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HARDY TYPE SPACES ON INFINITE DIMENSIONAL
GROUP ORBITS

O. V. LOPUSHANSKY AND M. V. OLEKSIENKO

ABSTRACT. In Hilbert Hardy spaces of complex analytic functions with infinitely
many variables, defined on unitary orbits of locally compact second countable group,
the Cauchy type integral formulas are established. Existence of radial boundary
values is proved. Results are illustrated for a reduced Heisenberg group.

1. MOTIVATION AND MAIN RESULTS

The classical theory of the Hardy space #3(B) of complex analytic functions on the
1-dimensional complex ball B, {f: SUp,c0,1) (Jr |f(7"e“9)|2dx(e‘“9))1/2

uses invariant properties of the Haar measure x on the cyclic group T = {6“9 ;¥ €0, 277)}.
The T-invariancy provides that Hi(B) is unitary equivalent to the Hermitian dual of the
(*-space of Taylor coefficients (dg f/n!). Moreover, any function f € H2(B) can be
uniquely defined by the integral Cauchy formula through its radial boundary values on
T. There is a natural question: is it possible in this theory to replace T with a general
locally compact group?

The Hardy type space Hi(B) with a Haar measure x on an abstract locally compact
group G were considered in [6], where some of its properties were described. In the
present work we analyze a more general case, when a G-invariant measure y is defined
on a unitary orbit G of a locally compact second countable group G acting in an infinite
dimensional Hilbert space E. We establish the Cauchy type formula

< oo}, essentially

(L1) nGE /G (6O (). £€B,

which for every function f € ’Hi produces its unique analytic extensions €[f] on the open
unit ball B in E, where Hi denotes the closure in the space Li of all Hilbert-Schmidt
polynomials over E. We also describe the space of Taylor coefficients for Hi. Moreover,
in the case of Hardy spaces, the boundary values problem, which is defined on orbits, for
analytic functions becomes substantial. Namely, we establish that the radial boundary
values of €[f] on the orbit G are equal to f for every function f € Hi As an example,
we consider a reduced Heisenberg group.

Note that integral representations of Hardy spaces H? (p > 1) with infinitely many
variables were an object of research in [5, 7]. The Hardy spaces H> were investigated in
[1] and in many other publications.

2000 Mathematics Subject Classification. Primary 46G20; Secondary 46E50, 46J15.
Key words and phrases. Infinite dimensional holomorphy, Hardy spaces on infinite dimensional
domains.

225



226 O. V. LOPUSHANSKY AND M. V. OLEKSIENKO

2. PRELIMINARIES

Let E stand for a complex separable Hilbert space and let G stand for a locally compact
second countable group. Suppose that there exists a unitary representation

U:G32+— U, € L(E),

which is weakly continuous. Hereafter £(-) denotes the algebra of all bounded linear
operators.
Fix an element /i € E with ||i|lge = 1 and consider its orbit

G:={Uh=(€E:z€q},

which as a topological space we identify with the factor-space G / Gy, where Gy =
{veG:Uyh=h}. The closed unit ball in E endowed with the weak topology, we will
denote by K. The weak continuity of U implies that the embedding G 3 K is continuous.
Further we denote by C'(K) the uniform algebra of continuous complex functions on K.

Recall that a measure y on the orbit G is G-invariant if for any = € G its shift y o U,
is equal to Yy, i.e.,

(2.1) /f Q) dx(Uz-1¢) = /(f /f ¢)dx(¢

for all x € G and x-integrable complex function f on G. As is well known (see e.g., [9]),
for any locally compact second countable group G an invariant measure y on an orbit G
exists and the equality

(2.2) /G dx (U, ) /g (o) o = /g () da

uniquely connects it with a Haar measure dx on G. Here ¢ is any integrable complex
function on G and dv denotes a Haar measure on Gj. Clearly, the choice of a G-invariant
measure x on G depends on the element A € S.

In what follows we suppose that an element i € S and the corresponding G-invariant
measure x on its orbit G are fixed, and that the representation codomain Ug of a group
G contains the complex cyclic subgroup T. Let Li stand for the Hilbert space of all
quadratically x-integrable complex functions on the orbit G.

First we give an auxiliary result which at once follows from our assumptions about
the group.

Proposition 2.1. If x is a G-invariant measure on G then the decomposition

(2.3) / fax = o / Q) [ £ a

with x-integrable complex function f on G holds and the condition fG ¢dx(¢) =0 is valid.
Proof. By Fubini’s theorem

[axo ey = | a0 [ e

for all f, since the integrand f o €'V is integrable vector-valued function on ¥ € [0, 27).
The internal integrals on the right side do not depend on ¥ € [0,27) in view of the T-

invariance of x. As O%dﬁ = 27, we obtain (2.3). Using (2.3) for any linear continuous

functional f we have
1 2
/de: —/fdx/ exp(id)dd =0
G 2 Jg 0

and the proposition is proved. ([l
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3. POLYNOMIAL ORTHOGONAL SYSTEMS ON IRREDUCIBLE ORBITS

Let ®yE, (n € N) denote the complete nth tensor Hilbert power of E, and ®%E =C.
Ifs: {1,...,n} — {s(1),...,s(n)} runs all n-elements permutations then the codomain
of the corresponding orthogonal projector

5, QES G ®... @6 — G 0.0 = %Zfs(l)@;...@gs(n),
which means the symmetric Hilbert nth tensor power of E, we denote by ©gE. Thus,
OyE = ®pE © kers,,. Recall that the symmetric Fock space is defined as the Hilbert
orthogonal sum F=C® E® (@% E) & (@f’) E) ...

We use E* = {Q* =(|Qe:Ce E} to denote the Hermitian dual space for E. The
isometries (®pE)* = ®yE* and (OpE)* = OpE*" hold. For any element 1, € ©OpE
uniquely assists the form 17, := (- [ ¥n)F belonging to ©f E*, which further we will identify
with the n-homogeneous Hilbert-Schmidt polynomial

Un ED &=y (€) = (€7 [ ¥n)p
where is denoted

O i=¢t®...0¢cOpE, ¢e€E.
For each n-homogeneous polynomial ¢, with ¢, € ©fE we assign the polynomial func-
tion

[ ()] (€) = 8¢ (¥7,)
of the variable ( = U, with x € G, generating on the orbit G by all G-shifts of the point
evaluation character

6 (1) =t (h).
Theorem 3.1. Let an element h € S be fixed in such way that the antilinear operators
it ©f E S n > hy(tn) € Li (n €N)

are well defined and have the bounded norm ||hy| = ||ﬁn|\£( and let

opE.12)"

vi=0pEckerh,, Fy:=CoE oE®E ...

Then
(i) the corresponding restricted mapping
- -~ . - B
Pt Bf 2 — ¥y i=hn () € L2,  hy i= Tl
is an isometry between the subspace By and its image H2 = %H(Eg), 50
(3.1) /Gzznﬁn dx = {wn | ¥n)p,  Un wn € Ep;
(ii) the antilinear mapping
(3.2) h: Fopo¢ = Z P — 1) = Z Tin (1) € 'Hi, o= (%n),
neZly neELy

where 120 = 1o with o € C, is an isometry between the subspace Fy and its
image M3 := h(Fy), so

(3.3) /G¢5dxz<w\¢>F, Y, w € Fy;
(iii) the following orthogonal decomposition holds:

H=CoHI @M DH;D...
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Proof. Due to boundedness of &, the following integral
[ ity = [ (050 U7 0 T3 (0) dx(Uh)
G G

is an Hermitian continuous form on the Hilbert space ©pE, which is antilinear by
¢, € OpE and linear by w, € OfE. Therefore, there exists a bounded positive linear

operator A,, € E(@{; E) for which

(3.4) (wn | Aty = /G B () o () .

Similarly as in the proof of [6, Theorem 2.4] from the G-invariance properties (2.1) it
follows that A,, commutes with all diagonal unitary representations of the form {U?;X’" €

E( Oy E): Yy € g}, i.e., the equality
AnOU;@n:U;@noAny Z/Eg
holds, where U?" = U, ® ... ® U, denotes the nth tensor power. In fact, we have

The G-invariancy of the measure y on G implies that

/G<(Uwﬁ)®" | U;@nwn>®EE<(U$ﬁ)®n | wn>®gde(Uwﬁ)

= /G <(Uy*1mﬁ)®n | wn>®gE<(nylxh)®n | Ufﬁwn>®zEdX(Uxﬁ)

dx(Uh).

o G R N (G E e

As a result, we obtain

{wn | (Ao U;@n)wn>®gE = <Uy®i"1wn | A”w">®gE = (wn | (Us% o An)¢”>®gE'

On the other hand, for any n € N the set {(Uzh)‘g’” S g} is total in the subspace Ey
under its definition. Hence, the corresponding representations UZ?" are irreducible over
Ef,. Via the well-known property [4, Theorem 21.30] the restriction A4, |E;; is proportional
to the identity operator 1gr on By, e,

-2
Ap [ep= R, "1gp

for a constant 82 € C. Hence, we can rewrite (3.4) as follows

(3.5) (i | e =28 [ Rl e i, ion € .
In particular, it follows that
1
[finl| = sup ”ﬁn(d’n)HLf< TR
lnllope=1 n

Via Proposition 2.1 for any 1, € Ey and wn, € Ef* we obtain

/j;@(hzl/ﬁ;ﬁck/%émﬂwmﬁ:{ 0 Pongm
c 2 Jo " o (Wn | Yu)E @ n=m.

Hence, @n 1 &, in Li if n # m. Thus, the orthogonal decomposition (iii) holds. a

Remark 3.2. In [6] it was proved that in the case if x is a Haar measure on the group G and
U is its regular irreducible representation over Li then the assumptions of Theorem 3.1
are satisfied for any

he Ly NS.
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4. CAUCHY TYPE FORMULA AND RADIAL BOUNDARY VALUES

In [6] it was proved that if G is the full unitary group of linear operators over the
m-dimensional complex space C™ (m € N), endowed with the probability Haar measure,
then for any A € C™ such that ||A||cm = 1 the Cauchy kernel with the variables £ € C™,
I€]lcm < 1 and ¢ € C™, ||¢|lcm = 1 has the form (see [8, 1.4.9])

e@@%:Ej(mll+”<sckw with w2 = (m=1En)

In! —Din! ’
et Din (m—1)In!

where the condition lim,_, . /N2 =1 is satisfied.
This fact justifies that the following kernel

. 1
(4.1) (&, ¢) = Z N2 (g | O)F Ni:ﬁ
2 [F
with ||¢]|le < 1 and ||¢]|e < 1, for which there exists the limit
(4.2) lim /X2 =1/« for some constant « >0,
n— oo

we can mean the Cauchy type kernel in more general cases. Now we are going to consider
this more carefully.

Recall (see e.g. [3]) that a function defined on an open ball in a normed space is
Gateaux analytic if its restrictions to all finite dimensional affine subsets are analytic. If
a Gateaux analytic function is, in addition, norm continuous then it is called analytic.

Put for simplicity E = E}J and denote

B:={¢cE:|¢lle<1}, S:={€cE:|¢lle=1}.

Proposition 4.1. If the condition (4.2) is satisfied then the kernel € (&,¢) with ¢ € K
is an analytic C(K)-valued function by the variable £ € B.

Proof. Calculating a uniform norm by ¢ € K of the power series (4.1), we obtain

1€ < D Rallag]lg < oo

ne€Zy

for all £ € B. Hence, € (¢, -) is an analytic C'(K)-valued function by £ € B. O

Proposition 4.2. Let the assumptions of Theorem 3.1 be satisfied. Then for any fixed
r €[0,1/a) the integral operator

(43) el = [ eI, fer

with € =rX, (A € G) belongs to the algebra E(?—[i). The function
Clf]r: G2 A — €[f] (r)\)
with r € [0,1/a) belongs to H and
1/2
19l = s ([lenenram) "
rel0,1/a) G

Proof. Let ((pj,n)j cy be an orthonormal basis in the space Ef with n € N. Then the
system (@',n)jeN is an orthonormal basis in H2. Indeed, substituting in (3.5) w,, = ©in
and ¥, = @; , with j # i we have

/G(ﬁj,n éi,n dx = <90i,n l @j,n>F =0,
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ie, @jn L Pinin Li. So, the system (@n) is orthonormal in the space Li. If ¢om =
325 (€% | 9jn)ppjn denotes the Fourier expansions under (¢jn) of an element & € E
then we have

Cn(8:¢) =N (a"E%" [ (") = (ra)" D 3jn(N)B;n(C
jeN
ie., €,(&,Q) = (ra)"€, (A, ¢) with ¢ = Uyh, A = Uyh € G for all z,y € G and £ = ral,
(roo = [|¢]|g)- So,
€60 = (ra)" Y @jin(V) = Y (ra)" (¢, N).
neZ4 JjEN ne€ly

Theorem 3.1 implies that
/G@j,n(é)%(ﬁ, Q) dx(¢) = @;.n(8) /G 8jn(€) 85 (Q) dX(C) = Bj,n(€)

for all ¢; , and £ € G. Since (@]n) is an orthonormal basis in H2, the integral operator
with kernel €,, produces the identity mapping on H2.
Let f= Y fn €M with f, € H2. Using that f, L €, at n # m in L2, we obtain

ne€ly
n(& O fn(Q) dx(€) = | €(&,¢)f(C) dx(C)
o= e J
for all £ € G. Tt follows that the series €[f](£) = > €[fn](§) with

n€Zy

e[fal(E) = /G (€. O fulQ) dx(C) = N2 /G (o | OO £a(0) dx(©)
— (ra)" /G a0 O fa(Q) dX(C) = (ra)™ fu(N) = ful®)

is convergent in ’Hi by the variable A € G, uniformly by r € [0,e] with 0 < ¢ < 1/a.
Applying that &, L f,, and f,, L f, at n £ m in L27 we have
2

2 = ra n
1 A1)z = /G Py / Ca(A, ) fau(€) dX()| dx(N)
- [| = var ] s = [Sears| = S earini;
G neZy L2 neZy

for any r < 1/c. It follows that

sup Z ra) | fullfe = > Iullze = I£11Z: -

ref0,1/

Via the Cauchy-Schwarz 1nequahty, we have

¢ 1 1/2 _ 122
H HL2 = (1—r2a2)1/2 Z ||f"HL2 T (1—r2a2)1/?
nely
for all f € H3. Hence, the operator (4.3) belongs to L(#2). O

Theorem 4.3. Let the assumptions of Theorem 3.1 and the condition (4.2) are simul-

taneously satisfied. Then for any f = > fu € 7-[)2( with f, € H2 the integral transform
neZy

(1.1) with the Cauchy type kernel (4.1) is a unique analytic extension €[f] of the function
f on the open ball B with the Taylor coefficients at the origin

(4.4 BN 2 [ag e 10 ix(@), €<k
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For each analytic function €[f] its radial boundary values on the orbit G are equal to f
in the following sense

(4.5) Jim /\Qﬁr[f]—f|2dx:(), ref0,1/a).

r—=1/a Jg

Proof. Via Proposition 4.1 €(¢,+) is an analytic C'(K)-valued function by £ € B. Hence,
the function €[f] determined by (1.1) is also analytic by & € B in view of [3, 3.1.2].
Differentiating at the origin, we obtain

BN 2 [ (ag |08 1l0)d(0) = €lfll©), €<

By the Cauchy-Schwarz inequality,
RUNO1 N [ [{a€ ] OF £2(0)]dx(€) < Mgl fulzz

for all ¢ € E. Hence, any €[f,] is a n-homogeneous polynomial on E, which takes the form
(4.4). As it is well known [3, 2.4.2], continuous Taylor coefficients uniquely define the
analytic function €[f] on B. So, the uniqueness of the analytic extension €[f] is proved.
Finally, using the orthogonal property we have

Liedn=1av= 3 (ot =15l — 0

nely
if r - 1/ and the theorem is proved. ]
Following to [ ] by the Hardy space associated with G we mean the space of analytic
functions #2 (B) := {€[f]: f € H2}, defined by the formula (1.1), with the finite norm

1/2
¢flll,,. = el d .
Jelfll = s ([ lenenP o)

Corollary 4.4. The following antilinear isometry is valid:

H(B) ~ Fy.
Proof. Since ||€[f]||Hz = [[fllzz for all f € H2, the isometry H3(B) ~ H2 holds. Now
the desired isometry Hi(B) ~ Fy at once follows from Theorem 3.1. g

5. THE CASE OF REDUCED HEISENBERG GROUP

In what follows we put G = H, where the Cartesian product H = R? x T stands for
the reduced Heisenberg group with the multiplication

(LL', Y, eiﬂ) : (u7 v, e”?) = (‘T +u,y+v, ei(19+n)ei(xv—yu)/2)’

. dd
having the Haar measure dx dy dr with 7 = ¢!V € T and dr = 7 We refer to [10] about
7T

Heisenberg groups.
Let E = L2 be the Hilbert space of quadratically integrable complex functions f on R

with the norm || f[| 2z = ( f |f(2)|* dz) 2 Consider in L2 the orthonormal basis

et/ bi-1(t) j—1 _t2 G ot
pj:R3t— I \/m, ¢j-1(t) = (1) P

where j € N and ¢;_; is the Hermite (j — 1)-degree polynomial. Note that the space
Lé, = ®{]‘Lf§ coincides with the closure of complex linear span of functions

{61(0) .- Eultn): €1 Gn € IR, (f1,.. 1) ERTY.
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Therefore, @’,;Lﬁ is the closed subspace in L2, of symmetric functions with respect to
the permutations of n scalar variables. The following system

k
@8% )= wﬁkl ©...0 w;ejf"

with all (j) = (j1,...,Jn) € N", j1 < ... < j, and (k) = (k1,...,kn) € ZT} such that
k14 .-+ k, =n forms an orthogonal basis in @{;Lﬁ, which is non-orthonormal and

®(k
loCS loprz = /(R)/nl, where (k)!i= ka!... kn!. (see [2, 2.2.2)).

The Schrodinger representation U of the group H into £ (Li) is given by

U,y r£(t) = T/ 2eWie(t + 1), xyteR, TeT, €€l

which is unitary and irreducible. It is easy to see that the codomain of U contains the
complex cyclic group, since T = {UQO,T: (0,0,7) € H}. Via the Stone-von Neumann
Theorem every irreducible unitary representation V' of H over any Hilbert space E, satis-
fying the condition V' (0,0,7)¢ = 7€ for all 7 € T and & € E, is unitarily equivalent to the
Schrodinger representation U.

The Gauss density function

1/4 —t2/2

h:Rot— 7 /e (ie. h=y1)

belongs to the unit sphere S C L2 and the H-orbit of 7
G = {Usyrhi€ L3: (a,y,7) € H}
_ {gx,y,f(t) _ ,n_f1/4T€ixy/2eiyt67(t+x)2/2: (SE,y,T) €H, te R}

also contains in S, as a function of the variable ¢ for any fixed (x,y,7) € H. In fact, for
any fixed (z,y,7) € H we have

9 1/2
_ —1/4 _—t2/2 d -1
Uy rbillz2 = e t] =L

The stationary subgroup {(x, y,7) € H: Uy -h = fi} coincides with the group unit
(0,0,1) € H, hence the equality (2.2) has the form

/ fdy = / (f 0 Uny.r) () da dy dr,
G H

where the H-invariant measure x on G is defined by the Haar measure dx dy dr on H and
foU is an integrable complex function on H.
Consider the diagonal nth tensor power of Schrodinger’s representation

H> (z,y,7)— U2y, € L(OFLE), neN

z,Y,T

and put UZ) . = 1. Let L2 be the corresponding Hilbert space of quadratically x-

zy,7
integrable complex functions on the orbit G. Each function

®(k)\ . n ®(k
(i) S (,9,7) — <(vawﬁ)® [ °6) )>wa
with k1 + - -+ + k, = n, belongs to Li and the following operator
. n r2 ®(k) ®(k) 2 . n
hn: O Lg 3 9y — ﬁn(cp(j) )elL?, (j)eN
is well-defined. In fact, calculating the Fourier transformation by the variable ¢t € R, we
have

Teiwy/?(_]_)j—l . 2 2 dj_l 2
h (g; = [ W@t 2 2ot gy
el = e T e
B Teixy/Q(_l)jfl(x_iy)j*
o 27-1(j —1)!

1
o~ —2izy—y?)/4
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for any ¢;. For all (k) such that k; + --- + k,, = n it follows

“ ki (g B (a2 g2\ P2
0| = I Im s o | = e300 H(zm 131)_1>> |
=1

Since,

00 b uit—1 l
/0 H(]l_1>

n 00
H e—nuﬁ du
(i — 1 Gjp — 1)tk m!

1

. Y m
=1 (jl - 1)' tn 0

~

with m = Z(]l —1)k; and

// (” +y>dxdy—4// f(u dudﬁ—%/ f(u
®(k))

where 2 = 2ucos® 9 and y? = 2usin® ¥, we obtain that each such function #, (gp(j)

belongs to Li and the following estimation holds:

(5.1) /H

Any element v, € @};Lﬁ with ||1/’nH®{‘LD§ < 1 may be presented in the form of its
H

2 27
B (go((%.gk)) ‘ dxdydr < ot

Fourier decomposition

_ (4) &) _ (92
Yn= D a0 (k)g’ Biteotba=n ) g <1
(k). 0) (R):9)

Applying the inequality (5.1), we have

n!

‘ 3 P (6E) -

(k). () LR
It follows that

1 ()72 < 27(n = DU l¥nllGp e o (1]l < v/2m(n — DL

<k> n'

(k) n! 27
2 = 2 o\ Wi

(k :(3) (), ()

If (j) = (1,2, 4n) and (k) = (n,0,...,0) we have that ¢\ = " and

/|h ") dxdydT_/H{hl(gpl)(x,y,T)F"dxdydT
:/ e—(acz+2wcy+yz)/4’Mdaj dy = 2m
R2
Since 1 = || ||®7LL2 \/> H a( |’L2, we have " ¢ ker hi,,. It follows that
21

Il = sup i (n)llzg 2 ([ (077 ] 2 =

.
wﬂ“@ﬁL§<1
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Hence, lim /N2 < lim ¢ 1 — 1 and the Cauchy type kernel has the form
n—oo 2

n— oo i

/QE (5; Uw,y,‘rﬁ) =1+ Z N?z <§ ’ Uw,y,fhyz]?{

n=1

=1+ i N2 (Teww / £()etvim ()2 dt)n

which is a Li—valued analytic function by the variable £ € B, where B C L%. Thus, for
any f € H2 and £ € B we have

&lf)(e) = /H (€ Uy ) (f 0 Usyor) () dar dy dr,

lim
r—1

where the functions €[f],: H 3 (z,y,7) —> €[f] (1Us,y,-A) with 7 € [0,1) belong to #2
for any A €S.

| 1117) = (0 Unyr)() ? e dy dr =0,
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