with one point interaction was
studied in [8]. We generalize the results of [8] to the case of m point interactions and
d = 2,3. Namely, we construct a boundary triplet II for H*. Moreover, we compute
the corresponding Weyl function and the 7-field for II, as well as the scattering matrix
for a pair {Hy, Ho}. It is worth to mention that the Weyl function coincides with the
matrix-valued function appearing in the formulas for the resolvents of H C(fg(, d=2,3,
in [3, Chapters II.1, I1.4].

In addition, we describe proper, self-adjoint, and nonnegative self-adjoint extensions of
the initial minimal symmetric operator H and characterize their spectra. In particular,
we show that the family H (gd;( might be parametrized by means of diagonal matrices (see
Remark 4.8). In the case n = 1, we establish numerous links between our results and the
results obtained in the previous publications mentioned above.

In Theorem 3.1 we establish a connection between the result on uniqueness of non-
negative self-adjoint extension of an arbitrary nonnegative symmetric operator A in [10,
Proposition 10] and the recent result of V. Adamyan [1, Theorem 2.4]. Particularly, we
reproved the result on the uniqueness of nonnegative self-adjoint extension of the minimal
symmetric operator H in the case n =1 and d = 2.

Let us briefly review the structure of the paper. Section 2 is introductory. It con-
tains definitions and facts necessary for further exposition. In Section 3, we establish the
uniqueness criterion mentioned above. In Sections 4 and 5, we investigate the matrix
Schrédinger operators with point interactions in the cases d = 3 and d = 2, respectively.
Namely, in Subsection 4.1 (resp., 5.1), we define boundary triplet for the H* and also
compute the corresponding Weyl function and the ~-field. The description of the exten-
sions of H is provided in Subsection 4.2 (5.2). Finally, Subsection 4.3 (5.3) is devoted to
the spectral analysis of the self-adjoint extensions of H.

Notation. Let $) and H stand for separable Hilbert spaces; [$),H] stands for the
space of bounded linear operators from $) to H, [H] := [H, H]; the set of closed operators
in H is denoted by C(#H). Let A be a linear operator in a Hilbert space $). In what
follows, R.(A) denotes the resolvent (A — 2)~! of the operator A; dom(A), ker(A),
ran (A) are the domain, the kernel, and the range of A, respectively; o(A4) and p(A)
denote the spectrum and the resolvent set of A; N, stands for the defect subspace of A
corresponding to eigenvalue z. Denote by C5°(R4\ X) the space of infinitely differentiable
functions with compact support.

2. PRELIMINARIES

2.1. Boundary triplets and Weyl functions. In this subsection, we recall basic no-
tions and facts of the theory of boundary triplets (we refer to [10, 15] for a detailed
exposition).

2.1.1. Linear relations, boundary triplets and proper extensions. 1. The set C(H) of
closed linear relations in H is the set of closed linear subspaces of H @& H. Recall that

dom(©) = {f: (/) € ©}, ran(®) = {f': (}) € ©}, and mul (®) = {f': (}) € ©}

are the domain, the range, and the multivalued part of ©. A closed linear operator in H
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is identified with its graph, so that the set C(#) of closed linear operators in H is viewed

as a subset of C(H). In particular, a linear relation © is an operator if and only if the

multivalued part mul (©) is trivial. We recall that the adjoint relation ©* € C(H) of a
linear relation © in H is defined by

o — {(15) (W, k) = (b k) for all <}’Z> € @}.

The linear relation © is said to be symmetric if © C ©* and self-adjoint if © = ©*.
The linear relation © is said to be nonnegative if (k',k) > 0 for all (}) € ©. For
the symmetric relation © C ©* in A the multivalued part mul (©) is the orthogonal
complement of dom(©) in H. Setting Hop := dom(©) and Ho = mul (©), one verifies
that © can be written as the direct orthogonal sum of a self-adjoint operator O, in the
subspace Hop and a “pure” relation O, = {(}J/) : ff € mul (@)} in the subspace Hoo.
Any closed linear relation admits the following representation (see, for instance, [22])

(2.1) O={(hn) eH®H: Ch— DKW =0}, C,Dc[H]

Note that representation (2.1) is not unique.
2. Let A be a closed densely defined symmetric operator in the Hilbert space $) with
equal deficiency indices ny(A) = dimker(A* +14) < oc.

Definition 2.1. ([15]). A triplet IT = {#,Ty,T'1} is called a boundary triplet for the
adjoint operator A* of A if H is an auxiliary Hilbert space and I'g, T’y : dom(A*) — H
are linear mappings such that
() the second Green identity

(2.2) (A"f,9)5 — (f, A"g)5s = (T1f. Tog)n — (Lo f, T1g)n
holds for all f, g € dom(A*), and
(i) the mapping I' := (I'g,I'1) " : dom(A*) — H @ H is surjective.

Since ny(A) = n_(A), a boundary triplet IT = {H,T'g,I'1} for A* exists and is not
unique [15]. Moreover, dimH = ni(A) and dom(A4) = dom(A*) | ker(T'g) Nker(Ty).

A closed extension A of A is called proper if A C A C A*. Two proper extensions A
and Ay of A are called disjoint if dom(A;) N dom(Ay) = dom(A) and transversal if, in
addition, dom(A;) + dom(Ay) = dom(A*) . The set of all proper extensions of A, Ext A,
may be described in the following way.

Proposition 2.2. ([10, 15]). Let A be a densely defined closed symmetric operator in $)
with equal deficiency indices and let T = {H,To,T'1} be a boundary triplet for A*. Then
the mapping

(2.3) Ext 4 3 Ao — © :=I'(dom(A)) = {{Tof,T1f}: f € dom(A)}

establishes a bijective correspondence between the set C(H) and the set of closed proper
extensions Ag C A* of A. Furthermore,

(A6)" = Ao-
holds for any © € C(H). The extension Ae in (2.3) is symmetric (self-adjoint) if and
only if © is symmetric (self-adjoint).

Proposition 2.2 and representation (2.1) yield the following corollary.

Corollary 2.3. (i) The extensions Ag := A* | ker(I'g) and Ay = A* | ker(I'1) are
self-adjoint. (ii) Any proper extension Ag of the operator A admits the representation

A@ = AC,D = A* [ dOIIl(AC7D),

(24) dom(Ac,p) = dom(A*) [ ker(DI'y — CTy), C,D € [H].
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(#i1) If, in addition, the closed extensions Ag and Ag are disjoint, then (2.4) takes the
form

(2.5) Ag = Ap = A" | dom(A4p), dom(Ap)=dom(A")]| ker(Fl —BFO), B e C(H).

Remark 2.4. In the case dim(H) < oo, it follows from the result of Rofe-Beketov [28] that
the extension Ag defined by (2.4) is self-adjoint if and only if the following conditions
hold

(2.6) CD* =DC*, 0¢€ p(CC*+ DD").
2.1.2. Weyl functions, y-fields, and Krein type formula for resolvents.

Definition 2.5. ([10]). Let I = {#,T'¢,I'1} be a boundary triplet for A*. The operator
valued functions v(-) : p(Ao) — [H,$H] and M(-) : p(Ao) — [H] defined by

(2.7) 1(z) = (To I N2) ™" and  M(2) :=Ty7(2), z€ p(Ao),

are called the y-field and the Weyl function, respectively, corresponding to the boundary
triplet II.

The ~-field v(-) and the Weyl function M(-) in (2.7) are well defined. Moreover, both
~(-) and M(-) are holomorphic on p(4y).

The spectrum of the closed (not necessarily self-adjoint) extensions of A can be de-
scribed with the help of the function M (-).

Proposition 2.6. Let © € C(H), Ao € Ext 4, and z € p(Ap). Then
z€o0,(Ade) & 0€0,(0—-M(z), ic{p, ¢ r}.
Moreover, for z € p(Ag) N p(Ae) the resolvent formula

(28)  R.(de) = R:(40) +7()(0 = M(2)) '1(3)", =€ p(Ae) N p(4)

holds, cf. [10]. Formula (2.8) is a generalization of the well-known Krein formula for
canonical resolvents. We emphasize that it is valid for any closed extension Ag C A* of
A with nonempty resolvent set.

According to the representation (2.4), it reads (see [22])

(29)  Re(Ae) = Ra(Ao) +7(:)(C — DM(2)) ' D(2)". = € p(Ac.p) N plAo).

Let now A be a closed densely defined nonnegative symmetric operator in the Hilbert
space $). Among its nonnegative self-adjoint extensions two extremal extension A and
A are laid special emphasis on. They are called Friedrichs and Krein extension, re-
spectively, (see [19]). Operator A is nonnegative self-adjoint extension of A if and only
if A < A < Ap in the sense of the corresponding quadratic forms.

Proposition 2.7. ([10, 11]). Let A be a densely defined nonnegative symmetric operator
with finite deficiency indices in 9, and let 1 = {H,To,T1} be a boundary triplet for A*
such that Ag > 0. Let also M(-) be the corresponding Weyl function. Then the following
assertions hold.
(i) There exists a strong resolvent limit

M(0):=s—R— lég)lM(x), (M(—o00):=s—R— lim M(x)).

Tl—o00

(i) M(0) (M(—o00)) is a self-adjoint linear relation in H associated with the semi-
bounded below (above) quadratic form to[f] = limgo(M(2)f, f) > B (resp. t_colf] =
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limg)_oo(M(z)f, f) < o) with the domain
(2.10) dom(te) = {f € #: lim |(M(2)f, f)] < 0o} = dom((M (0)op — BV,

(2.11) dom(t—oo) ={f €eH: Ilﬁnoo (M (x)f, f)| < oo} = dom((ax — M(—00)op)) /?).

Moreover,
dom(Ag) = {f € dom(A") : (Tof,T1f)" € M(0)}
(resp. dom(Ap) = {f € dom(A*): (Dof,T1f)" € M(—00)}).
(74i) Extensions Ag and Ak are disjoint (Ao and Ap are disjoint) if and only if M(0) €
C(H) (M(—o0) € C(H) resp.) Moreover,
dom(Ag) = dom(A*) | ker(I'y — M(0)Tg)

(212) (dom(Ap) = dom(A) [ ker(T's — M(~00)T)).

(iv) Ap = Ay (A = Ap) if and only if
(213)  lim (M@)f.0) =00 (m(M(@)[,]) = +o), f€H\ {0}

(v) If Ap = Ar and dom(te,,) C dom(to), then the number of negative eigenvalues of
self-adjoint extension Ag of A equals the number of negative eigenvalues of the quadratic
form te,, — to, i.e.,

(2.14) k_(Ae) = k_(te,, — to).
Moreover, if M(0) € [H], then k_(Ae) = k_(© — M(0)).

(vi) In particular, the Ag is nonnegative self-adjoint if and only if
(2.15) dom(te,,) C dom(tg) and te,, —to > 0.

If M(0) € [H], the inequality in (2.15) takes the form © — M(0) > 0.

2.2. Scattering matrices. Let A be a densely defined closed symmetric operator in the
separable Hilbert space $) with equal finite deficiency indices and let II = {H,T¢,I'1}
be a boundary triplet for A*. Assume that Ag is a self-adjoint extension of A with

© = ©* € C(H). Since here dim H is finite, by (2.8),
(Ao —2)~" = (Ag—2)7", =€ p(Ae) N p(Ao),
is a finite rank operator and therefore the pair {Ag, Ag} performs a so-called complete
scattering system, that is, the wave operators
Wi(Ae, Ao) := s- lim eltAeemitdo pac( Ag),

+oo

exist and their ranges coincide with the absolutely continuous subspace $%¢(A4g) of Ag,
cf. [17, 30]. P2(Ay) denotes the orthogonal projection onto the absolutely continuous
subspace $?°(Ag) of Ag. The scattering operator S(Ae, Ag) of the scattering system
{Ag, Ap} is then defined by

S(A(_), AO) = W+(A@, A())*W, (A@, A(]).

If we regard the scattering operator as an operator in *¢(Ag), then S(Ag, Ag) is unitary,
commutes with the absolutely continuous part A% := Ay | dom(Ag) N H(Ag) of Ap.
It follows that S(Ag, Ap) is unitarily equivalent to multiplication operator induced by a
family {So(z)} of unitary operators in a spectral representation of A3° (for details, see
[30, Section 2.4]). Define a family of Hilbert spaces {H,},cam by

H. :=ran (Im(M(z +1i0))) CH, =z¢€ AM,
where M (z +1i0) = s — hII(l)M(Z + i) and AM := {z € R: M (2 +i0) exists}.
e—
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In the following theorem the scattering matrix is calculated in the case of a simple
operator A. Recall that symmetric operator A densely defined in $) is said to be simple
if there is no nontrivial subspace which reduces it to a self-adjoint operator.

Theorem 2.8. ([8]). Let A be as above, and let Il = {H,Ty,I'1} be a boundary triplet
for A* with the corresponding Weyl function M(-). Assume also that © = ©* € 5(7{)
and Ag is a self-adjoint extension of A. Then the scattering matriz {Se(z)}.cr of the
scattering system {Aeg, Ao} admits the representation

Se(2) = I + 2iv/Tm(M(2)) (0 — M(2)) ™ /Im(M(2)) € [H.],

(2.16)
for a.e. ze AM.

3. ABSTRACT DESCRIPTION OF NONNEGATIVE SELF-ADJOINT EXTENSIONS

Let A be a densely defined nonnegative closed symmetric operator in §). A complete
description of all nonnegative self-adjoint extensions of A, as well as uniqueness criterion
for nonnegative self-adjoint extension, has originally been obtained by Krein in [19] (see
also [2]). His results were generalized in numerous works (see for instance [1, 5, 10]
and reference therein). Particularly, a description in terms of boundary triplets and
the corresponding Weyl functions was obtained in [10, Theorem 4, Proposition 5] (cf.
Proposition 2.7 in Section 2).

Omne more uniqueness criterion has recently been presented by V. Adamyan [1, Theo-
rem 2.4]. In this section, we show that this criterion might be obtained in the framework
of boundary triplets approach. We also find the description of all nonnegative self-adjoint
extensions of A similar to that of Adamyan in the particular case A > ul > 0.

Theorem 3.1. Let ZO be a nonnegative self-adjoint extension of a nonnegative closed
symmetric operator A in $), and let P_; be an orthogonal projector from $ onto N_;.
Then Ag is a unique nonnegative self-adjoint extension of A if and only if

(3.1) lim(P_ (Ao +1)(Ap +)~' TN_) ™! =0,
32 tim(P-s (Ao + 1)(eAo + 1) TN~ = 0.

Proof. It is well known (see, for instance, [10]) that for each pair of transversal extensions

A; and Ay there exists boundary triplet IT = {#, T, 1 } such that ker I'; = dom(A4;), i €
{0,1}. In particular, such boundary triplet may be constructed for the pair Ag > 0 and
A;, where dom(A;) = dom(A) + N_,, a > 0. In this case setting

(3.3) H=N_, T1=P_(Adg+a)P, Ty=h,

where P_, is the orthogglal projector from onto N_, and P;, Py are the projectors
from dom(A*) = dom(A4p) + N_, onto dom(Ay) and N_,, respectively we obtain a
boundary triplet IT = {#,T'g,I'1} (see [10]). The corresponding Weyl function is

(34) My(2) = (z4a)P_o[l + (z+a)(Ag — 2) "] = (2 + a) P_a(Ag + I)(Ag — 2)~ .
Put @ = 1. Then conditions (2.13) take the form

(3.5) tolf] = lim 5[] = lim((1 — ) (Ao + 1)(Ao +£) "' f, ) = +o0,

(3:6) toclf] = limt< L[] :=lim((e = 1)(Ao + 1)(e Ao+ 1)7'f, f) = =00, fEN1.
£ €.

Since t§[f] is non-decreasing semi-bounded from below (0 < £ < 1) family of the closed

symmetric forms, (3.5) is equivalent to (3.1) (cf. [17]). Analogously, since t [f] is

non-increasing semi-bounded from above family of the closed symmetric forms, (3.6)
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is equivalent to (3.2). Therefore, by Proposition 2.7(iv), the equality Ax = A and,
consequently, the uniqueness of nonnegative self-adjoint extension of A is equivalent to
the conditions (3.1)—(3.2) (see [19]). O

Assume now that A > pul > 0 and Ay = Ap in (3.3). Let also a = 1. According to
Proposition 2.7(vi), the following description of all nonnegative self-adjoint extensions of
A is valid.

Proposition 3.2. Let A and Ay be as above. Then the set of all nonnegative self-adjoint
extensions Ay of A might be described as follows

(3.7) dom(Ay) = dom(A*) | ker{YT; — Ty},

where Dy, T'1 are defined by (3.3) and Y runs over the set of all nonnegative contractions
in N_y satisfying the inequality 0 <Y < M; ' (0) with My (-) defined by (3.4).

Proof. Tt is easily seen that M7 (0) € [H] since Ay = Ap > ul > 0. Thus, by Proposition
2.7, any nonnegative self-adjoint extension Ag is described by the condition © — M; (0) >
0. By (3.4), © > M;(0) > 1. Therefore ©~! € C(H) and 0 < ©~! < 1, i.e., in (2.4) C~!
exists and ©7! = C~1D < 1. Putting Y := C~'D, we obtain the desired result. O

4. THREE-DIMENSIONAL SCHRODINGER OPERATOR WITH POINT INTERACTIONS

Consider in L?(R3,C") matrix Schrodinger differential expression (1.3) (see [1, 3, 4,
5,7, 8, 16, 26]). Minimal symmetric operator H associated with (1.3) is defined by (1.4).

Notice that H is closed since for any 2 € R® the linear functional §, : f — f(z) is
continuous in WZ(R?,C") due to the Sobolev embedding theorem. From the scalar case
it is might be easily derived that deficiency indices of H are ny (H) = mn.

4.1. Boundary triplet and Weyl function. In the following proposition we define a

boundary triplet for the adjoint H*. For x = (2!, 2%, 2%) € R® we agree to write

(4.1) ryi= o — oyl = (@t — b2+ (02 - 22)2 + (a® — )2,

J J J

Proposition 4.1. Let H be the minimal Schrédinger operator (1.4). Then the following
assertions hold.
(i) The domain of H* is given by

m

(4.2) dom(H") = {1 = 3" (&; Db Eye) + fu o ay € €7 € dom(H) .

=1 /
(i) A boundary triplet 1L = {H,To,T1} for H* is defined by
(4.4) Do f = T = { Jim (f(2) = 2 Hi

iii) The operator Hy = H* | ker(T'y) is self-adjoint with dom(Hy) = W2(R3,C").
2

e~
r

Proof. (i) Without loss of generality, it can be assumed that n = 1.
Let us show that the functions f; =e " /r; and g; = e~ (j € {1,...,m}) belong to
dom(H*), i.e.,

(Hip,e ™™ 1) = (o, B (77 /1) and (Hyp,e™) = (¢, H*(e779)),
¢ € CFP(R?\ X).
Let u(-),v(-) € C%(Q) N C1(Q2). Then the second Green formula reads as follows:
(4.6) / <Au(x)v(x) - u(X)Av(X))dX - / <8g7(j)v(s) —ufs) 827(:))(1&
Q

o

(4.5)
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By (4.6), we obtain
(Hep,e™" /1) = (@, H™ (777 [15))

e i e i
= lim (—A(p + eA( ))dx
By (2;)\B1 (;) j j

700 TJ TJ
4.7 ek Ik
(47) = lim (_&pe J—|—<p£ (e ])>ds
100 Jg (z;)\ On T; on \ rj
+ lim <3gpe ’ —@i <6 ])>ds.
1% )5 (2) on r; on \ rj
It is easily seen that % (e;;J) = —%(1 + %) Therefore the first integral in the
right-hand side of (4.7) tends to 0 as r — oo since ¢ € C§°(R3 \ X). Further,
. Op e dp e T .
t [ G et S <0 o e i)
51 (z5)
1

i [ (S5 ) as = i [0 )] = tim pl) = ple) =0,

4_71' T—>00 ]
S (z5)
r

Thus, the first equality of (4.5) holds.

The second one can be proved analogously. It is not difficult to show that the
functions f; and g; are linearly independent and dim(span{f;,g;}7;) = 2mn. Since
span{ fj, g; }/-yNdom(H ) = 0 and dim(dom(H*)/ dom(H)) = 2mn, the domain dom(H ™)
takes the form (4.2).

(7) Let f,g € dom(H*). By (4.2), we have
-

Tk

+N1k e ",
k

m —T m
e _ (&
F=Y"fetfa, fo =k W"’Elke Eg= gktgH, Gk = ok

k=1 k=1

where fg, gy € dom(H), and o, &1k, Mok, Mk € C*, k€ {1,...,m}.
Applying (4.3)—(4.4) to f,g € dom(H™*), we obtain

—|zj—wk|
Lof =4n{loj}jr, Tif = { &oj +Z€ozce
k#j

+Z§1ke—|% x"'} :
j=1
I -

(4.8)

m
e —lzj—zkl

Log = 4m{no; }j=1, Thg= { Noj + Z%k

k#j Jj=1

It is easily seen that

(H*f,9)— (£, H9) = <§03 T),mke’”‘)
j=1k=1
)

— (s it ()

+ (§1;H (e7"7), nok e_rk) — (&1 6_”7770kH*(e7_~: )))'

Tk
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Using the second Green formula (4.6), we get

—r —7r;

e

(& J
H* —Tk) __ H* —Tk
( (Tj ),e ) = ( m— (e7™))
(4.9) = lim (/ _A(e* I )e*deX—F/ e A(erk)dx>
"=\ B, (2,)\B1 (x)) Tj B(z;)\B1(z;) "i

= —d4pe~lBral,

Finally, by (4.8) and (4.9),

(H*f,9) = (f,H*g) =47y | Z(—ﬁwmk@w"wkl + §1j770k€ij’“)
(4.10) L=

Z (1 f,Tojg9) — (Lojf,T159) = (T1f,Tog) — (Lo f, T19).
j=1

Thus, the Green identity is satisfied. It follows from (4.2) that the mapping I' = (T, ') "
is surjective. Namely, let (ho,h1)" € H @ H, where hy = {hoj Y, b = {ha;}7e, are
vectors from @1, C". If f € dom(H™), then, by (4.2), f = fH—l—Z;n:l (foj%:j—i—flje’”).
Let us put '

o :={&os}ie1, &= {&ytm,

(4.11) By = (_ e~ lzr—=;l ) B (€_|zk_$j|)m 7
|2k — 5| = Okj /) j 1 k=1

where (5kj stands for the Kronecker symbol. Therefore if 5 = ﬁho and & = (F1 ® In)f1
X (h1 4+ 4 (Eo ® I)hg), then Tof = ho and T'y f = hy. Hence assertion (ii) is proved.
(#4) Comblnmg (1.4) with (4.2), we obtain that any f € WZ(R3 C") admits the
representation f = Z €1 je7 7 + fr with Y &ge1#7%l = f(z;) which proves (iii). O
Jj=1 k=1
In what follows /- stands for the branch of the corresponding multifunction defined
on C\ R, by the condition v/1 = 1.

Proposition 4.2. Let H be the minimal Schrédinger operator (1.4) and let 11 = {H, Ty,
Ty} be the boundary triplet for H* defined by (4.3)—(4.4). Then
(1) the Weyl function M(-) corresponding to II has the form

(4.12)  M(z) = @Ms(z), M,(z) = (%@-k + G a(a; - f”’“)>j,k:1 . zeCy,

B civElel
where G /;(v) = drfa]

)

T # 8’ and di; stands for the Kronecker symbol;
T =
(ii) the corresponding ~y(-)-field is
m 1\[7”7 _
(4.13) 2)E = Z@ T oG el zeCy

Proof. Let f. € N, z€ Cy. Then f, = Z aj ;:: , aj € C" (see [3, chapter IL1]).

Applying 'y and I’y to f., we get

. eiVz| T —wk|
(4.14) Tof. = {a;}7y, Tife=4{a;= g Ve Z .
j=1

k47r|w] — x|
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Therefore (4.12) is proved (see Definition 2.5). Finally, combining (4.14) with (2.7), we
arrive at (4.13). O

Remark 4.3. (i) The first construction of the boundary triplet, in the case m =n =1,
apparently goes back to the paper by Lyantse and Majorga [21, Theorem 2.1]. They
also obtained the description of the spectrum of an arbitrary proper extension Hg of H
[21, Theorem 4.5]. Their description of (Hg — z)~! coincides with the Krein formula
for canonical resolvents in Theorem 4.4. Another construction of the boundary triplet
in the situation of general elliptic operator with the boundary conditions on the set of
zero Lebesgue measure was obtained in [18]. However this construction is not suitable
for our purpose. In the case m = 1, slightly different boundary triplet was obtained in
[8, section 5.4].

(7i) Note also that the Weyl function in the form (4.12) appears in the paper by
A. Posilicano [26, Example 5.3] and in the book [3] (see Theorem 1.1.1 in chapter II1.1)
without connection with boundary triplets.

4.2. Proper extensions of the minimal Schrédinger operator H. Proposition 2.2
gives a description of all proper extensions of H in terms of boundary triplets. The
following theorem is its reformulation in more precise form.

Theorem 4.4. Let H be the minimal Schrédinger operator (1.4), let 11 = {H,T'9,T'1}
be the boundary triplet for H* defined by (4.3)—(4.4), and M(-) the corresponding Weyl
function. Assume that &,&1, Eo, Eq are defined by (4.11) and He,p s a proper extension
of H. Then the following assertions hold.
(1) The set of all proper extensions Hop of H is described as follows:

dom(Hc,D) = {f € dOIl’l(H*) : D(El [029] In)gl = (47‘(’0 + D(EO X In))fo},

(4.15) C,D e [H].

(#3) Moreover, He p is a self-adjoint extension of H if and only if (2.6) holds.
(#it) Friedrichs extension Hp of H coincides with Hy

(
(

4.16) dom(Hp) = dom(Hy) = Wi (R?,C™).

w) The domain of Krein extension Hy is

(4.17) dom(Hg) = {f2250j?+ Z kjbore " +fu : &o; € C", fue dom(H)}7

j=1 J k,j=1
with
(4.18) K = (kij)ij=1 = (B1 ® I,) " (47 M(0) 4+ Eo ® 1),
~ m 1— 6, m
4.19 MQO) =1, Go(z; — =1, 1 .
( ) ( ) ® ( 0(373 xk))j,]g:l ® (47T|1‘k — 117]“ + 5jk>j,k_1

(v) Proper extension Hc p of the form (4.15) is self-adjoint and nonnegative if and only
if (2.6) holds and

(4.20) ((CD*— DM (0)D*)h,h) >0, heH\{0}.

(vi) Krein formula for canonical resolvents takes the form

(421)  Ru(Hop) = Ra(Ho) +1(:)(C — DM(2)) " DAY, = € p(Hep) \ Ry,
where y(-)-field is defined by (4.13) and R,(Hy) is an integral operator with the kernel

ivEle—a|
N _ €
Gz, ') = G © In.
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Proof. (i) and (ii) follow from the representation (2.4) and (4.8).

(#49) It is easily seen that (4.12) implies s — R — limy| oo M (2) = —00l,y,. Then, by
Proposition 2.7(iv), Hr = Hy. Finally, by Proposition 4.1(i4i), dom(Hg) = dom(Hp) =
W2(R3,C™) .

(iv) Note that strong resolvent limit

s — R —limgpo M(2) = M(0) = I,, ® (éo(xj _xk))m = (;M)m ®

g k=1 Amlze—2i[+0jk ) j gy
an operator. Therefore operators Hy and Hy are disjoint and, by Proposition 2.7(ii7),
formula (4.17) is valid.

(v) follows from Proposition 2.7(vi).

Finally, (2.9) and formula for the kernel of (Hy — 2)~* (see [3, chapter 1.1]) yield (vi).
O

In [3], it is noted that, in the case n = 1, according to the extension theory, there
are m2-parametric family of self-adjoint extensions of the minimal operator H defined
by (1.2). However, in [3], only certain m-parametric family Hé?’g( associated with the
differential expression (1.1) is described [3, chapter II.1, Theorem 1.1.3]. The family

HS;( might be parametrized in the framework of boundary triplet approach.

Proposition 4.5. Let II be the boundary triplet for H* defined by (4.3)—(4.4). Then the
domain of the Schridinger operator HS;( 18

dom(H”y) = dom(H*) | ker(T'y — Baly), Ba = diag(ai, ..., am),

(4.22)
ar €R, kef{l,...,m}.

Note also that the description of the H, S;( in terms of the resolvents [3, chapter I1.1] co-
incides with the Krein formula for canonical resolvents (4.21) with C = B, = diag(ay, ...,
) and D = I,;,.

Remark 4.6. In the case n = m = 1, formulas (4.15) and (4.17) are essentially simplified.
Namely,

T1

dom(He,p) = {f =& c +&e” ™ + fu 2 d&y = (4me+ d)éo,
(4.23) "
607517c7d€(ca fHEdOl’I’l(H*)}
and
(4.24) dom(Hy) = { f=6 6;1 +ée "+ fr, &EC, fhe dom(H*)}.

Remark 4.7. The matrix Schréodinger operator with finite number of point interactions
was also studied by A. Posilicano [26, Example 5.3, Example 5.4]. Particularly, the
author parametrized self-adjoint extensions of the minimal symmetric operator H. A
connection between our description of self-adjoint extensions and the one obtained by
A. Posilicano might be established by the formulas (4.5) and (4.6) in [26, Theorem 4.5].

Remark 4.8. In [5], Yu. Arlinskii and E. Tsekanovskii described all nonnegative self-
adjoint extensions H of H in the case n = 1 (see [5, Theorem 5.1]). It should be noted
that the description of all nonnegative self-adjoint extensions of H close to that contained
in [5] might be obtained in the framework of our scheme. It will be published elsewhere.

4.3. Spectrum of the self-adjoint extensions of the minimal Schrédinger ope-
rator and scattering matrix. In this subsection we describe point spectrum of the
self-adjoint extensions of H and complete some results from [3] in this direction.
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Theorem 4.9. Let H be the minimal Schrodinger operator (1.4), let I1 be the boundary
triplet for H* defined by (4.3)—(4.4), and M(-) the corresponding Weyl function defined by
(4.12). Assume that He is a self-adjoint extension of H. Then the following assertions
hold.

(i) Point spectrum of the self-adjoint extension He of H consists of at most nm negative
eigenvalues (counting multiplicities). Moreover, z € op(He) NR_ if and only if 0 €
0p(© — M(2)), i.e., the following equivalence holds:

(4.25) 2 € 0,(Ho) NR_ < 0 € 0,(C — DM(2)).

The corresponding eigenfunction v, has the form

(4.26) o= ¢

where (c1,...,¢cm) "
value.
(i1) The number of negative eigenvalues of the self-adjoint extension Heg is equal to the

number of negative eigenvalues of the relation © — M(0), k_(Hg) = k_(© — M(0)), i.e.,
(4.27) k_(He,p) = k—(CD* — DM(0)D*),
where M(0) is defined by (4.19).

is eigenvector of the relation © — M(z) corresponding to zero eigen-

Next we find sufficient conditions for the inequality H_(HS)}() > m' (with m’ < m)

as well as for the equality x_(H C(f’;() = m’ to hold by applying the following Gerschgorin

theorem.

Theorem 4.10. [20, Theorem 7.2.1]. All eigenvalues of a matriz A = (a;;);"—; € [C™]
are contained in the union of Gerschgorin’s disks

(4.28) Gk:{ze(C: |z—akk|§Z|akj|}, kel{l,...,mb.
k#j

Moreover, the set consisting of m' disks that do not intersect with remaining m — m/
disks contains precisely m eigenvalues of the matriz A.

Proposition 4.11. Let Hégg( be defined by (4.22). Let also K = {k;}7", be a subset
of N.
(1) Suppose that

1
(4.29) ap, <—» ——— Jor k€K

Then k_ (HS;() >m'.
(i) If, in addition, o > >, m fork ¢ K, then k_ (HS;() =m'.

Proof. (i) Combining Theorem 4.9(ii) with (4.19), we get

1-3; m
4, (H®) = k_(Bo — M(0)) = ri_ [ (ondsr — ik .
(430w (%) = (B = 2100) = - (o= )"

Without loss of generality we may assume that K = {1,...,m’}. Denote by B,, the
upper left m’ x m’ corner of the matrix B, — M (0). According to the minimax principle,
(4.31) ko (HP) = k_(Bo — M(0)) 2 k_(Bu).

Conditions (4.29) yield the corresponding Gerschgorin conditions for B, . Applying
the Gerschgorin theorem to the matrix By, and using (4.29), we get k_(By) = m/'.
Combining the latter equation with (4.31), we get n_(HC(YB';() >m'.
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(i) Applying the second part of the Gerschgorin theorem to the matrix B — M (0),
we arrive at /L(Hsg() =k_(By — M(0)) =m'. O

Remark 4.12. Note that the idea of applying Gerschgorin’s theorem is borrowed from
[24]. This idea was also used in [14].

Consider the scattering system {Heg, Hy}, where Hg = H* | I~!© with arbitrary
self-adjoint relation © € C(H). Since H is not simple, we consider the system {Heg, Hp},
Ho = Ho @ H;. Then Theorem 2.8 and (4.12) imply

Theorem 4.13. Scattering matrix {5(9(,7:)}2@1@+ of the scattering system {He, Ho} has
the form

So(z) = Inm + 2i\/S(z)(© - I, ® (% ik + é\/;(ﬂjj - xk)> . 1)71 S(x), z€Ry,
J,R=
- sin(/z1))
— VT g _ g — TRt 70,
S@) =L@ (Fop+Sale; —w) . S50 { . o

5. TWO-DIMENSIONAL SCHRODINGER OPERATOR WITH POINT INTERACTIONS

In this section, we consider in L?(R?,C") matrix Schrodinger differential expres-
sion (1.3) (see [1, 3, 4, 16]). Minimal symmetric operator H associated with (1.3) in
L?(R%/C") is defined by (1.4). As above, the operator H is closed and the deficiency
indices of H are ny(H) = nm.

5.1. Boundary triplet and Weyl function. In the following proposition we describe
boundary triplet for the adjoint operator H*. Let us denote

(5.1) ri=lr— x| = \/(Jsl -z} + (22 —22)?, = (z',2%) eR%

Proposition 5.1. Let H be the minimal Schrédinger operator (1.4). Then the following
assertions hold.
(i) The domain of H* is defined by

dom(H™) = {f = Z(foj e " n(r;) 4+ &e7")
(5.2) j=1

+ fu ¢ &,&; €CY, fu € dom(H)}.
(i7) The boundary triplet I1 = {H,To,T'1} for H* might be defined as follows:

(5.3) H=a],C", Tof:={lof};r, =27 {Ili{g? Tajz -z, =" = 27m{0j }j=15

(5.4) Iy f = {Fljf}j"”‘zl = {JEE (f(z) —ln|z — z;|60;) i, fe dom(H™).
(iii) The operator Hy = H* | ker(Tg) is self-adjoint with dom(Hy) = WZ(R?,C").
Proof. (i) It is well known (see [3, 4]) that

dom(H*) = {f € I2(R,C") N W2, (RA\[X},C") : Af € L*(R?,C")}.

Obviously, functions f; = nje " In(r;) and g; = pje= " (n;,pu; € C*, j € {1,...,m})
belong to dom(H*). Their linear span is 2mn-dimensional subspace in dom(H*) that
has trivial intersection with dom(H). Since dim(dom(H™*)/dom(H)) = 2mn, the domain
dom(H™*) takes the form (5.2).

(#4) The second Green identity is verified similarly to 3D case.
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From (5.2) it follows that the mapping I' = (Ty,Ty)" is surjective. Namely, let

(ho,h1)" € H & H, where hg = {ho;}J_,, h1 = {hy;}]2, are vectors from @7, C". If
f € dom(H™), then, by (5.2), f = fu + Z;” 1(50] i In(r;) + §1je_rﬂ‘). Let us put
§o = {&ostimr, &1 ={&;tk,
(5.5) — =Tk —x;] " (o |T—2j] "
Ey = (—e In(|zk — x| + 5k]))j,k¢:1 , Ep:= (e )Im:l .

Therefore if & = %ho and & = (F1 ® In)fl(hl + %(Eo ® I,)ho), then I'g f = ho and
Iy f = hy. Thereby, (ii) is proved.

(iii) From (1.4) and (5.2) it follows that any function f € WZ(R?,C") admits a
representation f = Z;nzl €177 + frr, where Y7" | &e”1#+ 7%l = f(z;) which proves
(741). O

Proposition 5.2. Let H be the minimal Schridinger operator and let I = {H,To,T'1}
be the boundary triplet for H* defined by (5.3)—(5.4). Then
(1) the Weyl function M (-) corresponding to the boundary triplet I1 has the form

g ME=@DME. M) = (FEO) MR+ G e —n))
: s=1

k=1’

ZG(CJ,_,

/ ~ (1)
where (1) = 1;(11) , G i) = { i/4Hy 7 (Vz]]), iig’ and H(()l)(-) denotes the

Hankel function of the first kind and order 0;
(i1) the corresponding ~(-)-field is

(5.7) V)E=D & 1HV (Vary), E={g}n,, &eC", zeC,.

Jj=1

Proof. Let f, € N,, 2 € C,. Then, according to [3, chapter I1.4],

(5.8) Za] iHV (Vzry), a; e Cm

It is not difficult to see that, by formulas (9.01) in [25, Section 2, § 9] and (5.03), (5.07)
in [25, Section 7, § 5], the function Hél)(z) has the following asymptotic expansion at 0
(5.9) HV(2) =14 Z(In(2) — (1)) + 0(2), z—0.

Applying T'g and T'; to f. and taking into account (5.9), we get
Fsz = {aj}}n 19

5.10 . "
R (L 2P SR T RV L)
k] i=1
Further, combining (5.10) with (2.7), we get (5.6) and (5.7). O

5.2. Proper extensions of the minimal Schrédinger operator H. As in previous
section, we describe proper extensions of the minimal operator H.

Theorem 5.3. Let H be the minimal Schrédinger operator, let IL = {H,To,T'1} be the
boundary triplet for H* defined by (5.3)—(5.4), and M (-) the corresponding Weyl function.
Assume also that &y, &1, Eo, E1 are defined by (5.5) and He,p is a proper extension of H.
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Then the following assertions hold.

(i) Any proper extension Heo p of H is described as follows:
511 dom(Hc,p) = {f € dom(H") : D(E1 ® I,)§1 = (2nC + D(Eo ® 15,))éo}
(5-11) C,D € [H].

(17) Extension He p is self-adjoint if and only if (2.6) holds.
(#i1) Friedrichs extension Hp of H coincides with Hy:

(
(

5.12) dom(Hp) = dom(Hy) = WZ(R?,C").
i) The domain dom(Hp) of the Krein extension Hy is
(5.13) dom(H) = dom(Hy), m=1,

' OIS e dom(HY) s (Tof.T1f)T € M(O)}), m>1,
where

dom(M (0)op) = &5—1 dom(M;(0)op),
(5.14) dom(M;(0)op) = {5 ={¢ e €C: Zﬁ] = 0}7
j=1

(5.15) mul (M(0)) = @¢_; span{emu}, emu = {ej}72; = {1}]2;.

(v) Krein formula for canonical resolvents takes the form
-1 s
(5.16) R.(Hc,p) = R.(Ho) +7(2)(C — DM(z))  Dv(2)*, =€ p(He,p) \ Ry,
where y(-)-field is defined by (5.7) and R.(Hy) is an integral operator with the kernel
G /(v 2") = i/4Hél)(\/E|x —2)®1, .

Proof. (i) and (4i) follow from the representation (2.4).
(#44) From the asymptotic representation (see, for instance, formula (4.03) in [25,
Section 7, § 4])

(5.17) Hél)(z) ~ \/%ei(z_”/‘l), |2| = oo,
it easily follows that lim, (M (x)f,f) = —oo, f € H \ {0}. Thus, by Proposi-

tion 2.7(iv), Hp = Hyp.
(7v) In the case m = 1, the Weyl function has the form M (z) = (¢(1) — ln(g))ln. The
latter yields

(518)  lim (M@)f.f) = —o0, Hm(M()f.f)=+oe, f€H\{0).

By Proposition 2.7(iv), Hr = Hx = Hy. Furthermore, from the equality Hx = Hp it
follows that operator H has no other nonnegative self-adjoint extensions (see [19]).

Consider the case m > 1. For simplicity suppose that n = 1. Let & = {¢; e Cm
Using asymptotic expansion (5.9), we get

(M(2),€) ~ 5= ((1) = n(3)) 3 161

(5.19) + 3 % (00— () — (. — ) &8
k#j

=200 - mCEN (1L 61) - & Sl - o6& 20

k#j
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From (5.19) it easily follows that limit lim,o(M¢,€) is finite if and only if 337° | §; = 0.
Thus, the domain of the operator part M (0)oy, is described by (5.14) Finally, (5.15) takes
place since mul (M (0)) and dom(M (0)op) are orthogonal.

Applying Proposition 2.7(ii) completes the proof of (iv).

Combining (2.9) with the formula for the kernel of (Hy — 2z)~! (see [3, chapter 1.5]),
we obtain (v). O

As in the case of 3D Schrodinger operator, only certain m-parametric family Hf;(

associated in L?(R?) with the differential expression (1.1) is described in [3, chapter I1.1,
Theorem 4.1].

Proposition 5.4. Let II be the boundary triplet for H* defined by (5.3)—~(5.4). Then the
domain of H(gzg( has the following representation:
(5.20) dom(H) = dom(H*) | ker(I'y — Baly),

' B, =diag(aq,...,am), ar€R, ke{l,...,m}.

Note that in the case d = 2 it makes certain difficulty to describe nonnegative self-
adjoint extensions of H since M (0) appears to be the relation with nontrivial multivalued
part. We may overcome this by considering the following intermediate extension of H.

(5.21) H := H* | dom(H), dom(H) = dom(Hg)Ndom(H).

As above, assume that n = 1. It is easily seen that

dorn { ch@

I €= ) = By ew c€ G, fHEdom(H)},

where Ej is defined by (5.5).
According to [29], we have

(5.23) H=H1PHs, Hi=dom(M(0)op) and Ho = mul(M(0)).

(5.22)

Let 7, j € {1,2} denote the orthogonal projectors onto 7; . Then the Weyl function
M (-) defined by (5.6) admits the representation M(-) = (Mk]( )),” | with My ;(-) =
7 M () [ M, k,j € {1,2}. One may simply verify that

(5.24) H=H,:=H* | {f €dom(H*) : Tof = mI1f =0},
with I'g,I'y defined by (5.3)~(5.4). From [12, Proposition 4.1] it follows that H is closed

symmetric operator in L?(R?) with deficiency mdlces ni( H) = dim(H,) = m—1. Propo-
sition 4.1(ié¢) in [12] also yields that H{ = H* = I {f € dom(H*) : mI'of =0}, and

boundary triplet II = {7—[ Ty, I’l} for H* might be defined as follows
(525) H = H1, Fo = FO r dOIIl(fI*)7 Fl = 7T1F1 r dom(H*)

Moreover, the Weyl function M (- ) corresponding to the boundary triplet II are given by
M( ) = Mi1(+) and the equality M(O) M (0)op is satisfied.

Proposition 5.5. Let H and M(0)o, be as above and let H' be a non-negative self-
adjoint extension of H. Then

(i) There exist pairs C, D € [H] and C, D € [H] satisfying (2.6) and such that
(5.26) H' = Hop = H* | ker(DDy — CTy) = H* | ker(DTy — CTy) =: Hg 5.
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(i1) The extension Hop = H¢ p is nonnegative if and only if
(5.27) (CD* — DM (0)gpD*h,h) >0, h e dom(M(0).p)\ {0}.

Remark 5.6. (i) The uniqueness of nonnegative self-adjoint extension of 2D operator H,
in the case n =m = 1, was established in [13] and [1].

(#4) In [1], V. Adamyan noted that, in the case m > 1 and n = 1, the operator H has
non-unique nonnegative self-adjoint extension.

5.3. Spectrum of the self-adjoint extensions of the minimal Schréodinger ope-
rator and scattering matrix. Point spectrum of the self-adjoint extensions of H is
described in the following theorem.

Theorem 5.7. Let H be the operator defined by (1.4), let II be the boundary triplet for
H* defined by (5.3)—~(5.4), and let M(-) be the corresponding Weyl function. Assume also
that He is a self-adjoint extension of H. Then point spectrum of the self-adjoin extension

Heg consists of at most nm negative eigenvalues (counting multiplicities). Moreover,
z € op(He) NR_ if and only if 0 € 0,(0 — M(2)), i.e.,

(5.28) z€op(Ho)NR_ & 0 € 0,(C — DM(2)).
The corresponding eigenfunction 1, has the form
(5.29) Y. =Y ¢t (Vary),
j=1
where (c1,...,cm) ! is eigenvector of the relation © — M (z) corresponding to zero eigen-

value.

As in the case of 3D Schrédinger operator, 2D Schrédinger operator H is not simple.
Arguing as above, we obtain

Theorem 5.8. Scattering matriz {§@(z)}zeR+ of the scattering system {ﬁ@,ﬁfo} has
the form

So(z) = Lym + 2iy/J(z)

x(@—L@(;W(zp(l)_1n(gf))5jk+éﬁ(xj—xk))m >_1 J(x),

Jk=1
J(z) =1, ® (Jo(Va|z; — ka);T,Lk:l , x€eRy,
where Jo(+) denotes Bessel function.
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