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FORM WITH DIRECT AND INVERSE SPECTRAL PROBLEMS FOR
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ABSTRACT. We present a new generalization of the connection of the classical power
moment problem with spectral theory of Jacobi matrices. In the article we propose
an analog of Jacobi matrices related to the complex moment problem in the case of
exponential form and to the system of orthonormal polynomials with respect to some
measure with the compact support on the complex plane. In our case we obtain two
matrices that have block three-diagonal structure and acting in the space of I3 type
as commuting self-adjoint and unitary operators. With this connection we prove
the one-to-one correspondence between the measures defined on a compact set in
the complex plane and the couple of block three-diagonal Jacobi type matrices. For
simplicity we consider in this article only a bounded self-adjoint operator.

1. INTRODUCTION

The article consists of two parts. In the first part (Introduction and Preliminaries)
we describe the main idea and main results of the article. Here we give a comparison
of this idea with the classical one, and repeat some results about the complex moment
problem in the exponential form, which are necessary in the next parts of the article.
The solution of the complex moment problem in the exponential form is contained in our
article [8], but without this part it is not convenient to pursue further investigations.

The second part of the article (Sections 3 and 4) is a solution of direct and inverse
spectral problems. This is a generalization of the classical problems for Jacobi matrices
and orthogonal polynomials on the real axis R to the case of block Jacobi type commut-
ing self-adjoint and unitary matrices and the corresponding orthogonal polynomials on
complex plane C. This part continues our previous articles [9] in which we investigate
block tree-diagonal matrices of a unitary operator and orthogonal polynomials on the
unit circle T C C, and [10] in which we investigate block tree-diagonal matrices of a
bounded normal operator and the corresponding orthogonal polynomials on the complex
plane C.

An investigation of the complex moment problem in the exponential form is dealt
with in few works, we mention here only [14, 25]. But our proof of the complex moment
representation (in [8]) is based on the Yu. M. Berezansky’s generalized eigenfunction
expansion of the corresponding couple of commuting self-adjoint and unitary operators
and was in detail described in [8]. This method goes back to the old works of M. G. Krein
[19, 20].

The consideration of the complex moment problem in the exponential form follows
the investigation of a couple of commuting self-adjoint and unitary operators. And the

2000 Mathematics Subject Classification. Primary: 44A60, 47A57, 47AT70.

Key words and phrases. Classical, complex moment problems, block three-diagonal matrix, eigen-
function expansion, generalized eigenvector.

111



112 MYKOLA E. DUDKIN

consideration of the usual power complex moment problem follows the investigation of
a couple of two commuting but self-adjoint operators [1, 7, 11, 12, 16, 24, 23]. Hence
these both problems are closely related to the two-dimensional and hence to the multi-
dimensional moment problems in different settings [11, 12, 13, 14]. Let us note separately
about some (non general) case of the multi-dimensional moment problem presented by
A. G. Kostyuchenko and B. S. Mityagin in [17, 18] with an approach used in [3].

To understand the second part of this article it is necessary to recall [10] the direct and
inverse spectral problems for classical Jacobi matrices and orthogonal polynomials on the
axis R see, for example, [1, 3, 26]). In this classical theory, one studies the Hermitian
Jacobi matrix

b() ao 0 00---

a0b1a100~--
(1) J=1 0a;byas0--- |+ mw€R, a,>0, neNy={0,1,2,...}.

This matrix defines an operator (also denoted by J) on finite sequences f € lgy C Ia.
This operator is Hermitian with defect numbers either (0,0) or (1,1) (and hence in any
case has a selfadjoint extensions on l3). Under some conditions on the coefficients of the
matrix J the closure of J is a selfadjoint operator in [5.

The direct spectral problem, i.e., the eigenfunction expansion for J (for simplicity, we
will assume that J is selfadjoint), is described in the following way. We obtain a sequence
of polynomials, P(x) = (P,(x))%%,, Yz € R, as a solution (step by step) of the equation
JP(z) = xP(x) with the initial condition Py(z) =1, i.e., ¥n € N

(2)  apn—1Pn_1(2) + by Pr(z) + anPry1(z) = zPy(x), Po(z)=1, P_1(z)=0

(under the condition a,, > 0).

The sequence P(z) of polynomials belongs to (the real part of) | = C* Vz € R and
is a generalized eigenvector for J with the eigenvalue = (in the sense of some rigging
of I3). The corresponding Fourier transform (denoted here by ) using the generalized
eigenfunctions of J has the form

(3) Iy D lin 3 f = (fa)pzo — f() = fuPu(z) € L*(R,dp(x)) = L.
n=0

It is an unitary operator (after taking the closure) from the whole space I3 to the whole L?.
The image of J is the operator of multiplication by x on the space L2. The polynomials
P, (z) are orthonormal w.r.t. dp(x).

The inverse problem in this classical case is the following. Let us have a probability
Borel measure dp(x) on R for which all moments exist,

(4) Sp = /Rx” dp(z), neNp

(and the support of dp(x) contains an open interval). Is it possible to recover the corre-
sponding Jacobi matrix J in such manner, that the initial (given) measure dp(x) would
be uniquely generated by the spectral measure for J? The answer is given in the following
construction. It is necessary to take the sequence of functions from L2,

(5) 1,z 2%, ...

(which are linearly independent (with respect to dp(x) according to (4)) and form a total
set in L?) and apply to it the classical Schmidt orthogonalization procedure. As a result,
we get a sequence of orthonormal polynomial, that is, the orthonormal basis in L?,

(6) Py(z) =1, Pi(x), Pax),...
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Then the coefficients of the matrix J can be reconstructed by the formulas

(7) an :AxPn(x)Pn+1(x) dp(z), by :/]R{ac(l-’n(ac))2 dp(x), n € No.

The above mentioned connections between Jacobi matrices, the classical moment prob-
lem, and orthogonal polynomials is very fruitful for an investigation of these objects.
Many mathematicians worked in this direction, including M. G. Krein, N. I. Achiezer,
Yu. M. Berezansky, M. L. Gorbachuk, V. I. Gorbachuk ... But it is necessary to single
out the references [1, 3, 20, 15, 22].

The main question in the second part of this articles is the following: in what way it is
possible to obtain a generalization of the above mentioned classical theory to orthonormal
polynomials on the complex plane C (or on some subset of C). In this article, we will
need to pass from the selfadjoint operator in ls to a couple of commuting selfadjoint and
unitary operators acting on some space, similar to [s.

More exactly, instead of the space [, = C@ C & -- -, it is necessary to take the space

(8) lLb=MHo®H1 ®Ho® -, where H,=C>"" neN,

and, instead of the scalar matrix (1), it is necessary to consider two following Jacobi type
block matrices.

The first matrix has elements a,, b,, and ¢, that are finite dimensional operators
(matrices) and act between the corresponding spaces H,, in (8), namely:

bo Co 0 0
ag by ¢ 0 --- Ap ¢ Hn — Hpya,

(9) JA = 0 ai b2 Ccy v y bn : Hn — Hn,
. [ HnJrl — Hn, n€eNy.

Such a matrix (9) on finite vectors in lg, C 1o in a natural way generates an operator
denoted by A on ly. For simplicity, we will demand that the norms of all matrices an,,
bn, and c, be uniformly bounded and therefore the operator A is bounded on ls.

For the selfadjoint operator we have the following form of the elements a,,, b, and ¢,
with some conditions:

* * *
an;1,0 * *
0 Qn21  * ...
(10) ap = . . . . . 2n+3,
0 0 0 ... Gn;2n+1,2n
0 0 0 ... 0
2n+1
Cn;0,1 0 ... 00 0
* ok Cn;1,2 0 0 0
(11) Cn = . . . . . . . 2n+1,
x % * oo % Cponont1 O
2n+3
(n;1,0,An;2,15 - - - 5 An;2n41,2n > 07 Cn;0,15Cn;1,25 - -+ 5 Cni2n,2n+1 > O,

Qnsij = Cnsgiy, T2, ] € No;
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and the matrices b, have an arbitrary structure, so that the matrix J4 is a Hermitian
operator. Here and in the following ”” denoted a possibly non zero element in the
matrix.

The second matrix has elements wu,,, w,, and v,, which are also finite dimensional
operators (matrices) and act between the corresponding spaces H,, in (8), namely:

Wo Vo 0 0

ug w1 VU1 0 S U, . Hn — %nJrl;
(13) Ju = 0 w wy wvo -+ |> W - Hn — Hp,
Uy  Hps1 —> Hn, mneNg.

Such a matrix (13) on finite vectors in lg, C lo, in a natural way, generates an operator
(denoted by U) on lp. It is clear that the norms of all the matrices u,,, w,, and v,, are
uniformly bounded and therefore the operator U is bounded on ls.

For the unitary operator we have the following form of elements u,,, w,, and v, with
some conditions

Un;0,0 *
0 Un;1,1 L% co.ox
0 0 AU S X ... ok nal
14 W — . . e . . el
(14) " 0 0 coi 0 Uppn k... % ’
0 0 0 0 0 0
. n+2
0 0 00 0 0 |
n+1 n
[0 0 0 0 0 i
n
0 0 . 0 0
¥ ... ok Up. ... 0 0
(15> - n;n,n+2 ,
0 0 n+1
Un;2n—1,2n+1 0
L * ... * * c.. K Un;2n,2n+2 |
n+2 n+1
(16) Un;0,05 Un;1,15 -« -y Unynyn > 0;
Unin,n+2; Unint+1,n+35 - - - s Un;2n,2n+2 > 07 n e NO;

and the matrices w,, have an arbitrary structure, so that the matrix Jy is unitary (it is
convenient to denote a vector x € H,, = C>"*! by x = (zg,21,...,75)).

Under some conditions on a,,, by, ¢,, and Uy, Wy, vy, 1 € Ng, the matrix Jy is unitary
and commutes with J4.

Let z € C belong to the joint spectrum of A and U and P(z) = (P, ;(z)), t € No,j €
Z,z € C, be the corresponding generalized eigenvectors of A and U. Here P, (z) € H,,
(z = re'?) is a vector-valued polynomial with respect to r and €', i.e., its coordinates
are some linear combinations of e, ¢t € Ny,j € Z. According to the generalized
eigenvectors expansion theorem it is some solution of three equations of type (2) (but
with matrix coeflicients)

(17) AP(z) =7P(z), UP(z)=¢e"“P(z), (U*P(z) =e "P(2)).
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The corresponding Fourier transform ~ for the operators A and U has the form

(18) LD lsw > f=(fa)ilo — f(2) = Y (fuj, Prj(2)n, € L*(C.dp(2) = L7,
teNy
jez
where dp(z) = dp(r,0) is a spectral measure of A and U on the complex plane C. The
operator (18) is a unitary operator (after taking the closure) and acts from the whole 1,
to the whole Ly. The polynomials P, ;(\) are orthonormal with respect to dp(r,6) and
form a basis in the space L?. Note that these results are formulated in Theorem 4, but
for us it is convenient to denote here these polynomials by

Pp(2) =(Pno(2), Pr1(2), - - s Pj2n(2)) = (Qnio(2), @i (2), - - - Qni2n(2))
:(Qn;Qn( ) Qn i2n— 1( ) aQn O( ))
So, the results described above make the content of the direct spectral problem for A
and U of type (9) with (10), (11), (12), and (13) with (14), (15), (16).
The inverse spectral problem now is formulated in the following way. Suppose we have

a Borel measure dp(z) = dp(r,0), z = re’, with compact support on C; assume that all
complex moments

2
(19) Crj = ,/ / te%dp(r,0), te€Ny, jET,

exist and the support of dp(2) is such that all the functions r*e*?, t € Ny, j € Z, belonging
to L2, are linearly independent in this space (for example, the support of dp(z) contains
some open subset of C) and forms a total set in L2. It is necessary to construct the
Jacobi type block matrices (9) and (13) with properties (10), (11), (12), and (14), (15),
(16), respectively, in such a way that for the commuting selfadjoint operator A and the
unitary operator U, there spectral measure is equal to the initial measure.

As in the classical case, it is necessary to apply the standard Schmidt orthogonalization
procedure to the sequence of functions

(20) rte® € 2, teNy, jEZ

(instead of (5)). But the sequence (20) has two indices, therefore, it is necessary to choose
a convenient global (linear) order for (20). The order is proposed in Figure 1 and (23).
After such an orthogonalization, we get a sequence of polynomials,

Pn(Z):(Pn;o(z),Pn;l(Z),...,Pn;gn(z)), HENO,

and the matrices (9) with the inner structure (10), (11), (12), and (13) with the inner
structure (14), (15), (16) are reconstructed by using formulas of type (7).

All necessary references, connected with the projection spectral theorem, will be given
in the next Sections. Let us recall that the theory of block Jacobi matrices that are either
Hermitian or selfadjoint operators acting on the spaces lo(H) = HD®H D -+, where H
is any Hilbert space, was investigated at first in [21] in the case dimH < oo and in [2, 3]
in the case dimH < oo. For families of commuting selfadjoint operators acting on a
symmetric Fock space, see [6]. Note that the Fock space has the form (8) with H,, that
are, for n > 0, n-particle infinite-dimensional Hilbert space.

Remark 1. Tt is very interesting to develop a spectral theory of block Jacobi type matrices
(9) and (13) on the space 1l (8) in the case of an unbounded selfadjoint operator A
(commuting with some unitary operator U). What are the conditions on elements of the
matrix A which would guarantee that the operator A is essentially selfadjoint? In what
terms would it possible to describe all selfadjoint extensions of A on l; commuting with
some unitary operator U?
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2. PRELIMINARIES

Let H be a separable Hilbert space and let A be a selfadjoint operator defined on D(A)
in H, U a unitary operator commuting in the strong resolvent sense with A. Consider a
rigging of H,

(21) H_-DOHDODHL DD,

such that Hy is a Hilbert space topologically and quasinuclear embedded into H (topo-
logically means densely and continuously; quasinuclear means that the inclusion operator
is of Hilbert-Schmidt type); H_ is the dual of H with respect to the space H; D is a
linear, topological space, topologically embedded into H.

The operators A and U are called standardly connected with the chain (21) if D C
D(A) and the restrictions A | D, U [ D act from D into H continuously.

Let us recall that a vector wg € D is called a strong cyclic vector of the operators A
and U if for p € Ny, q € Z we have wy € D(AP), U1APw, € D, and the set of all these
vectors with wy is total in the space H (and, hence, also in H).

Assuming that a strong cyclic vector exists we formulate a short version of the pro-
jection spectral theorem (see. [4], Ch. 3, Theorem 2.7, or [3], Ch. 5, [5], Ch. 15).

Theorem 1. For a selfadjoint operator A commuting in the strong resolvent sense with
a unitary operator U, with a strong cyclic vector in a separable Hilbert space H, there
exists a nonnegative finite Borel measure dp(z) such that for p-almost every z € C there
exists a generalized joint eigenvector &, € H_, i.e.,

(527Af)7{:r(§zaf)7'[7 (EZva)H:eiie(gmf)Hv fED, 527&07
where z = re'? is a two-parameter (r and 0) eigenvalue.
The corresponding Fourier transform F given by

HOMHy > fr (Ff)(2) = f(2) = (f,&)n € La(C,dp(2))

is a unitary operator (after taking the closure) acting from H into L?(C,dp(z)). Images
of the operators A and U under F are the operators of multiplication by v and €% in

L?(C,dp(z)).
We use the solution of the complex moment problem in the exponential form from [8]:

Theorem 2. A sequence of complex numbers {c; ;}, t € No,j € Z has representation
(19) if and only if it is positive definite, i.e.,

Z frjforciraj—k >0 and Z frjForcirarj—k =0
t,q€Ng t,q€Ng
J,kEZ J,kEZ
for all finite sequences of complex numbers (f;;), t € No,j € Z, (f,; € C).
The representation (19) is unique if

= OQ.

Z {/ |02p 0

3. ORTHOGONALIZATION PROCEDURE AND CONSTRUCTION OF A CORRESPONDING
THREE-DIAGONAL BLOCK JACOBI TYPE MATRICES

Let dp(z) be a Borel measure with a compact support on C and L?(C,dp(z)) the
space of square integrable complex-valued functions defined on C. We suppose that the
functions C 3 z — r™e™ m € Ng,n € Z, are linearly independent and form a total
set in L2, here z = re'®, r >0, 6 € [0, 27).
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In order to find analogs of the Jacobi matrix J like (9), there is a need to choose an
order of the orthogonalization in L? applied to the following family of functions:
(22) {rmem?}y meNy, neLZ.

We use the following linear order for the orthogonalization according to Schmidt pro-
cedure:

7.067120 ?"0 zf?\ 0 1007 7“ 6 / 0 220
rle—i20 rl 120
* 2 —10\ 200/ 10 *

* * 73100 * *

FIGURE 1. The order of orthogonalization

According to Figure 1, we get

(23) 1; 6197 Tl, 6—19; 61297 7‘16 60 ’1"2 ’1"16_19, 6—129; e
ezn97 rlez(n71)97 o ,T‘n716167 ,,JL7 ,rnfleflﬁ o ,7‘1671(”71)6, 672719; s
where we take into account 0 = e = 1. That is the set of some ”lines” with the

beginning in the points e’ with the end in the points e~ and ”with the corners” in
the points r™.

Applying the Schmidt orthogonalization procedure to the sequence of functions (23)
(see for example [5] Ch. 7), we obtain an orthonormal system of polynomials (each

polynomial consists of {r™e"?}, m € Ny, n € Z) which we denote in the following way:

Poo(2); Pro(z),  Paol2), ... Prio(2),

Pia(z),  Pai(?), Ppa(2),

P12(2); Pro(2), Pr2(2),

(24) Pas(2), Ppia(2),
Pau(2); Pra(2),

Pn;2n(z)§

where each polynomial has the following form for n € Ny:
(25) Ppio(2) = kporilemmlein=a)d L B a=0,1,...,2n, kn.a >0,

here R, denotes the preceding part of the corresponding polynomial; Py.o(z) = 1. In
such a way P, is some linear combination of

(26) {1; eiO’ 7,1’ efia_ o ein@7 Tlei(nfl)ey o ,rnf\afn\ei(nfa)e}'

)

Since the family (22) is total in the space L?, the sequence (24) forms an orthonormal
basis in this space.
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Let us denote by Py, the subspace spanned by (26). Hence Vn € N
Po.0 CP1;0 C Pi;1 C Pri2 C Payg CPai CPaoa CPog CPoyg C-ov
C'Pn;() C'Pn;l [@GEUEE C'Pn;zn (G
(27) Pria ={Po,0(2)} ® {Pr,0(2)} ® {Pr1(2)} © {P1.2(2)}®
S{Pa0(2)} & { P21 (2)} @ {Pa2(2)} & {Paa(2)} & {Paus(2)} & - -
S{Pno(2)} & {Pn1(2)} & - & {Pual2)},
where {P,.n(2)}, n € N, a =0,1,...,2n, denotes the one-dimensional space spanned by

Pn;a(z); ’Po;o = (C

For the next investigation we need the Hilbert space
(28) Lb=HoOHI1DHo® -+, Hn=C"" neNy,

instead of the usual space Is.
Each vector f € 13 has the form f = (f,)5%, fn € Hn, and consequently

o oo
Hf||122 :Zan”?Hn <OO7 (fag)lz :Z(fnvgn)ﬂnv Vfag€12
n=0 n=0
For n € Ny, the coordinates of a vector f,, € H,, in some orthonormal basis {e,.0, €n:1,
€n:2, -+ €niopn} in the space C"! is denoted by (fn.0, fn:1, fa:2s-- -, fni2n) and, hence,
foo = (fn:0, fri1s frs2s - o5 frson). It is clear, that the space 1y is isometric to Iy x lo.

Using the orthonormal system (24) one can define a mapping of 1, into L2 We put
Vn € Ny and Vz = re? € C, P, (2) = (Py.0, Pn1(2), Pu2(2), ..., Poi2n) € Hy, then
(20) 25 f = (Fa)0 — F(2) = S (s Pu(2)), € L2.

n=0

Since for n € Ny we get

(fna Pn(z))?ln = fn;OPn;O(Z) + fn;an;l(Z) + fn;2Pn;2(Z) + -+ fn;QnPn;2n(Z)

and
||f||122 = ‘l(f0;07f1;07f1;13f1;27-"afn;07fn;17"'7fn;2n7'")Hl223

we see that (29) is a mapping of the space Iy x Iy into L? and the use of the orthonormal
system (24) shows that this mapping is isometric. The image of 1o under the mapping
(29) coincides with the space L?, because under our assumption the system (24) is an or-
thonormal basis in L2. Therefore the mapping (29) is a unitary transformation (denoted
by I) that acts from 1y onto L2.

Let A be a bounded linear operator defined on the space ly. It is possible to construct
an operator matrix (aj7k)j‘?f’k:0, where for each j,k € Ny the element a; is an operator
from Hj, into H;, so that Vf, g € 1o we have

(30) (Af); = ajife, 5€No, (Af.0, = > (ajnfr:95)n
k=0 J,k=0

For the proof of (30) we only need to write the usual matrix for the operator A in the
space lo X s using the basis

(31) (60;0; 61;0761;1761;2; cees 6n;036n;1;-"aen;2n§ )7 60;0 =1.
Then a; x for each j, k € Ny is an operator H;, — H; that has the matrix representation

(32) @j k0,8 = (Aek;g, €015,
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where o = 0,1,...,24, 5 =0,1,...,2k. We will write a;, = (aj,k;a,ﬁ)i’iazoa including
the cases
0,0 0,2 2,0
aop,0 = (GO,O;a,B)a’BZO = Q0,0;0,0, @o0,1 = (ao,l;a,B)a}Bzoy aio = (al,O;a,ﬂ)a’ﬁ:()-

Note that the same representation (30) is also valid for a general operator A on the
space 1y defined on lg, C 1o, where lg,, denotes the set of finite vectors from ly. In this
case the first formula from (30) takes place for f € lg,; the second formula is valid for
f € lﬁn; g€ 12-

Let us consider the image A = TAI™' : L2 — L2 of the above bounded operator A
: 1o — 15 with respect to the mapping (29). Its matrix in the basis (24),

(Poo(2); Pro(2), Prya(2), Pri2(2); - o5 Prio(2), Pai(2)s - Pg2n(2); -+ 2),
is equal to the usual matrix of the operator A regarded as an operator ls X lo — I3 X o

in the corresponding basis (31). Using (32) and the above mentioned procedure we get
the operator matrix (ajvk)szo of A:ly x1ly — Iy x l3. By the definition, this matriz is
also an operator matriz of/l (L2 — L2

It is clear that A can be an arbitrary linear bounded operator in L2.

Lemma 1. For the polynomials P,.,(z), and the subspaces Ppp, n,m € Ny, a =
0,1,...,2n, B =0,1,...,2m, the following relations hold:

(33) 7Pp.a(2) € Pnt1.a+1, a=0,1,...,2n;

(34) € Pp.a(2) € Pritias a=0,1,...,n;

(35) ei‘an;a(z) € Putin, a=n+1,n+2...,2n;
(36) e‘iaPn;a(z) € Prtia+2, a=n,n+1,...,2n;

(37) e‘iaPn;a(z) € Pr.on, a=0,1,....n—1, neN.

Proof. According to (24) the polynomial P,.,(z), n € Ny, is equal to some linear combi-
nation of (26) i.e.

{1’ eiO’ 7,1’ efiG; - ein@7 7Alei(nfl)H , rnf\afn\ei(nfa)e}.

ey g oo

Hence, multiplying, by r, each element in (26) we obtain the set

1.0 .2 1 10 . . leznO’

v e 2ei(n=1)0 7r"_la_"l'He’("_“)g}

{rt; rtef T
and linear combinations of such elements belongs to Pp41.q+1 for « =0,1,...,2n since
for the last (leading according to the order (23)) element we have

,r,n7|a7n|+1ei(nfo<)t9 — T(n+1)7|(o¢+1)7(n+1)|ei((n+1)7(a+1))0.

Hence we proved (33).
Multiplying each element in (26) by €* we obtain the set

(38) {619; 7,061297 7,,16197 1 ... ez(n—i—l)e’ ,r,lez(n)a, s ,rn—\a—n\ez(n—oz-&-l)O}

linear combinations of which belong to Pjy1.a, if &« = 0,1,...,n, since for the last
(leading according to the order (23)) element we have
rn—|a—n|ei(n—o¢+1)0 — T(n+l)—\n—a|—1ei((n+1)—o¢)9 — r(n+l)—|a—(n+1)|ei((n+1)—o¢)0.

The last equality is true since o < n. Hence we proved (34). And the linear combinations
of elements (38) belong in general to Pp41.p, if @ = n+1, ..., 2n, since for the last (leading
according to the order (23)) element we have

rn—|a—n|ei(n—o¢+1)9 — T,(n+1)—|a—(n+1)|ei((n-‘rl)—a)e.

Since Pp.o(2) for a = n+1,n +2,...,2n contains the element 7", we see that r"e? is

contained in €% P, (z) and r"e? € P, 1.,. Hence we proved (35).
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Analogously, multiplying each element in (26) by e~ we obtain the set of elements

(39) {e—ie, 1 rle—ie e—i29, . ei(n—l)«‘) Tlei(n—Q)G o rn—\a—n\ei(n—a—l)e}.

The linear combinations of elements from (39) belong to the subspace Ppi1,042 if @ =

n,n+1,...,2n, since for the (leading according to the order (23)) element we have
Tn—\a—n\ei(n—oz—l)é‘ :r(n—i-l)—|a—n|+lei(n—a—1)9

— (D) =l(a+1)=(n+1)[+1 ji((n+1)—(a+2))0
—p(nFD)—[(a+2)=(n+1)] Si((n+1)—(a+2))0
—p(ntD)=[(n+1)=(a+2)| ji((n+1)—(a+2))0

Hence we proved (36).

Linear combinations of elements from (39) belong in any case to Py.0, ifa =0,1,...,n—
1, since e~("~1? is contained in Py (z), Yo = 0,1,...,n — 1. Hence e~ P,.,(2) for
a=0,1,...,n — 1 contains e~"?. Hence we proved (37). |

Lemma 2. Let A be the selfadjoint operator of multiplication by r on the space L?
L% 3 p(2) — (Ap)(2) = rp(z) € L2
The operator matriz (aj,k)szo of A (i.e. of A= I’lAI) has a three-diagonal structure:
ajr =0 for|j—kl > 1.
Proof. Using (32) for €, = I7'P,.(2), n € No; v =0,1,...,2n, we have Vj, k € Ny

(40) G ko = (Aekis, €jsa)ty = /C rPru(2) Proa(2) dp(2),

where a = 0,1,...,24, 8 =0,1,...,2k. From (33) we have rPy.o(2) € Pkt1:a+1 for if
a=0,1,...,2j. According to (27) the integral in (40) is equal to zero for j > k + 1.
On another hand the integral in (40) has a form

(41) G o = /C PPy (2) Prop (2) dp(2).

From (33) we have also that 7Pj.o(z) = rPj.a(2) € Pjt1;a+1. According to (27) the last
integral is equal to zero for k > j + 1 and for each « =0,1,...,25, 8=0,1,...,2k.

As a result the integral in (41), i.e. coefficients a; x;a,3, j, k € No, are equal to zero
for |j —kl >1;, «a =0,1,...,2j, 8 = 0,1,...,2k. In the previous considerations it is
necessary to take into account that eg.o = I~ Ppo(z) = 1. O

In such a way the matrix (aj,k);?,ok:o of the operator A has the three-diagonal block
structure
ap,0 ao,1 0 0 0...
aio 1,1 a1,2 0 O0...
(42) 0 2,1 G22 A23 0...

A more careful analysis of expressions (40) allows to know about the zero and non
zero elements of matrices (a; k;aq, B)ij ﬁio in each case for |j — k| < 1. We use actively also
the permutation properties of matrix indexes j, k and «, 5.

Let us denote by ((a*);k)7%—o the operator matrix of the operator (A)*

which is
adjoint to A. Remark that (/1)* = A is also the operator of multiplication by r = 7.
Taking into account the expression (40) for j, k € Ny we have

(43) (a*)j,k;a,ﬁZ/Cfpk;ﬁ(Z)Pj;a(Z) dp(z):/(Cer;a(z)Pk;g(z)dp(z):ak,j;g,a,
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where o = 0,1,...,25, 8=0,1,...,2k. Since 7 = r, then the matrix (42) is Hermitian
(@5 k0,8 = k. jia)-

Lemma 3. Let (aj,k);?,okzo be an operator matrixz of the operator of multiplication by r
24,2k
(o)

in L2, where aj : Hi, — Hj; ajr = () k0,8) o are matrices of operators aj in

the corresponding orthonormal basis. Then

(44) Aj,5+1;0,8

Ca=0,1,...2j, B=a+2,a+3,...,2+2;
Aj+1,550,8 0,1

=0, «
:07 6: ’ 7'~~2j7 a:5+27ﬂ+3772]+2a jGN().
If we choose inside of each direction ”in the line with a corner”

{eznG, rlez(nfl)ﬁ’ T2€z(n72)0’ o 7rn7 o 7,,41672(7171)0’ 671n0}7

(see. Figure 1 and comments after (23)) another order (preserving the order of lines) then
Lemma 3 is true and it will be possible to describe the zeros of matrices (aj,k;a,ﬁ)ijgio-
Such matrices (a;,)5%—o also have three-diagonal block structure and has the zeros in

the same places.

Proof. According to (40) and (33) for Va =0,1,...,2j and V6 = a+2,a+3,...,2j +2
for j € Ny we have

it = [ 1P s Bl dpe) = [ rPra(@)PrsE do(o)
where 7P}, (2) € Pjt1;a+1. But according to (27) Pj11,3(2) is orthogonal to Pji1;a+1
for B > a+ 1 and, hence, the last integral is equal to zero. This gives the first equalities
in (44).
Analogously from (40) and (33) we have V8 = 0,1,...,2j and YVa = [ + 2,
B+3,...,27+2

aﬂuMﬁzér&ﬂaﬁﬂw@mma,jeNm

where 7P;.5(2) € Pjt1,54+1. But according to (27) Pjy1,4(2) is orthogonal to Pji1.841
if @ > B+ 1 and, hence, the last integral is also equal to zero. This gives the second
equalities in (44). O

The above shows that in (42) for Vj € N the over right corner of the every ((2j +
1) x (2j + 3))-matrix a; j 41, j € Ng (starting from the third diagonal) and the under left
corner of the every ((2j + 3) x (2§ + 1))-matrix a;j4+1,; (starting from the third diagonal)
consist of zero elements. Taking into account (42) we can conclude that the Hermitian
matrix of the multiplication operator by r is multi-diagonal usual scalar matrix in the
usual basis of the space I X Is.

Lemma 4. The following elements of the matriz (aj7k)j°-fk:0 from Lemma 8 are positive:
(45) jj+Liasatls Gj+ljatia; @=0,1,...25, j€No.

Proof. We start with the study of ag1,0,1. Denote by Pj;(z) non normalized vector
P1.1(z) obtained due to the Schmidt orthogonalization procedure taking the vector r.
According to (23) and (24) we have

Pl(2) =1 — (1, Pr,o(2)) 12 Proo(2) — (r, 1) 2,
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where 1 = Py.o(z). Therefore using (40) we get
d0101 = [ rPEdp) = [Pl (I [ rPlat)dole)
o o

(46) = |P{1(2)|l 52 /CT(T — (r, Pryo(2)) 2 Prjo(2) — (1, 1) 2) dp(z)

= 1PLi )z (I7ll2e = |(r, Pro(2)) al? = 1(r, 1) 22).

Also using (47), we conclude that the last expression is positive and therefore ag 1,0,1 >
0, since (22) is the total set in L? of linear independent vectors. The element a1,0:1,0 1S
also positive since the matrix is Hermitian.

Positiveness (46) follows from the Parseval equality for the decomposition of the func-
tion r € L? with respect to the orthonormal basis (24) on the space L?:

(47) |(r, 1) 2 + |(r, Prio(2)) 22 + 1(r, Pra(2)) 2 * + - = |72

Let us pass to the proof of the positiveness of a; j41.a,a+1, Where a = 0,1,...,2j,
j € N. From (40) we have

(48) aj,j+1L0,0 = /(CTPj+l;a+1(z)Pj;a(z) dp(2).

According to (25) and (27)
(49) Pja(z2) = kj;arj_la_jlei(j_a)e + Rja(2),
where Rj.(2) is some polynomial from Pj.q—1 if & > 0 or from P;j_1,95—2 if @ = 0.
Therefore 7Rj,o (%) is some polynomial from Pj i1, (if @ = 0, then 7Rj;0(2) € Pji2j—1
(see (33)). Multiplying (49) on r we conclude that
(50) TPja(2) = kj;ar(jJrl)ilaijlei(jia)e + rRja(2),

where rRj.o(2) € Pjt1:a O to Pjiaj_o.
On the other hand equality (49) for the case Pji1.,o(2) gives

. Pritiast (2) = kyppiap rOF D@D =GHD G GHD (@410 Ry
(51) GHD=l(@=i)lili-2)0 4 R

= Kj+1;a+17T j+1;a+1(z)7

where Rji1,0+41(2) € Pjt1:a+1, since a +1 > 0.
Finding
HGHD= (=) giG=)8 _ (4D =[((@+D) = (G+D)] il (+1)~(a1))0

from (51) and substituting it into (50) gives

ki
TPja(2) = ﬁ(PjH;aH(z) — Rjt1;041(2) + rRja(2)
(52) g .
= —2"—Pjita41(2) = 7 —Rji1,0+1(2) + rRja(2),
Ejt1a+41 kj+1a+1

where second two terms belong to Pjy1.q and to Pjiq,q or Pj2j—1 correspondingly and
are in any case orthogonal to Pjy1.q+1(2).

Therefore substituting the expression (52) into (48) gives aj+1,j:0,0 = kj«l:ifz+1 >0. O

In what follows we will use usual well known notations for the elements a;; of the
Jacobi matrix:
an = Gp41,n - Hn — Hn+1;
(53) b, = Qn,n : H, — Hn,
Cpn = apn+1 - Hpt1 — Hp, n €N
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Let U be a bounded linear operator defined on the space 15. It is possible to construct
the operator matrix (“j,k)?,ok:()a where for each j,k € Ny the element u; ; is an operator
from Hj, into H;, so that Vf, g € 1o we have like (30)

(54) (Uf)7 = Zuj,krfka ] € NO) Uf7 Z u]JCf]ng
k=0 7,k=0

To the proof of (54) we only need to write the usual matrix of the operator U on the
space ly X [y using the basis

(55) (€005 €150, €151, €152} -3 €ns05€nsls -+ -5 €ni2n} ---); €00 = L.
Then u; for each j, k € Ny is the operator H, — H; that has a matrix representation
(56) Uik = (Uekip; €j:0 )1
. . . 27,2 . .
where o = 0,1,...,25, 8 =0,1,...,2k. We will write: u;; = (Uj,k;a,ﬂ)a]’gio including
cases
_ 00 _ _ 0,2 _ 2,0
0,0 = (U0,0i0,8) o p—0 = U0,0;0,0,  U0,1 = (U0,1:0,8) 0 p—0r  U1,0 = (U1,0:0,8) 4 0"

Note, that the same representation (54) is also valid for the general operator U on the
space 1y defined on 1;; C ls, where lg, denotes as usually the set of finite vectors from
l5. In this case the first formula from (54) takes place for f € lgy; in the second formula
f S lﬁn, g € L.

Let us consider the image U=1IUI"': L? — L2 of the above bounded operator
U : 13 — 15 by the mapping (29). Its matrix in the basis (24),

(Poo(2); Pro(2), Pra(2), Pr2(2); -5 Prio(2), Pai(2)s - Pas2n(2);- - 2),

is equal to the usual matrix of operator U understanding as the operator acting: I xXly —
la X I3 in the corresponding basis (55). Using (56) and the above mentioned procedure,
we get the operator matrix (Uj7k;);->’ck:0 of U :ly X lo —> Iy X lo. By the definition this

matriz is also the operator matrix of U:L?— L2
It is clear that U can be an arbitrary linear bounded operator in L2.

Lemma 5. Let U be the unitary operator of multiplication by €' on the space L?
L% 3 ¢(2) — (Up)(z) = e¥p(2) € L2

The operator matriz (uj,k)?,(}c:o of U (i.e. of U = I’llAII) has a three-diagonal structure:
ujr =0 for|j—Fk| > 1.

Proof. Using (56) for €, = I7'P,.,(2), n € No; v =0,1,...,2n, we have Vj, k € Ny

(57) Wi = Wetseegalis = [ P Pralz) do),
where o = 0,1,...,2j, 8 =0,1,...,2k. From (34), (35) we have e? Py.5(z) € Pri1.5 if
B=0,1,...,k and € Py.5(2) € Pryrx if 3=k +1,k+2,...,2k. According to (27) the
integral in (57) is equal to zero for j > k + 1 in any case 5 =0,1,...,2k.

On another hand the integral in (57) has a form

(58) i ks = /C P, (2) Prp (2) dp(2).

From (36), (37) we have now that e~ P;.,(2) € Pijt1.at2, if @ = 4,5+ 1,...,27 and
e P (2) € Pjaj, if a =0,1,...,j — 1. According to (27) the last integral is equal to
zero for k > j + 1 and for each a—O,l,...,Qj.
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As result the integral in (58), i.e. coefficients u;i.a.5, J,k € Np, are equal to zero
for |[j —kl >1;, «a =0,1,...,2j, 8 = 0,1,...,2k. In the previous considerations it is
necessary to take into account that eg.o = I~ Ppo(z) = 1. O

In such a way the matrix (u;x)55_o of the operator U has a three-diagonal block
structure

upour 0 0 0...
urour,p ur2 0 0...
(59) 0 U2,1 U2,2 U2 3 0...

A more careful analysis of expressions (57) gives a possibility to know about the zero
and non zero elements of matrices (uj’k;aﬁ)ij’;io in each case for |j — k| < 1. We can
also describe the permutation properties of matrix indexes j, k, and «, 8.

Let us denote by ((u");x)5%—o the operator matrix of the operator (U)

*

which is
adjoint to U. Remark that (U)* is the operator of multiplication by e~*’. Taking into
account the expression (57) for j, k € Ny we have

(60)  (u")j ks :[C ¢ " Prig(2) Pja(2) dp(z) = /(Ceiapj;a(Z)Pk;ﬂ(Z) dp(z) = 1k,j:6,0:
where a =0,1,...,2j5 and 8 =0,1,...,2k.

emma 0. el (Ujk):1.— € an operator matrir of muiliptication 6. m , wnere
L 6. Let (uj)5%—0 b t tri ltiplication by €'® in L%, wh

. . — (o1 25,2k ; o
i+ He — Hj; wjk = (Ujka,p)y 5o are matrices of operators ujy in the corres-

ponding orthonormal basis. Then Vj € N we have

(61)  wjjsraps =0, a=01....5-1, B=0,1,....,2j +2;
(62) Ujj+1:0,8 = 0, a=7,7+1,...,2j -1, B=a+3,a+4,...,2)+2;
(63) Ujt1,5:0,8 = 0, 8=0,1,...,7, a=p+1,8+2,...,2]+2;

(64) Ujt1,5:0,8 = 0, B=j+1,7+1...,27, a=7+1,7+2,...,25+2
and uy0;1,0 = U1,0;2,0 = 0.

If we choose inside of each direction

{einO’ 7Alei(n—l)ﬁ’ 2 i(’n—2)97 ) n 1 —i(n—l)a,

—in6
e ot e },

e
in the Figure 1 another order (preserving the order of ”lines with the corner” (see the
comments after (23)) then the Lemma 6 is not true but it will still be possible to describe
the zeros of matrices (uj,k;a’g)ij,gio. Such matrices (u;x)5%—o also have three-diagonal
block structure and the zeros although in another places.

Proof. According to (57) and (36), (37) for j € N we have for u; j+1,0,38 With a =
0,1,...,25, B=0,1,...,2k

Ujj+150,8 :fceiepﬁl,ﬁ(Z)Pj;a(Z) dp(z) :/(Ceprj,a(z)Pjﬂ;ﬁ(Z) dp(z),

where e*ij;a(z) € Pjt1ia42 for a = 4,5+ 1,...,2j. But according to (27) Pji1;a+2 is
orthogonal to Pjy1,5 for 8 > a + 2 and, hence, the last integral is equal to zero. This
gives the equalities in (62). And e~ P}.,(2) € Pj.a; for @ =0,1,...,j—1. But according
to (27) Pj,2; is orthogonal to Pji1,5 for 8 =0,1,...,25 4+ 2 and, hence, the last integral
is also equal to zero. This gives the equalities in (61).
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Analogously from (57) and (34), (35) for j € Ng we have o = 0,1,...,2j + 2, 8 =
0,1,...,2]

Ujt1,550,8 Z/Ceij,ﬂ(Z)PjJrl;a(Z) dp(z),

where € Pj.5(2) € Pjy1,5 for B=0,1,...,5. But according to (27) P;41,5 is orthogonal
to Pji1;0 for B < o and, hence, the last integral is equal to zero for o = 8+ 1,5 +
2,...,2j+2. This gives the equalities in (63). And e P}.,(2) € Pjj1, for B=j+1,5+
2,...,2j. But according to (27) Pj41;; is orthogonal to Pji1,q for & > j and, hence, the
last integral is also equal to zero for a = j+1,j+2,...,2j5+ 2. This gives the equalities
in (64) and U1,0;1,0 = U1,0;2,0 = 0.

Note that about up,; we have no additional information. O

So, after these investigations we conclude that in (59) for Vj € N every under left
corner of the matrices uj41,; (starting from the second diagonal beginning from the left
over corner) and j+2 last lines and every over right corner of the matrices u; j+1 (starting
from the second diagonal beginning from the right under corner) and n first lines consist
of zero elements. Taking into account (59) we can conclude that the unitary matrix of
the multiplication operator by e? is multi-diagonal usual scalar matrix i.e. in the usual
basis of the space Iy X l5.

Lemma 7. The following elements of the matriz (uj’k);okzo from Lemma 6 are positive:

U0,1;0,2, U1,0;0,05
(65) Uj,5+1;0,a+2)

i+ 1,7+2,...,2];
Ujt1,j;0,00 1

J
=0,1,...5; jeN.
Proof. We start with a study of u1,00. Using (57) and denoting by P{,4(z) = ¢ —
(€, 1)p2 (1 = Py.0(2)) the non normalized vector Pj.o(z) obtained due to the Schmidt
orthogonalization procedure taking the vector ¢*?, we get

uono= [ " Praldp(z) = [Plo(2)lz? [ 7= @ D) do(e)
(66) C C

- i0 —if
= [1PLo(2) 2 (e 172 = (e, 1) 2[?).

The last difference is positive (see below, (68)), therefore aq,0.0.0 > 0.

Consider ag,1,0,2- Denote as earlier by Pj.,(2) non normalized vector P;.2(z) obtained

due to the Schmidt orthogonalization procedure taking the vector e~*. According to

(23) and (24) we have
Ploy(z) = e — (7, Pra(2)) 2 Pra(2) — (7%, Pro(2)) 12 Proo(2) — (€77, 1) 2.
Therefore using (57) we get

Uo,1;0,2 =/C€7"0P1;2(Z) dp(z) = \lP{;z(Z)||Z§/(C€i0P{;2(Z) dp(z)

=||P{5(2)Il 2 /(C e (e™ — (7, P11(2)) 2 Prsa (2)
— (e, Ppo(2)) 12 Proo(z) — (€7, 1) 12) dp(2)

=[Py (2) 12 (le™ 72 — (e, Pra(2)) 2]
—|(e7, Pro(2))r2|* — [(e7 7, 1) 2 ?).

Also using (68), we conclude that the last expression is positive and therefore
up,1;0,2 > 0.
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Positiveness in (66) and (67) follows from the Parseval equality applied to the decom-
position of the function e~ € L? with respect to the orthonormal basis (24) on the
space L?:

(68) (e Dl + (7", Pro(2)) 2l + 17", Pra ()2 + - = [le ™12z

Let us pass to the proof of the positiveness of w1 jia,a, where j €N, a=0,1,..., 7.

From (57) we have

(69) Wit inn = [ PP dpl2)
According to (25) and (27)
(70) Pja(z) = k‘j;ocrj_loz_jlei(j_a)‘9 + Rja(2),

where Rj.(z) is some polynomial from Pj,o_1 if @ > 0 or from P;_1,5;_1) if & = 0.
Therefore €% R;.,(2) is some polynomial from P; 1.4 for a = 1,2,...,j, or from Pj 1
for @ = j+ 1,5 +2,...,2j, or from Pjy;_1) for a = 0 (see (34), (35) and (27)).
Multiplying (70) on e? we conclude that

€ Pya(2) = hyar? NG00 L O (2)

— by Pl GGG O R (o)

71
) ., Pja-1), @=0; .
e’ Rjo(2) €8 Pitta—1, a=1,2,...,7;

Pj+1;j7 a:]+17.7+2772.7
On the other hand equality (70) for Pjy1.4(z) gives

(ritimla=GDlgili+1-000 | p. (o,

Pjy1.0(2) = kjt1,
Rj+1;a(z) € {

Finding 7/ +1le=G+DIii+1=0)0 from (72) and substituting it into (71) gives

(72) Piji2js a=0;

Pj-i—l;a—la a:]-a aa2j

elGPj;a(z) = 22 (Pj-i-l;a(z) - Rj+1;a(z)) + eleRj;a(Z)
(73) ijrl;a
= k'L Pj+1;a(2) - k*L Rj+1;a(2) +e eRj;a(Z),
j+1a j+1;a

where the second term belong to Pjy1.4—1 (@ # 0) or to Pj.2; (o = 0) and the third term
belong to Pj;Q(j—l) if o = 0, ’Pj+1;a_1 if a = 1, 2, [P ,j, Pj.}rl;j if a = ] + 1,] + 2, ey 2]
and in any case orthogonal to Pji1.q(2) if @ < j. Therefore after the substitution the

expression (73) into (69) we get that ;11 j.a,a+2 = kkila < 0.
J el

Consider at last the elements ; jy1:a,a4+1 Where j €N, ao=j+1,5+2,...,25. From
(57) we get

(74) w5 j41s0s2 = /C €0 P, 11 os2(2) Pral2) dp(z) = /«; P, o (2) Py rmra(2) dp(2).

For Pj.,(z) we have expression (70). Multiply it on e~% we get similar to (71)

e_ij;a(Z> = k‘j;ar(j_l(a_l)Iei(j_a_l)e + e_ij;a(Z)

— iy UFDH@AD =G GG (ek2)0 i ()

75 7
(75) ) 73;?1;2(;‘71)7 a=0;
e_leRj;a(Z) S Pj2j, a=12...,7—-1;

Pj+1;a+27 a:ja]+la?2j
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Now the equality (70) for Pj;1;a+2 has a form

Piyiasa(2) = kjppapor? IO UIDIGHGDE0 L Ry o (2);

Pj+1;a+1> 0421,2,...,2j;
Rjtiat2(2) € { Pji2j, a=0.

(76)

Finding 771~ 1(e+2) =G+ DIi((G+1)=(a+2)0 from (76) and substituting it into (75) gives

—i k';a —1
e " Pja(z) = T 2 (Pit1at2(2) = Rjprata(2)) + € Rja(2)
j+1la+2
(77) N o ,
L = Pji1ia+2(2) — P = Rjt1ja+2(2) + € " Rjia(2).
J+la+2 j+1;a42

As before the second term in (77) belongs to Pji1.a41, for @ = 1,2,...,2j or to Pj;2;
for v = 0 and the third term belongs to Pjy1,q41, for o = j4+1,5+2,...,2j or to Pj.;,
for « = 1,2,...,7 — 1 and to P;_y;5(j_1) if @ = 0 and are in any case orthogonal to
Pitiaq2(2) fora=j+1,5+2,...,25.

Therefore substituting of the expression (77) into (74) gives ujjt+1.a,a+41
= e 5, O

T Kittete

In what follows we will use usual convenient notations for elements u; j of the Jacobi
matrix

Up = Untln - Hny — Hpta,
(78) Wy = Unp,n . Hn — Hn,
Up = Unn+1 - HnJrl — Hna ne NO~

All previous investigation are summarized in the following theorem.

Theorem 3. The bounded Hermitian operator A of multiplication by r commuting with
the unitary operator U of multiplication by e'® on the space L? in the orthonormal basis
(24) of polynomials have the form of three-diagonal block Jacobi type symmetric matriz
Ja = (k)%= and unitary matriz Ju = (ujk)55—o that act on the space (28):

(79) Lb=HodH1OHa® -+, Hn=C""', neN,.

The norms of all operators aj . : Hi — H; and uj : Hi — H; are uniformly bounded
with respect to j,k € Ny.
In designations (53), the symmetric matriz has the block form

bo Co 0 0 0

ap b1 C1 0 0
(80) JA — 0 aq b2 C2 0

0 0 a9 b3 C3 ‘
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and the scalar form

o+ x|
o

O OO+ ¥x|¥x % x|x%
O O+ % ¥x|%x ¥ x|+
O+ ¥ % x|[% ¥ ¥x|O

Ja

OO+ % ¥ % *¥|[% ¥ ¥ ¥ x|+ © O
O+ % % ¥ ¥ ¥X|¥ ¥ ¥ ¥ ¥|O OO

O OO+ % % ¥|% % ¥ % ¥|x + ©
X K K X X X X[ ¥ ¥ ¥ x +
¥ X ¥ ¥ ¥ ¥ *¥|¥ ¥ ¥ + O
¥ ¥ ¥ ¥ ¥ ¥ *¥|¥ ¥ + © O
¥ ¥ ¥ ¥ ¥ ¥ ¥|¥x + o0 O
¥ ¥ ¥ ¥ ¥ ¥ ¥|+ o000
¥ K K X X X X| OO O OO

* X X X X X KX X X ¥ ¥

OO OO O+ ¥[% ¥ ¥ ¥ ¥|%¥ ¥ ¥
OO OO+ ¥ ¥[¥ ¥ ¥ ¥ x|x x +

In (80) Vn € NQ by, is an ((2n—|— ].) X (2n+ 1))—matri93: b, = (bn;a,ﬁ)i?/’;:no’ (bO = bo;o,o
is a scalar); an is an ((2n + 3) x (2n + 1))-matriz: a, = (an;a’g)i"gj(f"; Cn 1S an
((2n 4+ 1) x (2n + 3))-matriz: ¢, = (cn;aﬂ)i%zjgﬂ. In these matrices a,, and ¢, some

elements are always equal to zero: ¥n € N

Cnia,g =0, a=0,1,...,2n, B=a+2,a+3,...,2n+2;

1
(81) Oniag=0, f=01,....2n, a=0+2,+3,....2n+2.

Some other their elements are positive, namely
(82) Cniaatl >0, Gniat1a >0, a=0,1,...,2n, Vn e Np.

Thus, it is possible to say, that Vn € Ny every under left corner of the matrices a,
(starting from the third diagonal) and every over right corner of the matrices c,, (starting
from the third diagonal) consist of zero elements. All positive elements in (80) are denoted
by //_,'_//)‘

So, the matriz (80) in the scalar form has the indicated multi-diagonals structure.

The adjoint operator (A)* = A in basis (24) has the same form of analogously three-
diagonal block Jacobi type matrix J 4.

In designations (78), the unitary matriz has the block form

wo Vo 0 0 0

Uo w1 (% 0 0
(83) JU — 0 U1 w2 Vo 0

0 0 U9 ws 'U3‘
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and the scalar form

[ [ = * %+ i
+ % % % 0O 0 0 0 O
0] = % x * % *x + 0 0

0 *= = = * ok kx4

4+ % % ¥ x *x x x| 0 0 0 0 0 0 O

0 + = * % * *x x| 0 0 0 0 0 0 O

0 0 O * ok ok x % * x x x + 0 0

0 0 O *  x ok x % * % x x x 4+ 0

Jy = 0O 0 O * ok ok ok ok ¥ % x *x x % +

+ k% ok % k ok ok ok ko ok %

0 + * *x % x % % x ok ok ok

0 0 4+ =*= x % % x ok ok ok

0 0 0 0 O O] % =% =% % *x % %

0 0 0 0 O % =% *x x x * x

0O 0 0 0 O ¥ % x ok x % %

0O 0 0 0 O ¥ % x k% % %

In (83)Vn € Ng wy, is an ((2n+1) x (2n+1))-matriz: w, = (bn;a,g)i%zlo, (wo = wo,0,0

is a scalar); u, is an ((2n + 3) x (2n + 1))-matriz: u, = (un;aﬁ)itl;j(f"; v 0s an

((2n + 1) x (2n + 3))-matriz: v, = (cn;a,ﬁ)i’?f;?? In these matrices u, and v, some

elements are always equal to zero: ¥Yn € N

Upia,g =0, a=0,1,...,n—1, 6=0,1,....2n+ 2;
" Uniag =0, a=nn+1,...,2n—-1, [f=a+3,a+4,...2n+2;
(84) Unia,g =0, B=0,1,...,n, a=03+1,8+2,...,.2n4+2;

Unap =0, B=n+1n+2...,2n, a=n+1n+2,...,2n+2

and Up;1,0 = U0;2,0 = 0.
Some other their elements are positive, namely
00,0,2, U0;0,0;
(85) Unionat2s a=n+1,n+2...,2n;
Unso,a a=0,1,...,n; neN.

Thus, it is possible to say, that for Vn € N every under left corner of the matrices
up (starting from the second diagonal beginning in the left over corner) and n + 2 last
lines and every over right corner of the matrices v, (starting from the second diagonal
beginning in the right under corner) and n first lines consist of zero elements. All positive
elements in (83) are denoted by "+" ).

So, the matriz (83) in the scalar form has the indicated multi-diagonals structure.

The adjoint operator (U)* in basis (24) has the form of analogously three-diagonal
block Jacobi type matrix Jy-.

These matrices Ja, Ju and Jy~ act as follows: Vf = (fn)ory € 12

(Jaf)n = an—1fn-1+bnfn + cnfni1,
(86) (JUuf)n = tn-1fn-1+ Wnfn+ vnfni1,
(JosfIn =vn 1fnr +wpfo+upfoe, neNo, fa1=0,
(here by * is denoted the usual adjoint matriz).

Let us conclude that the form of coefficients in the expression for Jy« follows from
(60) and (78).
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4. THE DIRECT AND INVERSE SPECTRAL PROBLEMS FOR THE THREE-DIAGONAL
BLOCK JACOBI TYPE OPERATORS

As it was mentioned above the main result of the previous section is, actually, the
solution of the inverse problem for corresponding direct problem appearing in the title
of this section.

We consider operators on the space 1y of the form (28). Additionally to the space 1,
we consider its rigging

(87) (lﬁn)l D) lg(p_l) Ol D 12(])) D) lﬁn,
where ly(p) is the weighted 1y space with a weight p = (p,)22,, where p, > 1, and
p~t = (p,;1)5,. In our case lz(p) is the Hilbert space of sequences f = (£,)2%, fn € Hn
for which we have
(88> Hf||122(p) = Z an”%—tnpm (f7g)12(17) = Z(fn»gn)ﬂnpw

n=0 n=0

The space l(p~!) is defined analogously; recall that lg, is the space of finite sequences
and (lg,)" is the space conjugate to lg,. It is easy to show that the embedding 15 (p) < 1o
is quasinuclear if Y~>° (np, ' < oo (see, for example, [3] Ch. 7; [5] Ch. 15).

Let A and U be a strongly commuting bounded selfadjoint a unitary operators con-
nected with the chain (87). According to the projection spectral theorem (see [4] Ch. 3,
Theorem 2.7; [3] Ch. 5; [5], Ch. 15;) such operator have representations

(89) Af:/crq)(z) do(z)f, Uf:/cew@(z)da(z)f, fely,

where ®(2) : 1a(p) — la(p~ 1) is the generalized projection operator and do(z) is spectral
measure. The adjoint to U operator U* has the same representation as in (89) where
e®(z) is replaced by e~ ®(z). For every f € lg, the projection ®(2)f € lo(p~!) is a
generalized eigenvector of the operators U and U* and A with corresponding eigenvalues

e e and r. For all f,g € lg, we have Parseval equality

(90) (f 9 = /C (), gnador(2);

after closure by continuity the equality (90) takes place for Vf, g € 1o.
Let us denote by 7, the operator of orthogonal projection in ls on H,, n € Ny. Hence
V= (fn)2, €1y we have f,, = m, f. This operator acts analogously on the spaces 13(p)
and lo(p~!) but possibly with the norm which is not equal to one.
Let us consider the operator matrix (®;(2))3%—¢, where

(91) @j,k(z) = qu)(z)ﬂk cl — Hj, (OI‘ Hi — Hj)
The Parseval equality (90) can be written as follows: Vf, g € 1,

Z/ ()i f,migh,do(z Z / (m;®(2)mrf, g, do(2)

7,k=0 7,k=0

Z/ i1 (2) fro g1, o (2).

J,k=0

(92)

Let us now pass to a study of a more special bounded operators A and U that act on
the space ls. Namely, let it be given by a matrices J4 and Jy that have a three-diagonal
block structure of the form (80) and (83) correspondingly. So, these operators A and U
are defined by the first and the second expressions in (86), the adjoint operator U* is
defined analogously by the third expression in (86). Recall that the norm of all elements
G, bn, ¢, and, obviously, u,, w, and v, are uniformly bounded with respect to n € Nj.
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For the further investigations we suppose that conditions (81), (82) and (84), (85) are
fulfilled and additionally the operators A and U given by (80) and (83) are selfadjoint,
unitary and commuting on la. The conditions, that would imply for operators A and U
to be selfadjoint unitary and commuting will be investigate in the next Section.

At the next step we will rewrite the Parseval equality (92) in terms of generalized
eigenvectors of operators A and U. At first we prove the following lemma.

Lemma 8. Let ¢(2) = (pn(2))2%, ¢n(2) € Hn, 2z € C, be a generalized eigenvector from
(1an)" of commuting selfadjoint operator A and unitary operator U (U*) with eigenvalue
r and e (e7%) corresponding. Multiplying o(2) by the scalar constant (depending on
z =re') we can obtain, that po(z) = @o is independent of z. Thus @(z) is the solution
from (1an)" of the system of three difference equations (see (86))

(Jap(2))n = an-19n-1(2) + bpon(2) + cnni1(2) = ron(2),
(Jup(2))n = Un—10n-1(2) + Wnpn(2) + Vn@ny1(2) = eiewn(2)7

(Jo=¢(2))n = Vp_1Pn-1(2) + wion(2) + uppnia(2) = € on(2),
ne NO) @—1(2) =0,

(93)

with an initial condition o € C.
We assert that this solution is the following: Vn € N

(94) (pn(Z) = Q’ﬂ(z)(po = (Qn;07 Qn;la ceey Qn;2nu )SDO

Here Qn;a, o« = 0,1,...,2n are polynomials of r, e’ and e~ and these polynomials

have the form
(95) Qnia(z) = kn;ar"_la_me_i(”_o‘)g +Rna(2), a=0,1,...,2n, n €Ny,

where ky.o > 0 and Ry.o(2) is some linear combinations of r and € (law order see (23)
and the Figure 1.).

Proof. For n = 0 the system (93) has the form (in convenient order):

—if 0
(96) Ju=po =e "o, Japo =10, Jupo=-e"po,
ie.
_ _ —if
W0:0,090;0 T U0;0,091;0 =€ 70,0,
b0.0,090;0 + €0;0,091;0 + C0:0,1%1;1 = T¢0.0,
i0
W0;0,0%0;0 + V0;0,01;0 T V0;0,1P1;1 T V0,0,21;2 = € ©0;0,
or
_ o —if _
T0;0,0150 = (e™"" — wo;0,0) 0,0,
(97) €0;0,0©1;0 t €0;0,1¥1;1 = (r — b0,0,0)%0:0
i0
00;0,001;0 + V0;0,191;1 + V00,2012 = (€' — wo,0,0)90;0-

Here and in what follows we denote
Yo = Yo;0 = QO;O? San(z) = (‘Pn;o(z)v 9071;1(2), ceey <pn;2n(z)) € Hn, Vnel
Equalities in (96) we rewrite in the form

Agp1(2) = ((e7% — Wo30,0)0), (1 — bo0,0)0, (€ — wos0,0)0)

(98) ug,0,0 O 0
Ao=1| co00 coo1 O ,
V0:0,0 €0;0,1 C0:0,2
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where due to conditions (81), (82) and (84), (85) @o.0,0 > 0, co.0,1 > 0, up,0,2 > 0. Hence
Ag > 0. Therefore from (97) we obtain consequently

wWe;0,0 — e ¥

¢1;0(2) = ———————¢0 =: Q1,0(2)po,
U0;0,0
bo:0,0 =T €000 €0 — Wo.0,0
p1;1(2) = — ( = + == ——— | o =: Q1,1(2)¢o0,
(99) €0;0,1 00,1 00,0
_ wo,00 — € 0,0,0 [Wos0,0 — €7
p1;2(2) = — - —
V0;0,2 V0;0,2 U0;0,0
v0:0,1 [b0;0,0 =T  Co:0,0 €Y — Wo,0,0
- [ + — D ©o =: Q1,2(2)wo-
00,2 €0;0,1 €0;0,1 U0;0,0

In another words the solution ¢, (z) by n =1 of (93) has a form (94) with (95).

Suppose, by induction, that for n € N the coordinates ¢, —1(z) and ¢,(z) of our
generalized eigenvector ¢(z) = (pn(2))5%, have a form (94) with (95) and prove that
©n+1(2) is also of the form (94) with (95).

Our eigenvector ¢,41(z) satisfies the system (93) of equations. But this system is
overdetermined: it consists of 3(2n+3) scalar equations from which it is necessary to find
only 2n+3 unknowns @, 1,0, Pnt1;1, - - - » Pnt1;2(n+1) USINg as an initial data the previous
2n + 1 values @n.0, ©ni1,-- -, @non of coordinates of the vector ¢, (z). Analogously to
(96) we have for j =0,1,...,2n:

—16 1
Juepn; =€ Vg, Japn; =T, Jupn =€ on;;

According to Theorem 3, especially to (81), (82) and (84), (85) the ((2n+3) x (2n+1))-
matrices Uy, ¢n, v, and act on @, € H, as follows:

Un;0,0 0 ... 0 0 ... 0
’L_Ln;o,1 ﬂn;l,l ... 0 0 ... 0
* — — —
UpPnt1(2) = | Unjon Un;1,n coo Uninn 0 ... 0 n+1(2),
ﬂn;O,anl ﬂn;l,anl cee ﬂn;n,2n71 0 ... 0
L an;0,2n an;1,2n B 'U/n;n,2n 0 ... 0 _
Cn;0,0 Cn;0,1 0 ... 0 0
Cn;1,0 Cn;1,1 Cn;1,2 0 0
Cn;2,0 Cn;2,1 Cn;2,2 ... 0 0
(100)  cnpnti(z) = | . . . . . . Ont1(2),
Cni2n—1,0 Cn;2n—1,1 Cn;2n—1,2 ... 0 0
L Cn;2n,0 Cn;2n,1 Cn;2n,2 <o Cpi2n2n+1 0 i
[0 ...0 ...0 0 i
0 ...0 ...0 0
'Un‘Pn+1(z> = | Un;n,0 <o Unin n+42 .0 0 ‘PnJrl(Z)a
Un;2n—1,0 - -+ Un;2n—1,n42 - - - Un;2n—1,2n+1 0
L Un;2n,0  --- Un;2nn+2 - Un;2n2n+1  Un;2n.2n+2 |

where v,11(2) = (Pn+1;0(2), Pnt1;1(2), - - - Cns1i2n42(2)).
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Construct the similar to (98) the following combination using the matrices from (100):
the ((2n + 2) x (2n + 2))-matrix

Up0,0 O 0 0 0
Cn;0,0 Cn;0,1 0 0 0
€10 Cm1l Cpst2 ... O 0
(101) An‘ﬂn—&—l(z): . . . . . . @n-l—l(z)a
Cn;2n,0  Cn;2n,1 Cn;2n,2 --- Cpi2n2n+1 0
Ll Un;2n,0 Un;2n,1 Un;2n,2 ... Unp2n2n+1  Un;2n2n+2 |
where ©5,41(2) = (Pn+1,0(2), Pat1:1(2); - -+ Pry12n12(2))-

The matrix (101) is invertable, because its elements are positive on the main diagonal
(see (81), (82) and (84), (85)). Rewrite the equalities (93) as follows:

Unnt1(2) = € P pn(2) = vn_10n-1(2) — when(2),

(2) =
CnPn+1(2) = ron(2) — an—19n—1(2) — bnn(2),
( — ei@

UnPnt1(2) = €7on(2) = un—10n-1(2) — wnpn(z), ne€EN,
ie.
Un@nr1(2) = (€7 = w))pn(2) = v _19n-1(2),
(102) Enpn+1(2) = (1 = bn)pn(2) = an-19n-1(2),
UnPn41(2) = (€7 = wn)pn(2) = un—19n-1(2), nEN,
We see, that scalar equations (102)) have the form

Uns0,0Pn+1,0(2) = {(671‘01 —wy,)Qn(2) — U;—1Qn—l(z)}n;j )
where 1" is the identity (2n + 2) X (2n + 2) matrix. Hence for j = 0 we obtain
1 —1 * *
@nt1.0(2) 7= @ni10(2) = {71~ w})Qn(2) = v5_1Qn-1(2)},,-

an;0,0

Hence Qy11,0(2) = kpy1,0e 10 4 ...
For the case j = 1 we have

Cn;O,O‘Pn-&-LO(z) + Cn;O,lﬁﬁn-i-l,l(Z) ={(rl = b,)Qn(z) — an—lQn—l(Z)}nﬂ )

Q7L+1,1(Z) L= ‘pn+1,1(z)

= ! {_cn;O,OQnJrl,O(Z) +(rl = bn)Qn(2) — anlenfl(Z)}ng .

En;O,l

Hence Qn+1,1(2) = kn+171r67i”9 —+ -
For j =2,3,...,2n+ 1 we have

Cnsj,09Pn+1,0(2) + Cnij1@n11,1(2) + -+ Cnyjjr19n41,5(2)
={(rl =b,)Qn(2) — an-1Qn-1(2)},.;
1
Cn;j,j+1
— = Oy Pna1,i-1(2) + (11 = 0)Qn(2) — an—1Qn-1(2)},,.; -

Hence Qn+1,5(2) = an)jr”H*U*(nH)\ei(n+1fj)0 4.
And for the last equation from (102) (i.e j = 2n + 2) we have

Qn11,5(2) = ¢ny1,3(2) = {=cnj,00n+1,0(2) = cnyj1Pnt1,1(2)

Uns2n,0Pn+1,0(2) + Vnian19n+1,1(2) + -+ + Un2n 2n+2@n+1,2n+2(2)

= {(ei91 — wn)Qn(Z) - unlenfl(Z)}n;Q,rH_Q 5
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Qnt1,2n+2(2) = Pnt12n42(2) = _ {=Vnj,00nt1,0(2)
Un;2n,2n+2
- Un;jJ‘PnH,l(Z) - Un;2n,2n+150n+1,2n+1(2’)
+(€’L€1 - wn)Qn(z) - Un—lQn—l(Z)}n;2n+2 .
Hence Qn+1,2n+2(z) _ kn+172n+2rn+17|(2n+2)7(n+1)\ei(n+1)f(2n+2))9 4
It is necessary to take into account that the next diagonal elements 0,0, ¢n:0,1,
Cnil,2y - - s Cns2n,2n41, Unian,2nt2 Of the matrix A, are positive due to (82) and (85). This
completes the induction and finishes the proof. O

Remark 2. Note, that we did not assert, that the solution of the overdetermined system
(93) exist for an arbitrary initial data ¢y € C: we prove only, that the generalized
eigenvector from (lg,)" of operators A and U is a solution of (93) and has the form (94)
and (95).

In what follows, it will be convenient to look at @, (z) with fixed z as a linear operator
that acts from Hg into H,, i.e., Ho 3 wo — Qn(2)po € Hn. We also regard Q,(2) as
an operator valued polynomial of z = re?? € C, i.e. r and e’; hence, for the adjoint
operator we have Q% (z) = (Qn(2))* : Hn —> Ho. Using these polynomials @, (z) we
construct the following representation for ®; ,(2).

Lemma 9. The operator ®;i(z), Vz € C has the following representation
(103) D k(2) = Qj(2)®0,0(2)Q1(2) : Hx — M, Jj,k € No,
where g o(z) > 0 is a scalar.

Proof. For a fixed k € Ng the vector ¢ = ¢(z) = (¢;(2))32, where

(104) 0j(2) = O p(2) =m;Q(2)m € Hy, z€C,

is generalized solution, in (1g,)" of the system of equations

(105) Jurp=e"Po, Jap=ro, Jup=c’p,

since ®(z) is a projector on to generalized eigenvectors for operator A and U (U*) with
correspondence generalized eigenvalues 7 and e*, (e7"%). Therefore Vg € lg, we have

(@7 JAg)lz = T(@vQ)lQ? (907 JU*g)lz = eie(@ag)lzv (% JU9)12 = eiie(spﬂg)lz'
Hence, it follows that ¢ = p(z) € la(p~?!) exists as an usual solution of equation (105)
with initial condition @ = me®(2)7, € Ho.

Using Lemma 8 and due to (94) we obtain
(106) Djr(2) = Qj(2)(Pox(2)), € No.
The operator ®(2) : lo(p) — la(p~1) is formally selfadjoint on lp, being the derivative

of the resolution of identity of operators A and U (U*) on 1l with respect to the spectral
measure. Hence, according to (103) we get

(107) (@jk(2)" = (m;@(2)m)" = mp@(2)m; = Py 5(2), .k € No.
For a fixed j € Ny from (107) and previous conversation, it follows that the vector
Y =19(2) = (Yr(2)iZo,  Yi(2) = P (2) = (P)k(2))"

is an usual solution of the equations (105) with initial condition 1y = ®¢ ;(2) = (P,,0(2))*.
Again using Lemma 8 we obtain the representation of the type (106),

(108) @kJ(z) = Qk(z)(d)O,j(z)), ke Np.
Taking into account (107) and (108) we get
(109) Do,r(2) = (Ph0(2))" = (Qr(2)Po,0(2))" = o0(2)(Qk(2))", k€No
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(here we used ®g o(z) > 0, this inequality follows from (90) and (91)). Substituting (109)
into (106) we obtain (103). O

Now it is possible to rewrite the Parseval equality (92) in a more concrete form. To
this end, we substitute the expression (103) for ®; x(z) into (92) and get:

Z/ () fer g do(2)

7,k=0
Z/Q]%dmam@mw>
7,k=0

(110) Z/an,>mwm>
7,k=0

- /(C (%QZ(Z)fk)(jiOQ;(z)gj)dp(z)’

dp(z) = ®o(z)do(z) Yf,g € lan.

Introduce the Fourier transform ~ induced by the bounded self adjoint operator A
commuting with unitary operator U on the space Lo, Vf € lg,

(1) Lol f=(f)e — f(2) ZQ (2)fn € LA(C, dp(2)).

Hence, (110) gives the Parseval equality in a final form, Vf, g € la,

(112) (froh, = Cf(Z)fJ(Z) dp(2)-

Extending (112) by continuity, it becomes valid Vf, g € lo.
Orthogonality of the polynomials @} (z) follows from (111) and (112). Namely, it is

sufficient only to take f = (0,...,0, f%,0,...), fx € Hr, g =(0,...,0,9;,0,...), g; € H,
n (111) and (112) . Then Vk,j € Ny

(113) ﬁ%wm@wm@w=mmwm

Using representation (94) for these polynomials we can rewrite the equality (113) in
a more classical scalar form. To do this, we remark that Qf(z) = Qo(z) and for n € N
according to (94)

Qn('z) = (Qn;O(Z)7 Qn;l(z)7 ceey Qn,2n(z)) Ho — Ha.

*

Hence, for the adjoint operator QX(z) : H, — Ho we have Vx € Hy, and y =
(yO,ylv s 7y2n) € Hn

(Qn(z)xa y)?—ln = ((Qn;o(Z)Z’, Qn;l(z)xa LRI Qn;2n(z)m)7 (y07 Y1, 7y2n))'Hn
= Qn;O(Z)ng + Qn;l(z)myl +oF QTLQ?’L(Z)ng”
= m(Qn;O(Z)yo + Qn;l(z>y1 +-+ Qn 2n( )y2n) (.’IJ, QZ(Z)ZJ)HW

that i 18, Q ( )y — Qn 0( )yO + Qn;l(z>y1 +--- 4+ Qn Zn( )y2n
Due to the last equality for n € N and fn = (fn0,fn1s--s fn2n) € Hp, 2 € C, we
obtain

(114) Q:L(Z)fn = Qn;O(Z)fn;O + Qn;l(z)fn;l + -+ Qn 2n( )fn 21 QS(Z) =
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Therefore (113) has the form: Vfi.0, fis1, - -5 fo2k, 9509515 -+, 95:25 € C, j, k € Ny,

[ (S o) (S @o0) =63 e

This equality is equivalent to the following orthogonality relation in the usual classical
form: Vj,k € No, Va=0,1,...,24,8=0,1,...,2k

(115) [ T Qsadolz) = 810800 (@0 = Qo).
c
Due to (114) the Fourier transform (111) can be rewritten as
oo 2n
(116) =3 > Qnal@)fua: 2€C, Vf=(fa)ol €L
n=0 a=0

Using the stated above results of this section, we can formulate the following spectral
theorem for our commuting bounded selfadjoint operator A and the unitary operator U.

Theorem 4. Consider the space (28)
(117) L=HodH1DHaD---, Hnp=C""' neN,

and commuting linear operators A and U that are defined on finite vectors lg, by a block
three-diagonal Jacobi type matriz J4 of the form (80) and Jy of the form (83) with the
help of the expression in (86). We suppose that all its coefficients an, by, ¢, n € Ny, are
uniformly bounded (un, Wy, ¢,, n € Ny, are also uniformly bounded), some elements of
these matrices are equal to zero or positive according to (81), (82) and (84), (85) and the
closure of A by continuity is bounded selfadjoint operator and closure of U by continuity
is unitary operator on this space.

The eigenfunction expansion of operators A and U has the following form. According
to Lemma 8 we represent, using @o € C, the solution ¢(z) = (vn(2))22y, ¥n(z ) € Hnp,
of equations (93) (which exists thanks to projection spectral theorem) for z = re? € C

(Pn(Z) = Qn(z)wo = (Qn;O(z)’ Qn;l(z)7 ) Qn;2n(2)>9007

where Qn.o(2), @ = 0,1,...,2n are polynomials of r, e and €. Then the Fourier
transform has the form

I D lin 3 f = (fa)io — f(2) ZQ
(118)

oo 2n

=3 Qual2)fuia € L*(C,dp(2)).

n=0 a=0

Here Q% (z) : Hn — Ho is adjoint to the operator Q,(z) : Ho — Hn, dp(z) is the
probability spectral measure of A and U.
The Parseval equality has the following form: ¥f, g € lgy

- /C F(2)3() dp(2), (Uatoh = [ rfC) dn(o).
(T g, = / O FiE) dp(2), (- froh, = / e~ F(2)5() dp(2).

Identities (118) and (119) are extended by continuity to Vf,g € la making the operator
(118) unitary, which maps ly onto the whole L*(C,dp(z)).

The polynomials Qn.a(2), n € N, = 0,1,...,2n, and Qo,0(z) = 1, form an orthonor-
mal system in L*(C, dp(z)) in the sense of (115) and it is total on this space.

(119)
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Proof. It is only necessary to show that the orthogonal polynomials Qn.a(2), / n € N,
a=0,1,...,2n, and Qo,0(z) = 1 form a total set in the space L*(C,dp(z)). For this
reason we remark at first that due to the compactness of the support of the measure
dp(z) on C, the elements rte”? t € Ny, j € Z form a total set in L?(C,dp(z)).

Let us suppose the contrary, i.e. that our system of polynomials is not total. Then
there exist non zero function h(z) € L?(C, dp(z)) that is orthogonal to all these polyno-
mials and hence, according to (95) to all r*e*? t € Ny, j € Z. Hence h(z) = 0. O

The last theorem solves the direct problem for the bounded selfadjoint operator A
commuting with unitary operator U that are generated on the space lo by the matrix J4
of the form (80) and Jy of the form (83).

The inverse problem consists of the construction from a given measure dp(z) on C
with compact support the bounded hermitian matrix J4 of the form (80) commuting with
unitary matrix Jy of the form (83) and that has its spectral measure equal to dp(z). This
construction is conducted according to Theorem 3, with the use of the Schmidt orthogo-
nalization procedure for the system (23). For the matriz J4 of the form (80) and Jy of the
form (83), that are constructed from dp(z), the spectral measure of corresponding bounded
selfadjoint operator A and unitary operator U is coinciding with the start measure.

Proof. The claim holds true, since the system of orthogonal polynomials, connected with
A, Qu.a(z) a=0,1,...,2n, n € Ny, are orthonormal in L?(C,dp(z)) and, according to
Lemma 8, are constructed by r*¢”? ¢t € Ny, j € Z, in the same way as the system (24)

is constructed by rte’? t € Ny, j € Z. Hence, ¥n € N

(120) Qo(z) =1=PFPy(2), Qnal(z) =Pnalz), a=0,1,...,2n,
Since both system of polynomials form a total set in L?(C, dp(z)), then (120) shows
that the spectral measures constructed from operators and the given one coincides. [

Let us remark that expressions (40) and (57) (as it was known in the classical theory of
Jacobi matrices) reconstruct the initial matrices (80) and (83) from the spectral measure
dp(z) of the operators constructed from J4 and Jy on lo.

5. JACOBI TYPE BLOCK MATRICES DESCRIBED IN THEOREM 3

We will find the condition which guarantee that the matrix Jy of type (13) is a
unitary operator and commute with the matrix J4 of type (9) that is bounded hermitian
operator. The formal adjoint matrix Jy« has the form

* %
wgug 0 0 ---

/US wi‘ u’{ 0 . ’U,;; . Hn — Hn+17
(121) Ju-=1 0 vt wiuy--- | wn o H, — Ha,
uy t Hp1 — Hp, n€Np.

Multiplying matrices (13) and (121) we get JyJy~. The expression for Jy-Jy is ob-
tained analogous with the change u,,, w, and v, on v}, w; and w; respectively and vice
versa. Comparing these expressions for JiyJy« and Jy=Jy we conclude that the equality
JuJu~ = Jy+Ju is equivalent to fulfillment of the following system of equalities (we take
into account that wyg is a scalar, wg = wg) n € No:

VUG = U{UO;

* %
(122) UnUpy1 = UpUn+1,
* * _ * * —
Wply, + VpWyy 1 = WyVUp + UnWpi1 = 0,
* * * ok * *
Un Uy + Wnt1 Wy g + Ung1Vpq1 = UpUp + Wy Wil + Uy Unta-

Taking initial matrices ug, wg, vo and finding from (122) step by step w1, w1, v1; Uz,
wa, V2; ... etc. (in non-uniquely manner) we can construct some normal matrix Ji;.
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Multiplying matrices (9) and (13) we get JaJy. The expression for JyyJ4 is obtained
analogously with the change of u,, w,, v, and a,, b,, cy.

Comparing these expressions for JaJy and JyJa we conclude that the equality
Juda = JaJy is equivalent to fulfillment of the following system of equalities (we take
into account that wg and by are a scalar and by = Eo) n € Np:

CoUp = Voao;
CnUn+1 = UnCn+1,
(123) Ap+1Up = Un+10n,
bnvn + CnWnp+1 = WnpCnp + Ulbn+1;
Ap Wy, + bn+1un - unbn + Wn+10n,
ApUn + bn+1wn+1 + Cn4+1Un+1 = UpCnp + wn+1bn+1 + Un4+10n+1-

Taking initial matrices ag, by, cp and the matrix Jy finding step by step a1, b1, c1; as,
ba, c2; ... from (123) etc. (in non-uniquely manner) we can construct some matrix Jg4,
commuting with Jy .

But for such matrices Theorem 4 in general is not valid, because it is necessary to
find these matrices in such way that u,, and v, must be of the form (14), (15), (16) and
such matrix must commute on lg, with the matrix Uy of the form (10), (11), (12). Only
in this case according to Lemma 8 and (109) the functions (23) are linearly independent
and Theorem 4 is applicable.

Remark 3. The describing and convenient parameterizations of matrices u,,, w, and v,
n € Ny which are a solution of equations (122), (123) and uy, vy, @y, ¢, have the form
(14), (15), (16) and (10), (11), (12) respectively is an enough complicated open problem.
With this connections we propose only some example.

Example. Let us put for the matrix (9) with conditions (10), (11), (12) following forms:

(124) nijt+1,j = Cnijj+1 = Cnjn—j| > 0, 1 € No;
other elements are equal zero.
(125) Unsj,j = Unsjj+2 = 1, 0=1,2,...,n, n €Ny
other elements are equal zero.

Hence the matrix J4 generated by (124) commutes with the matrix Jy generated by
(125) on the finite vectors. (It is not difficult to verify.) If additionally Y > | |a|| < oo
in (124), then A is obviously bounded operator and satisfies the condition of this article.

We have another non trivial examples of matrices Jy and J4 such that satisfies the
conditions described in mains theorems, bat we are out of the admissible for authors
scope of the article.

Acknowledgments. The authors are grateful to Yu. M. Berezansky for the stimulating
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