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FUNCTIONAL EVOLUTIONS FOR HOMOGENEOUS STATIONARY
DEATH-IMMIGRATION SPATIAL DYNAMICS

D. FINKELSHTEIN

ABSTRACT. We discover death-immigration non-equilibrium stochastic dynamics in
the continuum also known as the Surgailis process. Explicit expression for the cor-
relation functions is presented. Dynamics of states and their generating functionals
are studied. Ergodic properties for the evolutions are considered.

1. INTRODUCTION

Complex systems theory is a growing interdisciplinary area with a very broad spectrum
of motivations and applications. One may characterize complex systems by properties as
diversity and individuality of components, localization of interactions among components,
and the outcomes of interactions used for replication or enhancement of components.
In the study of these systems, proper language and techniques are delivered by the
interacting particle models which form a rich and powerful direction in modern stochastic
and infinite dimensional analysis. Interacting particle systems have a wide use as models
in condensed matter physics, chemical kinetics, population biology, ecology, sociology
and economics.

Mathematical realizations of such models may be considered as a dynamics of collec-
tions of points in proper spaces. The possible positions of points may be fixed due to the
structure of space, e.g., dynamics on graphs, or, in particular, on lattices. Another area
of models connects with free positions of points in the continuum, say, in the Euclidean
space R?. However, as was shown in statistical physics, many empirical effects, such as
phase transitions, are impossible in systems with a finite number of points. Due to this,
one can consider infinite point systems as a mathematical approximation for realistic
systems with a high number of elements. The connection with the reality, where infi-
nite systems are absent, is given by the restriction of the study to locally finite systems
(configurations) which have only finite number of elements in any finite volume.

Depending on applications, the points of such a system may be interpreted as molecules
in physics, plants in ecology, animals in biology, infected people in medicine, companies
in economics, market agents in finance, and so on. For study stochastic dynamics of such
systems we may consider different mechanisms of (random) evolutions of their points.
Existing points may disappear from the configuration that is naturally called ‘death’.
Each existing point may change own position due to some moving or hop; this mechanism
traditionally is called ‘emigration’. Each existing point may produce a new one, that is
called ‘birth’. There exists also another possibility for appearing a new element in the
configuration coming from outside; this is called ‘immigration’. Mathematically, the
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random evolution of the system is described by a heuristic Markov generator which
includes parts corresponding to different mechanisms above.

Rigorous mathematical results concerning stochastic dynamics of configurations in
the continuum have not very reach history. One of the pioneering work in this area
was [10]. Special class of models introduced therein have been recently studied in [8,9].
We mentioned also [20]- [22], and references therein. During the last decade a functional
approach for studying of the stochastic dynamics above was discovered. It was consi-
dered the evolutional equations connected with considered stochastic dynamics, namely,
equations on states of systems and their correlation functions, equations on generating
functionals and so on. Studying this evolutional equations yields not only existence
(in different senses) of dynamics but their qualitative and quantitative properties also.
For general description of this approach see, e.g., [7,14], and for particular models see,
e.g., [3]- [6], [15]. In the present paper we consider one of the simplest model, where only
independent (constant) death and immigration appear. The corresponding stochastic
process is the well-known Surgailis process [16,25,26]. For this model we find explicit
expression for correlation functions that gives us a way to improve general results as well
as to obtain new ones. The structure of the paper is the following. We describe the
model and present necessary knowledge on configuration space techniques in Section 2.
Section 3 is devoted to the evolutions of correlation functions and measures (states) of
the system. The ergodic properties of the dynamics as well as evolution of the generating
functionals are presented in Section 4. Finally, Section 5 deals with the so-called dynamics
of quasi-observables.

We also note that the main results obtained in this work may be generalized to death
and immigration rates whose are independent of other points of a configuration, however,
they may depend on the position of each point and time. We will consider this case of non-
homogeneous non-stationary death-immigration process in a forthcoming publication.

2. DESCRIPTION OF MODEL

The simplest economic model in the description of spatial dynamics is the model of
free development when particles (which we may interpret, for instance, as companies
on the market) appears independently without any influence of existing ones. On the
other language, they migrate from the outside without any motivation due to situation
inside the system. Of course, companies on real market never have infinite life time. We
consider model with global regulation. This means that any points of configuration has
exponentially distributed (with some positive parameter m) random life time. Hence,
again a death (bankruptcy) appears due to “request” from the outside.

The state space of this model is the space I' = I'pa of all locally finite subsets (configu-
rations) in R?

I':={yCR?| || < oo, forall A € B.(R%)}.

Here 7o = yNA, | -| means cardinality of a set, B.(R%) denote the system of all bounded
Borel sets in R?. We consider the o-algebra B(I') as the smallest o-algebra for which
all the mappings Ny : I' — Ny := N U {0}, Na(y) := |ya| are measurable for all
A € B.(R?). For every A € B.(R%) one can define a projection py : T' — Ty := {y €T |
v C A}; pa(7y) := va and w.r.t. this projections I' is the projective limit of the spaces
{TA}AeB.(r4)- One can consider also the o-algebra B, (I') as the smallest o-algebra for
which all the mappings Ny : I' — Ny are measurable for all A’ € B.(R?%), A’ C A.

On T we consider the set of a cylinder functions FLO(T'), i.e. the set of all measurable
function F on (T, B(I')) which are measurable w.r.t. B, (T') for some A € B.(R?). These
functions are characterized by the following relation: F'(y) = F [p, (ya)-
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Let M}, (T) be the set of all probability measures p on (T, B(I')) which have finite
local moments of all orders, i.e. [, |ya|"u(dy) < +oc for all A € B.(R?) and n € Ny.

To describe a (pre-)generator of a dynamics above we consider for fixed m > 0, ¢ > 0
and for any F' € FL°(T') the following expression

(2.1) (LF)(y) =m)_[F(y\z) - F(y)] +0/ [F'(yUz) = F(7)]dr,

d
rey R

which is well-defined since, by the definition of FL°(T'), there exists A € By,(R?) such
that F(y\z) = F(v) for any « € ypc and F(yUx) = F(y) for any « € A¢; therefore, sum
and integral in (2.1) are finite. Stress that L is the generator of the (non-equilibrium)
Surgailis process, see [16,25, 26].

We consider now the space of finite configurations on R%. The space of n-point con-
figuration is

r® = {ncR¥ Iy =n}, neN.

As a set, I'™ is equivalent to the symmetrization of

P

R = {(z1,...,2) € (Rd)”| zp #Faif k#1}.

(n)

Hence, I'y~’ inherits the structure of an n - d-dimensional manifold. Applying this we

can define Borel o-algebra B(Fé")). Also one can consider a measure m™ as image of

product m®” of Lebesgue measures dm(z) = dz on (R‘7l7 B(Rd)).
The space of finite configurations

To:= | | 1§

n&eNp

has structure of disjoint union, therefore, one can define the Borel o-algebra B(I'g). A
set B € B(Iy) is called bounded if there exists a A € B.(R?) and an N € N such that
Bc Y, Fg\"), where 1"5\”) ={nCA|ln =n}.

We will use also the following two classes of functions on I'g: LY (Tp) is the set of all
measurable functions on I'j which have a local support, i.e. G € L?S(I‘O) if there exists
A € B.(R%) such that G |pry\r,= 0; Bps(Io) is the set of bounded measurable functions
with bounded support: G [, p= 0 for some bounded B € B(I'y).

The Lebesgue—Poisson measure A; on (I'g, B(Ig)) is defined as

n

[ee] > N
(2.2) Ay 1= Z Hm( ),
n=0

Here z > 0 is the so called activity parameter. The restriction of A, to I'y will be also
denoted by A,. Let A be the Lebesgue-Poisson measure on I’y (and T'y) with activity
parameter equal to 1.

The Poisson measure 7, on (I‘,B(I‘)) is given as the projective limit of the family
of measures {W?}AeBC(Rd), where 72 is the measure on T'y defined by 72 := e=#m(M)) .
Again, we will omit index in the case z = 1.

The following mapping between functions on I'g, e.g. L?S (T'o), and functions on T, e.g.
FLO(T'), plays an important role in our further considerations:

(2.3) KG(y):=) G(n), ~eT,

where G € LY (Ty), see, e.g., [12,18,19]. The summation in the latter expression is
extend over all finite subconfigurations of -, in symbols 1 € . The mapping K is linear,
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positivity preserving, and invertible, with

(2.4) K7'F(n) =Y (-DIMIF(), neT,.
£Cn

We consider now a mapping LG := K 'LKG which is well-defined on functions
G € LY(Ty). By, e.g., [7], we have

(2.5) (ﬁG) (n)=-m|n|G(n) +o /Rd G (nUx)dx.

Let now C' > 1 be fixed. Applying results from [6] to the zero-potential case, we obtain
that (2.5) provides a linear operator on the Banach space of B(I'y)-measurable functions

(2.6) Lo:={G:To >R |Gl ::/ G)ICMar) < oo}
To
with dense domain Loc C L. If additionally,
o
2. > —
(27 c>Z

then (ﬁ,ﬁgc) is closable linear operator in L& and its closure (ﬁ,D(ﬁ)) generates a
strongly continuous contraction semigroup 7'(t) on Le.

3. CORRELATION FUNCTIONS EVOLUTION

3.1. Notion of correlation functions. A measure p on (Tg, B(I'g)) is called locally
finite iff p(A) < oo for all bounded sets A from B(I'y), the set of such measures is denoted
by Mi¢(I'p). One can define a transform K* : M} (I') — My¢(Ig), which is dual to the
K-transform, i.e., for every u € M} (T), G € Bys(I'o) we have

/ KG(y)uldv) = / G(n) (K" 1) (dy).
T 1)

pu = K*p we call the correlation measure corresponding to f.
As shown in [12] for yp € M} (') and any G € L'(To, p,) the series (2.3) is p-a.s.
absolutely convergent. Furthermore, KG € L*(T', ) and

(3.1) / G(n) pu(dn) = / (KG)(7) uldv).

Among the elements in the domain of the K-transform are also the so-called coherent
states e (f). By definition, for any B(R?)-measurable function f,

eA(fﬂ?) = H f($>7 ne FO\{@}, 6)\(f, [Z)) = 1.

Then, by (2.2), for f € L'(R?, dz) we obtain ey (f) € L*(I'g,d)\) and
(32) [ extrnare = exolth)
here and below (f) = /d f(z)dx.
Note that !
(3.3) (Kex(£))(v) = [+ f(2)), p-aayel,

TEY

for all B(R?)-measurable functions f such that ey(f) € L*(To, py), see, e.g., [12].
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Let p € M} (). If for all A € B.(R?) the projection uy := pop,' is absolutely
continuous with respect to (w.r.t.) m* on I'y then p, := K*u is absolutely continuous
w.r.t. A on I'yg. The corresponding Radon-Nikodym derivative

d
Fun) = (). meTo

is called a correlation functional of a measure p. The functions

(3.4) kM s (RH — Ry,
given by
K (21, .. x) = ky({z1, ... 2n}), if (z1,...,2,) € (R 7
K 0, otherwise

are well known correlation functions of statistical physics, see e.g [23,24].
Obviously, not any positive function on I'y is a correlation functional of a some measure
on I'. To describe sufficient condition on this we will do in the following manner. Given

G1 and G5 two B(T'p)-measurable functions, let us consider the x-convolution between
Gl and Gg,

(3.5) (GixGa)(m) = > Gi(m Unz)Ga(n2 Un),

niUn2Uns=n

where sign U denotes disjoint union (parts may be empty), see [12] for a details. It
is straightforward to verify that the space of all B(I'g)-measurable functions endowed
with this product has the structure of a commutative algebra with unit element e (0).
Furthermore, for every Gy, G2 € Bys(Tg) we have Gy x G2 € Bps(Tg), and

(3.6) K(G1xG2) = (KG1) - (KG2)
cf. [12]. Note that
(3.7) ex(f)xex(g) =ex(f+g+ fg)

for all B(RY)-measurable functions f and g.
The following theorem shows when we can reconstruct a measure u € M} (T) by the
system of symmetric functions (3.4).

Theorem 3.1. ( [12]). Let k : Ty — R4 be measurable function such that kd\ €

Mg (Do), k(D) = 1, there exists C > 0,e > 0 such that k(n) < C|"|(|n\!)176, n €Ty and
the function k is positive definite in the sense that for any G € Bpg(Tg)

(3.8) / (G % G)(mk(n)dA(n) > 0.

Then there exists a unique measure 1 € M} (T') such that k = ky,.

3.2. Evolution of correlation functions. The space (L¢)" = (L'(Iy, d)\c))/ =L> (T,
dA¢) is the topologically dual space to the space Lo. The space L™ (T, dA\¢) is isomet-
rically isomorphic to the Banach space

Ko = {k; Ty — R ’ k-cle LOO(FO,)\)}

with the norm |[k[|xc.. := [|[C~FE()|| L (ro,x), Where the isomorphism is provided by the
isometry R¢

(3.9) (Le) 3 k— Rek:=k-Cll e Ke.
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In fact, we may say about a duality between Banach spaces Lo and K¢, which is
given by the following expression

(3.10) (G, k) :== G-kd\, GeLc, keKc
To

with

(3.11) (G BN < MGlle - |kl -

It is clear that for any k € K¢

(3.12) lk(n)| < ||kllxe C™ for A-a.a. n e Ty.

Let (IA/, D(IA/)) be an operator in (L¢)" which is dual to the closed operator (ﬁ, D(E))
We consider z%lso its image in K¢ under isometry R¢, nr:unelyA7 let L* = Re L Ro-1 with
a domain D(L*) = RgD(L’). Then, for any G € L¢, k € D(L*)

G -L*kdx=| G-RcL'Ro-1kdx= | G- L'Ro-1kdre
Ty T'o T'o

:/ LG - Ro-1kd)\c = / LG - kd\,
FO 1—‘0
therefore, L* is the dual operator to L w.r.t. duality (3.10).

By, e.g., [7], we have the precise form of L* on D(L*)

(3.13) (I:*k) (n) = —m|n|k(n) + O'Zk (n\ )
xen

In the same way one can consider the adjoint contraction semigroup 7”(t) in (L¢)’
and its image T+ (t) in K¢o. Now, we may apply general results about adjoint semigroups
(see, e.g., [1]) onto the contraction semigroup 7% (¢). The last semigroup will be weak*-
continuous, moreover, weak*-differentiable at 0 and L* will be weak*-generator of 7™ (t).
Here and below we mean “weak*-properties” w.r.t. duality (3.10). Let K¢ = {k €
Kc ‘ ElhmthT )k — k;H,C = 0} Then K¢ is closed, weak*-dense, T*( )-invariant

linear subspace of K¢. Moreover, K¢ = D(L*) (the closure is in the norm of K¢). Let
T (t) denote the restriction of 7*(t) onto Banach space K. Then T©(t) is a contraction
Cy-semigroup on K¢ and its generator L® will be part of L*, namely, D(fp) = {k: €

D(L*) ’ L*k € D(L* } and L*k = L®F for any k € D(L®).

Using simple reccurent structure of the operator (3.13) we may find explicit expression
for the action of the contraction semigroup 7% (t) from the solution of the Cauchy problem
0
ot

To do this let us define the following associative and commutative convolution on
measurable functions on I'y

(3.15) (G1#Ga)(n) =Y _ G1(§)G2(n\ &), neTy.

§Cn

(3.14) ke =Lk, ke |,_y= ko

One can consider an algebra of measurable functions on I'g with such a product and the
unit element 1*(n) := 01", Note that,

(3.16) ex(f) xex(g) =ex(f +9),
(3.17) e,\(f)(G1 * G2> :(e,\(f)Gl) * (6A(f)G2>.
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Theorem 3.2. The function

(3.18) ke () = et (eA (Zem — 1)) » k) ()

m

o _ _
(3.19) :(e,\ (—(1 —e tm)) * (ex(e tm)ko)) (n)
is a well-defined point-wise differentiable function which satisfied (3.14).

Proof. By (3.13), (3.14) implies
0

i) (1) = =k (1) + 0,

that yields

t
k:t(l)(m) _ e_mtkél)(wl) + 0./ e~ M(t=8) Jg — o—mt (k‘(()l)(ilh) + %(emt . 1)) )
0

Suppose that (3.18) holds for |n| = n — 1, namely,
-1 —m(n— 0, n—1—|¢|
kgn )(xh,..,l’n—l) — e~ m(n-1)t Z k(()|§|)(€) (a(e t*l)) '
€C{$1,-4.7$n71}

Then, by (3.13) and (3.14) we obtain
kt(n) (T1,...,Zn)

t n
:e’m”tk(()n) (X1, ... 1) + 0'/ e—mn(t=s) Z Y (@, gy ) ds
0 i=1

= e_m"tk;(()") (T1,. .., Tp)

¢ - n—1-¢|
—mnt mns —m(n—1)s (1€ l mt
+oe /0 e i; e E koY (6) (m(e 1)) ds

=e ™ (24, 2)

—mnt _ k(|€|) o n—l¢] ! ms _ 1\n—1-[¢] ms g
te S DR @ (Z) [ ey emsas

m
EC{z1,..,zn}

=€

CRICTES R D DI S GICACAE)
ég{xlv“wwn}

—emt 3 KD (g (Zem - )

m
EC{ﬂch.--,xn}

—m o N
= Y e (Za—em)
EC{:El,...,zn}

By a mathematical induction principle, the statement is proved. O

Remark 3.3. Note that, by (3.18), ko(0) = 1 implies k(D) = 1 as well as ko > 0 implies
ke > 0.

Proposition 3.4. Let ko € K¢ and k; is the solution of (3.14). Then k; € K¢, where
C" = max{C; Z}. More precisely,

Inl
()| < Dhollee (max{c: 1) 7 nero
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Proof. By (3.18), (3.12), and (3.16), one get

g

] e (e (2= 1) + (lhalices(€)) ) ()

_ etm 1
= ||ko |l T ey <c+o ,n)
m

g L—eTtm o
~lalices (€ + 0P ) < alieen (max{C: 2 )

since
Cem . l—eTtm O\ —m O o
(3.20) Ce to—— = (C’——)e —i——gmaX{C;—}.
m m m m
Hence, this dynamics stays so-called sub-Poissonian (cf. Remark 3.5 below). ([

Remark 3.5. Let us stress that if we start in (3.14) from the Poisson distribution
po = ma with ky, (n) = ko(n) = Al A > 0 then the distribution stays Poissonian during
dynamics

(3.21) ke(n) = ((A - g)e—fm + U) "

m m
Corollary 3.6. Let C > %. Then for any k € K¢
[ — o~ tminl I (ptm _
(3.22) (T*(0)k) () = e (eA (m(e 1)) * k) ), neTlo, t>0.

As was noted in [4], Koo C D(ﬁ*) for any « € (0;1). Moreover, by Proposition 3.4,
if k € Koc then k, = T*(t)k = T (t)k € K¢, where ¢ = max{aC; Z}. Therefore, the
following improvement of the result from [4] holds.

Proposition 3.7. Let C > 7. Then for any o € (LC; 1) the Banach subspace Kyo
m m

of the Banach space K¢ is TQ(t)—invarz'ant. Here closure is taken in the norm of Kc¢.
The restriction T*(t) of T (t) onto Kac is a contraction Cy-semigroup.

As a result, we have that for any C' > the Cauchy problem (3.14) is solvable on

o
o o S
K¢c. Moreover, for C > — and « € (—C, 1) this problem is solvable on K.
m m
At the end let us us find an expression for the resolvent R? of the generator L® of
the semigroup 7 (t).

Proposition 3.8. For any z with Rez > 0 there exists a bounded operator R = (z —
L®)~1 on the space K¢ such that for any k € K¢

(2K ) = =5 (2) B (2 4l — ke el + 1) £ () ).

m
£Cn

where B(x,y) = fol s*=1(1—s)V""ds is the Buler beta function.
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Proof. We have

(R?k; et e tmll (e,\ (%(etm - 1)) * k:) (n)dt

Yoo = [
_gzc;;k n\ € /OOO e~ (=+mini)t (%(etmf 1)>I€Idt

=Dk

£Cn

M\ ¢)
o (2 )’5/0 ~(emlneDe (1 _ g—tm)lel gy

—tm

Using substitution s = e™** we obtain for Rez > 0

/°° e~ GHmineDt (1 _ g=tm) ¢l g / SHNE-1 (1 _ )¢l g
0 m
(3.23) — 5 (f+|n|—\£|,|§|+1)’
m  \m
that proves the assertion. O

3.3. Evolution of measures. In [4], it was shown that dynamics T®(t) preserves so-

called Lenard-positivity property on the subspace D(ﬁ*) We recall that a measurable
function k : I'g — R is to be called a positive defined function in the sense of Lenard if for
any G € Byps (I'g) such that KG > 0 the following inequality holds fFo G () k(n)di(n) >
0. By (3.6), any such a function will be positive defined in the sense of (3.8) too.

We extend now this preservation of positive-definiteness (in the sense of (3.8)) on the
whole space K¢.

We start from the following lemma which is seems to be important itself.

Lemma 3.9. Let pg € Mj (I') and suppose that their correlation function ko = ky,
exists and belongs to Kc. Let f € LY(RY,dx) and 0 < f(x) < 1, x € R?. Then function
k() = ex(f,n)ko(n) is a positive definite in the sense of (3.8).

Proof. Using classical measure theory arguments it is enough to proof (3.8) for function
G : Ty — C of the form

(3.24) G(n) =) biealgin), N€EN, b eC, g€ Co(R!—C),

where Co(R? — C) is the space of all complex-valued continuous functions on R? with
compact supports.
Note that, by (3.12) and (3.2), for any g € Co(R¢ — C) c L*(R? — C, dx)

(3.25) [ leata.mlko(naA(n) < kol / ex(Clgl,n)dA(n) < co.

By (3.3) and (3.1), inequality (3.25) implies [],c,(1 + |g(z)]) € L*(T,duo) for any
g € Co(R%). Moreover, [L.e, (1 +g(2)]) € FLO(T), hence,

/H 1+ g(x))dpo(y /H1+g )t (1),
TEY FAxe'yA

where A is the support of ¢ and the measure u{)\ is the projection of the measure g
onto I'y.
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Let G has the form (3.24). Then, taking A equal to union of the supports of functions
gi, i =1,...,n, we obtain

[ @6 ez mare

N
=> biBj/F ex (i + g5+ 9igj>m) ex (f,1) ko (n) dA (1)

N
= bib; / K (ex (fgi + f3; + f9:9;)) (7) dpo (7)

i,j=1 r
N —
=i§::1 bib; /F Ill(l —f@)+ f (@) (1+g:(x)(1+3; (w)))duo (7)
N —
=3 bibj/ 1T (1 — f(@)+ f (@) (1+gi(2) (1 +g; (sc)))dqu (7a)
ij=1 PA zeyy
N —
-y b””/p S en (1= fmen (F(1+g:) (1+3;) 70 \ m) disd (72)
N
=/ o= fm) Y bibje (L+gi,7a\ 1)
Ta nca ij=1

x ex (14 gj,7a \n)ex (f;7a \ 1) dud (va)

:/r o ex(l—f.m)

A nCya

since 0 < f(z) <1, x € R4, O

N 2
D biea (L+gi,a \n) | ex (fiva \m) dug () = 0,
i=1

As we noted before not all elements of K¢ are correlation functions of some measures.
Next theorem shows that we really have correlation functions evolutions and, as a result,
evolution of states (measures) on (I, B(T)).

Theorem 3.10. Let g € M} (T') and ko = k,, € Ko, C > 0 be the corresponding
correlation function on T'g. Then for any t > 0 the solution ki of (3.14) is a correlation
function of a unique measure p; € M} _(T).

Proof. By (3.18), ki is positive measurable function and k() = 1. Proposition 3.4
implies sub-Poissonian bounds for k;. Hence, for apply Theorem 3.1 we should check
(3.8) only.

By Lemma 3.9, emtmllk, = eA(e_tm)k:o is a positive defined function in the sense
of (3.8) (cf. [11, Corollary 3]). Clearly, this function belongs to K¢. Therefore, by
Theorem 3.1, there exists a unique measure from M} (I') whose correlation function is
ex(e™t)kg.

Next, ey (%(1 — e*tm)) is the correlation function of the Poisson measure with inten-
sity Z(1 —e~"™).

By [2], Ruelle convolution of correlation functions ey (Z(1 —e~"™)) and ex(e™")ko
will be positive defined in the sense of (3.8) too. Hence, the assertion is followed by
Theorem 3.2. ]

As it was shown in [2], the x-convolution of correlation functions k,, and k,, is the
correlation function of the convolution of measures p; and us, where by definition u =
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(1 * o is the probability measure on (I‘,B(I‘)) such that for any measurable F' with
F e LMT x T, dpy x dus), where

F(y,m) =F(nUmn), meel,
the following equality holds:

/F Ydu(y // (71 U2) dpa (1) dpa(2).

Let now po € M}, (') and consider weak evolution equation for measures

5 [ F@dn) = (@R

for any F' € FL°(T) provided both parts exist and, of course, '“t|t:o = po. Let vy €
M} (T) be solution of a corresponding pure death evolution equation

0
5 [ F@in) =m [ S(F6\a) = P)in()
xTeEY
with the same initial condition Vt‘tzo = ug. Then, by Theorem 3.2 for the case 0 = 0,
we obtain k,, (1) = e ?""ky(n). As a result,
(326) MUt = Tz, * Vg,

where
o

:71_ 7tm'
Zt m( e ™)

4. ERGODICITY

4.1. Ergodic properties of correlation functions. We recall that a measure pj,, €
M} (T) is called invariant for the operator L if for any F' € FLO(T)

/F (LF)()dptimy (7) = 0.

If kjny is the corresponding correlation function then for any G € L?S(Fo)

| k)G = [ (E6)mkm mirm =

To To

and, therefore, (ﬁ*kinv)(n) =0, n € Ty. As a result, by (3.13),
mn|kiny () = 0> kiny (n\ 2)

ren
Iterating the last equation, we easily can see that it implies
o\ Inl o
11 ) = (2)" = ex (Zun).
(4.1) inv (1) m S5) n

As result, Poisson measure 7= is a unique invariant measure of our evolution.
Note also that the condition ko(D) = 1 implies that point-wisely we obtain

R TR D S T CATR) Y (A

m m
£Gn

as t — oco. Taking into account (4.1) and Proposition 3.4, we may expect that our non-
equilibrium dynamics are ergodic in the space K¢ for big enough C. In the next theorem
we explain more exact conditions for this ergodicity.
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Theorem 4.1. Let C > 17 ko € Ko and ko(0) = 1. Then
m

e—mt

(4.2) Hk‘t - kinVHKZC < Hk‘o - kianKﬁcia—; t> 0.
1- 2
Cm
Proof. First of all note that, by (4.1) and Corollary 3.4, for any C' > 7
m
{kt,t > 0, kinv} C ,CC.
Next, by (3.16),

Therefore,

ko(n) = k() = > <k0(n ) - (m)n\g) e (%(1 - efmt))m

£Cn

and one can estimate
(43)  C7ke(n) = ki ()|
13 13
<C ‘77‘ Z ]CQ n\g ( )|77\ |‘ 7mt|7l\§| (%(1 _ efmt)>| I

£Cn

§
< ko — Ko €11 S @imElmmein\e (1(1 _ e—mt))‘ |

m
§Cn

o=l | (4 0= ) = (=)

Let us recall, that ™™ + 22 (1 —e ™) <1, ¢ > 0.
To find uniform, by |n|, estimate for the r.h.s. of (4.3) let us consider for any fixed
0<a<b<l1,n €N the difference

n—1 n—1
b —a™ =(b—a) Z a?b" I < (b —a) Z a’
7=0 J=0

1—a" <bfa
1—a 1—a

=(b-a)

As result, using (4.3), obvious estimate L(l - e_mt) < L, t > 0, and the fact
Cm Cm

is a strictly increasing function of a € (0;1) we obtain (4.2). O

that

Remark 4.2. Note that if we consider corresponding general result from [4] in the zero-
potential case and for m = 1 we obtain more weaker inequality

o

||kt 1nv||)Cc S e ||k0 inv”lCca 1>v> 6

Let A € B.(R%) and denote the projection of the measure p;, t > 0 on T'y by u.

Then, in the same notations, p = Wé\/m.

-1
Corollary 4.3. Let C > g and A = (1 - LC’) . Then for anyt >0
m

(4.4) < Ae "™ exp {C|A]}.

H dﬂt dﬁbmv
Ko
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Proof. Since, clearly, 20k, (n)dX(n) < +o0, t > 0 then (see, e.g., [12
T'a

dpp

(45) = [ DI RmUONE. nels

Hence, by Theorem 4.1, for C' > =t > 0, we have

i
d\

s/ ke (71U €) — Fin (7 UE)| dA (€)

T'a

:/ |kf(nuf)7k1nv(77U€)|
T'a

A
() - e o)

g e

< Ikt = Kin . C" exp {C|A[}
<ACIMe=t™ exp {C'|A|},

that proves the assertion. O

For any 1 € g, y € R%, t > 0 we define

(4.6) v(n,y) = ke(nUy) — ke(n)ke(y).

Clearly, Remark 3.5 implies that if ko(n) = A"l A > 0 then v;(n,y) = 0.
Our dynamics at moment ¢ is said to be satisfied the decay of correlation principle if

(4.7 lim wv(n,y) =0, neT.

ly|—o0

Next theorem shows preserving the decay of correlation principle during our dynamics.
Theorem 4.4. Let C > 17 ko(0) =1 and let
m
a(y) := [Jvo(y)||,, €105 00), y € R

Then
o0 9|, < aly)e™™, yeR™

Proof. Let y € R? be fixed. Consider the mapping

(4.8) (DyG)(n) := GnU{y}).

By direct computations, we obtain from (3.15) that D, is satisfied chain rule

(4.9) D, (G1 * G2) = (DyG1) * G2 + Gy * (DyG2).
Therefore,
D, (eA (% (etm - 1)) * k()) = % (etm - 1) (e)\ (% (etm - 1)) * ko)
(& ) o)

Hence, using equality

(1.10) k() =™ (ko () + Z (™ - 1))
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we obtain
v (n,y) = e~ tm(inl+1) D, (e

e—tmll (e

(Z (@™ =1) =ko) )
(Z (e =1)) ko) () ke (9)
2 e 1) (o (Z - ) )
) (g (2 (etm - 1)) “ho (-U)) (n)
(ex (5 €

>

>

e~ tm(nl+1)

e~ tm(Inl+1)

— e~ tm(Inl+1) (eA (

:e*tm(\nHl) Z (g (etm — 1)>|n\£‘ U0(67y).

£Cn

Therefore, for any n € I'y one has

Im\¢l
C1M vy (1, )| < C~nle=tm(iml+1) ; (% (et — 1)) ClElC Il vy (&, )|
n

il —tm(n+) N (2 (otm VY el
<a(y)C~"Me n Z(m (e 1)) C
£Cn
(etm 3 1))lnl

=a(y)e ™ (e_tm + aLm (1- e_tm))lnl <a(y)e .

The statement is proved. |

— a(y)C Ml e—tminl+1) (C I

m

Remark 4.5. From the proof of the Theorem 4.4 one can see that if (4.7) holds for
t =0 then it holds for any t > 0 as well.

Remark 4.6. More traditional object for studying decay of correlation principle is the
so-called Ursell functions (or truncated correlation functions). We recall (see [2] and
references therein) that the function u; : Tg — R is called Ursell function for k; if

= 1
kt:exp Ut :Zﬁ:ﬂ7 *021*
n=0 "

The condition k(D) = 1 guarantees ezistence of uy with u(0) = 0 (see e.g. [2] for
details). Then, by (3.19) and [2], we obtain that us is equal to sum of Ursell functions,
corresponding to correlation functions of measures m,, and vy from (3.26). It’s easy
to see that the Ursell function corresponding to the Poisson measure 7, is equal to

g -
X{|7I|:1}%(1 — € tm). Next,
ek (n) =S i)

e—tmin| Z Z w(m) ... u(nn)

'mu Unn=n
ni#0, 1<i<n
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= 1 —tm —tm
227 Z emtmimly(ny) .. emtmimnly ()

n=1 " mU..Un,=n
n;#0, 1<i<n

= exp” (e_tml'luo) (n).

Therefore,
—itm o —im
uy(n) = e~ "M () +X{nl=1) (1 —e ).

In particular, if for any n > 2 the symmetric function uén) 1s integrable by j variables
(1<j<n-—1) then uﬁ") has this property too.
4.2. Evolution of Bogolyubov functional. Let y € M} (T) such that for any 6 €
L'(R?, dzx) the following so-called Bogolyubov functional there exists:

(4.11) B,(0) = [ TI 1+ 0@)duta)

By (3.1) and (3.3), we have an another representation

(4.12) B(0) = / (0 m)ky (M)A ().

In particular, if there exists C' > 0 such that k,(n) < const - C"l, 5 € T'y then, by (3.2)
and (3.3), the r.h.s. of (4.12) as well as (4.11) are finite.

Proposition 4.7. Let C > g, ko € Ko and ko(0) = 1. Let B,(0) := B, (0), Biny(0) :=
m
B,.,..(8). Then
exp{C| 0|+ }
-9
Cm

Proof. First of all let us note that, by Proposition 3.4, B; exists. Then, by Theorem 4.1,
we have

‘Bt(e) - Binv((g)‘ S e_thkO - kiDVHK:C

|Bt<0>—Bmv<e>|=] [ ex@nmtnase - [ et

To

S/F ex(101,m)| k(1) — Finv (1) dX(0)

<kt = kinv ke / ex(|0],7)CMdN(n)

To
—mt

e
S”ko_kinVH’Ccigexp{CHGHLl}- 0
1— ——
Cm
Remark 4.8. Note that, by (3.18), we have

B (6) = [ ex (0n) ki (m)aA o)
= [ex@ame [ ex 0.9 ex (% (1)) A Q) ka () A ()

(4.13) To To
= [ ex0.9ex (% (1= ™)) dA(©) [ e e (6m) ko () dA o)

F() FO
—exp{ = (1= e™™) (0)} By (¢"0).
that corresponds to (3.26).
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Since, by (4.12) and (3.2), Binv(0) = exp{g<9>}, we obtain from (4.13)
m

wiy  me{ - @) (B () —ew { T o)}
o

nl
As a result, if, e.g., ko(n) < (1) = kinv(n), n € Ty and ko(0) = 1, then for any
m

0 <6 LYR% dz) one has
0 < Biny(0) — By(6) < e~"™ exp {3 (1—etm) <9>} (Binv(60) — Bo(0)).
m

One can consider now the state space where the evolution By(0) — B;(0) lives. Let
E = LY(R? dr). We recall (see, e.g., [13] and references therein) that a functional
A: E — C is called entire on E whenever A is locally bounded and for all 8y,60 € E the
mapping C 3 z — A(y + 20) € C is entire. For any o > 0 we consider a Banach space
E(@) of entire functionals on E with norm

4]l := sup(JA(0)|e=*1?I2) < oo
0cE
Then for any o > 2 we have

m

_ g _ ,—tm —tm _
1B:(6) o = sup (exp { 7 (1= =) (0) } [ Bo(e™"™0) exp{ o]}

g

< _ _ ,—tm —tm __
<1Bo(®)lla sup (exp { (1 = e~ ™)l6llz f exp {ale™™ = 1)]0]12})
_ , g _ _tm
=1Bo(@)llasup (exp { (7 = ) (1= e~ ™)l6lli }) < IBo(6)ll

Therefore, the evolution By(6) — By(#) preserves balls in E(®).

5. EVOLUTION ON L¢
We recall now without a proof the partial case of the well-known lemma (cf., [17]).

Lemma 5.1. For any measurable function H : T'g X I'g x I'g — R

(5.1) /FZH@,n\@n)dA(n):/r [ H(Ennuoan©arm

0 ¢Cn

if only both sides of the equality make sense.

Next statements present explicit form for the semigroup on Lo and resolvent of its
generator and show mean-ergodic properties of this semigroup (see, e.g., [1] for a termi-

nology).
Proposition 5.2. Let C > 7 Then for any G € L¢
m

(2)  (FOG) ) ="M [ Guug e (Z(1-em) €)drE).

To
Moreover, for any z € C with Rez > 0 there exist bounded resolvent operator R, =
(L — 2)~t and for any G € Lo

63 mOm=— [ cuue (D) B(Z 1) ae.

o
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where B(x,y) = fol s*=1(1 — 5) ' ds is the Euler beta function.

Proof. Let C > 7 andGe Lc. Then, T(t)G € L¢ and for any k € K¢, by Corollary 3.6
m

and Lemma 5.1, one has

/F (T(C) () k (mydr () = [ Gy (T ()K) () dA(n)

To

= [ Gn)etmi (eA (% (e — 1)) * k) () dX (n)

To
= / G (nug)etmhile=tmleley (Z (e — 1) €) k(n) dX (&) dA(n),
Ty JTo m

that implies (5.2).
Since T'(t) is a Cp-semigroup with generator (L D(L )) then for any z € C with
Rez >0

Rz:/ e U (t) dt.
0

Then, by direct computation,

(G ) = [t [ Guuge (£ (1-et) ) dd

_ €] —(z4mln)t (1 _ p—tm 1€l
[Gauo(2)" [ (1 - atar(e),

and the assertion follows from (3.23). O

Theorem 5.3. Let C > max (i; 1) and G € Lo then
m

1

L /0 T () Gds — xp - /F GOk (D)

ast— oo in Le.
Proof. Using equality
€]
o ()« [ GE@km @€ = [ GEun (1) 0"ar(E
T'o To m

we have

3 IEACICER Y G CARYAT B
/1“0 . |G (nuU§)| ( )Iél ’t /0 e~ smnl (1- e_sm)m ds — 0"l

We have

CldX (&) dX ().

1 e—sm\n\ (1 _ e—sm)‘f‘ ds
t

€] t
B [SAWENE —sm(|nl+3)
_;<j><1)t/oe 49 4

€] - j
¢ 11 — e—tmInl+)
(l ‘| (1) - [l #0,
j=0

S~

j t m(lnl+7)

€] _
é- 11—c¢ tmyj
ey (§) e =
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Therefore, for any &,n € Ty

Using trivial estimate

1 t
;/ e—sminl (1 — efsm)lgl ds — 0"t = 0.
0

t

% e sminl (1 — e_sm)m ds — 0l"l| < 1 we obtain the asser-

tion by the dominated convergence theorem since

[ [ emuel(Z)" crlargarm

=[G (1+ 52)" erar)

< / G ()] 27 C1dA () = |Gy < +o0.
To

The statement is proved. |

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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