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THE DIRICHLET PROBLEM FOR DIFFERENTIAL EQUATIONS IN
A BANACH SPACE

M. L. GORBACHUK AND V. I. GORBACHUK

Dedicated to the blessed memory of A. G. Kostyuchenko

ABSTRACT. In the paper, we consider an abstract differential equation of the form
2 m
(57 — B) y(t) = 0, where B is a positive operator in a Banach space B. For

solutions of this equation on (0, 00), it is established the analogue of the Phragmen-
Lindel6f principle on the basis of which we show that the Dirichlet problem for the
above equation is uniquely solvable in the class of vector-valued functions admitting
an exponential estimate at infinity. The Dirichlet data may be both usual and gen-
eralized with respect to the operator —B'/2 The formula for the solution is given,
and some applications to partial differential equations are adduced.

1. Let B be a Banach space with norm || - || over the field C of complex numbers,
and let E(B) (L(*B)) be the set of all densely defined closed (bounded) linear operators
on B. In what follows {etA}tZO denotes a Cy-semigroup of bounded linear operators
on B with infinitesimal generator A (for the theory of semigroups of linear operators
on Banach and locally convex spaces we refer, for instance, to [1-4]). Recall only that
a family U = {U(t)};>0 of operators U(t) € L(B) forms a Cyp-semigroup on B if the
following three properties are satisfied:

1) U(0) = I, the identity operator on B;

2) U)U(s) =U(t+s) forall t,s > 0;

3) }E)I(l) |U(t)z — x| = 0 for all € B.

The infinitesimal generator of U, or briefly the generator, is the linear operator A
with domain D(A) defined by

D(A) = {x € B : lim 1(U(t)x —x) exists} ,
t—0 t

o1
Az = }1_13(1) E(U(t):n —z), © € D(A).

This operator is closed, its domain D(A) is dense in B and U-invariant, i.e. U(t)x € D(A)
for all x € D(A), t > 0, and AU (t)x = U(t)Az. Moreover,
d
%U(t)x = AU(t)x, x € D(A).
Finally, assume that ker e = {0} for any ¢ > 0. Without loss of generality it may be
also supposed {e!},>¢ to be a contraction semigroup.
We introduce the space B_;(A), ¢t > 0, as a completion of ‘B in the norm

ol e = [l
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The norms || - ||—¢, ¢ > 0, are compatible and comparable on B. So, for ¢t < ¢ we have a
dense and continuous embedding
(1) BCB_(A) CB_p(A).

We put B_(A4) = (1,5 B-+(A) and endow B_(A) with the projective limit topology of
the Banach spaces B_;(A)
B_(A) = projlim B _,(A).

t—0

Observe that it suffices for obtaining B_ (A) to restrict ourselves to the spaces B_1 (A4), n €
N. Thus, B_(A) is a complete countably normed space. (As for countably normed spaces
and operators on them see [5]).

The operator ¢4 admits a continuous extension U (t) onto B_;(A). Moreover, because

of continuity of embedding (1),
(2) Ut') ls_,ay=U(t) as 0<t<t.
On the space B_(A) we define the operators U(¢) in such a way:

Ve e B_(A):Ut)z=U(t)z as t>0; U0z =uz.
In view of (2), this definition is correct.

The family U = {U(¢)};>0 forms an equicontinuous Cy-semigroup on B_(A). As has
been shown in [6 - 8], this semigroup possesses the following properties:

(i) ¥t >0:U(t)B_(A) CB;

(ii) Vt>0,Vz € B :U(t)x = eu;

(iii) V¢t >0,V € B_(A): U(t+ s)z = etAU(s)r = 34U (t).

If the semigroup {e'};> is differentiable on (0,00), then (see [9]) the embedding
of B into B_(A) is strict, the generator A of the semigroup {U(t)}+>0 is defined and
continuous on the whole space B_(A), and A is the closure of A in B_(A). So, the
semigroup {e*4};>¢ is infinitely differentiable in B_(A) on [0,00). If 0 € p(4), (p(-)
denotes the resolvent set of an operator), then the operator A has a continuous inverse
defined on the whole B_(A).

2. Consider now the equation

2 m
(3) (d—B> y(t) =0, te(0,00), meN,
dt?
where B is a positive operator on B, that is, B € E(B), (—00,0] C p(B), and there
exists a constant M > 0 such that
M

14
(Rp(A\) = (B — AI)~1! is the resolvent of the operator B).

As has been shown in [10, 11], for such an operator the fractional powers B*, 0 <
a < 1, can be determined, and the operator A = —B'/2 is the generator of a bounded
analytic semigroup {e!*};>0 on B with negative type

VA0 [R(-M)] <

>

Infle"]| A

=sup{RA: A € g(A)}

In |le

w(A4) := lim
t—00 t te(0,00)
(o(+) denotes the spectrum of an operator).

By a (classical) solution of equation (3) on (0, c0) we mean 2m times continuously dif-
ferentiable on (0, 0o) B-valued vector function y(¢) such that for any ¢ € (0, 00), y?*)(t) €
D(B™ ) (k=0,1,...,m), B" %y (t) are continuous in B on (0, 00), and y(t) satis-
fies (3). All the solutions of (3) on (0,00) were described in [9]. Moreover, it was proved
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there that every solution y(t) and its arbitrary order derivatives have boundary values
at the point 0 in the space B_(A4), i.e.

lim y*) (t) =y, € B_(A),

t—0

where the limit is taken in B_(A)-topology.
The Dirichlet problem for equation (3) consists in finding solutions of this equation
on (0, 00) satisfying the conditions

(4) y(0) := tlirr(l)y(k)(t) =y €B_(4), k=0,1,....,m—1.
—

In the case of m = 1, it was considered in [11-15].
Let us start from the homogeneous Dirichlet problem

(5) y®0)=0, k=0,1,...,m—1.

To solve this problem, we need the space of entire vectors of the operator A (see [16]),
that is, the space

6 (1)(A) = projlim &% (4) = (1] &5(A),

0<a—0 a>0

where

B (A) = {x € ﬂ D(A”)|E|c =c(z) >0,Vk € Ng = {0} UN: ||[AFz|| < cakkk}
n€Ny
is a Banach space with norm

lz]leacay = sup ”Akx”-
1 keNo akkk

The convergence in & )(A) means the convergence in each &¢(A), a > 0. Note that
®(1)(A) may be obtained if we confine ourselves only to o = L, n € N. So, &(;)(4) is
countably normed. Since the semigroup {e*4};>¢ is analytic, the set & (1)(A) is dense in
%7
G1)(4) = [ R()
>0
(R(-) denotes the range of an operator), and the operator-valued function

exp(zA) := Z EA
k=0

is entire in the space &1)(A) (see [6, 17]). Moreover, the family {exp(zA)}.cc forms an
one-parameter Cp-group on &1)(A), and
etz as t>0,

A): tA)x = -
V:CG@(U( ) eXp( )CE { (e—tA) 11- as t<0.

Theorem 1. The set of all solutions of the homogeneous Dirichlet problem (3),(5)
represents an infinite-dimensional linear space, and every solution of this problem is
entire vector-valued function in & y(A).

Proof. In accordance with [9], a vector-valued function y(t) is a solution of equation (3)
on (0,00) if and only if it may be written in the form
(6) y(t) = y1(t) + y2(1),

where
m—1

n(t) = e, fi e B_(A),

k=0
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m—1
yg(t) = Z th exp(—tA)gk, gk € (’5(1)(A),
k=0
with vectors fi, gx being uniquely determined by y(¢).
It is not difficult to count that

k m—1 ~
(7) (jt —2) ()= i(i—1).. . (i—k+ 1)ty >0, k=01, ,m—1L
i=k
On the other hand,
d 2\ b o
(1) noO =Y 0—cd— o,
1=0

The continuity of A in B_(A) implies

t—0

_(d A\ u PP
lim (dt—A) (1) = (~1)Fici A0 (0),

whence, by virtue of (7),
k
ki = (D" CLAR Y 0(0), k=0,1,...,m—1.
i=0

So,

S0 AR Y O(0) = By + > (—)FTIC AR (0), k=0,1,...,m—1.

=0 =0
Hence, in the case of homogeneous Dirichlet problem,

1 k

fi= =7 > (CDFICAT Y (0), k=01 m L.
T =0
Then the inclusion
k
ST (=DFCLART T (0) € By (A)
1=0

implies f € ®(1)(A) and this, in turn, makes possible to conclude that the vector-valued
function y(t) is entire in &qy(A).
The infinite dimension of the set of all solutions of problem (3), (5) is verified at least
due to the fact that vector-valued functions
y(t) = 51n11;tAg _ exp(tA) Aexp( tA) g
where g goes through the whole space & q)(A), are its solutions. (]

As is seen from the proof of Theorem 1, in the case of m = 1, all the solutions of
problem (3), (5) on (0,00) are given by the formula

sinhtBY2 _  _
(8) y(t) = —pgiz o G € &1)(B'?).

Indeed, in this case, because of (6), a vector-valued function y(¢) is a solution of this
problem if and only if

y(t) = e A fy + exp(—tA)go, fo € B_(A), go € B1)(A).
Since
y(0) = fo+g0=0,
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we arrive at (8) with go = —2B1/2gy € &1)(B'/?).
If m = 2, then, in view of (6), every solution of (3), (5) has the form

y(t) = et‘afo + tetgfl + exp(—tA)go + texp(—tA)gi,
fk€B_(A), grec&y(4), k=01
The condition y(0) = 3/(0) = 0 yields
fo=—90 € By(A), f1=24g0— g1 € &)(A),

whence
sinhtB'/2 (B2 ~ tsinhtBY/? _
y(t) = <B1/2 —te ) 9o ng’
where go = —2B'2go, g1 = —2g1 € &1)(BY/?).

It turns out to be that under certain conditions on behavior on infinity of solutions of
(3), (5), this problem has at most the trivial one. To show this, we shall first prove that
the analog of the Phragmen-Lindelof principle for analytic functions is valid for solutions
of equation (3) on (0,00). Namely, the following assertion holds.

Theorem 2. (Analog of the Phragmen-Lindelof principle). Let w = —w(A) > 0 where
w(A) is the type of {etA}t>0, A = —B'Y2. If for a solution y(t) of equation (3) on
(0,00) the relation -

(9) Vu' € (0,w), 3w > 0: [ly(t)]| < e’
is fulfilled for large enough t > 0 (c,, = const), then
(10) Vo' € (0,w)3ewr > 0 |yt < core, > 0.

for sufficiently large t > 0

Proof. Let y(t) be a solution of equation (3) on (0, 00) satisfying (9). Then y(¢) may
be represented in the form (6). It is not hard to show that for arbitrary fixed ¢ > 0 and
to > 0, there exists a constant c. = c-(tg) > 0 such that

(11) Yt >ty ||y (8)]] < ccem @O
Indeed, for any f € B_(A) and t > tg, the relation
etﬁfH _ e(tftg)Aet()A\fH < e(tft())AH Hf”

holds with ]""V = etod f € ‘B, whence, by definition of the type of a semigroup, for any
6 >0,t>ty,

(12)

3

etﬁfH < Cgef(wfd)(tftg)”'ﬂ| = cge— (w0t

where ¢5 = ce@=9%| f||. This implies

m—1 R
Il = H S ke,
k=0

m—1 R
< 3 et
k=0

—

m—1
(13) < tka[;e_(w—é)t < Z Ck}(;@_(w_Qé)t — cae—(w—s)t’
k=0 k=0

3

Here t > tg,e =26 > 0,c. = kazfol Cks, Cks > 0 is the constant in (12) when it is put
f = fi there.
Now let g € &(1)(A). Since for any & > 0,

lgll = ||e" exp(—tA)g|| < [|e"|| || exp(—tA)g| < cLe™ @~ exp(—tA)g],
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0 < ¢, = const,
we obtain
Wt >0 [exp(—tA)g| = e g],

(¢ = /7! does not depend on t). It follows from here that for any ¢ > 0,
ly2 ()| = [l exp(—tA)g(B)]| > e~ |lg(D)]],
where )
k=0
Suppose y2(t) # 0. This means that in representation (6) there exists at least one
gr #0, k=0,1,...,m — 1; for the sake of simplicity we set ¢,,—1 # 0. Then

)
S

m—2

Z t* gy

ly2(t)]] > et <tm1”gm—1| -
k=0

Z tk—m-i—lgk

= dlelemartyn=t (ngmu -
k=0

Taking into account that

m—2

Z tk_m+1gk

k=0

—0 as t— o0,

and for sufficiently large ¢ > 0,
tmfl > efet
we conclude that
Ve >0 [lya(t)]| > el

(t > 0 is large enough); moreover, the constant ¢. does not depend on t.
On the other hand, due to (9), (13),

Ve € (0,w), 3w’ € (0,w) : [lg2(®)Il = ly(t) — s (I < ly@®)] + Iy ()]
< cw/e‘*’/t + coem WOt < Ew/ew/t.
Thus, we have a two-sided estimate
Cel B < lyo(8)]) < Cure™
Putting

_ @)l _w—u
@(t)*ma E=—71

we get for sufficiently large ¢t > 0,

u.)lfw
1<) <cee 7,
[

where the constant ceor = =
So, in representation (6) ya(t) = 0. Setting w” = w — €, we obtain

Vuw' € (0,w) : y(®)] = |y (t)]] < come™".

> (0 does not depend on ¢, which is impossible as ”/2_“’ < 0.

Theorem 3. In the class of vector-valued functions y(t) satisfying the condition
(14) Ve € (0,w),3ec > 0 [ly(t)]| < ce@™)

for sufficiently large t > 0, the homogeneous Dirichlet problem (3),(5) has only a trivial
solution.
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Proof. When proving the previous theorem, we had established that if a solution y(t) of
equation (3) on (0, 00) satisfies (14), then in its representation (6) y2(t) = 0. Thus,

m—1

y(t) = " Rt f, fi € B_(A).

k=0
If, in addition, the condition (5) holds true, then the formula for k!fy from the proof of
Theorem 1 shows that fy =0 for all k = 0,1,...,m—1, which is what had to be proved.
]
3. Let A= —B'2. For any z € D(A"),n € N, we put
2] ay = [[A"2]].
The space
H"™(A) = (D(A"), || lgma))
is the Sobolev space of order n associated to {e’*},_  (see [4]). Define the space " (A)
as a completion of B in the norm -
2]l g=n ) = [|IA7"x]].
Obviously,
(15) G7(4) B C H(A) CB_(A).
Moreover (see [4]), the embeddings (15) are dense and continuous, A$H"(A) = H"~1(A),
{etA Fan(4) }t>0 is a Cp-semigroup on H"(A), and the extensions of e*4, ¢ > 0, to H7"(A)
form a Cy-semigroup on " (A).

4. Pass now to the inhomogeneous Dirichlet problem (3), (4).

Theorem 4. There exists a unique solution of problem (3),(4) in the class of vector-
valued functions y(t) satisfying (9). Moreover, if y(0) = y; € HP~*(A), p € Z, then for
the corresponding solution y(t), the vector-valued functions y(t), i = 0,1,...,m — 1,
are continuous on [0,00) in the space HP~¢(A)

Proof. As was shown in the proof of Theorem 3, every solution of (3) satisfying (9) may
be represented in the form

m—1
(16) y(t) = the' i, fr € B_(A),
k=0
where,
(17) Kife = (“D)F"CLAM Ty, k=0,1,...,m—1.
i=0

Thus, f; are uniquely determined by the vectors y; = y(¥(0). Then the uniqueness of
a solution of (3), (4) in the class of vector-valued functions satisfying (9) follows from
Theorem 3.

Let X be an arbitrary Banach space, and {T'(t)};>0 be a bounded analytic Cp-
semigroup on X with generator A, 0 € p(A). Then the vector-valued function

yp(t) = t"AFT(t)z, keN, zeX,
is continuous in X, and
VkeN:y(t) =0 in X as t—0.
Indeed, the bounded analyticity of {T'(t)}+>0 implies (see e.g. [1-4]) the inequality
[t A*T()|| x < cr, 0< cxp = const.
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If x € D(A¥), then 2 = A=%g, g € X, and
Vk e N: [[tFAPT (H)z||x = t*|T(t)gllx =0 as t— 0.

Taking into account the density of D(A¥) in X, we conclude, on the basis of the Banach-
Steinhaus theorem, that the vector-valued function yy(t) = t* A¥T(t)z is continuous for
any x € X; moreover, for any k € N, y,(¢t) - 0ast — 0.

Assume now A = —B'/2 and 3V (0) = y; € H?~*(A) with some p € Z. Then, because
of (17),

fk = A\khlﬁ
where
1 o
hi =75 S (—D)FICEAT Y € 5P(A), ke N,
i=0
whence
m—1
y(t) = > tF ARy, by € HP(A).
k=0

Setting in the above arguments X = H?(4), T(t) = €A we find that y € C([0,00),9H7(A4)),
and y(t) — fo = yo in the space $HP(A) as t — 0. Analogously,

m—1 m—1
y(i) (t) _ A\z Z t’“ﬁke“‘hki _ Z tkzzl\ketAA\ihki,
k=0 k=0
where hg; € HP(A) as a linear combination of hjy. So ﬁihki € HP7(A). Putting X =
HP~(A) and T'(t) = e*4, we arrive at the inclusion y( € C([0,00), H7~¢(A)). O

5. Let B = § be a Hilbert space with the scalar product (-,-), and let A be a
selfadjoint positive definite operator on $ whose spectrum o(A) is discrete. Denote by
{6}, the sequence of eigenvalues of A arranged in ascending order so that every
eigenvalue is repeated according to its multiplicity. Let also {ej}72; be the orthonormal
basis in $) composed from the eigenvectors of A. The operator —A generates an analytic
Co-semigroup {e~*4},>¢ acting on ) as

et f = Z e N (f er)er.

k=1
Put

Byn(A) = {f eslf =S, ek>ek} .
k=1
Evidently, ®,,+1(A) D ®,,,(A). We set
®(A) = ind lim ®,,(A).
m— 00
The set ®(A) is A-invariant and dense in $). Since ®,,,(A) is a subspace of ®,,,11(A4), the

above inductive limit is regular (see [18]). The convergence f, — 0 in ®(A) as n — o
means that

IJmeN, VneN: f, € ®,,(4) and |fu|| 20, n— co.

The space ®(A) is complete with respect to this convergence.
Denote by ®'(A) the space of continuous antilinear functionals f on ®(A) with the
weak convergence:

O'(A) > fr, = fin®(A), n—> o0 VYoe®A): (fu,p) = (f,p).
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((f,¢) is the action of the functional f € ®'(A) onto ¢ € ®(A), which is the extension
of the scalar product (-, -) from to ®’'(A) x ®(A) (see [19])). Associating with each f € 9
the functional Fy € ®'(A4) : (Fy,¢) = (f,¢) , we construct the chain

D(A) C H C P(A)

of continuous embeddings. The elements of ®'(A) are called generalized vectors connected
with the operator A.

Denote by S the space of all number consequences {s,,}52, s, € C, with convergence
by coordinates, and associate with every f € ®'(A) the sequence

Jf={fi}iZe, Je=(f ex)
The mapping J : ®'(A) — S is an isomorphism. Indeed, it is not difficult to see that if
f1# fa, fi € D'(A), i = 1,2, then there exists k € N such that fip # for. Otherwise,
the equality (f1 — f2,e,) = 0 for any n € N implies (f1 — f2,¢) = 0 for an arbitrary
p € ®(A), that is, f1 = fo. Thus, J is an injection. Moreover, J is a bijection. Indeed,
let f be the functional associated with a sequence {s;}3>,; € S in the way

n n
[ E Qe | = ZOTkSk-
k=1 k=1

This antilinear functional is continuous on ®(A4). In addition, the convergence in ®'(A)
is equivalent to the coordinate-wise one of the corresponding sequences from S. So, J
is one-to-one and mutually continuous map. Hence, ®'(A) is complete under the weak
convergence.

The isomorphism J maps ®(A) onto the set of finite sequences from S and $) onto
lo. Moreover, the operation {f;x}72, — { M fe}e, corresponds to the operator A. This
operator may be extended to the continuous operator A : Af = J~ HARfRS, on @(A),
and the following relations are valid:

Vfe®(A), Y e ®(A): (Af,p) = (f Ap); (eftzf, @) (£, y).

The series Y po; frer, where fi, = (f,ex), is called the Fourier series of f € ®'(A). If
f € 9, this series coincides with the usual expansion of f in orthonormal basis {ex}72 ;.

Theorem 5. Let f € ®'(A). Then its Fourier series converges to f in the ®'(A)-

topology. Conversely, the sequence of partial sums of a series Y sper, {sr}pe, € S,
k=1
converges in ®'(A) to a certain f € ®'(A), and this series is the Fourier series of f.

Proof. Let f € ®'(A) and > frex be its Fourier series. Under the map J, the partial
k=1

n
sum S, (f) = > frer is transformed into s = {f1,..., fn,0,...,0,...} € S. The
k=1
sequence s™ converges to Jf = {fx}32;. So, Sp(f) =J's" = f, n — oo, in the space
D'(A).
oo
Take now an arbitrary series Y sper, sp € C. The reasoning similar to the above
k=1
one allows to conclude that this series converges to f = J~!'lim,_,o JS, in the space

®’(A), where S, = > spex, and also
k=1

(frer) = (J* nli)rr;o JSp,ex) = nan;O(Sn,ek) = S
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Corollary 1. The space ®(A) is dense in ®'(A).

Theorem 5 shows that ®'(A) may be considered as the space of formal series of the

form E frer, and this, in turn, makes possible in the situation under consideration to
=1
descrlbe various subspaces of usual and generalized vectors connected with the operator

A in terms of behavior of their Fourier coefficients. For instance, for the spaces B_(A)
and &1)(A) the following theorem is valid.

&)
Theorem 6. Let f = Y frer € D'(A). Then

k=1
(18) feB (A) <= Vt>0, Ic=c(t) >0:|fr] <ce™
(19) FEB(A) =Vt >0, e=c(t) >0:|fy| < ce .

Proof. Let f € B_(A),ie. fe&B_4(A) for any ¢t > 0 Then

SIS 8 SRR SN
k=1 k=1

k=1
As the latter series is convergent, we have
Yt >0, Je=c(t) >0:e | f] <e

Likewise, it is proved that the inclusion f € &;)(A) implies the inequality in (19).
Assume now that for f € ®'(A), the inequality in (18) is fulfilled. It follows from here

o0 —~

that the series Y e~ |f;|? converges for any ¢ > 0, and its sum is equal to He‘
k=1

whence f € B_;(A) for any t > 0, that is, f € B_(A).

o0
Further, if the inequality in (19) is satisfied, then the series Y e2!**|f;|? converges
k=1
for any ¢ > 0. This means that f € D(e*4) for any ¢ > 0. The relation

Gy (A) = [ R(e™) = [ D(e")

>0 >0
shows that f € &1)(A). O

6. Examples. Put B = Ly(Q), where Q is a bounded domain in R? with piece-
wise smooth boundary 952, and denote by B’ the operator generated on Lo (2) by the
differential expression

(20) =-> > 8(21 (azk )8;2;)) + c(z)u(z),

=1 k=1

(21) D(B') = {u € C*(Q)|u [ao=0} .

It is assumed that a;;(x), c(x) € COO( ), ¢(z) > 0. Suppose also the expression (20) to
be of elliptic type in 2. In this case all the eigenvalues p;(x), i = 1,...,q, of the matrix
laix(@)|I] 1ys = € Q, have the same sign; without loss of generality we may assume
pi(z) >0, x € Q.

It is not hard to make sure that B’ is a positive definite Hermitian operator with
dense domain in Ly(€2). So, B’ admits closure to a positive definite selfadjoint operator
B on Ly(92). We shall call B the operator generated by (20),(21). The spectrum of B is
discrete, and for its eigenvalues A1 (B) < Aa(B) < --- < A\p(B) < --- the estimate

(22) en?/1 < An(B) < con?/1, 0 <c¢; =const, i=1,2.
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is valid (see [20]). Denote by e, (z), n € N, the orthonormal basis in Ly(2), composed
from the eigenfunctions of B. Set A = —B'Y/2. Then \,(A) = )\1/2( B), and the
orthonormal basis consisting of the eigenvalues of A coincides with e,(z), n € N. In
view of (22), the spaces B_(A) and &1)(A) are described by the equivalence relations
(18) and (19), in which
Ifx| < cet*  and |fx| < ce

respectively.

In the case where € is a g-dimensional cube 0 < . < a, k=1,...,q, a >0, and L =

q
> 88722, the following formulas for the eigenvalues A, .n,, nx € N, and eigenfunctions
a3

6711...% (2) of the operator B hold:

2 q/2 4 oo
an, Cny..ng (T) = (a) Hsmgxk.

k=1
Assume now that B in equation (3) is the operator generated by (20),(21). Taking
into account (22) and Theorem 6, we arrive at the following assertion.

Theorem 7. Fach classical solution u(t,z) on (0,00) x Q of the problem

(23) <8t2 +Zza (azk >+c( )) u(t,z) =0,

(24) =0

'r)’t>071:€852

may be represented in the form

m

X:WX:aetA n(Ae —|—ZtJZbe (), t>0, ze€q,

where ay,, by, € (C satisfy the conditions
Vt>0:a, =o(e™), b,=o0(e™) as n— oo

Since for the type of the semigroup {e4};>o the equality w(A) = f)&/Q(B) takes
place, we obtain, by Theorem 2, the next assertion.

Theorem 8. Let u(t,z) be a solution of problem (23), (24). If

(25) Vo' < A (BY?), 3ey >0 / lu(t, z)|* doe < cre®t
Q

(t > 0 is sufficiently large), then

Y < M (BY?), 3epr >0 / lu(t,z)|? do < cpre 2"t
Q

In the special case, where ¢ = 1, Q = (0,1), and £ = j—;, Theorem 8 contains in
particular the well-known classical Phragmen-Lindeldf principle (see [21]): if a function
harmonic in the strip (0,00) x (0,1) is equal to 0 on half-lines forming a part of the
boundary of the strip mentioned above, and it is bounded in (0,00) x (0,1) for large
t > 0, then this function is tending exponentially to 0 as ¢t — oo.

In the class of functions satisfying (25), the Dirichlet problem, which consists in finding
a solution u(t, x) of (23),(24) that satisfies the condition

. Ofu(t,x)
R

(the limit is taken in the B _(A)-topology) is uniquely solvable for arbitrary y, € B_(A).
The solution is given by formulas (18), (19).

= Yk, k:(),l,...,m—l,
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