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A NEW METRIC IN THE STUDY OF SHIFT INVARIANT
SUBSPACES OF L2(R")

M. S. BALASUBRAMANI AND V. K. HARISH

ABSTRACT. A new metric on the set of all shift invariant subspaces of L2?(R") is
defined and the properties are studied. The limit of a sequence of principal shift
invariant subspaces under this metric is principal shift invariant is proved. Also, the
uniform convergence of a sequence of local trace functions is characterized in terms
of convergence under this new metric.

1. INTRODUCTION

Shift invariant subspaces (SIS) are closed subspaces of L?(R™) that are invariant under
all integer translations (also called shifts). They play an important role in various areas
of mathematical analysis and its applications, especially in the areas of wavelets, splines,
Gabor systems and approximation theory. The general structure of such spaces was
revealed in the work of Carl de Boor, DeVore, and Ron [7] and also in the work of
Bownik [1]. Using the fiberization techniques based on range functions, a characterization
of finite shift invariant spaces was provided in [7] and later it was extended to an arbitrary
shift invariant subspace by Bownik in [1].

Motivated by Bownik’s association of range functions with shift invariant subspaces
[1], we introduce a natural metric, namely shift metric on the set of all closed shift
invariant subspaces of L*(R") and use it to learn more about shift invariant subspaces
like completeness of SIS (Theorem 3.4).

Local trace function [LTF], introduced by Dutkay [8] and spectral function, introduced
by Rzeszotnik [2] are recent tools for the analysis of SIS. We study the relationship among
shift metric, LTF and spectral function in Theorems 3.6, 3.7 and 3.9. Consequently, the
uniform convergence of a sequence of local trace functions has been characterized in terms
of shift metric. With these tools in hand, we have been able to answer an important
question “Is the limit of a sequence of principal shift invariant (PSI) spaces, a PSI?”
(Theorem 3.11, Theorem 3.13, Theorem 3.15).

The final section provides a non trivial example of a sequences of SIS converging under
shift metric.

2. PRELIMINARIES

Some of the important known concepts and results used in the subsequent sections
are given here for easy reference ([1], [2], [7], [8]).

A closed subspace V' C L?(R") is called a shift invariant subspace (SIS) if for every
f € V, we also have T.f € V | where the shift operator Ty on L?*(R") is given by
Tpf(z) = f(x — k) for x € R, k € Z". Every SIS V has a countable subset A of
generators in the sense that V = span{Tf : f € A,k € Z™}. The latter set is also
denoted by S(A). SIS with a single generator ¢ is called a principal shift invariant
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(PSI) space and is denoted by < ¢ >. Every SIS has an orthogonal decomposition in
terms of countable number of PSI spaces where the generator of each PSI space is quasi
orthogonal.

Range function J : T" — C(I?>(Z")), the set of all closed subspaces of I2(Z"),
is an important tool in the characterization of SIS. Using the isometric isomorphism
7 L2(R™) — LA(T", 12(Z")) given by 7(€) = (F(€+k))hezn, with f € L2(R™), € € T,
the following characterization of SIS is proved in [1].

Proposition 2.1. V is a SIS < there exists some measurable range function J such
that V.= {f € L*(R") : 7f(x) € J(x) a.e x € T"}. Identifying the range functions that
are equal almost everywhere, the correspondence between shift invariant subspaces and
measurable range functions is one-one and onto.

Since then, various tools were being developed to extract information about the struc-
ture of SIS. The dimension function dimy (§) := dim(J(£)),£ € T™ measures the “size”
of V by counting the ‘fibers’ J(§) of V' whereas the spectral function, whose definition is
given below, measures the “localized size ”of the SIS.

Definition 2.2. Suppose V. C L?*(R") is shift invariant with range function J with
projection Py, § € T". The spectral function of V is the measurable mapping oy :
R™ — [0,1] given by ov(§ + k) = ||Pyeexl|?, € € T, k € Z™ where (ey)y, is the
standard orthonormal basis of 1?(Z"™).

For computing the spectral function of a PSI space V =< ¢ >, the formula

v (€) = { |0¢3(£)|2<Zk [G(E+R))", € € supp(9)

, otherwise

can be used. It is additive on countable orthogonal sums.

The Local Trace Function (LTF) Ty 1 associated with a SIS V' and a positive operator
T on I*(Z™) is the map 7y, (§) = Trace(T'Py) from T" to [0,00] where Py is the
projection onto the fiber space J(£) of V. In the special case when T' = P; where
Pr(v) = (v, f) f, it is called restricted local trace function and is denoted by 7y, 5. Besides
being more general than both dimension function and spectral function, the local trace
function completely determines the SIS: two SIS are equal if and only if their local trace
functions are equal.

3. THE SHIFT METRIC

SI(R") is the collection of all shift invariant subspaces of L?(R") and PSI(R™), the
collection of all principal shift invariant spaces of L?(R").

In the following proposition, we introduce shift metric, a new tool for the analysis of
shift invariant subspaces.

Lemma 3.1. Let V and W be two shift invariant subspaces of L?>(R™) and let Jy and
Jw be the measurable range functions associated with these subspaces ( identified as equal
if Jv(§) = Jw(§) for a.e § € T" ). For & € T", let Py, (¢), Py, (¢) be the orthogonal
projections onto Jy (&) and Jw (§) respectively. Define 0 as

OV, W) =inf{a>0:m({€T": [Py () = Pryoll > a}) =0},
where ||.|| denotes the operator norm and m the Lebesque measure. Then 0 is a metric
on SI(R™). 6 is called the shift metric.

Proof. That 6(V, W) > 0 follows from definition.

For VW € SI(R"), if 6(V,W) = 0, one can find a sequence (a,) of positive numbers
converging to 0 and a set E of zero measure such that [P, ) — Py, )|l < an Vn €
N and for £ ¢ E. It follows that || Py, ¢y — Py, (¢)l| = 0 for a.e £ € T" and hence V = W.
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On the other hand, V = W implies Jy (§) = Jw (§) a.e £ € T™ which in turn implies
that || Py, &) — Pr, e)ll > 0 only on a set of measure 0. Hence 6(V, W) = 0.
For U,V,W € SI(R") and € > 0, one can get M, My > 0 such that

M, <0(V,U) + % M, <0(U,W)+ %

m({§ € T" : | Py, 6) — Prye)ll > Mi}) =0,
m({& € T" : |Pyy6) — Prye)ll > M2}) = 0.

Applying triangle inequality for norm gives || P, ) — Py, (¢)|| < M1+ M; for a.e § € T™.
It follows that 8(V, W) < 6(V,U) + 6(U, W)
O(V,U) = 6(U, V) follows from the property of the norm. O

Remark 3.2. Let 6 denote the shift metric on SI(R™). For V,W € SI(R™), we have
G(MW) <€ HPJV(f) _PJW(f)H <e€a.e f eT™.

The following proposition is used in the proof of next theorem.

Proposition 3.3. Let (J,), be a sequence of measurable range functions and (Py), be
the corresponding sequence of orthogonal projections onto J,,’s. Suppose (P, (§)) converge
to the orthogonal projection P(£) under the operator norm for every & € T™. If J(§) is
the range of P(), then J is a measurable range function.

Proof. Let a € I2(Z™) be arbitrary. Setting F,(¢) = P,(§)a and F(¢) = P(£)a, we have
| Fn (&) — F (O < 1P(&) — P(&)]lllall- It now follows that F'(¢§) = lim F,(£). Thus F is
the limit of a sequence (F},) of vector measurable functions and hence vector measurable.
That is J is measurable. O

Theorem 3.4. SI(R™), the collection of all shift invariant subspaces of L*(R™), is com-
plete under shift metric.

Proof. Suppose (V) is Cauchy in SI(R™). Then (Pj, (¢)) is Cauchy in the Banach space
BL(I*(Z™)) and hence converges to an orthogonal projection P(£) for a.e & € T™. If J(£)
is the closed subspace of 1?(Z") associated with the orthogonal projection P(¢), then

Vi={fe L’ R")| 7f(§) € J(§) ac £ € T"}

is a SIS. From uniqueness of range functions, we have Jy (£) = J(§) for a.e £ € T™ and
hence Py, (&) = P(¢) for a.e £ € T™. Consequently, (V;,) converges to V under the shift
metric. (|

Proposition 3.5. SI(R") is not compact under shift metric topology.

Proof. It is enough to show that ST(R™) is not totally bounded under shift metric. First
choose a countable basis {¢1, 2, ¢3,..., ..., ...} for L?(R") which exists as L*(R")
is a separable Hilbert space. Set V,, = S(A;,) where A,, = {¢1,¢2,...,¢m}. Then
Vin € Viny1 ¥ m and hence || Py, (¢ —PJVmH(g)H =1, V& € T" (Theorem 4.30 (c) [11]).

That is 0(Vin, Vine1) = 1 V m. Hence for € = %, no finite collection of e— balls can

contain all V,,, ’s. O

Now we discuss the behavior of spectral function and local trace functions with respect
to limits under the hypothesis of convergence of the spaces in the shift metric.

Theorem 3.6. Let (V) be a sequence of shift invariant subspaces converging to a shift
invariant subspace V under the shift metric. For any f € [?(Z™), the restricted local trace
function Ty, ; converges uniformly to v,y in T™, except possibly on a set of measure 0.
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Proof. Since v s (§) = (f, Py, (o) f) ae £e€Tm,

Tt (&) = v (O <IFIP(IPs, &) = Progl) ae £€T"
< £IIP0(V;, V) ae £eT™
The uniform convergence of local trace functions follows from this. O

Theorem 3.7. Let (V,,) be a sequence of shift invariant subspaces converging to a shift
invariant subspace V' under shift metric. Then the corresponding sequence of spectral
functions of V,, converge uniformly to the spectral function of V. on R™ a.e.

Proof. Let oy denote the spectral function of V. Then 71y, (§) = oy ({ +m) for £ € T™.
One get the required conclusion using previous result. O

The converse of the above result is not true as illustrated in the example below.

Example 3.8. Let ¢, € L?(R) be given by b= %(1(071) +1(1,2)) and )= %(1(071) —
1(1,2)). Then ¢ and v are quasi orthogonal generator of V = S(¢) and W = S(v)
respectively. Both V' and W have the same spectral function, namely oy = oy = %1(0,2)
but V LW. Hence, if we consider the sequence (V,W, VW, ..., ..., ...) then it can not
converge under shift metric but the corresponding sequence of spectral functions converge
uniformly.

However, if we are assured the uniform convergence of 7y, ; to 7y, on the unit circle
of both R™ and [?(Z"), we have the converse statement.

Theorem 3.9. Let V.V, € SI(R") V m € N. Assume that the restricted local trace
function Ty, r converges uniformly to Ty, on T", except possibly on a set of measure 0
and for all f € 1?(Z™) with || f|| = 1. Then (V,;,) converges to V under shift metric.

Proof. We have, ‘ Tvmf(f) - TV,f(f) | = ‘ <f, (PJV,L(ﬁ) - PJV(&))f> | a.e. £ € T™. Hence

||§ﬁ£)1| T (§) = vs(§) | = Hilulgll (£, (Pr, ) = Pro)f) |
=P, = Pro@l-
The result now follows from the assumption of the theorem. O

Let us say that a sequence (v, f), of local trace functions is uniformly Cauchy on the
unit circle of R™ and [?(Z"), if for each € > 0, 3 k € N such that |1y, ¢(§) — 1v,,.£(§)] <
eVEET and V f € 12(Z™) with ||f|| = 1 whenever n,m > k. We have the following
corollary.

Corollary 3.10. Suppose that (V,,) is a sequence of shift invariant subspaces for which
the sequence (Tv, f)n of local trace functions is uniformly Cauchy on the unit circle of
both R™ and I>(Z™). Then the limit is a local trace function.

PSI spaces, being the building blocks of all SIS, it is natural to give a special consid-
eration in our study to this collection. Below, we shall prove that PSI(R™) is a closed
subspace of SI(R™) under shift metric.

Theorem 3.11. PSI(R"™) is complete under the shift metric 6.

Proof. Suppose that (V},) is a Cauchy sequence of elements of PSI(R™). By Theorem
(3.4), sequence (V},) converges to some V € SI(R™). We need only to show that V has
a single generator.

For 0 < € < 1, choose p € N such that (V,,,V) < ¢, V n > p. This implies that
| Py, (&) = P, (§)|| < € for a.e & whenever n > p. Hence dim Jy () = dim Jy, (§) = 1
for a.e. £ (Theorem 4.35(a) [11]). This proves that V can be generated by a single
function and hence V € PSI(R™). O
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Theorem 3.12. The space of all SIS with a fixed dimension function is complete under
shift metric.

Proof. The proof is similar to the proof of Theorem 3.11. (]

A proof of different flavor and yielding information about the generator of the limit
space is given below.

Theorem 3.13. Suppose that (¢,) is a Cauchy sequence in L*(R™) and that each ¢y,
is a quasi orthogonal generator of V,, € PSI(R™). If (V,,) is Cauchy under shift metric,
then the limit is also a principal shift invariant space and is generated by the limit of

(&n).

Proof. Let (¢,) converge to ¢ in L?(R™). Then we have a subsequence (n;) on natural
numbers such that (7¢,, ) converges point wise to 7¢ in L*(T™,1%(Z")). Consequently,
7oA = limpk—oo||Tdn, (€)]| = 1E(£) for some E C T™. Therefore ¢ is a quasi orthog-
onal generator for the principal shift invariant space V := S(¢).

As SI(R™) is complete under 6, there exists a W € ST(R™) to which V,, converges.
Hence, 1y, s — Tw,s uniformly for a.e ¢ and for each f € [*(Z™) as n — oo. Now,

| Tt (€ = v () [ = s Ton (D* — [(f, To(E)I? |
< 2/f1PImdn, (&) = 7o)l ¥ f € H(Z").

From this we get that 7v, (&) — 7v,r(§) as k — oo for a.e §. This implies Ty, ; =
Tyt ¥ f € 12(Z™), thereby proving the theorem. O

Corollary 3.14. Let ¢,, € L2(R™) be a quasi orthogonal generator of V,, € PSI(R"),
n € N and let (¢,) converge pointwise. Further suppose that
(1) support of all gZA)n ’s are contained in a compact set E and

(2) sequence (V,,) is Cauchy under shift metric 0.
Then sequence (Vy,) converges to a PSI space generated by limit(¢py,).

Proof. Suppose (g{)n) converge pointwise to the function . The characterization of quasi
orthogonal generators gives |¢,,(£)] < 1 for a.e £ € R™. Also using condition 1, for all n,
we have

500 <90 ={ § Sorermse

As g € L2(R™), ¢ € L2(R™) and (¢,) converge to ¢ in L2(R™). The result now follows
from previous theorem. ([l

Theorem 3.15. Let S(R™) denote the Schwartz class of rapidly decreasing functions on
R™. Suppose (¢,,) converges to ¢ in S(R™) where ¢, is a quasi orthogonal generator of
the PSI space V,,. Then V,, converges to the PSI space V := §(¢) under shift metric.

Proof. Let 1, = ¢ — ¢. Its Fourier transform v, € S(R"). Let C, = Supgegrn{(l +
€019 (€)[}-Then |76, (€) =7¢(€) | = Xy [6n(€) = S(E)|* < MCR where M = 3=, iy

From the convergence of ¢,, to ¢, we conclude the uniform convergence of 7¢, to 7¢ in
T™. This, in turn, implies convergence of V,, to V under shift metric. (]

4. EXAMPLE

Example 4.1. Here we give an example of a sequence of SIS converging under shift
metric. Let a,a,,b,b, > 0, be such that a® +b?> = 1, a2 + b2 = 1. Define ¢y and ¢,, by
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R a, ¢& € (0,1)

¢0(€) = ba 5 € <1a2) )
0, otherwise
Qn, g € (Oa 1)

Pn(§) =19 bn, & € (1,2)

0, otherwise

Further assume that a,, — a so that b,, — b. We claim that V,, := S(¢,,) converges to

V := 8(¢p) under shift metric.
A simple calculation shows that for £ € (0,1)

Jy (&) = span{aeg +be1} and Jy (€) = span{aneq + bpe1} Vn.

Hence, for any f € [2(Z™), there exist scalars ko and ky,, such that
W Py, & f = Prye)f = kfnlaneo +brer) — kypolaeo + bey)
= (kfnan — kfoa)eg + (kg pnby, — kyob)er.
An evaluation using spectral function formula gives
(2) kepo=0a, keyo=0b, kegn=0an, ken=>b, and k:emn =0 for p#0,1.
Also for any f € [?(Z) with || f]2 =1

121y, &) f = Proe) Il < (P, )60 = Pryeyeo)ll + 1 (Pry, )61 — Pryeyer)|l-

Evaluating the RHS using (1) and (2), we can conclude the convergence of (V,,) to V
under shift metric.
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