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ON THE COMPLETENESS OF GENERAL BOUNDARY VALUE
PROBLEMS FOR 2 x 2 FIRST-ORDER SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS

A. V. AGIBALOVA, M. M. MALAMUD, AND L. L. ORIDOROGA

Dedicated to the blessed memory of A. G. Kostyuchenko.

ABSTRACT. Let B = diag(bfl,bgl) # B* be a 2 x 2 diagonal matrix with

bl_lbg ¢ R and let Q be a smooth 2 x 2 matrix function. Consider the system
—iBy' + Q(z)y = Ay, y=col(y1,y2), =€[0,1],

of ordinary differential equations subject to general linear boundary conditions

Ui(y) = Uz2(y) = 0. We find sufficient conditions on @ and U; that guaranty com-

pleteness of root vector system of the boundary value problem.

Moreover, we indicate a condition on @ that leads to a completeness criterion in
terms of the linear boundary forms Uy, j € {1,2}.

1. INTRODUCTION

Spectral theory of non-selfadjoint boundary value problems (BVP) for nth order or-
dinary differential equations (ODE)

(1.1) Y 4y 4 gy = Ay

on a finite interval takes its origin in the classical papers by Birkhoff [2] and Tamarkin [21].
They have introduced a concept of regular boundary conditions (BC) and investigated
asymptotic behavior of the eigenvalues and the eigenfunctions of such problems for ODE.
Moreover, they have proved that the system of root functions, i.e. eigenfunctions and
associated functions (EAF) of the regular BVP is complete. Their results are also treated
in classical monographs (see, for instance, [18, Section 2]).

Note however, that some natural and important boundary conditions are not regular.
For instance, boundary value problem with separated boundary conditions is regular if
and only if n = 2I, [ is the number of BC at the left (right) endpoint of the interval.
Later on, completeness of the system of EAF of such boundary value problems had
been announced by M. V. Keldysh in his famous communication [7] and was proved by
A. A. Shkalikov [20]. The completeness property of other non-regular BVP for nth order
ordinary differential equations on [0, 1] has been investigated by A. G. Kostyuchenko,
G. V. Radzievsky and A. A. Shkalikov (][9], [10]), A. P. Khromov [8], V. S. Rykhlov [19]
and others.

Consider first-order system of ODE of the form

1 _dy
(1.2) Ly = L(Q)y = B+ Qz)y =Xy, y=collyy,...,yn),
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where B is a non-singular diagonal n X n matrix

(1.3) B = diag(b;'I,,,,...,b; ', ) € C™", n=mn+ - +n,,

rer

with complex entries satisfying b; # by for j # k, and Q = (ij)§,k:1 is a potential
matrix with respect to the orthogonal decomposition C* = C™ ¢ --- & C™, Q() €
LQ([O7 1]; (Cnxn).

Systems (1.2) form more general object than ordinary differential equations. They
are of significant interest in some theoretical and practical questions. More precisely, for
n = 2m, B = diag(I,,, —In) and Q11 = Q22 = 0, the system (1.2) is equivalent to the
Dirac system [17]. For r = n and b; = exp (27ij/n), an nth-order differential equation
is reduced to the system (1.2) (see [13]).

To obtain a BVP, we adjoin to equation (1.2) boundary conditions

(1.4) Cy(0) + Dy(1) =0, C = (c;r), D = (dj,) € C™ ™.

Denote by Lo p := Lo p(Q) the operator in L2([0, 1]; C*) associated with the BVP
(1.2)—(1.4). Moreover, in what follows we impose the maximality condition

(1.5) rank(C D) = n,

which is equivalent to ker(CC* + DD*) = {0}.

Recall some results from [16]. For this we need the following construction. Let A =
diag(ay,...,a,) be a diagonal matrix with entries aj (not necessarily distinct) that are
not lying on the imaginary axis, Reay # 0. Starting from arbitrary matrices C, D €
C™*" we define the auxiliary matrix T4 (C, D) as follows:

e if Reay > 0, then the kth column in the matrix T4 (C, D) coincides with the kth
column of the matrix C,

e if Reay < 0, then the kth column in the matrix T4 (C, D) coincides with the kth
column of the matrix D.

Definition 1.1. The boundary conditions (1.4) are called weakly B-regular (or, simply,
weakly regular) if there exist three complex numbers z1,za, z3 satisfying the following
conditions:

(a) the origin is an interior point of the triangle N, 1245

(b) det T, ,5(C,D) #0 for je{1,2,3}.

Theorem 1.2. [14, 16, Theorem 1.2]. Let Q € L'[0,1] ® C"*" and let boundary condi-
tions (1.4) be weakly B-reqular. Then the system of root functions of the BVP (1.2)—(1.4)
(of the operator Lo p(Q)) is complete and minimal in L?[0,1] ® C™. Moreover, the root
vector system of the operator Lo p(Q)* is complete and minimal too.

In the case of B = diag(bl_l, by 1y = B*, more general BVP that include irregular and
even degenerate boundary conditions were investigated in papers [15] and [16]. The later
publications have been inspired by the results of [12] on the completeness property of
boundary value problems for Sturm—Liouville operators with degenerate BC.

In this connection we also mention the recent papers by F. Gesztesy and V. Tkachen-
ko [6] and P. Djakov and B. Mityagin [4], [5], devoted to Riesz basis property for boundary
value problems for Sturm-Liouville and Dirac operators.

In what follows we consider only 2 x 2-systems
(16) _ZBy/ + Q(x)y = )‘y’ Y= COl(yh y2)a S [Oa 1]7
with the matrix B = diag(b; ', by ') # B*, assuming that b, 'by ¢ R,

1.7 a=(gn 82). ewe e
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Without loss of generality one can assume that Q17 = Q22 = 0 (see Lemma 2.6 below).
To the system (1.6) we join the boundary conditions

(1.8) U;(y) == a;191(0) + a;292(0) + a;zy1(1) + ajay2(1) =0, j € {1,2}.

We put Ajj, := (Z;j Z;Z) and Jj :=det A, 7,k € {1,2,3,4}.
j

It follows from Definition 1.1 that boundary conditions (1.8) are weakly B-regular if
and only if one of the following conditions is satisfied:

(19) (Z) J14J237é0 or (ZZ) J12J347é0.

If conditions (1.9) are violated then boundary conditions (1.8) are equivalent (see Lem-
ma 2.7 below) either to the boundary conditions

Ur(y) = 31(0) =0,
(1.10) { Us(y) := a2292(0) + a23y1(1) + azay2(1) =0

or to the boundary conditions

(1.11) y1(0) + a12y2(0) = 0,
y1(1) + az2y2(0) = 0,

where 612522 7é 0.
Despite of the fact that conditions (1.11) are not weakly regular, the following result
on completeness property holds.

Theorem 1.3. [15, 16, Theorem 6.1]. Let B = diag(b; ', b5 "), by b2 ¢ R, Q € L'[0,1]®
C?*2 and Gy2a20 # 0. Then the root vector system of the problem (1.6), (1.11) (of the
operator Le,p(Q)) is complete and minimal in L?([0,1]; C?).

It is also shown in [16] that in the case B = diag(bfl, b;l) # B* weak B-regularity
of boundary conditions (1.4) is equivalent to the completeness of both operators Le,p(0)
and Lc, p(0)* with @ = 0.

Since boundary conditions (1.11) are not weakly B-regular, the root vector system of
the corresponding adjoint operator Lo p(Q)* is not complete in general. For instance,
the operator Le,p(0)* with @ = 0 is not complete.

In this paper we study completeness of the root vectors of system (1.6) subject to
boundary conditions that are not covered by Theorems 1.2 and 1.3. In particular, we
complete Theorem 1.3 by investigating completeness property of the adjoint operator
L, p(Q)*. More precisely, we investigate the BVP (1.6), (1.10), assuming that

(1 0 _ (0 @
(1.12) B—<O bl), b€ C\R, Q_<Q21 012>

and Q12(-) and Q2:(-) admit an analytic continuation to the disk Dr (in short Q(-) €
A(Dg) ® C?*2) for some sufficiently large R.

Now we can state the main results on the completeness property of BVP (1.6), (1.10),
(1.12). As it is already mentioned, completeness depends on a potential matrix Q(-).

Theorem 1.4. Let assasy # 0 and Q21(1) # 0. Then the root vector system of the
boundary value problem (1.6), (1.10), (1.12) (the operator Lo, p(Q)) is complete and
minimal in Ly ([0,1]; C?). Moreover, the adjoint operator Le,p(Q)* := (Le,p(Q))* is
complete and minimal too.

Theorem 1.5. Let ass = 0, agq # 0 and Q12(0)Q21(1) # 0. Then both the operator
Le,p(Q) and its adjoint Lo p(Q)* are complete and minimal in Lo ([0, 1];@2).

Theorem 1.6. Let ass # 0, asqs = 0 and Q21(0)Q21(1) # 0. Then both the operator
Le,p(Q) and its adjoint Le,p(Q)* are complete and minimal in Ly ([0, 1]; C?).
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Finally, we indicate a condition on a potential matrix Q(-) that leads to completeness
criterion for L¢ p(Q) in terms of boundary conditions.

Corollary 1.7. Let Q € A(Dg) ® C?*? and Q12(0)Q12(1)Q21(0)Q21(1) # 0. Then the
boundary value problem (1.6)—(1.8) is incomplete if and only if BC (1.8) are equivalent
to one of the ”Volterra” boundary conditions: y1(0) = y2(0) =0 or y1(1) = y2(1) = 0.

The proof is immediate from Theorems 1.2, 1.3, 1.4, 1.5, 1.6. We mention also that
BC (1.8) are not equivalent to ” Volterra” conditions if and only if Aj2 # 0 and Asy # 0.

2. PRELIMINARY AND AUXILIARY RESULTS

2.1. General results. Here we provide some general results from [13] and [16]. For
brevity we adapt them only for the case of 2 x 2 systems (1.6), (1.12) investigated below.

Note that the line {A € C : Re(\) = Re(bA)} divides the complex plane in two
halfplanes. Denote them by S; and S3. Namely, S5 = {A € C: Re(\) < Re(bA)} and
So = {A € C: Re(A) > Re(bN)}. Clearly, each of the halfplanes S, p € {1,2} is of the
form S, = {A € C: 1, < argA < p9,}. Fix p € {1,2} and denote by S the sector
strictly embedded into Sy, i.e.,

S:={A:ppte<arg < —c}, €>0;
Sr:={Ae€S: |\ >R}
Theorem 2.1. [15, 3]. Let S be the sector of the form (2.1). Then for a sufficiently

large R, system (1.6), (1.12) has the fundamental system of matriz solutions
(2.2)

0 ei)wc 0 eibz\a:
e = (C L) = (Yo ) A A€

which is analytic in A € Sk and has the asymptotic behavior uniformly in x.

(2.1)

Suppose that ®(z; A) is a fundamental 2 x 2 matrix solution of equation (1.6), satisfying
the initial condition ®(0; \) = Iy (I2(€ C?*2) is the identity matrix), i.e.

D) = (0] Ba(ei). )= () e ),

P (w5 A)
and ®,(0; ) := (é) By (0; ) = <(1)>

Lemma 2.2. [16, Theorem 2.1, step (vi)]. The system {®;(;A): j € {1,2}, A € C} of
solutions of equation (1.6) is complete in L*([0,1]; C?), i.e., the only f € L?([0,1];C?)
satisfying

1
/ (®j(a; ), f(z))de =0, AeC, je{l,2},
0
is trivial, f(-) = 0.
2.2. Transformation operators.

Lemma 2.3. [13]. Assume that ey (-; \) are solutions of system (1.6), (1.12), correspond-
ing to the initial conditions ey (0;\) = G), e_(0; ) = (_11) Then solutions e (+; \)
admit the representations

(2.3) es(m;N) = (I + K5)e (2;0) = e (z;\) + ’ K*(x,t)e (t; ) dt,

where )
ezbl Az 9

i) = () Kt) = (K 0)

and K:(-,) € A(Q), Q={(a,t):0<t<a <1}
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Introduce the following functions
(2.4) R (t) = K5, (1,t) £ K3, (1,1), j,ke{1,2}.

Lemma 2.4. [15, 16]. Let Q(-) € A(C) ® C?>*2, and let K*(-,-) be the kernels of the
transformation operators given by (2.3). Then the following relations hold:

(2.5) Rj(1) = Kii(1,1) = K (1,1) = 2i(b — 1) 7' Qua(0),
(2.6) Ry(1) = Kj(1,1)+ Ky (1,1) = 2ib(b — 1)~ Qu (D).
(2.7) Ri5(1) = Kjp(11) + Kip(1,1) = 2ib(1 - b) 7' Q12(1),
(2.8) Rp(1) = Kp(l,1) = Kyp(1,1) = 2ib°(1 - 0) 7' Q21(0).

Lemma 2.5. Under the assumptions of Lemma 2.4 the following relation holds:
_\/ 2b
(2.9) (Ry1) (1) = WQM(O)QMU-
Proof. According to [13], the kernels K*(x,t) satisfy the equations
(2.10) BD,K*(z,t) + D;K*(x,t)B = —iQ(x)K* (x,t), (x,t) € Q,
and the boundary conditions
b
(), Kfimo) = 7 Qu(o),
(2.12) bKE (2,0) + K& (x,0) =0, bK3 (x,0) + K (x,0) = 0.

(2.11) Ki(z,x) = llb

It follows from (2.10) that

)
1 9
B

(2.13) b (K3 (z,1) + % (K3 (2,1)) = —iQa (x) KT (2, 1).

Using the identity

du(z,z)  Ou(w,t) ou(z,t)

1
de 0z |,_, ot |,_, €C(@)
it follows from (2.13) that
. d _1y OK3 (a1 ,
b 1d— Kgil(x,o:)Jr(l—b b M :—ngl(I)Kﬁ(x,x).
T ot e

Taking into account the second relation in (2.11) we obtain

0K (x,t)
ot

ib ib ,
(2.14) b le(x)Kﬁ(x,x) - m Q5 ().

t=x
Setting x = 1 in (2.14) and taking into account (2.5) and the identity

d d

B (t) = — (K5 (1L1) — Ky (1,1))

we arrive at the following expression for (Rs;)'(1):

(@)~

Lemma, is proved. O

(DRG(1) = 525z Qua(0)Qar ().
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2.3. Boundary value problem. Next we show that the problem (1.6), (1.10) with an
arbitrary potential matrix Q(:) = (ij(~))jk:1 € L'0,1] ® C?*2 can be reduced to a
similar problem with an off-diagonal potential matrix.

Lemma 2.6. The problem (1.6), (1.10) with a potential matriz Q(-) = (ij.(~))2 is

Gik=1
equivalent to the problem
(2.15) —iBy + Q(z)y =Ny, z€0,1],
0)=0
(216) gl( ) ) N N
a22Y2(0) + a23y1 (1) + d24y2(1) =0
with the off-diagonal potential matrix @ = @0 Qol2> . Moreover, for any j € {2,3,4}
21

the following equivalence holds: ag; = 0 if and only if az; = 0.

Proof. Denote by W (-) the fundamental 2 x 2 matrix solution of the Cauchy problem

(2.17) iBW'(z) = Q1(x)W (z), W(0) = I,
where the 2 x 2 matrix function Q;(+) is diagonal ,
(2.18) Q1(x) = diag(Q11(x), Qaz(2)).

Since BQ1(z) = Q1(z)B for any x € [0, 1], the matrix functions Wi(-) = BW(-) and
Wo(-) = W (-)B satisfy equation (2.17) and common initial conditions

(2.19) iBW;(z) = Q1(x)W;j(z), W;(0)=B, je{l,2}.
According to the Cauchy uniqueness theorem Wi (x) = Wa(z) for x € [0, 1], i.e.
(2.20) W(2)B — BW(z) =0, = €0,1].

Letting L = (1@ W)~ L(I ® W) we deduce from (1.6), (2.17) and (2.20) that for any
fecto,l]ecC?

Lf =\ =W @)(=iB)W (z)f' + W (a)(—iB)W' () f

(2.21) 4 -
+ W @)Q)W () f — Mf = —iBof+ Q) f = Af,
where
(2.22) Qz) == W (2)(Qx) — Qu(x)) W ().
It follows from (2.20) that the matrix function W(-) is diagonal
(2.23) W (z) = diag (W11 (z), Waz(z)).

It follows from (2.22) and (2.23) that Q(-) is off-diagonal

() — 0 Qi2(x) .
Q) (Qm(x) . ) £ 0.1]

Thus, the problem (1.6), (1.10) is transformed into the problem (2.15), (2.16), where
Q92 = Go2, Q23 = a3W11(1), Q24 = a24Waa(1). Since W () is the fundamental matrix so-
lution of (2.17), det W (x) = Wiy (x)Waa(x) # 0 for = € [0,1]. Hence Wi (1)Waa(1) # 0,
that implies the desired equivalence: ag; # 0 < ag; # 0. O

In what follows we investigate the problem (1.6), (1.10) assuming that conditions
(1.10) are not weakly regular, i.e., conditions (1.9) are violated. In the following lemma
we describe all possible types of such boundary conditions.
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Lemma 2.7. Assume that the conditions (1.9) are violated. Then boundary conditions
(1.8) are equivalent either to conditions (1.10) or to conditions (1.11).

Proof. Let us consider the cases, when conditions (1.9) are violated. Then there are
four distinct possibilities: a) Jig4 = Jizg = 0, b) Jig = J34 = 0, ¢) Jozg = Ji2 = 0,
d) Joz = J34 = 0. The linear transform 77 : (Z;) — (iﬁ‘) reduces the case a) to the case
d), the case b) to the case c¢) and vice versa. The linear transform T5 : y(z) — y(1 — )
reduces the case b) to the case d) and vice versa. Therefore, it suffices to consider only
the case b).

In turn, the latter case splits into two subcases:
Ju=Ju=Ji3=0 and Jyu=J33 =0, Jiz3#0.
At first let J14 = J34 = J13 = 0. Then
cank <a11 aiz a14) _
Q21 Q23 Aa24

and hence boundary conditions (1.8) are equivalent to the conditions with the coefficient

matrix
0O 1 0 0
o1 0 Qo3 Qoa/’

Applying transform Ty we arrive at boundary conditions (1.10).
Further, let Ji4 = J34 = 0, J13 # 0. Multiplying the coefficient matrix of the linear
algebraic system (1.8) by the matrix A3 from the left, we obtain

-1 ~ ~
(2.24) a1l ai3 air a2 @13 aig\ (1 a2 0 au
G21  a23 G21 Q22 Q23 (24 0 ax 1 axu)’
~ -1 ~ -1 ~ -1 ~ -1 .
where a12 = J13 :]237 ao9 = J13 Jlg, a14 = 7(]13 J34 and agy = J13 J14. Since J14 =
J3s = 0, one has a4 = —Jf31J34 =0, a4 = JE))IJM = 0 and we arrive at boundary

conditions (1.11). Further, if G12a22 # 0 we arrive at conditions (1.11). If @35 = 0 we
obtain conditions (1.10). Finally, if @22 = 0 we apply transformation T5 and get boundary
conditions (1.10). O

The eigenvalues of problem (1.6), (1.10) are the zeros of the characteristic determinant
A(N) :=detU(N),

where

Ur(®1(554))  Un(®2(52)) urn(A)  ui2(A)
2.25 U\ = =: .
(2:25) 0= (Ghlonn) thimeoan) = () o)
The characteristic determinant of the problem (1.6), (1.10) with Q(-) = 0 is denoted by
Ag(N).
Simple computations show that the characteristic determinant of the problem (1.6),
(1.10) is

(2.26) A(X) = a2z + azzp12(A) + azap2(N),
where ;i (X) == ¢;i(1,N), j,k € {1,2}. Moreover, if Q = 0 we have
(2.27) Ao(A) = az + azse™.

Next we introduce a concept of degenerate and non-degenerate BVP (BC).

Definition 2.8. (i) Boundary conditions (1.8) are called degenerate if either Ag(-) =0
or it has no zeros.

(i) Boundary value problem (1.6), (1.8) is called degenerate if either A(-) = 0 or it
has no zeros.

Otherwise boundary conditions (1.8) (problem (1.6), (1.8)) are called non-degenerate.
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By formula (2.27), boundary conditions (1.10) are non-degenerate if and only if
as2a924 # 0. Hence the boundary conditions described in each of Theorems 1.4 and 1.5
are degenerate for some coefficients and non-degenerate for the rest of coefficients. On
the other hand, all boundary conditions that covered by Theorem 1.6 are degenerate.

Note, in addition, that in the case azs = a24 = 0 problem (1.6), (1.8) is degenerate:
A(N) = Ag(A) = age = const. It means that Theorems 1.4, 1.5, 1.6 cover all non-
degenarate BVP (1.6), (1.12), (1.10).

Note also that boundary conditions for Sturm-Liouville operator is degenerate if and
only if Ag(:) = const. It is not the case for system (1.6). For instance, if age = 0 and
azy # 0 then Ag()\) = azge™® # const but has no zeros.

3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Theorem 1.4. We divide the proof in several steps.

(i) The spectrum o (L) of the operator L generated by problem (1.6), (1.12), (1.10) in
L ([0,1];C?) coincides with the zero set of the determinant A(X) and the multiplicity
pr of the zero A, of the entire function A(X) coincides with the dimension of the root
subspace

H,, :=span{ker(L — \,)¥: k€Z,}, dimH, =p,

(see [1, Sec. 5.6], [18]).
Introduce the solutions wy (z; A) and wy(x; A) of the equation (1.6) by setting

(3.1) wl(ac; /\) = ’U,QQ()\)q)l — Ugl()\)q)g, ’wg(l‘; )\) = —ulg()\)fbl + Ull(/\)q)g.

It can easily be seen that U;(w;) = A(N), Ur(wz) = Uz(wi) =0, Uj(w;(-, An)) = 0.
Further, the functions wj(k)(:c; A) := D§w;(x; \) satisfy the equations
k k k— )
ij(. ) = /\wj(- ) +kw§ Voje {1,2}.
Since U, (DYw;(;\)) = D5(U,(w;(:;N))) and A, is the zero of A(:) of multiplicity p,,
then the functions wj(-k)(x; An), k€ {0,1,...,p, — 1}, satisfy boundary conditions (1.8)

and hence belong to the root subspace H,,.
Assuming that the root vector system of the operator L is incomplete in Lqy ([0, 1]; (Cz),

there exists a nonzero vector f = col(f1, f2), f € Lo ([0,1];((32), orthogonal to this
system. Then the entire functions

1
(32) wi )= [ Gwylasd), @) do, e {1,2),
0
have a zero of multiplicity > p, at every point A,, € o(L). Thus,

ey wiAs )

is the entire function. Since both w;(-; f) and A(-) are the entire functions of order not
exceeding one, the order of G;(-; f) does not exceed one as well ([11, Chapter 1, § 3.9]).
In the next few steps we show that G;(-; f) =0, j € {1,2}, by estimating it from above.

(ii) To estimate the determinant A(-) from below we transform its expression using
Lemmas 2.3, 2.4 and 2.5. Since ®(0; \) = I and ey (0; ) = (ill), we have

201(5A) = e (5A) Fe(5A), 2P2(5A) = e (5A) —e—(5A).
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Taking into account representations (2.3) for the solutions e (-; A), we obtain
1! :
(3.4) ©12(1; ) / R, (t)eMdt + 5 / Ry, (t)e M at,
0

; ; 1/t _
(3.5) Pa2(15 ) =em+§/0 Ry, (e dt + 5/0 R, (t)e* dt.

Noting that Rﬁ() € CY0,1], j,k € {1,2}, we integrate by parts in (3.4) and (3.5)

(3.6)
12 2% A 2ib A 2 2ib ) A
_ / ' (Ré*l)’(t) et g — / ' (REQ.)’(t) et it
0 2 A 0 2ib A
(3.7)

; 1t ; Ry, (1) e* Ry (0) Y (Ry) (1) et
A) = A 4 - + (1M gt 21\L) €7 Lvgy 7/ 21 o
pz(A) = e+ 2/0 R dt+ == S =i ) 2
It follows from conditions (2.11) that Ry, (1) = K3;(1,1) — K5,(1,1) = 0. Combining
this relation with equalities (3.6), (3.7) we arrive at the following expression for the
characteristic determinant (2.26)

. 1 /1L ) R (1)
A(N) = ag + ag (e“”\ +5 / Rgg(t)e%wdt) 4 2afn (1) e
0

2 21 A
(3.8) L 23Ry (1) e (a2sR§1(0) + 2005, (0) azsR;z(O))l
2ib A 24 2ib A
C[Tass(Ry)'(t) €™M [T asy(RS) (1) + aza(Ry)'(t) e
; dt dt.
0 2ib A 0 27 By

Using (2.6) A(-) can be rewritten in the form

bags Qa1 (1) e

(3.9) A(N) = agg + agse’™ + - 3

A
+0(1) +o (eib)\) +o0 (i\) , |/\| — +00.

(iii) In this step we estimate A(-) from below. To this end we introduce the following
sectors:

S; = {\: Re(ib)\) > 0, Re(i)) < 0, || > R},

Nl
(3.10) Sy = {\: Re(i)) > 0, Re(ibA) < 0, [A| > R}

and denote by Sj . and Sy, the closed sectors strictly embedded into S; and Sa, re-
spectively (cf. with (2.1)). Denote also by S5, and Sy. the remaining sectors, i.e.
Sl,E U 5275 U 53,5 ] 5475 = (Cz\{)\ : |/\‘ < R}

First we estimate A(-) in S .. Since agq # 0, it follows from (3.9) that there exists a
constant C7 > 0 such that for sufficiently large |A| the following estimate holds:

(3.11) IAN)| = Cyle™], e S;..

Next, let us estimate A(+) in Sz .. Since ags # 0 and Q21(1) # 0, representation (3.9)
implies the following estimate for the characteristic determinant A(-):

let| (ba23Q21(1)
Al b—1

[e™]

(312 NGV T

+ 0(1)) > O, A€ S,

with some Cy > 0.
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(iv) In this step we estimate the growth of w;(-; f) from above in the sector S; .. We

put

OO = (V) oy = (U500 0)) s

where Y} := col(y1;,%2;), j € {1,2}, are the solutions of equation (1.6) with asymptotic
behavior (2.2):

(313)  Yi(wh) = (“ ;‘SBEW), Yala; \) = ((1 f;?f;l;jm)

Alongside solutions (3.1) we introduce the solutions Vi (z; A) and Va(x; \) by setting

(3.14) Vi(z; A) = ua2(N)Y1 — a1 (W)Y,  Va(x; A) = —u2(A)Y1 +u11( V)Y, A€ Sqe.
) and Y(z,-) := (Y1(~;)\) Yg(z,~)) of equation (1.6) as

well as the matrices U(-) and U(-) are connected by

(3.15) ®(z;\) =Y (z;)P(A) and U\ =UNP(N), AeSi.,

where P(-) is holomorphic in S; . and invertible 2 x 2 matrix function. Hence

(3.16) w;(x; A) =Vj(x; A)det P(A), A€ Si. je{l,2}.

It follows from (3.13) that

~ v (uii(N) wi2(N)) _ [(1+0(1) o(1)
(3.17) U(/\) = <ﬂ21()\) 2( )> = ( 0(1) (a24 +0(1))eib)\> ’ ‘)\| — OQ.
)

Substituting matrix entries (3.17) into (3.14), we have

(a2 + o(1))e zb)\Jri)\erO(eib/\x)) <a246ib)\+i)\z+0(6ib)\)>
1 PA) = =
(3.18)  Vi(z; ) < o(1)eA+ire 4 o(eibAe) o(e) ’

(3.19) V(o ) = < ( (-)(eikx)_ko(eib)\w). ) _ ( | o(eibxm) )

0 ezAr)+(1+0(1))61bAm eibAx +0(61b)\m)

for |A\| = oo, A € Si.. Setting x = 0 in the first of equalities (3.15) and taking into
account (3.13) and ®(0,\) = I, we get P(A) = Iz + 02(A). Then the solutions wy (z; A)
and wa(z; A) (see (3.16)) have the asymptotic behavior

The fundamental matrices ®(z,

ibAidz ibA
+
(3.20) wy(z; A) = (a24e O(Qib,\)O(e ))7 A =00, A€ Sig,
0 eib)\a:
(321) U}Q((E; )\) = (eibAI (—‘r O(ezbka}>>’ ‘)" — 0, S Sl,e~
Now we can estimate |w;(A; f)| in the sector S .
O ‘ele‘ % %
w1 (X A < I llzago,ae2) wi (5 M [l o,175¢2) \/1m7| +o(|e™])=o(e™),
(3.22) .
s ) < L e, aes,
’ X |Im(b)\)| b yEY

with some positive constants 51, 52. B
(v) As in the previous step we obtain that the matrix function U(\) from (3.17) and
the solutions wy (z; A) and wy(z; \) have the following asymptotic behavior

~ _ 1+0(1) o(1)
U\ = (a%em Fo(e™) ag4o(1)) A—00, A€ S,
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o= (A o) (o i) )
A= —(ags + o(1))eriAe 4 o(eir) ] — \ —aggeir+ibhe 4 o(eir) )’
o(e*®) +o(eie) o(e)

w2l ) (o(em)+(1 + 0(1))eib’\”> <o(ew))’ T ne

For |w;(A; f)| the following estimate holds:

(3.23) lw;(X; )] = o0(e™), [N =00, A€ Sae, jeE{1,2}

(vi) In this step we prove that G;(\; f) =0, j € {1,2}, A € C. Combining relations
(3.22) with (3.11), we get

(3.24) IGi(A f)l=o0(1), [\ =00, XeSi. je{l,2}
Further, it follows from (3.12) and (3.23) that
(3.25) whm lw; (X HATHNATH =0, e Sa., je{1,2}
—+o00

The last relation yields
(3.26) |G (A f)l =0(A) for |A] — o0, A€ Sa., je{1,2}.

Let’s draw in the sectors S;. and Sz . two lines passing through the origin. They di-
vide the complex plane into four sectors of opening less than . Both relations (3.24)
and (3.26) hold at the boundary of these sectors. Applying to each of the sectors the
Phragmén-Lindel6f theorem and taking into account that G;(A; f) are functions of ex-
ponential type, we conclude that relations (3.26) hold in each of the sectors S,., j €
{1,2,3,4}. Hence, G;(X; f), j € {1,2}, are the constant functions. Taking into account
relations (3.24), we obtain G;(\; f) =0, j € {1,2}, A e C.

(vii) In this step we prove the completeness property. In the previous step we proved
that w;(X; f) =0, j € {1,2}, A € C. These equalities mean that f(-) is orthogonal to
w;(;A) forall A € C, j € {1,2}. It follows from (3.1) that f(-) is orthogonal to two linear
independent solutions ®1 (-, \) and ®5(+, \) of Cauchy problem for all A # \,,, A\, € o(L).
Since the corresponding integral is continuous in A, f(:) is orthogonal to ®1(-,A) and
®y(-, A) for A = A, as well. Thus, by Lemma 2.2, f(-) = 0. Therefore the root vector
system of problem (1.6), (1.12), (1.10) is complete in Ly ([0, 1]; C?).

The minimality is implied, for instance, by [16, Lemma 2.4].

(viil) Let us prove the completeness property of the adjoint operator Lo p(Q)*. It is
defined by the differential expression

0 Qo

(3.27) =i Q). Q —(Qm : )

and the boundary conditions

@24Y2(0) + Ta2y2(1) = 0,
G24by1 (1) — G23y2(1) = 0.

If ass # 0, these conditions are equivalent to the conditions (1.11) and the complete-
ness property of Lo p(Q)* is implied by Theorem 1.3 even without additional assump-
tions on the potential matrix Q(-).

If a2 = 0, we apply the transformation 7; to the problem (3.27), (3.28), and arrive at

(3.28)

Qa1 0
in place of Q(-), and the boundary conditions (1.10) that satisfy the assumptions of

Theorem 1.4. Clearly, Q21 (-) = Qa1(-), hence Q(-) satisfies the conditions of Theorem 1.4
which yields the completeness of the operator Le p(Q)*.

the boundary value problem (1.6), (1.10) with the potential matrix Q = 0 Q12>
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3.2. The proof of Theorem 1.5. Now boundary conditions (1.10) take the form
Ui(y) = 51(0) =0,

3.29

(3.29) Uz(y) = a22y2(0) + az4y2(1) = 0.

We divide the proof in several steps.
(i) Introduce the solution w(x; A) of equation (1.6) by setting

(3.30) w(z; A) 1= uga(N) Py (25 A) — ua1 (A)Pa (5 A).

Assume that the root vector system of the operator L is incomplete in L2 ([O, 1]; (CQ).

Then there exists a vector f = col(f1, f2) € L* ([0,1]; C?)\ {0} orthogonal to this system.
Setting

w(; f) = /0 (w(z; N), f(2)) dz,

we obtain an entire function w(}; f) that has a zero of multiplicity > p, at every point
An € o(L). Thus, the function

is also the entire function. By [11, §1.3.9], the order of G(\) does not exceed one.

(ii) In this step we transform the characteristic determinant A(-). Since a3 = 0, it
follows from (3.8) that
(3.31)

; 1/t ) R= (0 1 R(1) eirt
A(N) = ags + ass (e“’u 5 /0 a24R;2(t)eMdt) - MTQAM _ /0 % eT i

The later expression can be rewritten as

1 =y it

: Ry (t) € :

(3.32) AN =a22+a24ezbk—/ M eT dt+o(1)+0(e™), A = .
0 1

(i) Next we estimate G(-) in the sector S; .. First we estimate A(-) from below.
Since agq # 0 it follows from (3.32) and (3.10) that with some positive constant C

(3.33) IAN)| = Csle™], A€ Sy,
Alongside the solution w(z; A) defined by (3.30) we introduce a solution
(3.34) V(z; A) = to2 (M) Y1 (25 X) — Uar (A)Ya (2 A),

where u2;(\) = U2(Y;), j € {1,2}. As in Theorem 1.4 the fundamental matrices ®(z, -)
and Y (z,-) := (Yi(z,-) Ya(x,-)) of equation (1.6) as well as the matrix functions U(-)
and U(-) are connected by

(3.35) ®(z;0) = Y(z;))P(A) and U\ =UNP(N), e Si.,

where the 2 x 2 matrix function P(-) is holomorphic and invertible in S; .. Hence
(3.36) w(x; A) =V (x; \)P(A), A€ Sie.

It follows from (3.13) that

— (V) w14 0(1) o(1)
509 = (G200 700) = (o) S ) anet 4  0(e) 4 at1)

_ (1 Hoe() o(1)
- ( 1) age® +0(e™) ) Al =00, A€ S,
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Combining (3.37) with (3.34) and (3.13), we get
(e 4 o (i)

Vi \) = ( o(e“’)‘) ), AE S

As in the proof of Theorem 1.4 we obtain

oy €PAHIAT | (A
w(z; \) = ( 24 o(cit) ( )>, [A| = 00, A€ Sie.

Let us estimate |w(+; f)| in the sector S7 .. We have
53|eib>\|

[w(X; ) < 1 fllao,5e2) - 1w M yo,15e2) < VAT +o(e)=o(e™),

where C3 > 0. Combining this estimate with (3.33) we arrive at the desired estimate
(3.38) IGX; )] =0(1), |A =00, A€ Sie.

(iv) In this step we estimate G(-) in the sector Sz .. To estimate A(-) from below we
integrate by parts the last summand in (3.31). We obtain

1 R it — ix i
a4 (Ry)'(t) e _ _a24(R21) (1) e €
(3.39) /0 5 By dt = 5 2 Tol e

By Lemma 2.5, the expression (3.32) for characteristic determinant A(-) takes the form

A = 209005 <2 () e

) s )\ESQ}E.

(b—1)2 A2 A2
Since agq # 0 and Q12(0)Q21(1) # 0, by the assumption, we get the estimate
N
[AN)| = Cy ||>\|2, A€ Soe, |A — o0,

where Cy is a positive constant. N
As in the step (iii) we obtain that the matrix function U()\), the solution w(z; A) and
the function w(A; f) have the following asymptotic behavior as |A\| — 0o, A € Sz,

~ . (1+0(1) o(1)
v = ( o™ az +0(1)>’

(55 2) = (a226i)\z + o(eAT) + 0(6“‘)) B (aggeim + o(e”‘))
wlT; - 0(61‘)\1-) + O(EM) - O(e”‘) )
[w(X; )| = o(e™).
Hence
(3.40) IGO\; f)] = 0o(N?) for |A]— o0, A€ Sa..

(v) In this step we prove completeness and minimality. As in the proof of Theo-
rem 1.4 combining estimates (3.38) and (3.40) with the Phragmén-Lindelof theorem,
yieldst G(A; f) = a1\ + ag. Then condition (3.38) yields G(A; f) = w(\; f) = 0.

It follows that the vector-function f(-) is orthogonal to all solutions of system (1.6)
subject to the boundary conditions

‘ a22Y2(0) + az4y2(1) = 0.

If age # 0, then Jis4Jo3 # 0 and the boundary conditions (3.41) are weakly regular.
Therefore, by Theorem 1.2, the root vector system of problem (1.6), (1.12), (3.41) is
complete in Ly ([0,1];C?) .



ON THE COMPLETENESS OF THE ROOT VECTORS FOR FIRST-ORDER SYSTEMS 17

Let ass = 0. Then the boundary value problem obtained from (1.6), (3.41) by applying
transformations 77 and 75 defined in Lemma 2.7 satisfy conditions of Theorem 1.4. Thus,
the root vector system of the problem (1.6), (1.12), (3.41) is complete in L, ([0, 1]; C?).

The minimality follows from [16, Lemma 2.4].

(vi) Let us prove the completeness of the adjoint operator Lo p(@Q)*. It is defined
by the differential expression (3.27) and the boundary conditions (3.28) with as3 = 0.
Applying the transformation T to the BVP corresponding to the operator L p(Q)*

we arrive at the boundary value problem (1.6), (1.10) with the potential matrix @ =

(@0 Q012> in place of Q(-), and the boundary conditions (1.10) that satisfy the as-
21

sumptions of Theorem 1.5. Since, @21(;10) = @Q12(1 — z) and @12(x) = @Q21(1 — z), one
has Q12(0)Q21(1) = Q21(1)Q12(0) # 0, hence @ satisfies the conditions of Theorem 1.5.
Thus, the root vector system of the operator Lc p(Q)* is complete and minimal.

The proof of Theorem 1.6 is similar to that of Theorems 1.4 and 1.5 and is omitted.

Remark 3.1. Note in conclusion, that Theorems 1.4, 1.5, 1.6 remain valid for boundary
value problem (1.6), (1.7), (1.10), with not necessarily off-diagonal potential matriz Q(-).
Indeed, by Lemma 2.6,

30\ — - 0 Q12(x)

Q) =) (0, D8 )W
Hence Qia(z) = Wi (2)Qua(z)Waa(z) and Qoi(z) = Wit (2)Qo1(x)Wiy(z). Since
Wh1(z)Waa(x) # 0 for x € [0,1], the following equivalences hold:

o Qu(l) #0 e Qu(1) #0;
e Q12(0)Q21(1) # 0 = Q12(0)Q21(1) # 0;
* @21(0)Q21(1) # 0 & @21(0)Q21(1) # 0.

Remark 3.2. Theorems 1.4, 1.5 and 1.6 demonstrate the following phenomenon similar
to that for Sturm-Liouville operators with degenerate boundary conditions (cf. [12]).

The completeness property does not preserve under weak perturbation. For instance,
the operator Lo, p(eQ) = —iB% + eQ subject to boundary conditions (1.10) is complete
for any € # 0 whenever Q(-) satisfies the assumptions of Corollary 1.7. At the same
time, the unperturbed operator Lo, p(0) = uw—lim._,o Lo, p(e@)) is not complete. Indeed,
the system of root functions of Lo p(0) is W, (z) := col(e?*™®,0), n € Z.
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