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FACTOR REPRESENTATIONS OF INFINITE SEMI-DIRECT
PRODUCTS

R. ZEKRI

ABSTRACT. In this article, we propose a new method to study unitary representations
of inductive limits of locally compact groups. For the group of infinite upper trian-
gular matrices, we construct a family of type III factorial representations. These
results are complements to previous results of A. V. Kosyak, and Albeverio and
Kosyak [1, 5].

1. INTRODUCTION AND NOTATIONS

In recent works [1, 5] a class of unitary representations of the group of upper triangular
real matrices BYY of arbitrarily large size have been defined and studied. The space of
representations is an inductive limit of Hilbert spaces, which can be described as an
infinite tensor product along a vector 2. It is shown that, under reasonable conditions,
the von Neumann algebra of B{' is a type III factor. In this paper, we propose a new
method to study these representations. Although our results have some overlap with
Kosyak’s conditions, our approach is completely different, and we hope, will be useful to
study infinite semi direct products of a large class of groups. Our conditions are different,
and are, in some sense, complements to conditions from [5]. The paper is organized
as follows. In Section 2, we study inductive limit representations, and establish some
properties that will be used in the sequel. In Section 3, we give a short argument to prove
that our representations are factorial. In Section 4, we compute the spectrum of the von
Neumann algebra M, generated by the representations introduced in Section 2. Using a
result of G. K. Pedersen, the problem boils down to constructing operators X in M, and
Y, in M’, fulfilling suitable approximate commutation relations. The real Heisenberg
group, H3(R), embeds into BYY in a natural way. We construct such operators, associated
to every copy of H3(R) contained in BJ¥. This gives us operators associated to finite
dimensional subgroups of BY. We finally show that, for the representations introduced
in Section 2, we can extend our construction to the whole inductive limit, and fulfill
Pedersen’s conditions. The algebra M is a factor of type I1I;.

Let us now fix notations: We shall denote by {e; ;} the usual matrix units, and by 1
the identity matrix.

For any 1 <7 < j, we let G; ; be the subgroup 1 + Re; ;.

For any strictly positive integer n, we shall denote by G,, the subgroup generated by
{Gi’n,l <1< n}

We define inductively the groups (G™),¢ as follows: G' = {e} is the trivial group.
For any n > 1, we set G"*! = G" x G,,41. The group G™ acts on G"*! through matrix
multiplication.
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In the rest of the paper, we suppose that a unit vector w € L?(R) is chosen, and a set
{bi,j,1 <1 < j} of strictly positive integers is given. We define €; ;(z) 1/4 (z/bi ;)
We define the functions:

Q=@ Qin,n>1, Q" =@7F_,0%, n > 1,

H, = L*(G,,), n > 2 (with the Haar measure),

Hi;=L*R;; ), 1 <i<j,

W' = @My = LA(G™),

Q=032,0,.

We shall also use Fourier transform on the spaces H; ;. The Fourier transform of a
function & € H; ; will be denoted by F; (&) € ﬁi,j, or, simply, by €. In these notations,
Fir g1 @ Fiy g, ® -+ @ F;, 5, is an isometry of H onto 7/'[\1‘1,3‘1 ® ﬁiz,jz X ® ﬁin,jn ®
®(a BYZ{(i1,51)-(inrjn)} Ha,p- If no confusion can arise, we shall keep the same symbols
to denote operators, representations, etc... on H, and on the partial Fourier transformed
space. Explicitly, the operator T € L(H), and the operator FijTF;; on the space H
will be denoted by the same symbol 7. The same conventions apply to representations
of groups, algebras, etc...

For each integer n > 1, the isometry & — £ ® 0,41, from H" to H"*! will be denoted
by v,. Given m > n, the composition vp,—1Vm—2...v, : H™ — H" is denoted by v)".

The Hilbert space inductive limit of the system (H",v,)nen is the infinite tensor
product of the spaces H,, along the vector 2. It will be denoted by H = @, (Hnp, ).

2. OPERATORS ON INDUCTIVE LIMIT SPACES

In this section, we recall some known facts about infinite tensor products that will be
needed in the sequel.

We shall denote by H the infinite tensor product of the Hilbert spaces (H,,)n>1, along
the vector @ = @7, Q,,. The space H is the inductive limit of an increasing sequence of
subspaces (H")nen, as in section 1. Any operator T € L£(H"™) has a canonical extension
(amplification) T ® Id to H.

2.1. Infinite tensor product of representations. We now suppose that a unitary,
strongly continuous representation, u(™ : R — L(H") is given for each integer n > 1.

For any s € R, the unitary u(™ (s) will be denoted by ul™.

Lemma 2.1. Let H = @, " o(Hn, ). Assume that the scalar products {(ug")Qnmn),
n > 1, s € R} are reals. Suppose that, for each n > 1, there exists a positive constant

Cp, such that 1 — (ugn)ﬂ 10,) < Cylsl, for any real s. If 77, Cy, < 0o, then, for any

real s, the sequence (Q_ou WP @ Id)pen converges strongly in L(H) to a unitary us.
Moreover, the map s — us is a strongly continuous unitary representation of R in L(H).

Proof. Let £ = £ ® (®,2°n+19k) with & € H™. Let ¢ > p > n, and s € R. We
have: [|(®}- 2u£“®1d ®fp ul’ ®Id)£H2—||§o|| | @y i1 2~ @y | =

2[|€0l2(1 = TTh_ 4 (8 Qul%)) = 2/l (1~ [T7- p+1(1—(1—(us '04/Q%))). Moreover,
for every sequence of positive reals (ax)ren, such that Y2 | ar < 1/2, we have: [, (1—
ag) > 1 =237 ap. With a = 1 — (ul” Q1 |Q), we obtain: ||( [ ,ul @ 1d —
®_p ut” @ TEI? < 4ll&oll* S _pa (1 — (lut” Q) < 4lslll€0l|* 27,y Ciy for all

sufficiently large p. It follows that the sequence (@ _, u QU Id)pen converges strongly
to a unitary us. Let us now show the strong continuity of the representation. It suffices
to evaluate |lus(€) — £J|, for sufficiently small |s|. Let € > 0 be given. It follows from

the above that there exists p € N, such that [jus(§) — @} _ (k)é ® ®l_p+1 Q<
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for every s such that |s| < 1. Since the representations u®) are supposed to be strongly
continuous, the result follows. (Il

2.2. The left and right regular representations.

2.2.1. Existence of the left representation. In this section, we shall give a sufficient
condition for the existence of analogs of the left regular representation of the group
G = Ui<i<;jGi j, with G;; as in section 1. (Note that the condition we shall be using
(B1) is more restrictive than the criteria established in [4].) The space H of these regular
representations is an inductive limit of the spaces H" ~ L*(G") = @, <;j<,, Hi,j along
the vectors €2; ;, as described in section 1. The right regular representation is always well
defined. For every triple of integers ¢ < j < k, the group G; ; ~ 14+Re; ; acts from the left
on H; x @H;x ~ L?*(R?) through the unitaries (u; ;(s)¢)(z,y) = {(z —sy,y), s,z,y € R.
The existence of a left action of G;; on the whole space H amounts to the existence
of an infinite tensor product of such unitaries. We shall study the convergence of these
unitaries, acting on the infinite tensor product @) ;(Hix ® H;x), along the vectors
Qi .k ® Q. Our vectors ); ; are the composition of a fixed function w € L?*(R) with
a linear transformation of the real line. With a view to using the conditions of 2.1, we
shall make the following assumptions on w.
Assumptions on w:

(1) w is a unit vector in L?(R).

(2) w is a real valued, positive function.

(3) There exists a constant C,, > 0, such that: for any s € R,

lw(@ + sy)w(y) — w@w)]® =21 - (w(z + sy)w(y)lw(@)w(y))| < Culs|.

(These requirements are fulfilled by the standard Gaussian function w(z) = 7~ 1/4e="/2
considered by Kosyak.)

Definition 2.2. Suppose we are given, for each pair of integers (¢,7), with 0 < i < j, a
strictly positive real number b; ;. Let w € L?(R) be a unit vector, fulfiling assumptions 1
and 2 above.

(1) Define, for each pair (7, 7), the function §; ;(z) = b}’/jzlw(x b ), z € R.

We define H as the infinite tensor product ®O<i<]— H; ;, along the vector @ =
Qo<icj iy, with H; j = L?(R), for every pair (i, j).

(2) For each integer n > 2, set Q, = @Qq;cp Qin, and Q" = ®1<l§n Q;. The
spaces H, = ®1§i<n Hin, with H;,, ~ L*(R), and H" = ®2§l§n H; are
defined accordingly.

(3) We shall say that condition B1 is fulfilled, if and only if, for any pair of integers

(4,7), with 0 < 7 < j, we have : Z{k/Kk},/gf—’: < 0o. We shall say that

condition B2 is fulfilled, if and only if, Z{i jk) 0<i<j<k} ’/zrl).iii)k-k < 00.
2y 377,
(Note that condition B2 is stronger than condition B1.)
Definition 2.3. For every integer n > 1, we shall denote by A\(") the left regular repre-

sentation of G on H" ~ L?(G™), and by A(™ ® 1, the amplification of A(") to the space
H. (Explicitly, \(® @ 1(g) = A" (¢) @ 1d, for every g € G™.)

Lemma 2.4. If condition B1 is fulfilled (see definition 2.2) , then, for every g € U, G,

the sequence (A" ®1(g)),, converges strongly in L(H). We shall denote by \(g) the strong
limit of this sequence.

Proof. Tt suffices to show the strong convergence of the sequence (A™ ®1(1 + S€i.5))n>j
for every 0 < i < j, and every s € R. We have (\(™ @ 1(1 + se; ;) = A9 (1 +
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5€i,i) @ Q) <r<n u? @1d, with u? € L(Hy). Tt follows from our assumptions on w, that

1-— (ugk)kak) < |s|Cuy/ ZJ: We conclude using lemma 2.1. O

Definition 2.5. Let G be endowed with the inductive limit topology. With w and H as
above, we shall denote by A the weakly continuous unitary representation of G in L(H),
described in lemma 2.4. We shall call A the left regular representation of G on H, relative
to Q. For every integer n > 1, let p(™) be the right regular representation of G" on H".
We define the right regular representation, p, of G on H, by p(g)(€ ®n) = p™(9)¢ @ n,
for every g € G™, £ € H", and ) € @Q,,~,, Hr- (See also [5].) We set M = X\(G)”, and
N = p(G)".

When no confusion can arise, we shall abbreviate notations, and call A simply the left
regular representation of G.

2.2.2. Cluts of the left reqular representation.

Note 2.6. We use the notations of [6]. Given a locally compact group I', and a Hilbert
space H, we shall denote by L?(T", H) the Hilbert space of square integrable functions on
T', with values in H. This space is isometric to the completed tensor product of Hilbert
spaces L?(T') @ H.

In this section, we give an equivalent construction of the left regular representation of
the group G. This is based on the absorption property of the regular representation of
locally compact groups. Although this is standard material, we recall the proof for the
convenience of the reader. Given a locally compact group I', and a unitary representation,
m, of I' on a separable Hilbert space H, there exists a unitary intertwining A ® 7, and
A®1. (Details can be found in [3].) Here, A denotes the regular representation of T, and
1 denotes the trivial representation. Explicitly, define V on L?(T', H), such that (V(¢ ®
n))(g) = &(g)m(g)n, for every £ € L?(T), n € H,g € T. It is easily checked that V), defined
that way, extends to a unitary on L?(T", H), given by V((g) = 7(9)¢(9), ¢ € L*(I',H), g €
I. Let ( € L*(I',H), y € T, and g € T be given. We compute : (V*A ® 7(7)V¢)(g) =
(g DA @ 71NV (9)] = m(g~Nm(NDC(y 9] = (g~ N[r(v 1oy )] = @
1(7)¢)(9)-

Since our group G is the inductive limit of the locally compact groups G™, we get, for
each n, a unitary intertwining the regular representation of G”, and the restriction to G™
of the regular representation of G. The study of this sequence of unitaries will lead to an
alternate definition of the left regular representation of G. The following decomposition
pf V will be used :

Definition 2.7. (1) Let £ > n > 1 be integers. For every h € G", we define the
k—rest of (\(h)) as the unitary (A®) @ 1(h))~*A(h). We shall denote by A the
k—rest of (A(h)), so that A(h) = A®) (k) @ Az (), on H ~ L*(G*) @ &,k Hop-

(2) Let n >4 > 1 be a pair of integers. We decompose H as H = L?(G™, Qpon Hp)-
Each g, element of G" can be written uniquely as g = gngn—1 - .. g2, with g; € G},
for 2 < j < n. (Recall that in our notations, G! = G is the trivial group.) We
define the unitary V; ,, on ‘H, by

Vin: LA(G", Qpan Hp) = LG, R, Hyp),

Vi,n :
Vin&)(gngn-1---92) = [An)(9:)](€(gngn-1-- . 92))-

Lemma 2.8. Set, for every integer n > 0, V() = VpnVn-in---Von. We have
VX)WV = X (y) @ 1, for every v € G™.



184 R. ZEKRI

Proof. This follows from the above discussion, with V = V(" T = G" H = ®p>n Hp,
™= )\(n) O
Definition 2.9. For every T' € M, and n € N, we shall denote by n—cut(T) the
operator V" TV",

Lemma 2.10. If condition B2 is fulfilled (see definition 2.2), the sequence (V™),en
converges strongly to the identity operator on H, as n goes to infinity.
Proof. Let £ € H. We may assume that £ = n®®p>n Q,, with n a unit vector in H". It
suffices to evaluate >7_, [|V; ,(§) —&||, for any integer p > n. Write 3-%_, [|V; (&) =& =
iz WVip(€) — &l + 325t IVip(§) — €I For j < n, we have: [|V;,(&) — €II° <
Jr e 093 g2) P Dy (912 — Qg g5 92)

Since ||[p + 1—rest(A(g;))]Q — || tends to 0 when p goes to infinity, the first term of
the sum tends to 0, when p goes to infinity. Assume now that j > n.

We have

in© =67 < [ 1050 @0 - 2lPdy <€ Y03

95€C; 1<i<j k>p

bik
bi,jbj,k

Thus, the second term of the sum is less or equal to Z?:n+1(21§i<j,k:>p \/ blbjﬁ) It
follows from condition B2 that this last quantity tends to 0, when p goes to infinity. [

2.2.3. Cut of the right reqular representation, and the Heisenberg group Hs. We shall
denote by Hj the real Heisenberg group of dimension 3. For each integer k > 3, the
subgroup of G generated by {1 + e1 -1, 1 +e1x, 1 + ex—1%} is a copy of Hz, which
we shall denote by Hs(k). There is a Hilbert space H'(k), and a decomposition H ~
L?(H3(k),H'(k)). The Hilbert space H'(k) is endowed with a unitary representation
v — u., of Hs(k), such that, for every & € L?(Hs(k), H'(k)), and h € Hs(k), we have:
(p(7)€)(h) = u,(£(hy)). Hence, there exists a canonical unitary W®*), on H, such that
WHE(y) = uié (), and = WO p(y)WHRE)(h) = £(hy), for every & € L (Hs(k), H'(k)),
and v, h € Hs(k).

Lemma 2.11. If condition B2 is fulfilled, the sequence (W) en converges strongly to
the identity, when k goes to infinity.

Proof. We remark that W®*) is of the form 1 ® w;, ® 1, in the decomposition H =
(H*2) @ (Hi—1 @ Hi) ® ®p>k ‘H,, with wy a unitary on Hi_1 ® H. The proof is
similar to the proof of lemma 2.10. (]

Definition 2.12. For every k > 3, and every T € p(Hs(k))” C N, we set cut(T) =
wE k),

3. FACTORIAL REPRESENTATIONS

In this section, we shall prove that the representations introduced in section 2 are
factorial. We first study the case of the finite dimensional groups G*", generated by
the unit matrix {1 +¢;;,1 < i < j < 2n}. Let G3" be the subgroup generated by
{1+e;;,1 <i<j<n}, G3" be the subgroup generated by {1+e; j,n+1 <i < j < 2n},
and A?" be the subgroup generated by {1 +e¢;;,1 <i<mnandn+1<j<2n}. We
have a decomposition G*" ~ (G3" x G3") x A*". The group G2" (resp. G3") acts by
matrix multiplication from the left (resp from the right) on A?". We denote by £*" the
von Neumann algebra generated by the left regular representation of G2", and by A"
the subalgebra of £2" generated by A%". We have the following:
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Lemma 3.1. The action of G3" x G3" on A*" is free, in the sense that the stabilizer

of almost every point a, in the spectrum A2" of A2", is trivial. (See [7], section 2, for
details.)

Proof. Under Fourier transform, A2 is isomorphic to L>(R™"). We shall denote by .42"
this algebra, and by A2 the space R™ . The groups G3" and G3" are both isomorphic
to the matrix group G”. Under this isomorphism, G2 and G2" act on A% by left and
right multiplication with transposed matrices. Explicitly, let (! M) denote the transposed
matrix of a matrix M. Let & € A?*. A matrix M € G" ~ G¥" sends a to (*M)a. A matrix
N € G" ~ G3" sends a to a(*N). It follows that the study of the stabilizers of a point
a € A*™ amounts to finding two matrices M, and N, in G”, such that (*M)a = a(*N~1).
Replacing a by ta, the problem boils down to the following : Given an n X n matrix a,
find two matrices in G", that we shall still denote by M and N, such that Ma = aN. We
shall proceed by induction. Assume that the equality M’b = bN’, with M’, N’ € Gn—!
implies M’ = N’ = 1, for almost every (n — 1) x (n — 1) matrix b (this assumption is
trivial for n — 1 = 1). Suppose we are given an n X n matrix a. Let b be the submatrix
of a, obtained by removing the first line and the last column of a. The set of equations
Ma = aN, with M, N € G™ contains the equation M'b = bN’, where M’, and N’ are
submatrices of M and N, respectively. It follows from our induction hypothesis, that M
is of the form M = 1+Z2§j§n M jey j, and N = Zlgign—1 1+ N nein. Moreover, the
vector (M ;)a<j<n has to be orthogonal to every column of the submatrix b. This shows
that, for almost every a, we have M = 1. A similar argument shows that N = 1. O

We shall also need the following lemma:

Lemma 3.2. Let H = Q2 H,, be an infinite tensor product of Hilbert spaces, along a
vector Q@ = ®@p2 5. Then Npx1(1yn @ L(Q),s,, Hp)) = C.1.

Proof. Denote by K(H) (resp. K(H™)) the C*-algebra of compact operators on H (resp.
on H"). For any integer n > 1, let TI" € L(®,2,,1H;) be the (rank one) projection on
C.(®p2+19). Then KC(H) is the norm closure of U,>2(K(H™) @ I1™). It follows that
L(H) is the strong closure of Up>2(L(H™) ® II™). Now, one checks easily that this is
equal to the strong closure of U,>2(L(H™) ® 1). The proof is completed by computing
the commutant of Ny>1(13n ® LR, Hp))- O

Corollary 3.3. Under the assumptions of lemma 2.4, M is a factor.

Proof. Let B be a central element of M. Let n > 0 be an integer. Let V") be the
unitary defined in 2.8. Then V2" BY() s in the commutant of V2" \(G2n)P(En) —
ACM(G?")@1. (In the last equality, we use the decomposition H ~ L2 (G*")@(Q) 0, Hp)-)
Moreover, V2" BY(Em) commutes with V™ p(G27)" V() — p(G2")”. Denote by Z,
the center of p(G?")”. Tt follows from lemma 3.1, and from lemma 2.4 of [7], that
Z, C p(A2")”. Hence, V@ BV ¢ 15, ®L(Q,~n, Hp). Since the unitaries (V)1
converge to the identity, B is in Ny>o(13n @ L(Q),~,, Hp)) = C.1. O

4. COMPUTING I'( M)

In this section, we prove that M is of type I1I;. We shall use the following characteriza-
tion of the Connes spectrum:

Theorem 4.1. ([6], Theorem 8.15.9, p. 389). Let M be a o-finite von Neumann algebra
on a Hilbert space H. Then T'(M) consists of those real numbers s such that, for each
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unit vector & € H, and every o > 0, there are elements x € M, and y € M’ with
|z¢]| > 1, and
2§ — el <o, [Ja78 — e’y e < .

4.1. The algebra A,. Let Hs be the real Heisenberg group of dimension 3. Since Hj
can be decomposed as a semi-direct product R x R? of amenable groups, Hs is amenable,
hence, the full and reduced group C*—algebras of H3 coincide. For each integer k > 3,
the subgroup of G generated by {1+ e 4-1, 1 +e1,k, 1 +ex_1} is a copy of Hs, which
we shall denote by Hs(k). For the sake of simplicity, we shall denote in the same way a
subset of Hs, and its identical image in H3(k). In particular, H3(3) is identical to G3.
Under this identification, the space L?(H3) is isometric to L?(R1 2)®L?(Ry 3)®L*(Ra 3).
Desintegrating C*(H3) amounts to compose the regular representation A of Hs, with the
Fourier transformation F, on R, and R; 3. In the definition below, the variable p
parametrizes the center of C*(Hs), and is dual to ¢1 3. The variable v is dual to t1 2, and
the variable ¢33 is simply denoted by ¢. The C*—algebra FA(C*(H3))F* is a continuous
field of C*—algebras. We write C*(H3) = (A,).cr the desintegration of C*(Hs) over
its center. We shall determine, for each € > 0, s € R, and n = ({,),, a real number
o > 0, depending on €, s, and 7 such that there are operators fulfilling the conditions
of theorem 4.1, provided that the support of 1 is contained in [—po, tio]. Then, we shall
see that these operators ”almost extend” to operators on H, belonging to M, and N
respectively. This will allow to compute I'(M). We start by describing the algebras A,,.

Definition 4.2. Let ;1 be areal number. The C*— algebra A, is the C*— crossed product
Co(R) x R, where R acts on Cy(R) through the automorphisms (a#(f))(t) = f(t — us),
for any reals ¢, s.

Definition 4.3. Let u be a real number. Define, for every f € Co(R), s, t € R, v €
R, and ¢ € L2 (R)® L*(R) :

Wﬁ(f)f(y, t) = f(’/ + Mt)f(y’ t)a
Wf(s)ﬁ(l’a t) = g(l/’t - 8),

and

u ﬂé(f)f(l/, t) = f(l/)f(l/, t)a
B A0 t) = €+ st — )

The maps 7/ (resp. 7h) define commuting representation (resp. anti-representation)
of A, on L2(R) ® L2(R). We shall denote by K, the Hilbert space L2(R) ® L%(R),
endowed with the left and right representations 7/, /s, of A,. The C*-algebra C*(Hj) is
(non spatially) isomorphic to sections of the continuous field (77 (A,)),.cr. The maps 7/,
il extend to normal representations of the von Neumann crossed product LOO(IA{) x R.

o~

We denote by L# (resp. R*) the von Neumann algebra of 77 (L>°(R) x R) (resp. of

TR(L*®(R) % R)).
4.2. The operators X and Y. We shall now prove the following proposition:
Proposition 4.4. Let p € R, { = £,®& € K, be an elementary tensor, ande > 0, A > 0

be given. There exists C > 0, and o > 0, such that, if 0 < |u| < uo, there are elements
X, € LM, and Y, € R*, with

(C1): [VAXE =Ygl < el Xl
and
(C2):  [IX5€ = VAY,E| < el X,é]l.
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Moreover, || X,||, and ||Y,|| are less or equal to C, and || X,.£|| > |€]/2.

We may assume that ||| = 1. The above operators X, and Y, fulfill the conditions of
theorem 4.1, with A = e, z = 2X,, /| X,&|, y = 2Y,; /VAIX,&]l, and o = 2¢(1 + 1/v/)).

4.2.1. Definition of X and Y for &, an elementary tensor, nowhere vanishing function.
We first assume that £ is an elementary tensor, (v, t) = &1 (v)€a(t), with & a (nowhere
vanishing) continuous, real-valued function, tending to 0 at infinity. Choose two reals,
vy, ans vg, such that & (1) = \f)\fl(ug) # 0. Choose a sufficiently small real pg, such
that

(Al WweR, [v—wn|<p=[6W) - &) <el@)l/4(1+¢€)

and
(A2): WweR,|lv—uw|<po=|av+rvs—rv1)— &) <el&(v)]/4(1 +€).
Definition 4.5. Let y be the characteristic function of the interval [v; — po, v1 + po]. Set
k= p" vy — vz). We define
Xy =mp(—m)mp(y),  Yu=mgk)rh(s).
We have
Proposition 4.6. Given an elementary tensor £ € K, and a real € > 0 as above, the

operators X, and Y, defined in 4.5, fulfill conditions C1 and C2, provided that |p| is
sufficiently small.

Proof. (1) On computes
Xug(V, t) = y(V + /u(t + K))&(”? t+ KJ)’

Yi§(wt) =y(w)E(v — pk,t + k)
and
X, t) = y(v + pt)é(v,t — k),

V£, t) = y(v + pr)é(w + st — ).

(2) Consider the approximate vector (X,&)app(¥,t) = y()&(v,t + k). Then
(X, appll? = &l [ ly(v)&1(v)|?dv is strictly positive, and does not depend
on p. Set (X;:&)app(vst) = y(v + pr)é(v,t — k). Observe that [[(X;€)app —
VY& = 1Y€ — VA(X,€)appll, since the first quantity is obtained from the
second through a translation of ux in the first variable, and of 2k in the second
variable. It will be sufficient to check the following condition Cjyp, and evaluate

[ X0u€ = (XuEapplls X6 — (XiE)appll :

(Capp) ||\5(Xuf)app =Y &l < el (Xpu&)appll/2(1 + €).

(3) It follows from assumptions Al, and A2, that, for every reals v, and ¢, with
y(v)&a(t) # 0, the following hold:

(A1) s Jy()(&(v) = &(n))&a(t)] < ely(v)&r(v)Ea(t)|/4(1 + €),
and
(A2) 0 |y(v) (v +rva — 1) — &1(12)&a(t)] < ely(v)ér(v)Ea(t)]/4(1 + ¢).

Assumptions A’1 and A’2 show that C,pp, is fulfilled (recall that & (v1) =
VA& (v2).)
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(4) We have: [1X,€ = (XuEuppll = (v + ) — y)EW B Since [(XuEaps|
is strictly positive, and independent of u, there is a real u; > 0, such that
[ X0€ — (Xpu&appll < €l Xp&appl/2(1 + €), for every |u| < p1. Using the change
of variables t — ¢ + k, and v — v — pk, we obtain: [[X¢ — (X;i)appll =
ly(v + pt) — y(v))é(v — vo — v1,t)||. Hence, there is a real us > 0, such that
[ X356 = (X8 app |l < €l (Xu)appll/2(1 +¢€), for every |u| < pz. We let g be the
minimum of {1, po}.

(5) Let pu be a real, with || < po. Since [|X,€ — (X&) app | < €| Xy &appll/2(1 +€), it
follows from the triangle inequality that || X &appll < (1 + €)||X,&||. The results
in 2 and 4 show that C1, and C2 are fulfilled.

This finishes the proof. ]

Remarks 4.7. i) Condition Cypyp, is fulfilled for every p. The choice of g insures that
the approximate vector (X,&)app is sufficiently close to the actual vector X,¢.

ii) The hypothesis that &; is real-valued is not essential. Dropping this assumption, we
may still find two points 1, and v, and a real 6 € [0, 27[, with & (1) = eV & (v2). Tt
suffices to replace X,, with e="X,.

4.2.2. Removing the "nowhere vanishing” assumption. We want to extend the result of
4.2.1 to arbitrary elementary tensors £ in the unit ball of H. We shall construct, for
every £ in some dense subset S of the unit ball of H, the operators X,,, Y, in such a way
that || X €| remains sufficiently close to 1. It follows that there is some « > 0, such that
conditions C1 and C?2 are fulfilled (with the same operators X,,, Y,,, and a slightly larger
€), for every vector in the open ball of radius « around each of the vectors £ € S. We
shall cut the support of ¢ into suitable parts, and construct from 4.2.1 partial operators
X, and Y, corresponding to each of these parts. Our operators will be a combination of
these partial operators, using a partition of unity.

We now assume that a unit vector £ = §& ® & € K, and a real € > 0 are given.
The vector & is supposed to be a smooth function of rapid decrease, whose zeroes are
isolated. We choose a function £, such that

160 = &1l < e

The support of £ is a finite union of compact intervals.
For any element v of the support of £§, £§(v) # 0.
For any element v of the support of &5, £5(v) = &1 (v).

Such a function &5 is obtained by cutting the support of £; near infinity, and removing
(small) open intervals around each of the zeroes of ;. We shall call parts of £f, the
restriction of £f to each of the components of its support. We denote these parts by

fj , with j running from 1 to some integer n. We denote by I, the smallest open
interval containing the support of ff;j , such that & vanishes at the boundary of I;. Let
j€{1,2,...,n} be given. For each point 1/{, of the support of §f;j, there exists a point
v} (v]) € I;, and a strictly positive real p(17), such that conditions A1, and A2 in 4.2.1 are
fulfilled, with v ranging in the support of ff;j . We now choose a chain of open intervals
C= {]I/{;l 7/)(1/{;1), V{;l +p(1/{:l)[, 1=1,2,...,1(j)}, covering the support of £{*/, and call
U; the union of these open intervals. To summarize, we have: Support (é5.;) CU; C 1.
We now choose a partition of unity {y{;l, y{;Q, . 7y{;l(j)}7 subject to the cover C, such
that each of the functions yfl is the characteristic function of some interval. Hence,
the y{';l’s are pairwise orthogonal. Given a real number p > 0, we repeat the same
construction for each j € {1,2,...,n}, and define X{jl, Y;{;l, (Xﬁ;lg)app7 (X;j?lf)app as
in 4.5, with (5,1) € {(4,1),(4,2),..., (4, 1(4)}, and j € {1,2,...,n}. For each pair (j,1),
the operators ijl, Y;{ it fulfill condition Capp- Set
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n G) n 1G)
X =3 D X0 Yu=2 > Vit
j=11=1 j=11=1

Observe (X,,§)app, and Y,;€ are sums of pairwise orthogonal vectors, indexed by the
couples (7,1). Since Capy, is fulfilled for each (3,1), it follows that X, and Y}, fulfill Cypp,.
Now, since there are finitely many indices (j, ), we may find a g9 > 0, such that X, and
Y, fulfill C1, and C2, for every |u| < |po|. We summarize these results in the following
lemma:

Lemma 4.8. Let i be a non zero real number. Let n =11 ® 02 be a unit vector in ICy,
with n1 a smooth function of rapid decrease, and isolated zeroes. Let € > 0, and A > 0 be
giwen. There exists a constant C > 0, depending only on 7, and €, such that:

(1) There exist operators X,,, and Y,, whose norm is less or equal to C, such that:
|Xumapoll > 0]l = €, and Capy i fulfiled.

(2) There exists po > 0, such that, if |u| < |po|, there are operators X,, and Y,
whose norm is less or equal to C, such that: ||(X,n)| > ||n|| —¢€, and C1 and C2
are fulfilled.

4.2.3. Proof of proposition 4.4. Proposition 4.4 follows from the remark:

Lemma 4.9. Let K be a Hilbert space. Let e >0, C > 0, and X\ > 0 be given. Suppose
we are given a unit vector & € K, and operators A € L(K), B € L(K), such that

(1) Al <£C, and |B|| < C.
(2) |A&ll > 1/2.
(3) [[VAA& — B&|| < €| Aoll, and ||A*Eo — VAB*&l| < €| Ao

There exists o > 0, which depends only on € and X\, such that, for every & € I, with
1€ = &l < @/C, we have [|[VAAE — BE|| < 2¢| AL, and A€ — VAB*E|| < 2¢[| A€]].

Proof. The triangle inequality shows that: ||[VAAE — BE|| < || A& || + a(l + V) <
e|| A¢|| 4+ ale + 1+ +/X). We may assume that o < 1/4, hence, ||A¢|| > 1/4, and ||V IAE —
BE|| < || A€||(e + 4a(e + 1 4+ v/A)). The proof of the second inequality is the same. O

Lemma 4.9 shows that, given €, and A, to prove the existence of the operators X,,, and
Y, for every vector in some subset S of H, it suffices to construct X, and Y}, for every
vector in some dense subset of S. In particular, lemma 4.8 extends to any elementary
tensor, £ = & ® &, with & € L2(R), & € LA(R).

4.3. Computing the Connes spectrum of M. In this section, we adapt the construc-
tion of the preceding section to the algebras M and its commutant A. The vector £, of
proposition 4.4 will be replaced by 5021,1@71 ® Qp_1,%, with k ranging in the set of strictly
positive integers. For each k, the operators X,, and Y, are obtained from a generic
construction, using a simple change of variables (see definition 4.14). Since any vector in
H can be approximated by some vector of the form 1 @) ®;>x(2;, we can use an argument
similar to lemma 4.9, and extend our results to the whole of H. The difference is that
we shall need some analog of proposition 4.4 to hold globally, for sections of the field
(Ku)u- The set of admissible values for p will be altered during the change of variables.
So, we shall also need to check the change of the support of (X,,),, with respect to & .
This will, of course, depend on the coefficients b; ;.. Finally, for each sufficiently large k,
using results from section 2.2.2, we shall find in M and A, two operators, close enough
(in some sense that will be made precise) to (X,),, and (Y,),, to fulfill conditions C'1
and C2. We begin with some definitions.
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4.3.1. Change of variables.

Definition 4.10. Given a function y on the reals, and p, 11,12, € R, denote by X, [y; v1,
5] the operator constructed as in 4.5, and 4.2.2. Similar notation is used for X5 Y,
Y. Let >0, A>0,and § € L2(R) ® L*(R) be given. We shall say that (y; 1, vs) is
a—convenient for (&, 110, A), if the operators X, [y; v1, 2| and Y, [y; v1, v»] fulfill conditions
C1 and C2 in proposition 4.4, for every 0 < |u| < po . We denote by (€, a, A) the
greatest real such that there exists an a—convenient triple for (&, uo(&, o, A), A).

Definition 4.11. Let £ > 0, be given. We define the unitary
U(k): L*(R) ® L*(R) — L2*(R) ® L2(R)

—1/4 ;1/4 —1/2  ,,1/2
(UK)E) (v, t) = bl,k/flbk/fl,k (Vbuc/fp tbk/q,k)-
Lemma 4.12. For every integer k > 0, and every real o« > 0, we have: puo(U(k)E, a, \) >
(b1 k—1bk—1.1)" 2 p0(€, @, A).

Proof. We have: U(k)X,[y(v);v1, 1)U (k)* = X, [y(bi,lc/flu);ul\/bl,k_l,ug\/b17k_1],
with p/ = u(bl,k,lbk,l’k)lm, and similar result for Y),. It follows that there is an a—
convenient triple for (U (k)¢, u/, \), provided that || < po(&, o, A) (b1 x—1bk—1.)*/2. O

Definition 4.13. Set b(k) = (b1 x_1bg_1x)"/?. In view of lemma 4.12, it is natural
to define, for each p, the unitary U, (k), from K, to K ), with the same formula as
in 4.11.

4.3.2. Operators on 7'[/Lk\—1 QHr—1.k ®’}¥1\k We now consider the space 7'l/Lk\—1 OHr—1,6®
@ as the field of Hilbert spaces ((7;;6\,1 ® Hik—1,k)u)per, with parameter p. We
denote by T',, the constant cross-section p — @ ® w. The fiber over p is isomorphic, as
an Aj-bimodule, to ;. The vector 21 1 @ Qx_1 1 ® Q1 , is the cross-section §,px) =
Q1 (p(b(k))U (K) (o).

Definition 4.14. (1) Let € > 0 be given. Choose an e— convenient triple (y; v, v2)
for (0 ® w, (@ @ w,e,A),A). Set X, = X[y;v1,10], Y, = Yy;vn, 1), if 0 <
Il < po(@®w, e, A), and X, =Y, = 0 otherwise. Define, on the space K1),
the operators Xu(k) = U(k)X(M/b(k))U*(k), and Yu(k) = U(k)mk))[]*(k)

(2) With X, (k) as in 1, we shall denote by X (k) the operator on H; x—1 ® Hir—1,1 ®
Hik, defined by [X(k)(& @ & @ n)](p) = n(p) X, (k)(& @ &). We define the
operator Y (k) similarly.

Proposition 4.15. Let € > 0, and k > 1 be given. For every real p, with po/b1x <
| < po(@ @ w, e, N\)b(k), the operators X, (k), and Y, (k), defined in 4.14, fulfill inequa-
lities C1 and C2 in 4.4, with &, = (D1 k—1 ® Qi_1,%). Moreover, we may choose y such
that, for every sufficiently large k, || X (k)(Q1 k-1 ® Qp—1.6 @ Q1 x)|| > 1 — 2e.

Proof. The first assertion follows from lemma 4.12. Recall that we may choose the
function y such that || X, (k)(Q1 k=1 @ Qg—1)|| > 1 —¢, for every p in the support of X,
(see lemma 4.8). The second assertion then follows from the limit:

[ e 1
|| <pob(k)
when k goes to infinity. |

It will be convenient to restrict the support of our fields of operators X (k), Y (k) to
the set {uo\/b1x < |p| < pob(k)}. The conclusions of proposition 4.15 remain valid
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provided that pg is chosen to be Sufﬁciently small. To summarize, the parameters for
X, (k), and Y, (k), are: y(v/\/b1x—1), £ = p (1 — v2)\/bie—1, po/b1x < |p| <
Hor/b1 k—1/bk—1,k-

4.4. Approximating operators in M and /. We now need to replace our operators
X (k), and Y (k) of the preceding section by operators X (k) in M, and Y (k) in NV, and
check that the hypothesis of theorem 4.1 are fulfilled, for every unit vector £ € H.

Definition 4.16. (1) Let k > 2 be given. Let Hs(k) be the subgroup of G generated

by {1+e1x-1,1+ €1k, 14+ ex_1%} The left and right regular representations
of G restrict to unitary representations of Hs(k) on H. We shall denote by 77",
and %I‘Q’k the corresponding representations of A,,.

(2) Given € > 0, choose k, X (k), Y(k), as in proposition 4.15, with defining function
y. We define X (k) (resp. Y (k)) as the field with the same support as X (k), with
Xulk) = FH(y) (resp. Vulk) = 745 (9).

(3) We shall denote in the same way the operator X (k) € E(?—L/Lk\_1 QHr—1,1 ®7¥17c),
and its amplification, X (k) ® Id € L(#H). The same holds for Y (k).

Proposition 4.17. The operators: X (k) — X (k), Y (k) =Y (k), X* (k) — X*(k), Y*(k) —
Y*(k) converge weakly to 0, in L(H), when k goes to infinity.

Proof This follows from lemmas 2.10 and 2.11, and the observation that 7/ is the k—cut
of 7% and 7% is the cut of 4* (under the identification L2(R) ® L*(R) ~ H, 51 ©
Hi—1,k)- O

Corollary 4.18. There is_an integer ko, such that the assumptions of lemma 4.9 are
fulfilled, with &y = Q, A = X(k;) B= Y*( ), for every k > ko.

Proof. Using the bounds on pu, and an argument similar to the proof of lemma 2.10, one
can check that ||(X (k) — VFH1" X (k))Q| converge to 0, when k goes to infinity. Since the
VE’s converge strongly to 1, when k goes to infinity, the sequence ((X (k) — )A(:(k))ﬂ)keN
is norm convergent to 0. The same holds for Y (k), and }N’(k) Using proposition 4.15, we
find an integer k), such that the assumptions of lemma 4.9 are fulfilled, with £, = Q, A =
X(k), B=Y*(k), for every k > k{. The existence of kg follows from proposition 4.17. O

Now, suppose we are given £ € H, with ||€|| =1, ¢ > 0, @ > 0, and A > 0. Choose an
integer k,, such that there exists a unit vector € H*»~!, with ||£*77®®20:ka Q|| < o
We shall denote by &, the vector n®®:’;ka+1 Q. Construct the operators X (k,), Y (ka),
)?(k:a), ?(k‘a) as in proposition 4.15, and definition 4.16. We may assume that k, is
greater than the integer ko of corollary 4.18. Since all our operators are in Idyr.—1 ®
L(Q)>, Hi), the assumptions of lemma 4.9 remain true with {, = £,. So, we have
proved:

Theorem 4.19. (See also [5]). If Q fulfills condition B2 of section 2, then
(M) = (R).
It follows that M is isomorphic to R, the Araki-Wood factor of type III; ([2]).
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